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Abstract

Let H € P° denote the hypersurface of binary quintics in involution, with defining equation given by the
Hermite invariant H. In Section 2 we find the singular locus of 7, and show that it is a complete intersection
of a linear covariant of quintics. In Section 3 we show that H is canonically isomorphic to its own projective
dual via an involution. The Jacobian ideal of H is shown to be perfect of height two in Section 4, moreover
we describe its SL-equivariant minimal free resolution. The last section develops a general formalism for
evectants of covariants of binary forms, which is then used to calculate the evectant of H.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

This paper analyses the geometry and invariant theory of the Hermite invariant for binary
quintics. We begin by recalling the elementary properties of this invariant; the main results are
summarised on p. 332 after the required notation is available.

We refer to [9,11,22] for foundational notions in the classical invariant theory of binary forms,
as well as the symbolic method. Modern treatments of this material may be found in [5,12,17,21].
The encyclopadia article [19] contains a very readable introduction to the classical theory. We
will use [7, Lecture 11] and [23, §4.2] for the basic representation theory of SL;. The discovery
of the Hermite invariant was first reported in [14, Premiere Partie, §TV-VII].
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Fig. 1.

The results in Lemma 1.1 and Proposition 1.4 below are classical; I have included them for
completeness of treatment.

1.1. The base field will be C. Let V denote a two-dimensional complex vector space with
basis x = {x, x2} and a natural action of SL(V). For m > 0, let S,, = Sym™ V denote the
(m + 1)-dimensional irreducible SL(V')-representation consisting of binary m-ics in x. Consider
the quadratic Veronese imbedding

¢:PV — PS8, [c1x1 + coxa] — [(c1x1 + e2x2)?],

whose image is a smooth conic qf)([P’l) =C C P2 We identify PS5 with Sym5 C ~PSs,ie., a
point in P> is alternately seen as a degree 5 effective divisor on C, or as a binary quintic in X
distinguished up to scalars.

Let z be a point of P2 \ C, and L1, L, two lines through z intersecting C in aj, by; a2, by (see
Fig. 1). Let ¢ € C be one of the two points such that the line ¢z is tangent to C, and now define a
divisora; +b; +as+ by + ceP3. As z, Ly, L, move, let H C P3 denote the closure of the set
of all such divisors. (The closure includes all divisors of the form 3z + a + b for arbitrary points
z,a,bin C.)

There are 0o? possible positions for z, and then oo! positions for each of the L; once z is
fixed; hence dim H = 4. By construction H is an irreducible variety. The action of SL(V') on PS>
induces an action on C, moreover it takes a tangent line to C to another tangent line, hence SL(V')
acts on the imbedding H € 3. Consequently the equation of 7 is an invariant of binary quintics,
usually called the Hermite invariant H. This defines H only up to a multiplicative constant; but
see formula (11) below.
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A point z € P? \ C defines an order 2 automorphism of C, sending a € C to the other inter-
section of za with C. The divisor aj + b; + a> + by + ¢ is said to be in involution with respect to
z since it is fixed by this automorphism.

Lemma 1.1. The degree of H is 18.

Proof. Forp e C, let I, € C IP° denote the hyperplane defined by all the divisors contammg p.
Given general points p1, p2, p3, P4 in C, consider the intersection ¥ =H N Iy, N---NTp,. The
three points

P1P2 N P3pP4, P1P3 N P2pP4, P1P4 N P2pP3, )

give 6 elements in X (since two tangents to C can be drawn from each). Alternately, let the
tangent to C at p; intersect pop3 at z, and let zps intersect C in the additional point q; which
gives p; + - -- 4+ pa + g € X. This construction produces 4 x 3 = 12 more elements in X', hence
|X|=18. O

1.2.  'With notation as in the diagram, after a change of variables write ¢ = [¢(x1)] and z =
[x1x2]. Then aj, by must equal ¢ ([a1x1 + a2x2]), ¢ ([a1x1 — oz x2]) for some [oq, 2] € P!, and
similarly for a,, by. Hence a; 4+ a; + by + by + ¢ corresponds to the quintic

Fo=xi (qoxit +2q1x3x3 + qzxg) (2)
for some Q = [¢o, g1, g2] € P?. This ‘canonical form” will prove most useful for computations.
Since any [F] € H lies in the SL,-orbit of some [Fp], any ‘equivariant’ calculation which is
valid for F is valid generally.

In the next few sections we will gather some needed preliminaries from classical invariant
theory; we will take up H once more on p. 331.

1.3. Transvectants

Given integers m, n > 0, we have a decomposition of SL(V')-representations

min(m,n)

@ Sm+n—2r . (3)
r=0

Let A, B denote binary forms in x of respective orders m, n. The rth transvectant of A with B,
written (A, B),, is defined to be the image of A ® B via the projection map

TS ® S —> Sm+n72r'

It is given by the formula

(A, B)r—(m_r)'(n_r)'Z( 1)’(?) oA B @)

r—i 1 1 r—i
0x; " dxy dx)0x,
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(Some authors choose the initial scaling factor differently, cf. [21, Chapter 5].) By conven-
tion (A, B), =0 if > min(m, n). If we symbolically write A = o', B = 8, then (A, B), =
(aB) ay =" BI~". There is a canonical isomorphism of representations

Smw—> Siy (= Homsz(v)(Sm, So)) (5)

which sends A € S, to the functional B —> (A, B),,. Hence if A is an order m form such that
(A, B),, =0 forall B € §,,, then A must be zero.

1.4. Gordan series
Introduce a parallel set of letters y = (y1, y2), and define Cayley’s Omega operator

3? a2
- dx1dy2  0x29y1

Xy

If we represent an element in S, ® S, as a bihomogeneous form G of orders m, n in X, y, then

7 Gy = M or o)

m!n! y=x

A splitting to 7, is given by the map

r

m+n—2r n—
X y °

U Smin—2r —> Sm ® Sn,  « — g(m,n;r)(xy) oy "«

where (Xy) = x1y2> — x2y1, and g(m,n;r) = % (It follows from Lemma 5.2 below that

7Ty o 1, is the identity map.) The decomposition G = )1, o 7, (G) is called the Gordan series
for G. In its general form it may be symbolically written as
min(m,n)
agfy= Y. gmn; NEY) Oy Oy
r=0
where 0(,);“”’_2’ stands for (ef) ay "B~ (see [11, p. 55] or [12, §24.4]).
1.5. Wronskians

Let m, n > 0 be integers such that m < n + 1. Consider the following composite morphism of
representations

m
w: /\ Sn ;) Sm(Sn—m—i-l) —> Sm(nfm+l),

where the first map is an isomorphism (see [1, §2.5]) and the second is the natural surjection.
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Given a sequence of binary n-ics Ay, ..., A, , define their Wronskian W (A1, ..., A;) to be
the determinant

Il A;

Gj)— ————
8x;" jaxé !

A <i, j<m).

It equals the image w(A; A --- A Ap). We have W(Aq,..., Ay) =0, iff the A; are linearly
dependent over C. (The ‘if” part is obvious. For the converse, see [20, §1.1].)

Lemma 1.2. Let Ay, ..., Ay be linearly independent forms of order m. Then W = W(Ay, ...,
Ap) is (up to scalar) the unique form of order m such that (W, A;), =0 for all i.

