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1. Introduction

Let G be a complex semi-simple connected group of rank », B C G a Borel subgroup of G,
and H C B a maximal torus of B. We denote by R[H] the ring of representations of H and
X = G/B the flag variety of G. The H-equivariant K-theory K(H, X) of X has an R[H]-
basis [O)—(W]H indexed by W = Ng(H)/H the Weyl group of G, where [O)—(W]H is the class
of the structure sheaf of the Schubert variety X,,. The Schubert variety X,, C X is the closure
of the B-orbit of w € W. Let ) be the Lie algebra of H, we denote by p; € h*, 1 <i <r,
the fundamental weights, and by b}, = @Kigr Zp; C b* the weight lattice which is identi-
fied canonically with X (H), the group of characters of H. Then for all A € b7, we denote by
e’ € X (H) the corresponding character, and by Ef the canonical line bundle over X. The torus
H acts on Li(, and it defines a class [,Cf]H in K(H, X). In fact, K(H, X) is generated as an
R[H]-algebra by these line bundles, and then K (H, X) is canonically isomorphic to the R[H]-
algebra (R[H]®z R[H])/Z where Z =(fQ1—-1Q f| f € R[H]W). More precisely, K (H, X)
is generated by the line bundles L, ..., L, ,L_p,,..., L_, , but we do not know the relations
in terms of polynomials in these generators. If we want to understand the link between the basis
{[(9)—(“)]’1 }wew and this presentation, it is interesting to find a “Giambelli formula” which ex-

presses [Oy(w]H in terms of {[Ei( 17y reb} and a “Chevalley formula,” i.e. to find the coefficients
qﬁw € R[H] satisfying:

[£X]10%,17 = 3" a}, ,[0%, 1.
veW

Such a formula has been known for a long time in cohomology (see [2] in ordinary coho-
mology and [8] in equivariant cohomology). In [13] Pittie and Ram give a Chevalley formula in
ordinary K -theory for a dominant weight A by using L-S paths. Littelmann and Seshadri gen-
eralize this formula to H-equivariant K -theory in [11]. Such a formula was first given in the
case G = SL(n, C) by Fulton and Lascoux in [7] by using “tableaux” of shape XA. In [10] Lenart
and Postnikov give a formula which works for all weights (even for non dominant weights). The
aim of this paper is to find a new algorithm to compute these coefficients qfl‘]’v. Our formula is
valid for all weights. The idea of this algorithm can be found in [1] in the setting of complex
cobordism.

Let us explain our main result (Theorem 4). Let {@; }1<i<r C b7, be a system of simple roots.
We denote by {s;}1<i<r C W the corresponding simple reflections.

For all simple roots «, we define two Z-linear maps T(S and Tm1 from R[H] to R[H] by
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0 if A(a¥) =0,
TO(*) =1 &+ & 44 FOCDITD (oY) > 0,
e ek—k(av)(x if )\(Olv) <o,

for all characters e* € X (H), where " € § is the coroot of «.

We denote by W the monoid generated by the elements {s;}1<; <, With the relations gl.z =i
and the braid relations of W. We denote by 7 : W — W the canonical bijection (of sets) between
W and W.

Then Theorem 4 can be formulated as follows.

Theorem. Let w = s;, ---siy be a reduced decomposition of w € W as a product of simple
reflections. For all € = (€1, ..., en) € {0, 1}V, we define an element v(¢) of W by

v(e) = ]_[ si; €EW.
1NN
€j=1

Then, for all weights L € b7, and all v € W, the coefficient qﬁ)’v € R[H] is given by the
formula

A A
Qwv = Z T;il] e T;i]:] (e )
ec{0, 1}V
v(e)=T(v)

To apply this formula, we need to find a reduced decomposition of w € W, and all solutions
in {0, 1}V for the equation v(¢) = T (v).

Let us describe our strategy. We follow the same method as in [14] to find restrictions to
fixed points in equivariant cohomology and K -theory. First we describe an R[H]-basis of the
H-equivariant K-theory of a Bott—Samelson variety I" and we decompose the class of a line
bundle [Lf 1# in this basis. To find this formula, we use the structure of iterated fibrations with
fiber CP! of Bott—Samelson varieties. Then we use the standard map g:I" — X to deduce
a Chevalley formula in K (H, X). In [5,6] Haibao Duan also used Bott—Samelson varieties to
find formulas in Schubert calculus and we used this idea in [15,16] to find similar formulas in
the equivariant setting. In these two papers we study Bott towers i.e. all varieties which have a
structure of iterated fibrations with fiber CP!.