Proof. Consider the composite morphism

m+1 m
g:/\Sm_>/\Sm®Sm;)Sm®Sm_>C,

where the first map is dual to the exterior product. For any i, we have (W, A;);, = g(A1 A -+ A
Am A A;) =0. The pairing

Sm X Sy —>C, (A,B)— (A, B)n
is nondegenerate, hence such a form is unique up to scalar. 0O

1.6. Covariants

Reviving an old notation due to Cayley, we will write («o, .., a, Ju, v)" for the expression
n n
Z <,>oe,-u”_’ v
i=0 !
In particular F = (ao, ..., aq §x1, xz)d denotes the generic d-ic, which we identify with the nat-

ural trace form in Sy ® S7. Using the duality in (5), this amounts to the identification of a; € S
with %xg “!(—x1)". Let R denote the symmetric algebra

P $u(S;) = EP Ru=Clao. ..., aal.

m=0 m=0

and P4 =PS; = Proj R.

By definition, a covariant of degree-order (m, g) of binary d-ics is an SL(V)-equivariant
imbedding Sop — S,,(S4) ® ;. Let @ denote the image of 1 via this map, then we may write
@ = (¢o, ..., 94 §x1,x2)? where each ¢; is a homogeneous degree m form in the {a;}. The
weight of @ is defined to be %(dm — ¢) (which is always a nonnegative integer). A covariant
of order 0 is called an invariant. E.g., (F, F), is a covariant of degree-order (2, 2d — 4), and for
d =4, the compound transvectant ((F, F),, [F)4 is an invariant of degree 3. If F is specialized to
F € S4, then @ gets specialized to @ € ;.
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1.7. Let @ denote a covariant of degree-order (m, q). Let a, b denote nonnegative integers,
and let r = (a + g — b)/2. For every F € S;, we have a map

hFZSa—>Sb, G—)((DF,G)r.

Since the entries of the matrix describing & r are degree m forms in the {a;}, we may see it as an
SL;-equivariant map of graded R-modules

Conversely, every equivariant map of the form (6) arises from such a covariant. (Indeed, in degree
zero it reduces to a map of representations S; —> S, (Sg) ® Sp.) The numerical conditions are
assumed to be such that the transvection is possible, i.e., we must have a + g — b nonnegative
and even, and » < min(a, q).

If a < b, then by the Wronskian of the map /& we mean

W(hlp(x(f), hF(x‘ll_lxz), cee, hF(xg)),

which is a covariant of degree m(a + 1) and order (a + 1) (b — a). Its coefficients are (up to signs)
the maximal minors of hp.

1.8.  We will let 3(®) C R denote the ideal generated by the coefficients of a covariant @.
E.g.,if d =3, then J((F, [F),) is the defining ideal of the twisted rational cubic curve.

If I(aop, - . ., aq) is an invariant of degree m, then its evectant is defined to be
d
1 ol d—i i
&= zga_a,-(‘”) xi, )

which is a covariant of degree-order (m — 1,d). By Euler’s formula we have an identity
ELFa =5 Y aigy =1

Let A € Qlao, - .., aq; x1, x2] denote the subring of covariants, which is naturally bigraded by
(m, q). By a fundamental theorem of Gordan, A is finitely generated. A minimal set of generators
of A is called a fundamental system for d-ics. Moreover A is a unique factorization domain, and
each of the minimal generators is a prime element of .A.

The number of linearly independent covariants of d-ics of degree-order (m, ¢) is given by the
Cayley—Sylvester formula (see [23, Corollary 4.2.8]). For integers n, k, [, let p(n, k,l) denote
the number of partitions of n into k parts such that no part exceeds /. Then

dm — dm—q —2
Cm,qzdimAm,q=P<%,d,m)—p(%,d,m). )

Example 1.3. Let d = 5, then {48 = p(6,5,4) — p(5,5,4) = 2. A basis for the space A4 g is
given by

(F.F)(F,F)y,  F(F, (F,F),.
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1.9. Quintics

The following table (adapted from [11, p. 131]) lists the degree-orders of the elements in the
fundamental system for quintics. For instance, there is one generator in degree-order (5, 3) and
none in (3, 7).

We will frequently need the following covariants:

v = (F, )4, e = (IF,IF),, V33 = (U022, )2,
V39 = (IF, ¥26)1, Y40 = (V22, ¥22)2, Y44 = (22, ¥26)2,
9s1= (05 F)y 0= (93 D26)g- ©)

The notation is so set up that #,,, is a generator in degree-order (/m, g). (The comma is omitted

for ease of reading.)
order

[ Jofif2]s]als]e]7]o]

1 1

2 1 1

3 1 1 1

4 1 1 1

5 1 1 1
degree 6 ! !

7 1 1

8 1 1

9 1

11 1

12 1

13 1

18 1

The computations which go into constructing such tables are generally very laborious, and of
course the classical invariant theorists carried them out without the aid of machines. Hence, it is
not unreasonable to worry about their correctness (also see the footnote on [11, pp. 131-132]).
In the case of binary quintics however, I have thoroughly checked that the table above is entirely
correct.

Here is a typical instance of how the table is used: we have

g95 = p(20,5,9) — p(19,5,9) =98 — 93 =5,
i.e., Ag 5 is 5-dimensional. Notice that

B= {15‘5115‘222, 051044, Da0033022, O F, Dg0F} (10
are all of degree-order (9, 5). Since they are linearly independent over Q (this can be checked by

specializing to F = xl5 + xg + (x1 + x2)° and solving a system of linear equations), B is a basis
of Ay 5. This basis will be used in Section 4.2.
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Since ¢18,0 = p(45,5, 18) — p(44, 5, 18) =967 —966 = 1, up to scalar, quintics have a unique
invariant of degree 18. Hence, following [11, p. 131], we will define

H= (ﬂ;z,Fﬂ39)14. (11)

(This merely requires checking that the transvectant is not identically zero, which can be done by
specializing F and calculating directly.) Usually H is called a skew-invariant (since it is of odd
weight). Indeed, H was the first discovery of a skew-invariant for any d. (They do not occur for
d < 4.) For what it is worth, a MAPLE computation shows that H is a linear combination of 848
monomials in ag, ..., as.

1.10. Let u € S; be a nonzero vector. The duality in (5) identifies the point [u] € PS> with
its polar line {[v] € P2: (u,v), =0} € IPS7. The point lies on its own polar iff (u, u)> = 0, which
happens iff [u] € C. If [u] lies on the polar of [v], then [v] lies on the polar of [u]. The pole of
the line joining two points [u], [v] is given by [(u, v)1]. Three points [«], [v], [w] are collinear
iff ((u, v)1, w), =0.

If [ € 51, then the tangent to ¢(I) € C is the line {[/m]: m € S1}. The line joining
(1), ¢([m]) is (the polar of) [[m].

1.11. The following proposition will be needed in Section 2. Let G denote a binary quartic
identified with four points IT = {a, b, ¢, d} € C. Consider the three pairwise intersections abn
cd, ac N bd, ad N be, regarding each as a form in S5.

Proposition 1.4. The product of the three points is given (of course up to scalar) by the order 6
covariant T(G) = (G, (G, G)2)1.

Proof. Let us write G = axbxcxdx, Where axy = ajx; + axxy and a = ¢ ([ax]), etc. By Sec-
tion 1.10, the intersection ab N cd corresponds to

((a3.53) ;. (c3. d5),), = (ab)(cd)(axbs, cxd)1,
where (ab) = a1by — a>b1, etc. Hence, up to a factor, the product corresponds to
(axbx, cxdx)1(axcx, bxdx) 1 (axdx, bxcx)1. (12)

The last expression is of degree 3 in the coefficients of G (since each of the letters a, . . ., d occurs
thrice), moreover it is a covariant since the underlying geometric construction is compatible with
the SL(V)-action. However, {36 = 1 for binary quartics, hence T(G) and (12) are equal up to a
scalar. O

The result remains true if 17 contains one double point, say a = b, with ab interpreted as the
tangent to C at a. By [9, §3.5.2], the covariant T (G) vanishes identically iff IT consists of two
(possibly coincident) double points, say a = b, c = d. In this case the geometric construction
collapses, since ac N bd is no longer a determinate point.

This proposition can be used to give an alternate definition of H. Let YR denote the resultant
Res(F, 933), defined as the determinant of an 8 x 8 Sylvester matrix (see [18, Chapter V, §10]).
By construction it is of degree 5 x 3 + 3 x 1 = 18 in the {a;}.
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Proposition 1.5. The hypersurface defined by R coincides with 'H.
We will avoid using the fact that ¢jg.0 = 1.

Proof. Let us first show that R is not identically zero. Specialize to F = x15 + 2x§ + (x1 +x2)°.
Then 933 = —12x1x2(x1 4 x2), which has no common factor with F, hence R # 0. Now assume
that F and 9¥33(F) have a common linear factor, we may take it to be x; after a change of
variables. Let F = x1 G, with G = (ag, a1, a2, a3, a4 §x1, x2)4. Calculating directly, we have

_ 24 30,3 2
033(F)|x:=0 = x5 (2a3 + a1a; — 3azazas), (13)

125
which vanishes by hypothesis. Hence

T(G)|x1:=0 = —xg (2613 + ala‘% - 3a2a3a4)

must also vanish, i.e., x; must divide one of the three intersection points coming from G. Denote
this point by z = [x(ax1 + Bx2)]. It is now immediate that the divisor corresponding to F is
in involution with respect to z, hence [F] € ‘H. Thus we have an inclusion of hypersurfaces
{[F] e P3: ;% =0} C H. Since the latter is irreducible, they must be equal. O

1.12. Tt will prove useful to introduce the following loci in P3. If A = (A1, ..., A,) is a parti-
tion of 5, let X, denote the closed subvariety

{[F] eP: F:l_[ll.)‘i for some [; € Sl}.

In other words, the divisor of [F] € X, is of the form Aja; + --- + A,a, with some of the a;
possibly coincident. The dimension of X, equals the number of (nonzero) parts in A. There is an
inclusion X, € X, iff A is a refinement of w. For instance, X(s) is the rational normal quintic
curve, X(2,1,1,1) is the discriminant hypersurface, and X3 1,1y is the locus of nullforms; with
obvious inclusions X5y € X(3,1,1) € X(2,1,1,1)-

1.13. A summary of results

In Section 2 we will construct a desingularization of H, and then show that its singular locus B
consists of three components £2(1y, £2(2) and X3 1,1). They are respectively the SL;-orbit closures
of the forms

X} + x5, x1x2(x1 —xz)(xl2 + x1x2 +x22), X3 xa(x1 + x2).

Their degrees are 6, 10 and 9, hence B is of degree 25 and pure codimension two. Next we show
that the ideal /g C R is a complete intersection, defined by the coefficients of 5.
In Section 3 it will be seen that H is naturally isomorphic to its own dual variety. The duality

S5 >~ 8% in (5) induces an isomorphism o P> 5 (PS)*. Let [F] € H \ B, with Ty [F) the
tangent space to 7 at [ F]. Then the point o~} (T3,1F)) coincides with [Em(F)] (the value of the
evectant at F'). It turns out however, that this point also belongs to H. Thus we get a morphism

H\B—> H\B, [F]— [Eu(F)].

This map is involutive, i.e., Eg(Em(F)) equals F up to a scalar.
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Let J =( %, e, %) C R denote the Jacobian ideal of H. In Section 4.4 we will show that

J is a perfect ideal of height two, with an SL,-equivariant minimal resolution

0« R/J < R« R(—17)® Ss
< R(—18) ® S» ® R(—22) ® R(—26) < 0.

During the course of the proof it will be seen that J naturally fits into a three-parameter family
of perfect ideals.

The results of Section 4 allow us to identify the morphisms in this resolution up to three
distinct possibilities, but no further. In order to resolve this ambiguity it would suffice to calculate
the value of &y at Fp. A general formalism is developed in Section 5 to solve this problem.
For any covariant @ of d-ics, we construct a sequence of covariants 4, called its evectants;
this generalizes the classical construction from Section 1.8. Given two arbitrary covariants @, ¥
with evectants A,, B3,, we deduce formulae for calculating the evectants of a general transvectant
(@, ¥),. This iterative scheme is then applied to formula (11) to evaluate &y. Nearly all of
Section 5 can be read independently of the rest of the paper.

1.14. A note on computational procedures

Since I have used machine computations in several parts of this paper, their réle should be
specified. All the computations have been done in MAPLE. I have written routines to calculate
the numbers p(n, k, ) and ¢, 4 appearing in formula (8). I have also programmed formula (4) for
calculating transvectants; hence identities such as (14) and (18) are machine-computed. I have
also used MAPLE for some routine calculation in linear algebra, e.g., for evaluating Wronskian
determinants and for solving systems of linear equations. None of the results depends upon cal-
culating Grobner bases in any guise (e.g., minimal free resolutions).

On the whole, I have not succeeded in bypassing heavy calculations entirely, and I doubt very
much if this is at all possible. The Hermite invariant is a specific algebro-geometric object which
is not a member of any natural ‘family,” hence it seems unlikely that merely general considera-
tions will enable us to prove much about it. Even so, I believe that none of the calculations done
here by a machine are beyond the ambit of a patient and able human mathematician. !

2. The singular locus
2.1. First we will construct a natural desingularization of H. Let

Y ={(c,2) € C x P the tangent to C at ¢ passes through z.

The second projection Y %, P2 is a double cover ramified along C. Let PTp: —> P2 denote the
projectivisation of the tangent bundle of P2, so that the fibre over z € P? can be identified with
the pencil of lines through z. Define the P2-bundle

Sym2(PTp2) L5 P2,

' Paul Gordan and George Salmon come to mind; for instances, see [10] or the tables at the end of [22].
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so that an element in 87! (z) is an unordered pair of (possibly coincident) lines L1, L, through z.
Consider the pullback square

Z — Sym?*(PTp2)

|l

Y — P

Define Z —f> ‘H by sending (c, z) x (L1, L») to the divisor
c+LiNC+L,NC.

(Of course, L; N C are interpreted scheme-theoretically.) By construction f is a projective bi-
rational morphism which is a desingularization of H. We will use it to detect the singularities
of H. Since Y is a rational variety (in fact isomorphic to P! x P'), so are Z and H. Henceforth
we will write (c, z; Ly, L) for (c,z) x (L1, Ly) € Z.

Lemma 2.1. The morphism Z \ ! (X5)) i> H\ X (5) is finite.