The paper is organized as follows.

In Section 2, we recall basic definitions on semi-simple groups and their flag varieties.

In Section 3, we recall the definition of the Bott—Samelson variety associated to a sequence of
simple roots and we define a cell decomposition of this variety. For more details on this section,
see [9,15].

In Section 4, we recall the definition of the H-equivariant K -theory of an algebraic H -variety
and we introduce the notion of restriction to fixed points which will be the main tool of our
proofs.

In Section 5, we construct an R[H ]-basis of the H-equivariant K -theory of a Bott—Samelson
variety I" and for all A € b7, we decompose the line bundle C)I: in this basis (Theorem 2).

In Section 6, if g: I" — X is the standard map from a Bott—Samelson variety I” to the flag va-
riety X, we describe the morphism g, induced in K -theory (Theorem 3) and we deduce from this
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result the main theorem of this paper (Theorem 4) which gives a Chevalley formula in equivariant
K -theory.
In Section 7, we restrict our calculations to ordinary K -theory (Theorem 5).

2. Preliminaries and notation
2.1. Root system

Let G be a connected and simply connected complex semi-simple group of rank . We denote
by e the neutral element of G. Let B C G be a Borel subgroup of G and H C B the Cartan
subgroup of B. We denote by ) C b C g the Lie algebras of H, B and G.

We choose a system of simple roots m = {o;}1<i<r C h* and simple coroots v =
{o"}1<i<r C b, such that

b=Ho @ga and g=hHoP @(&x@g—a),

C{EA+ O[EA+

where for A € h*, g, = {x € g such that [h, x] = A(h)x, Vh € b}, and where we define A by
Ay ={a e i ;N suchthat o # 0 and gy # 0}. We set A = A, U A_ where A_ = —Ay.
We call Ay (respectively A_) the set of positive roots (respectively negative).

We associate to (g, h) the Weyl group W C Aut(h*) generated by the simple reflections
{Si}lgigr defined by

vaeh®, si(W)=xr—r(e))e.

By dualizing, we get an action of W on §.

If we denote by S the set of simple reflections, the couple (W, §) is a Coxeter system. Thus
we have a notion of Bruhat order denoted by u# < v and a notion of length denoted by /(w) € N.
We denote by 1 the neutral element of W.

We have A = W, and for 8 = wa; € AT, we set sg= wsiw’l € W (which does not depend
on the couple (w, ;) satisfying f = we;), and B = we” € b.

We define the fundamental weights p; € h* (1 <i <r) by

pi(a}/) =34, foralll1<i,j<r,

and the weight lattice b7, by

by= P Zoich®

1<i<r
2.2. Flag varieties

Let Ng(H) be the normalizer of H in G, the quotient group Ng(H)/H can be identified
to W. We set X = G/B. Itis a flag variety. The group G acts on X by multiplication on the left.
This action yields an action of B and H on X. The set of fixed points of this action of H on X can
be identified to W. For w € W, we define C(w) = BU Bw B and for all simple roots «, we define
the subgroup P, of G by P, = C(sy). We have the Bruhat decomposition of G =| |, .y BwB
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and if we define X,, = BwB/B, then X = ]_[weW Xw. For all w € W, the Schubert cell X, is
isomorphic to C!™). Thus we get an H-equivariant cell decomposition of X where all cells have
even real dimension.

For all w € W, the Schubert variety X, is the closure of the cell X,. It is an irreducible
H -equivariant subvariety of X of complex dimension /(w). In general Schubert varieties are not
smooth. For all w € W, we have the decomposition

Xy = L[ Xy -

w'<w
2.3. The monoid W

We define the monoid W as the monoid generated by the elements {s;}1<; <, with the relations
giz =s; and the braid relations of W:

§iSjr- =88 ifm,',j<00,

m; j terms  m; j terms
where m; ; is the order of s;s; in W.
We denote by T: W — W the bijection defined by T(w) =s;,---s;, if w=1s;,---5;, is a
reduced decomposition of w (i.e. [ =I(w)).
3. Bott-Samelson varieties
Let N > 1 be a positive integer. We use the notation of Section 2.
3.1. Definition
Let i1, ..., un be a sequence of N simple roots (repetitions may occur). We define
(i, ..., un) =Py xp Py, xp---xp Pyy/B,
as the space of orbits of BV acting on Py, x P, x --- x Py, by
(81:82.---- ) (b1, b2, ... bw) = (8161, by ' g2ba. ... by \gnbN).  bi € B, gi € Py,
It is an irreducible complex projective variety of dimension N. We denote by [g1, g2, ..., &N ]
the class of (g1, g2,...,gn)In " (11, ..., uy) and by g,,; € Py, arepresentative of the reflection

of NPM (H)/H ~7]27.
We define a left action of B on I" (i1, ..., uyn) by

blg1,82,...,8n1=1[bg1,82,....8n], DEB, gi € Py,.

By restricting this action to H, we get an action of H on I" (i1, ..., UN)-
In the following two sections we denote " (i1, ..., uy) by I".
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3.2. Cell decomposition

For € € {0, 1}V, we denote by Ic C I' the set of classes [g1, g2, ..., gn] satisfying for all
integers 1 <i <N

g,'GB ife,':(), g,'¢B ife,':l.

For € = (€1, €3, ...,en) € {0, I}N, we denote by /(€) the cardinal of {I <i < N, ¢, =1}. It
is called the length of €. We define a partial order on {0, 1}"V by

e<e & (VI<Ki<N,g=1=¢=1).

The following proposition is obvious.
Proposition 1.

(i) Forall € € {0, 1}V, I', is a complex affine space of dimension (€) which is invariant under
the action of B, and this action induces a linear action of the torus H on I.
(i) Foralle {0, 1}V, T = [ece Te
(111) I= ]_ISG{O,I}N Fg.
(iv) Forall € € {0, 1}V, T'¢ can be identified with the Bott—Samelson variety I' (w;, €; = 1) and
is an irreducible smooth subvariety of I.

For € € {0, l}N and 1 <i < N, we define

v;(e) = l_[ SMGW,
1<j<i
€j=1

where, by convention, ]_[(,) =1.Wesetv(e)=vy(e) e W.
Moreover, we define the root ¢; (€) € A by

a;i(€) = vi(e)u;.

Let ' be the set of fixed points of the action of H on I", we can identify "' with {0, 1}V
thanks to the following lemma.

Lemma 1.

() ' ~ ngigN Np,, (H)/H =~ nlgigN{& gu;} =10, 13N, where we identify e with 0 and
8u; With 1.
(ii) Forall € €{0, 1}V, I'. is the B-orbit of e € 'Y,
(i) For (e, €') € ({0, 1}1)?

and if we denote by T, the tangent space to To at €, then the weights of the representation
of Hin TS are {—a;(e)};, e=1-
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3.3. Fibrations of Bott—Samelson varieties

For all 2 < k < N, let denote by 7y : I" (w1, ..., k) = (11, ..., uk—1) the projection de-
fined by

(g, .. gkl) =181, ... &k—1]-

If we denote by 1 : I' (1) — {point} the trivial projection, we get the following diagram:

(g, ..., un)
TN
', ....un=1)
TIN-1
3
I(y, pn2)
153
I'(up) ~CP!
|
{point}

where each projection 7y is a fibration with fiber CP! (see [15] for more details).
3.4. Line bundles

We denote by X (H) the group of characters of H. For all integral weights A € b7, we de-
note by ¢* : H — S! the corresponding character. This way we get an isomorphism between the
additive group b7, and X (H).

Since H >~ B/U, where U is the unipotent radical of B, we can extend to B all characters
e* € X (H) (in fact X (H) >~ X (B)). Then forall A € b7, we denote by Ef the B-equivariant line
bundle over I" defined as the space of orbits of BY acting on P, x Py, x -+- x P, x Cby

(81,82, .-, 8n,V)(b1, b2, ..., bN) = (glbhbflgzbz,..-,bﬁl_lngN,ek(b;,l)v),
bjeB, giePy, veC.