Proof. Since the morphism is projective, it suffices to show that it has finite fibres (see [13,
Lemma 14.8]). Let [F] € H \ X(5), and (c,z; L1, Ly) € f_l([F]). There are finitely many
choices for c. By hypothesis there is a point a(# c¢) appearing in [ F]; hence for a given c there
are only finitely many possibilities for z (because za N C must be contained in [F]). Then for a
given z, there are only finitely many possibilities for the L;. O

This argument breaks down over X s); in fact f “I(x 5) — X5)isa P!-bundle.

2.2. Define the forms

U(l):xf+x§, U(z):)ﬂxz(xl —x2)(x12+x1x2 _|_x%)’
Up = xi%XZ(Xl +x2), Uy = xfx%,
U(S) :xitxZa U(G) les.

Let B C 'H denote the union of the orbits of all the Uy;y. We claim that 5 is closed. Indeed, by [2,
§2] the closure of any orbit is a union of orbits of forms of the type xi‘xé’, and they have been
already included.

Theorem 2.2. The singular locus Sing(H) coincides with B.

The theorem will follow from the following proposition.
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Proposition 2.3.

(1) For [F] €M, the fibre f~V([F]) consists of more than one point iff F lies in the orbit of one
of the forms Uy for 1 <i <6, i #5.

(2) Assume [F1 e H\ B, and f~'([F1) = {w}. Then the morphism on tangent spaces Tzw—
Tr,[F] s injective.

Let us show the theorem assuming the proposition. If [F] lies in the orbit of one of
Uqy, ..., Uw, then the fibre f ’1([F ]) is disconnected, hence [F] is not a normal point. Since
Usy, Uge) lie in the orbit closure of U3y, we deduce that B C Sing(H). If [F] € H \ B, then
by [13, Theorem 14.9] the map f is a local isomorphism in a neighbourhood of w, hence [ F] is
a nonsingular point. O

2.3. Letus prove part (1) of the proposition. Define
S={[F1eM: f~'([F]) consists of at least two points}.

Evidently U € S. Assume that [F] = 3c 4+ a; + a, where a;, a» are (possibly coincident)
points each different from c. Let z denote the intersection ¢c N aja, then (c, z; cc, ajaz) and
(c, c; cay, cay) both map to [ F]; this shows that U3y, Uy € S. It is equally clear that Ugs) ¢ S.

If a point of the form (c, ¢, L1, L) belongs to f_l([F]), then [ F'] must have a point of mul-
tiplicity > 3 at ¢, which is already considered above. Hence assume that [F] € S\ X(3,1,1), and
(c,z; L1, Ly), (¢',Z; LY, L)) are two distinct points in F~Y[FY). Since ¢ # z, we may write
¢ =¢([x1]), z=[x1x2] after a change of variables. Then [F] = [F] for some Q € P2 (see Sec-
tion 1.2).

If go = 0, then both ¢y, go must be nonzero (otherwise [Fp] € X(3,1,1)). But then [Fp] is in
the orbit of A = xlxg (x1 + x2)(x1 — x7), and it is clear from the geometry that [A] ¢ S.

Hence we may assume go = 1, and then

F =x1(x1 —axp)(x1 +ax2)(x; — Bx2)(x1 + Bx2)

for some «, B, such that ¢’ = ¢ ([x; — ax,]). By assumption Z’ is one of the diagonal intersection
points (see Section 1.11) coming from the quartic form G = x1(x1 + ax3)(x1 — Bx2)(x1 + Bx2).
The quadratic form corresponding to ' must divide T(G), and hence x; — ax, must divide T(G).
By a direct calculation,

T(G)lx)max, = %xgoﬁ(az +38%)(a* + 4ap — B?) (e — dap — B?). (14)

which must vanish. Now « # 0, since [F] ¢ X(3,1,1). Hence we have two cases

qoqr _ 4a’p? { 1/5 ifa?+4af — p%=0,

@ @A | -3 ifa?+3p2=0.

A form satisfying the first case is in the orbit of Fj 55 =x1(1,5,5 ijxlz, x%)2. By the transfor-
mation (x1, x2) —> (x1 + x2, X] — x2) it can be brought into the more manageable form

Uy =xf+x§. (15)
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Similarly in the second case F[1,1,—3) can be brought into the form
— 2 2
Ug) = x1x2(x1 — x2) (x] + x1x2 + x3), (16)

via (x1,x2) —> (x1 — x2, x1 + x2). We have shown that any form in S\ X(3,1,1) belongs to the
orbit of either U(y) or U(y). It remains to show that the latter two belong to S, this can be done
by an explicit construction as follows:

Let w = exp(Z 5_1), and y = 0" xp. Define points ¢ = ¢ ([x] — y]),z = [(x1 + y)(x1 — ¥)],
and L; to be the line joining ¢ ([x] — a)"y]) and ¢([a)ix1 —y]) fori =1, 2. This gives a point of
f’1 ([Uy]) forevery 1 <r <5.

Letv = exp(2”‘3/__1), and y = v xy. Define points ¢ = ¢ ([x1 — y]),z =[(x1 — ¥)(x1 + y)].

Let L be the line joining ¢ ([x1]), ¢ ([x2]), and L joining ¢ ([x; — vy]) and ¢ ([vx; — y]). This
gives a point of f! ([UyD) forevery 1 <r < 3.
This completes the proof of part (1). O

2.4.  We will prove part (2) by introducing a local parametrisation of the affine version of f,
and directly calculating the map on tangent spaces. Since [F] ¢ X (3,1,1), after a change of vari-
ables we may write F = x1(1,£, 1 ijx%, x22)2 for some & € C.

Let A = S; x 1 x C, and define a morphism from A to Z by sending (I1,/2,£) € A to
([l%], [l/1l2], L1, L), where Ly, L correspond to the solutions of the equation

(1§, 1317,13)* =0.
Since the morphism is smooth, for a local parametrisation of f we may use the map

fiA— Cone(H), (I1,h,&) =1(1,& 1§}, 13)%

The image of an arbitrary tangent vector (m1, m>, n) via d f is given by the limit

1

vy, ma, ) = lim ~[ (1 +emy. b+ ema & +en) = f(1. 1. 6)].

Writing w = (x1, x2, §), the image of the map Ty w — TCone(H), r 18 spanned by the five
vectors
T(x1,0,0) = x1(5, 38, 1§x7, x3)2, T(x2,0,0) = x2(5, 3¢, 1§x7, x3)?,
7(0,x1,0) = 4x]2x2(§x12 + x22), 7(0, x2,0) = 4x1x%(§x12 + x%),
7(0,0,1) = 2x3x3.

In order to verify that they are linearly independent, we calculate their Wronskian

600x; 72&xp T2&x;  24xy  24x
120xp  120x1 72&x, 72&Ex; 120x»
965)62 965)61 48)(2 48)(1 0
0 486xy 48&Ex; 96x;  96x
0 24x2 24)61 0 0

= 218395%x (1 — 862, &, —1§x]. x3)°. (17)
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This is nonzero for any &, which proves part (2) of the proposition. The proof of Theorem 2.2 is
complete. O

One can restate the theorem as follows: F is a singular point of , iff one of the expressions

42. 9092 + 343, 59092 — q7 is zero.

2.5. Fori=1,2,let £ denote the orbit closure of [U], and let G; € SL(V') denote the
stabilizer subgroup of [U;)]. By [2, §0], we have a formula

Since an element of G; must permute the linear factors of Uy, it is easy to determine all sym-
metries by mere inspection. The group G is the dihedral group Ds of order 10, generated by the
transformations

(x2,x1),

(Xl,x2) — { ()C],CXP(ZJT\S/_—I)XZ)-

Similarly G, is isomorphic to D3, generated by

(x2,x1),

(x1,x2) —> { (exp(%j)xl,xz).

Hence £2(1), §2(2) are of degrees 6 and 10, respectively. The degree of X(3,1,1) is 9, as given by a
formula due to Hilbert [15].

2.6. Let p;y € R denote the homogeneous ideal of £2(;). The variety §2(1) is the closure of
the union of secant lines to X (s5), and it is known (as an instance of a more general result) that
p(1y is a perfect ideal of height two (see [16, Theorem 1.56]). We briefly recapitulate the proof.
Given F € S5, define

ar:$— 8, G— (F,G),
and let
a:$HQR(—1)— S3®R
denote the corresponding morphism of graded R-modules (Section 1.7).
Lemma 2.4. The map aF is injective for a general F, moreover ker o is nonzero iff [F] € £2(1).

Proof. It is easily verified from formula (4) that kerar = 0 for F = x15 + xg + (x1 + x2)°.
Assume G (# 0) € ker oy, then after a change of variables G can be written as either x12 or X1X2.
In the former case F = xf(clxl + cpx2) and in the latter case F' = cle + czxg. The ‘if” part is
equally clear. O

By the Porteous formula (see [4, Chapter 11.4]) the scheme-theoretic degeneracy locus
{rankar < 2} has degree 6 (it is the coefficient of h? in the Maclaurin expansion of (1 + h)=3),
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and so does £2(1). Hence the ideal of maximal minors of o coincides with p(;), and we get a
Hilbert—Burch resolution (see [6, §20.4])

0« R/pty «— R <X R(-3)® 83 <" R(—4)® S5 «— 0.

Now consider the complex

v v
81

S,
R—5R3®S:—> RA®S,.

To describe the first map, let W1y denote the Wronskian of o, i.e., the determinant of the 3 x 3
matrix of linear forms

92 (F, x>~ xi 1),

(i,j) — —
axf ]8xé !

(I<i, j<3).

Now W) is a covariant of degree-order (3, 3), and ¢33 = 1 for quintics, hence it must coincide
with 9933 up to a scalar. Thus p1y = J(F33).

Up to a scalar, the map 8, must be given by §3 —> S5, G — (F, G)3. From 8} 0 §; =0 we
deduce the identity (J33, F)3 = 0.

2.7. Using similar ideas we will find a free resolution of p(y). It is sensible to look for a
4 x 5 matrix of linear forms, since then by Porteous’ formula the degeneracy locus {rank < 3}
has expected degree 10.

Proposition 2.5. The ideal p(y) is perfect of height two.
Proof. Consider the map

Br:S3— S4, G — (F,G)a,
and let W) denote the corresponding 4 x 4 Wronskian determinant

O3 (F, x! 7 xi 1),

@, j)— —
8x? Jaxé !

AI<i,j<d,

which is a covariant of degree-order (4, 4). Let a = J(V(2)) denote the ideal of maximal minors;
a priori we know it to be of height < 2. If it were to have height one, then an invariant would
have to divide W2y, which is impossible. Hence we get a free resolution

0<«—R/a<—R<«—R(—4)®S4 «— R(—5) ® 53 < 0.

Now a direct calculation shows that
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24/56]1)61 12/56]2)(2 12/56]2)61 0
—2q1x2  —2q1x1 2/5q2x2 2/5g2x1
Wy (Fo) =
OFO= gu  —4/5qm —4/5qm —16/5g0%
6g0x2 6q0x1 18/5q1x2  18/5q1x1
1152
= 1—25(610612 +34¢7) (59092 + qF, 29192, 243§ x3, x3)2.

Hence W) vanishes on £2(;). Since the latter has degree 10, the scheme defined by a coincides
with 22) and ppy =a. O

A basis for the space Ay 4 is given by the two covariants ﬂzzz, Va4, hence WW(2) must be their
linear combination. The actual coefficients can be easily found by specializing F and then solving
a system of linear equations. This gives the relation W) =1/ 5760(719222 — 10044). As before,
we have an identity (W 2, )3 = 0.

2.8. By aresult of Weyman (see [24, Theorem 3]), the ideal of X3 1,1y (say q) is generated in
degrees < 4. If we specialize to F = xfxz(xl + x7) and search through all covariants in degrees
< 4, then we find that only 949 and 219222 + 15944 vanish on F, hence their coefficients must
generate . One sees that q is not perfect; indeed, it would have to arise as the ideal of maximal
minors of a map

R®(SH®S5) — PROS (S, &Sy @)
i>0
such that the target module has rank 5, the minors are of degree 4 and the Porteous degree is 9.
However no such integers can be found.

2.9. Let Ip C R denote the defining ideal of the singular locus B.

Proposition 2.6. The ideal I is a complete intersection generated by the two coefficients of the
covariant ¥sj.

Proof. The ideal ¢ = J()51) is a complete intersection, since otherwise an invariant would have
to divide both coefficients of ¥51. By a direct calculation,

9092 + 3q1) (59092 — q7)x1, (18)

4
U51(Fp) = @6]2(

hence 51 (F) vanishes on B. Since deg B =25, we must have ¢ = Ig. O
The linear form 95| evaluated at a nonsigular quintic in H ‘detects’ the point of tangency ¢
in the configuration on p. 325. Indeed this is visibly true of Fp from (18), and since ¥5; is a

covariant, it is true generally.

3. The dual variety

Let 0 :PS; —> IPS’; be the isomorphism induced by the duality in (5); it identifies [A] €
PS,; with the hyperplane {[B] € PS;: (A, B)y = 0}. Let I denote a degree m invariant of d-ics,
defining a hypersurface X C PS,.
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Proposition 3.1. Let [F] € X be a nonsingular point, and let T = Tx [f) denote the tangent
space to X at [F), seen as a point in PS};. Then we have an equality

[E1(F)] =0 1(D).

Proof. Let B = (b, ...,bgix1,x2)?. The point [by, ..., bg] belongs to T iff

d

ol
Zb,»(— ):0.
iz \dailF

This condition can be rewritten as (E1(F), B); = 0, hence the assertion. O

Now let F = x(1,&, liixlz, x%)z. By the proposition above, together with Lemma 1.2, the
evectant Eg(F) is given (up to scalar) by the Wronskian of a basis of T3 ). But we have
already calculated the latter in (17). After the substitution

(X1 %2, &) —> (qé/sxl’q§/4qo—1/2ox2’ qlqo—l/zc]z—l/z)
we get the expression
En(Fp) = constant - Foy,
where
Q' = [qoqz - gqlz, 9192, —q%}. (19)

Since £ is a degree 17 covariant, the ‘constant’ must be a degree 15 polynomial in the ¢;. Now
En(F) vanishes identically iff [F] € B, so we must have

En(Fo) = ka5 (092 +347)" (Sa0a2 — a7)" For, (20)
for some integers n,n’, n” such that n + 2n’ 4+ 2n” = 15. Here (and subsequently) k stands for
some nonzero rational number which need not be precisely specified. The indices n, n’, etc. will
be determined later in Section 5.5. Note the identity (Q') = [—ngo, —ngh —q§ ]=0. We
have proved the following:

Theorem 3.2. If [F] is a nonsingular point in 'H, then so is [Eg(F)]. The assignment
H\B— H\B, [F]— [Eu(F)]
is an involutive automorphism. In particular 'H is isomorphic to its own dual variety.