4. Equivariant K -theory

Let Z be a complex algebraic H -variety, we denote by Z”  Z the set of fixed points of the
action of H on Z.
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We denote by K(H, Z) the Grothendieck group of H-equivariant complex vector bundles of
finite rank over Z. The tensor product of vector bundles defines a product on K°(H, Z). Since
KO(H, point) ~ R[H], where R[H]= Z[X (H)] is the representation ring of the torus H, we get
a R[H]-algebra structure on KO(H, 2).

For all H-equivariant algebraic maps g: Z; — Z, we denote by g*: K°(H, Z») — K°(H, Zy)
the morphism of R[H ]-algebras defined by pulling back vector bundles. In particular, the inclu-
sion ZH c z gives a morphism i;“{ :KY(H,Z) — KY(H, Z") called restriction to fixed points.
If the set of fixed points Z* is finite, KO(H, Z#) can be identified with F(Z¥; R[H]) the R[H]-
algebra of all maps f:Z > R[H] and we get a morphism iy KO(H,Z) — F(Z"; R[H]).
Moreover, if K O(H ,Z) is a free R[H]-module, then the morphism i}; is injective. This is an
easy consequence of the localization theorem (see [3, Section 5.10]).

If we assume that Z is a complex projective smooth H-variety, then K(H, Z) is isomorphic
to Ko(H, Z) the Grothendieck group of H-equivariant coherent sheaves on Z (see [3, Chap-
ter 5]). In this case, we identify these two groups and we denote them by K (H, Z).

For all proper H-equivariant morphisms g:Z; — Z, we denote by g.:Ko(H, Z1) —
Ko(H, Z5) the direct image morphism. For all H-equivariant subvarieties Z’ C Z, we denote
by [0z17 € Ko(H, Z) the class of i,(O) where O is the structure sheaf of Z’ and i is the
inclusion of Z’ in Z.

5. K-theory of Bott—-Samelson varieties

We use the notation of Section 3. Let N be a positive integer, and let @1, ua, ..., uy be a
sequence of N simple roots. Let I" be the Bott—Samelson variety I" = I" (i1, 2, ..., uy). For
1<k <N, wedenote I'(iy, ..., 1g) by rk. By convention, ro= {point}. For 1 <k < N, let
7k be the projection I'* — '*~! defined in Section 3.3.

We denote by I'* =], 0,13k I'* the cell decomposition defined in Section 3.2. For all € €

{0, 1}%, let denote by I'* the closure of I'¥ in I'*.
5.1. A basis of the K -theory of Bott—Samelson varieties

For all integers 1 <k < N, I'* is a complex projective smooth H-variety, and then we denote
by K (H, I'*) its H-equivariant K -theory.

For all € € {0, 1}, we set (9}:{6 = [(’)1—-;2]” e K(H, %), and for 1 <i <k, (’)}:{i = O/fl["]’
where for 1 < j <k, [1];=1—8 ;. -

Since 't = ]_[ee{o)l}k I'* is a cell decomposition of I'*, the family {O]f{e}ee{o!l}k isa R[H]-
basis of the module K (H, I'*). Moreover, (I')" is finite and isomorphic to {0, 13X, Thus we
have the following proposition.

Proposition 2.

(i) The H-equivariant K -theory of (I')H can be identified with F ({0, 1}*; R[H]).
(i) K(H,T'*) =@, ¢ RIHIOY,.
(iii) The restriction to fixed points iy, : K (H, 'Yy — F({0, 1}*; R[H]) is injective.

For all integers | <k < N andall A € h%, we denote by /.3’; the line bundle over I'* defined in
Section 3.4 and by [£X]# its class in K (H, I'%). For k =0, [L)]# = ¢* € R[H] ~ K (H, point).
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We will decompose [£5]7 in the R[H]-basis {Of } (9.1« For this we need restrictions to
fixed points.

5.2. Restrictions to fixed points

Proposition 3. For all integer | <k < N, A € b3, and (€, €) € ({0, 1352,
- k1H _ v(e)r
in([£3]7 )@ =",

. _o(1 —e™%©y  fe e,
i3 (001 ) 0= | ik gooll —e7) e <e
’ 0 otherwise.

Proof. The first relation is obvious by definition of £’;.
Let us prove the second relation.
If e y( €', the fixed point € ¢ F’g,, and then by the localization theorem,

it (0.)(e) =0.

Ife <€, ee I_“le‘,. Since I_“le‘, and I'* are smooth, we can use the self-intersection formula (see
[3, Proposition 5.4.10]) to get i;l((’)lfé,)(e) = i}‘i]()‘(TI_tk/ %)) (€), where Tl_f,(/ I'* is the normal

bundle of I'¥, in I"'¥ and for all vector bundles V, A(V) = Zogigdim(V)(_l)iAi(V)-
Then Lemma 1 and the relation (V] @ Vo) = A(V7) ® A(V2) give us

1;1 (Olf,le’)(e) = 1_[ (] _ efot,'(e)). 0

1<i<k, €/=0
Since i}, is injective, we deduce the following formula.

Corollary 1. For all integers 1 <k < N and all € € {0, l}k,

ol.= ] o 1)

1<i<k, €=0

Remark 1. This corollary is also a consequence of the fact that

F- N T
<<k *
€/=0

is a transversal intersection.

5.3. Decomposition of line bundles

Theorem 1. For all integers 1 <k < N, and all A € h%,

(5] == [y 51 + Ot (25017,
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where
0 iFa(u) =0,
k—1 k—1 k—1 .
[ﬁli,_;fk]H e N [ﬁx—awb—wk]H ifr(u) > 0,
k—1 k—1 .
ST LR Vo e if 1) < 0.

Proof. To prove this theorem, we check these relations after restriction to fixed points.

Let € be an element of {0, 1}¥. We denote by € the element of {0, 1}¥~! corresponding to the
fixed point m (¢) in rk-1 (by convention {0, 1} ={0}, and v(0) =1 € W).

If we use Proposition 3 for I'* and I'*~!, we find:

i ([£5]") ) = e,

i (i ([25,51") + Oflemi ([£57,1) ©

= Ot 45 (1= O i (2541 @

If ¢, = 1, we have to check e¥(©* = " This is obvious since v(e) =v(€)sy,.

If €, =0, v(e) = v(€) and thus we have to check

et if A(u)) =0,
er =1 et (1 —emM)[eh - F i o AT RUOTDI i (1Y) > 0,
St — (1 — e Mh) [k . PRI if A(uy) < 0.

These relations hold since s, A = A — A(u)pux. O

Definition 1. Let 8 be a simple root, we define two Z-linear maps Tf? and Té from R[H] to
R[H] by

Tﬁl (e)‘) e

0 if A(BY) =0,
Tg(e)‘) =]t Py A= OBN-DB A(BY) > 0,
—e)‘+ﬁ — e — ek—k(ﬂv)ﬂ if )L(ﬂ\/) < 0,

for all characters ¢* € X (H).

Remark 2. The operators T are called Demazure operators. Such operators were first defined
by Demazure in [4].
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Theorem 2. For all integers 1 <k < N and all A € b,

A€ _ TElpe €k (0
where R =T, Ty -+ Tyy (€).

Proof. We prove this theorem by induction on k.
For k = 1, the theorem is a consequence of Theorem 1 in the case k = 1 and of the fact that
(L = ¢* for all A € b,
We assume that the relation is proved for k —1 (1 <k —1 < N — 1) and for all weights A € b,
We assume, for example, that A(MZ) > 0. Then by Theorem 1, we get

N )»(,U-Z) 1
Sﬂk € A— /}Lké ¥ H
Z R i (O ) Z Z ORI mi (O ).
eef0, 1)1 J=0  eef0,1jk-1

Since m; is a smooth H-equivariant morphism between smooth H-varieties, for all € €
{0. 11,

H H H
T (Okm1.e) = [On,;‘(f’g”)] =01

where 1 = (e1,€,...,€r-1,1) € {0, l}k. Moreover, by Corollary 1,
H _x(mnH H
O xmi (Ok—l,e) Ok kO a = Ok o
where €0 = (¢, €2, ..., €x—1,0) € {0, 1}K.
Then we get
. )\(l/vk
‘Mk € A H
= > RO+ ) Z Ry e Of,.
eef0,1}* ecfo,1}x  j=0
er=1 €,=0
We obtain the statement since by definition
Spy € .
Rhe B Ryl ifer =1,
S PR M) =1 a—jug.e .
ijo Ry i, ife=0.