4. The Jacobian ideal

Let J = J(Em(F)) denote the Jacobian ideal of H.
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4.1. Let
0«—R/J<«—R<«—R(—-11®S5«—E| «— Ey < --- (21)

denote the equivariant minimal resolution of J, i.e., E; is the module of ith syzygies. Apply
Hompg (—, R) to (21) and consider the complex

0— R-% RUT)® S5 —5 EY —> -

Write E| as a direct sum

EBR(U +r)Q M,,
r>1

where each M, is a finite direct sum of irreducible SL,-representations.
By construction €y(1) = Eq(F). Let S, € M, denote a direct summand, and consider the
composite

0:RATY®Ss — RAT+r)@M, — R(17T+71r)® ).

It can be seen as a map S5 — S, whose coefficients are degree r forms in the coefficients of
F. Hence, 0 corresponds to a covariant @ (determined up to a constant) of degree r and order
(say) g, defining

Ss— Sp. G—(G.O)15 0

Altogether, the identity 6 o €y = 0 translates into
(Er(E). @)%(warq) =0
4.2. First syzygies of J

We will enumerate some of the first syzygies of J by hand, and then show a posteriori that
they are a complete list. Since a syzygy in a certain degree produces non-minimal syzygies in
higher degrees, at each stage we should ensure that only ‘new’ syzygies are included.

(1) If Iis any invariant of d-ics, then (£1(IF), F)4—1 = 0 (see Corollary 5.9 below), hence S5 is
a summand in M.

(ii) The space As 5 is 2-dimensional, and spanned by #3322 and ¥49F. By construction I=
(&m, ¥33022)5 is an invariant of degree 22. Since ¢22.0 = 1, we must have I= at4oH for
some « € Q. Define

U =330 — attylF, (22)
so that (&g, U)s =0.

Claim. This syzygy cannot have arisen from the submodule S» C M.
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Proof. Otherwise it would correspond to a nonzero morphism S ® Ry —> Sp. However
R4 >~ S4(S5) contains no copies of Sy (or equivalently, {4 » = 0 for quintics), hence this is
impossible. O

By an analogous reasoning, if @ is any covariant of degree-order (9, 5), then
(&m, @)5 = some degree 8 invariant x H.
Since Asg ¢ has {1930, Ug0} as a basis, this would produce a syzygy of the form
(Em. @ — BO3F — y930F)s =0 for some B,y € Q. (23)

However, we need to weed out those syzygies which come from earlier degrees. Broadly
speaking, we have three syzygies in degree 9 which arise in this way, amongst which two
come from earlier degrees and one will be new. The space Ag 5 is 5-dimensional with a
basis (see p. 330)

95195, V51044, 40033922, 93F, vgolF. (24)

The one-dimensional space Ajg > is spanned by ¥g,. From part (i) we get the obvious identity
((&m, F)4, 9g2)2 = 0, which can be rewritten as (Ey, (F, ¥82)1)s = 0. (This is best seen
symbolically. Writing £ = e3,F = f2, 93> = t2, both compound transvectants evaluate to
(ef)*(et)(f1).) Now (F, 9g»)1 is the following linear combination of the basis in (24):

719192 11919+5191919 11921F 101@
10 51Uy 4 51U44 12 40U33VU22 20 40 4 80 .

From (ii) we have the obvious syzygy (Em, ¥40lf)s = 0. Let us define 8, y € Q such that
the covariant

V= 05193, — BO2,F — y g0 (25)

satisfies (&m, V)5 = 0. It is immediate that ) cannot be a linear combination of (I, ¥g2)1
and 940U/, hence we have a new syzygy.

So far we have found three independent first syzygies of J corresponding to S» € My, So C
Ms, Sy © Mg. The rational numbers «, 8, y are uniquely determined by the identities (Ey, U)s =
(&m, V)5 =0, but we do not yet know their values.

4.3.  We will now construct the morphism whose Hilbert—-Burch complex is expected to give a
resolution of J. Let us change our approach somewhat, and let T = («, 8, ) denote an arbitrary
triplet in Q3. For F € Ss, define

0 (F): S5 ® Sod So —> Ss,
(AacvaZ) e (A’ F)] +C]Z/{+C2V,

where U, V are defined via formulae (22), (25). Let I'; denote the Wronskian of o (F), which
is a covariant of degree-order (17, 5). Let by € R denote the ideal generated by the coefficients
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of Iy, and V; = V(b;) C P’ the corresponding subvariety. One knows a priori that each of the
components of V; is of codimension < 2. We claim that (I';, F)s = kH for all 7. Indeed, the
left-hand side is a degree 18 invariant, hence a numerical multiple of H. It remains to check that
it does not vanish identically, which is easily verified by specializing to xf + xg + (] +2x0)°. Tt
follows that (H) € b, hence V; C H. Since the latter contains no proper hypersurfaces, b, must
be of pure height two. Hence the Eagon—Northcott complex (or what is the same, the Hilbert—
Burch complex) of o; is a minimal resolution of b .
By a direct calculation,

26.32.151-293 ,

I(Fp) =~ o5 a3 (9092 + 347) (5092 — 41) K- Fo', (26)

where Q' is as in (19), and K is the expression

(75000y +28125)q4q5
+ (520000a + 42000y — 22500 — 9600008)q3q7q>
+ (—13440008 + 292800y 4 872000 + 6750)g2 ¢} q5
+ (121200y — 900 — 5760008 + 408000c)q0q g2
+ (12744y — 691208 + 43200a + 45)g°5. (27)

Since I; visibly vanishes on 53, we have V; D B. Now we should like to impose the condition
on t that V; = B. This will happen iff K, is nonzero at every point of H \ B, i.e., iff

K+ =3845(q0q2 +347)" (59092 — 4})’ (28)

for some § € Q, and nonnegative integers r, s, ¢ satisfying r 4+ 2s + 2t = 8. It is easy to see that if
we fix the choice of the triple (r, s, 1), then (28) is an inhomogeneous system of linear equations
in the variables «, 8, y, 8. I solved this system in MAPLE, and found that it admits solutions only
in the following cases, the solution being unique in every case.

(r,s,1) (o, B,v,8)

0,0,4)  (0,0,0,1/45)

0,2,2)  (2/5,14/75,—2/5, —1/75)
0,1,3)  (1/6,2/45,—1/3,1/25).

Thus we have the following theorem.
Theorem 4.1.
(1) For any t € Q?, the ideal b, is perfect of height two with minimal resolution

0<«—R/b; «— R<«—R(—-17)® S5
«— R(—18) ® S2 @ R(—22) @ R(—26) «— 0.
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(2) We have an inclusion of varieties B C V-, which is an equality iff T is one of the following
triples:

(0,0,0), (2/5,14/75, =2/5), (1/6,2/45, —1/3). (29)

4.4. Now let 7, = («, B, y) stand for the specific triple such that (&g, U)s5 = (€, V)s = 0.
We have shown that the complex

R-% R(I7)® S5 -5 R(18) ® S» ® R(22) ® R(26)

is exact in the middle. (Indeed, its middle cohomology is Ext}e (R/be,, R), which is zero since
b, is perfect of height 2.) Hence, up to scalar I';, is the unique covariant of degree-order (17, 5)
whose image by € is zero. But & also has this property, hence I;, = nonzero constant - .
This forces b;, = J. Since V;, = V(J) = B3, we have the following result:

Proposition 4.2. The ideal J is perfect. Moreover, T, is one amongst the three triples from (29).
The value of 7, will be found in Section 5.5.
4.5. The Cayley method

Initially I attempted to prove the perfection of J by using the Cayley method of calculating
resultants (see [8, Chapter 2]). This attempt failed, but the outcome was yet another perfect ideal
supported on 5. Since the details are similar to [3, §5], we will be brief.

Since H is the resultant of I and 133, it can be represented as the determinant of a complex.
For a fixed F € Ss, consider the Koszul complex

0 —> Opi (—8) —> Opi (—=3) ® Opi (=5) —> Op1 —> 0,

where u is defined on the fibres as the map (A, B) —> Av33(F) + BF. Form the tensor product
with Opi1(5), and consider the resulting hypercohomology spectral sequence. This produces a
morphism

gF @50 ® S — s,

such that det(gr) = H. The component maps S» —> S5, So —> S5 are easily described, they
are A —> A9¥33(F), B —> BF. The third map ur:S; —> S5 (which is a dp-differential in
the spectral sequence) is given via the Morley form, described as follows. Symbolically write
F = f2, 933 = cJ, and define

M= (fo)fxfyc; +exfyey]-
This defines a bivariate covariant of [F, of orders 1 and 5 respectively in x,y. If A € Sy, then

nwr(A) = (A, M)1. (The transvectant is with respect to x-variables, so the result is an order 5
form in y.) We may instead decompose M into its Gordan series, and write

1
nr(A) = (A, (F,93)1), + EA(F’ ¥33)2.
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Now consider the truncated morphism hr:S> & S1 —> S5, and let A denote the Wronskian
of hr. By construction A is also a covariant of degree-order (17, 5), moreover, (A, F)s = kH.
(Compare the argument in the previous section.) By a direct calculation,

21637 3 2\2 2\5.5
A(Fg) = — S (q092 + 347)" (59092 — q7) %3,

hence A differs from &y (or rather from any of the ;). However, A vanishes exactly over 15,
hence by the usual argument we get the following result.

Proposition 4.3. The ideal J(A) is perfect of height two, with equivariant minimal resolution
0«— R/J(A) «— R<«—R(—17)® S5 «— R(—20) ® S, & R(—21) ® S| «— 0.
5. Evectants

We could resolve the ambiguity about the correct value of 7, (and hence about the maps in the
resolution of J), if we could only derive an expression for £y. It is certainly possible to compute
the latter in MAPLE by a brute-force differentiation, but I have refrained from such a course due
to @&sthetic reasons. I hope that the general formalism developed here will prove useful elsewhere.

In this section the construction of evectants will be generalized as follows: given any covariant
@ of d-ics we will associate to it a sequence of covariants called the evectants of @. We will
then deduce formulae for the evectants of (@, ¥), in terms of those of @ and ¥. Finally this
machinery will be applied to formula (11). We will heavily use the symbolic method, however the
final result of the calculation can be understood (and used) without any reference to it. Additional
variable-pairs y, z, etc. will be used as necessary, and then £2y,, etc. denote the corresponding
Omega operators.

5.1. Evectants of a covariant

LetF= ¢ =Y¢  (9)ax?x} denote a generic binary d-ic, and let

denote the evectant operator. Let @ = ¢} be a covariant of degree-order (m, n) of d-ics. Define
1 n
I = Z[E’(X)ogoy], (30)
which is a bihomogeneous form of orders d, n in X, y, respectively, so that

d
_ I 3y _
(F,F)d—ml;a, 0, — 2w
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Expanding I" into its Gordan series (Section 1.4), we may write

min(d,n)

r= %" el epy 3D
i=0

d+n—2i

< are a series of covariants of ff . Now apply (—, f,f )q to each termin (31).

where .Ai =0(j)
Since

('™ oy ™ )y = @N oy fy = [0 Ay ilemy
we deduce the identity

Y (AP =o. (32)

The covariants A, = {Ag, A, ..., Amin@,n)} Will be called the evectants of @. By construction
Aj; is of degree-order (m — 1, d +n —2i). If @ is an invariant, then A (the only nonzero evectant)
coincides with £¢ as defined in Section 1.8.

Lemma 5.1. With notation as above,

_ (d4n=2i+1)
S ild4+n—i+Dim

i

[2yo[E®oom]}y._,

Proof. Apply .ny to each term in (31), and use Lemma 5.2 below. The terms with £ > i vanish

d=ign=i = (). Those with £ < i vanish after we set y := x, this leaves only the

because $2xy o oy v

term £ =i. O
5.2. The evectants of a transvectant

Let® =¢f, ¥ = w,’f/ denote two covariants with degree-orders (m, n), (m’, n'), and evectants
A., B,, respectively. Their rth transvectant @ = (P, ¥), is of degree-order (m+m’, n+n’ —2r).
We would like to deduce formulae for the evectants C, of ® in terms of the data @, ¥, A, B..
Let us write

_(n— @ —r)!

o) n'n'!

{‘Q§Z © [d) (y)lp (Z)] }z:=y

(if we expand .Q;z by the binomial theorem, then this reduces to the definition in Section 1.3),
and then

Co=r{2yo[E®o {2y c[em¥®@]},_,]}
{a)

yi=X,

where
(=" =nld+n+n"—2r —2s5+1)!
T ol d4n+n =2r—s+ Dim+m')

(33)

It is understood that » < min(n, n’) and s < min(d, n +n’ — 2r).
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The operators £(x) and £2y, commute, since they involve disjoint sets of variables. Hence

(@) = [2f,0 [EX o [ W¥ @]} ],
(b)

y.

By the product rule for differentiation,

(b) =[E® 0 DM ]¥ (@) + PW[EX® 0 ¥ (@)].

(b1) (b2)

5.3, Writing A; = a(i)z+n—2i’

() =m Y (xy) amd at vy (34)
i

We have to apply .Q;Z to each term in (b1), and then set z :=y. The recipe is best seen combi-
natorially (also see [9, §3.2.5]). From each summand in (34) we sequentially remove r symbolic
factors involving y, and pair them with similarly removed r factors involving z. By pairing a
factor of the type By with one of the type y,, we get a new factor (8y).

The z-factors are all necessarily equal to 1, on the other hand we may suppose that k of the
y-factors are (xy) and the rest » — k are i)y It is convenient to see (Xy) as hy with (hy, hy) =
(—x2, x1). Then the pairings produce factors (/’ll//)k = (—1)"1//,’“ and (oz(,-)t/f)”k , respectively.
The r copies of 2y, are seen as operating one after the other, so that the temporal sequence of
removing the factors needs to be taken into account. At any stage, we may remove an (Xy), ¥,
pair or an i)y Y, pair, hence there are r!/(k!(r — k)!) ways of choosing this sequence. The v,

factors which have been removed can be sequentially ordered in (n,”—_/'r), ways (regarding them as

mutually distinguishable), with a similar argument for other factors. This gives the expression

[‘Q§Z °© (bl)]z:=y

=mY Y i, kin,n) xp)' Flanmy) Fawd awy T s vy
ik
(©)

where

4l

v 1 — i)
k(i,k;n,n’)=(—l)kk, C = (i) "

r—k) =k (n—i—r+k)! (n —r) (35)

The inner sum is quantified over max(0, »r —n 4 1) < k < min(i, r), which is exactly the possible
range of removals. Our numerical assumptions imply that the range is always nonempty.
The reader who dislikes the combinatorial argument may verify the formula

—1 ,q—1
Qyz ° 05)1/7.32 =Pq (aﬂ)a)l; g

by a direct calculation, and then proceed by induction.
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5.4. The next task is to apply QY to (c), and then set y := x. We need a preliminary lemma
which describes how the operator .Q xy can be ‘cancelled’ against a factor of (xy).