The argument works in the same way in the cases A(u,’) = 0 and )»(,u )<0. O

Example 1. In type A; (G = SL(3,C)), we decompose [EF]H in K(H,I') where I' =
I (o, a1, a2).
Since py(ay) =0, we get

To(e”)=0 and T, (e')=e".
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Since p1 (') = 1, we find

07l (,p1) — ,P1 Ll (,p1) — ,P1—1 — ,—pP1tP2
T, T, (e”)=e” and T, T, (") =e =e ,

since o) = 2p1 — p2.

Since p1(ay) =0 and (—p1 + p2)(ey) =1, we find

TOTOT, (e7) =0, T, TP T, (eM)=e",

C S B o) Qoo

70 71 1 (em) — e—m-‘rpz’ Tlrlrl (e”l) — ¢ PITP2—02 _ = P2

Qoo ot ’

since ap = —p1 + 202.
Then Theorem 2 gives us the following relation in K (H, I")

r1Hd _ - H -1+ H H
[£,]" =703 11y +e P20 o1y +e" O o)

Example 2. In the case G,, we decompose [Egz]H in K(H,I') where we take I' =
I'(ay, oz, a1, a2).
We compute T,) 70 7O T (er2).

(2% R4 a0 %)
Since p =31 + 22, and p2(ery) = 1, we get

Talz (epz) — gdtar

Since (3a1 + a2)(ay’) = 3, we find

07l (,0m) _ 301t 2001tz aj+ay
TalTaz(e )—e +e +e .

Since Ba1 +a2)(ay)) = —1, Qo +a2)(ery) =0, (1 + @2) () =1, we get

0 70 71 P\ 3a1420p o +an
Ty Ty Ty, (€)= —e +e .

Since (Ba1 + 2a2)(er)) =0, (a1 +a2)(ay’) = —1, we find

10 40 1 (_p2\ _ 3a1+2a2 201+
Ty T Ty Ty, () = —e +e .

We compute the other terms in the same way, and we get

[E;CZ]H R R (G e S e e [C) (T
+ (T2 + 1O 11y — (€172 + PNF2 L SNt O
+ (X2 e 1F2 e O o)+ (T2 e +1)O0 610
+ (_e3a1+2a2 + e2a1+a2)(9£(1’0’0,1) _ 62011—&—01205(0’0’0’1)

oy H 3a1+an 20140 o) +an H 3a1+20 nH
+e04 11,0 (e +e te )04 01,10 te 04.1.0.1.0)-
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6. Equivariant K -theory of flag varieties
6.1. Definitions

Since X is a complex irreducible smooth H -variety, we denote by K (H, X) its H -equivariant
K -theory.

For w € W, we set O = [wa]H e K(H, X).

Since X = ]_[weW X is a cell decomposition of X, the family {Og}wew is a R[H]-basis of
the module K (H, X). Moreover, X is finite and isomorphic to W. Thus we have the following
proposition.

Proposition 4.

(i) The H-equivariant K -theory of X! can be identified with F(W; R[H]).
(i) K(H,X)=@, .y RIHIO.
(iii) The restriction to fixed points i}; :K(H,X)— F(W; R[H]) is injective.

For all A € b7, we denote by Li( the B-equivariant line bundle over X defined as the space of
orbits of B acting on G x C by

(g.v)b=(gb,e*(b")v), beB, geG, veC.
6.2. Link with Bott—Samelson varieties

Let 1, ..., uy be a sequence of N simple roots. We set I" = I" (i1, ..., un) and we define
an H-equivariant map g from I" to X by multiplication

g([g1.---.gn])=g1 x -+ x gy [B].

For all € € {0, 1}V, we define

v(e) = l_[ Su; EW.
ISjEN
ej=1

For all € € {0, 1}V, we set Of = 01[\1/’,6 € K(H, ') (see Section 5.1). We have the following
theorem.

Theorem 3. For all € € {0, 1}V,
H H
g(0;) = Or 1oy’

where T is defined in Section 2.3.

Proof. By Theorem 8.1.13 and Corollary 8.2.3 of [9], the image of g is a Schubert variety X,
where w € W, and g*(Of) = (95)1. By Lemma 2.3 of [14], w = T~ ! (v(e)). O
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Example 3. In the case A,, if we take I" = I'(ap, a1, arp), we get the following relations:

H H
8 O(o,o 0) =0y,
H H

8% O(o,o n)= (’)Sz,
=0l

H H

8x 0(0,1 1 Zoslsz’
H H

8 0(1,10) :Oszsl’
H H

8 0(1 L1 =045150

Lemma 2. Let w = sy, - - - S, be a reduced decomposition of w € W (N =[l(w)). Forall € b%,
H H
g([£1]7) =[] x o).

Proof. Since (’)(”1’) =1€ K(H,I') where (1) = (1,1,...,1) € {0, 1}, and for all A € b3,
g (LX) =111, we have

& ([E017) = ule” ([£117) x Of) = [£1]" x 2. (0l}) = [£]" = OF.
where the last equality is a consequence of Theorem 3.
6.3. A Chevalley formula
Theorems 2, 3 and Lemma 2 give us the following theorem.

Theorem 4. Let w =5, - - - sy, be a reduced decomposition of w € W. For all A € b7,

X H H _ A€ H
[ﬁk] x 0, = Z RM ~~~~~ UN OT*I(E(G))'
eef{0,1}V

Example 4. In the case A», if we take w = s2s152 and A = p;, Examples 1, 3 and Theorem 4
give us the following relation in K (H, X)

X 1H H — X _ ,—;mnH —p1+p2 nH p1HH
[EPI] X OSZSIXZ - Lﬂl =e OS251~V2 te OSlSZ te OSz'

Example 5. In the case G, if we take w = 51525152 and A = po, Example 2 and Theorem 4 give
us the following relation in K (H, X)
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[Ei)(z]H X Oﬁsmsz = e OﬁSzSMz + (e—az +e T+ e_zal_az)ogsmz
+ (e3a1+ot2 + 1)(9:1132 + (_ea1+a2 _ 62a1+a2 _ e3a1+a2)osl-llsz
+ (e3a1+2a2 +ea1+a2 _l_efal)osfllsz + (62a1+a2 4% 1)(’)5
+ (_e3a1+2a2 + 62a1+a2)05-llsz _ 62a1+azog
4™ @fllsm + (e3oz|+0t2 + et + em-l—m)ggﬂ + e3t2e @SI‘II
= e Ofllszslsz + (e—ozz +e T 4 e_zal_az)osl-zlslsz

+ea20H + (e3oz|+a2 +e2a1+a2 +ea1+a2)O‘H + (e—otl + I)OH

518251 $251 5152

+ (e"“ + 1)05 + 63“‘4'20‘2(95.

Remark 3. Since p; is a dominant weight (i.e. ,oz(ozl.v ) = 0 for all simple roots «;), we know
that we must find positive coefficients (i.e. a linear combination of characters with positive co-
efficients, see [12]). Unfortunately, our formula is not positive. In this example, we see that we
can find negative terms and then cancellations can occur. The formulas given by Pittie and Ram
in [13] and Littelmann and Seshadri in [11] are positive. In [10] Lenart and Postnikov give a
formula which works for all weights, and which is positive for dominant weights.

7. Ordinary K -theory

We denote by v the forgetful map K (H, X) — K (X), where K (X) ~ K%(X) ~ Ko(X) is
the ordinary K -theory of X, and by ev: R[H] — Z the Z-linear map defined by

ev(e*) =1 for all characters ¢* € X (H).

For all w € W, we denote by O,, € K(X) the class of (’))—(w in K(X), and for all A € hZ» we
set [LX] =y (LX1H) € K(X). Since Y(OH) = Oy, ¥ (%) = ev(e®), and ¥ is a ring homo-
morphism, Theorem 4 gives us the following theorem.

Theorem 5. Let w = s, - - - s be a reduced decomposition of w € W. For all A € b7,

(L] x Ow="D" ev(Ry uy)Or1 (e
ec{0,1}N

Example 6. In the case A», if we take w = 575157 and A = p;, Example 4 and Theorem 5 give
us the following relation in K (X)

[Ef)(l] X Ogy515, = [Ef){l] = Osy5150 + Osy5, + Oy,

Example 7. In the case G, if we take w = 51525152 and A = po, Example 5 and Theorem 5 give
us the following relation in K (X)

[‘C/))(z] X 051525152 = 051525152 + 3(9525132 + (9515231 + 3(95251 + 2(95152 + 2(952 + Osl :

This example was computed by Pittie and Ram in [13] by using LS paths.
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