Lemma 5.2. For integers p,q,¢,i > 0, we have an equality

w(p,q; ¢, l)[Ql loaqu]y = ft=
0 otherwzse,

(24 o o], = |

where

, O (pqg—L+2i+ 1)
,q; L, 0) = - - . 36
WP b = G i ) (36)

Proof. Let G denote an arbitrary bihomogeneous form of orders p, ¢ in X, y, respectively. By
straightforward differentiation,

a a 0 0
2xy o (xy)§ =26 + (x13—g1 +x2£> + ( 18—yg1 +Y2a—f2>

9°G 9*G
dx10y2  0x20y1

+(x1y2—X2y1)(
=(p+qg+2)G+ (Xy)2yo0G.

Now proceed by induction on £, i, and observe that terms involving (xy) vanish once we set
y=x. O

Hence

(d) = [23 0 (c)]

yi=Xx

vanishes if s <i — k. Assume s > i — k, then

(dy=ud—i+kn+n —2r—i+k;s,i—k)
% (‘X(i)w)rik [Q;;Hrk Oa(i)x Ol(z); i— rJrkwX wn fr] (37)

(e)

Now (e) can be evaluated using the following lemma.
Lemma 5.3. For integers p1, q1, p2,q2, u = 0, we have an equality
(2% 0 ax a%bmqu] _ =v(P1,q1, P2, g2 u) X (ab)af TN pPrELT

where v is given by the sum

S (-1 u! pi! qi! p2! 9!
Hu—0)(p1r =D (g —u+D) (p2—u+0!(g—0!
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quantified over
max (0, u — min(q1, p2)) <t <min(p1, g2, u).
(The sum is understood to be zero if this range is empty.)

Proof. This is essentially the same combinatorial argument as before. Note however that since
(aa) =0, we cannot pair ay with ay, and similarly for . Assume that we have removed respec-
tively ,u —t,u — t,t copies of ay, ay, bx, by. Then pairings of ax, by produce (ab)!, and those
of by, ay produce (ba)"~" = (=1)"""(ab)"*~".

The range of ¢ is exactly such that the removals are possible, e.g., u — ¢ cannot exceed ¢
or py,etc. O

It follows that

(@) Me)y=vd—i,n—i—r4kkn —ris—i+k)

—i+ d+n—r—s—i g n'—r—s+i
X(“(i)‘ﬁ)r i Sa(i)x n—r—s—i ;z ’

(f

and of course (f) = (A;, ¥),—i+s- The calculation for (b;) is essentially the same, hence we are
done.

Theorem 5.4. With notation as above,

min(d,n) min(d,n’)
Co= Y &AWt t+ D B ®)r iy, (38)
i=0 i=0
where
& :KmZ{A(i,k;n,n/) wd—i+kn+n =2r—i+k;s,i—k)
X

xv(ld—in—i —r—i—k,k,n’—r;s—i—}—k)},

and

ni:(—l)rkm/Z{A(i,k; n.n)uld—i+kn+n =2r—i+k;s,i—k)
k
><v(d—i,n’—i—r+k,k,n—r;s—i+k)}.

The sums are respectively quantified over

max(0,7 —n+i,i —s) <k <min(,r),

max(0,r —n’ +1i,i —s) <k <min(, r).
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5.5. Note the following classical proposition:

Proposition 5.5. A degree m covariant @ is a Q-linear combination of compound transvectants

(- (®F).F),,....F)

Tm—1"
Proof. This is usually proved using the symbolic method, but it is easy to give an alternate

proof. Write @ = Zi (A;,F)4—i, and use the inductive hypothesis to write each 4; in terms of
compound transvectants. [

The only nonzero evectant of @ =F is A4 = 1. Starting from this, in principle we can cal-
culate the evectants of any covariant. I have programmed formula (38) in MAPLE, so that the
calculations can be made seamlessly.

Example 5.6. Letd =5, @ = (F,F),, ¥ = (F, )4 and ® = (D, V). Now @, ¥ have only one
nonzero evectant each, namely .43 =T, B) = F. Hence ® has evectants

1 2
Co=-Fo, Ci=—T o),
0=7 1 11( )1
1 5 2 10
Cr=—-F¥ — —(F, D), Ci==([F,¥) — —(F, ®)3,
2 1 18( )2 3 7( )1 21( )3

3 17 2
=—F,v)y, - —F, & =——(F, ®)s5.
C4 20( S ¥)2 56( , D)4, Cs 21( ,D)s

In fact C5 vanishes identically, since quintics have no covariant of degree-order (3, 1).

It is now a routine to calculate the evectants of 19272 and F1939, and hence finally . The result
is

26 2 4
En(Fo) = =5 =393 (1092 +341) (Sq092 — 47)" Fo- (39)

Corollary 5.7. We have an equality J = b(1/6,2/45,—1/3)-
Proof. Comparing (26) and (28) with (39), we can read off the values (r,s,7) =(0,1,3). O

It is unnecessary to make six iterations in order to calculate the evectants of 13‘272. Instead
observe that

145 = £(x) 0 922(y) = T922(y)° E(X) 0 922(y),
D
(%)

where (x) = (Xy) f;‘ fy- Now one can find the Gordan series of I" directly.
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5.6. Let @ be a covariant of degree-order (m,n). The covariance property of @ implies
that its coefficients satisfy certain differential equations; this forces some identities between its
evectants .4,. We now proceed to make them explicit. Let U denote an arbitrary quadratic form.

Proposition 5.8. We have an equality

n

([E®o2W]. FX), .UX), = E{(¢(X), Ux), }X::y~ (40)

By construction £(x) o @(y) has orders d, n in X, y. Its (d — 1)th transvectant with F(x) has

x-order 2, and finally the second transvectant with U (x) has no x-variables remaining. Thus both
sides are order n forms in y.

Corollary 5.9. If @ is an invariant, then (E¢,F)4_1 =0.

Proof. The right-hand side of (40) vanishes, hence the second transvectant of an arbitrary
quadratic form with (£, F)4_ is zero. This forces the latter to be zero. O

We sketch a proof of the proposition. Since both sides are linear in U, it suffices to check the
identity for each of the basis elements {xf, X1X2, x%}. After unravelling the transvectants, we are
reduced to the following differential equations known to be satisfied by any covariant (see [9,
§1.2.12)):

dZ_:l(d i, 22 I Zd: I I

—i)aji1— =x1—, iaj_1— =xp—,

= i+l da; laxz P ! laai 28x1
d Y Y Y
Z(d—Zi)ai—le——xg—. O (41)
i—o 8(11' 8x1 8x2

Broadly speaking, these equations express the fact that @ is annihilated by the three generators
(8 é), ((1) 8), ((1) _01) of the Lie algebra sl,.

5.7. It turns out that one can remove the reference to U from (40) and rephrase it as a set of
three identities in the 4,. They will be of the form

D 0ig(AiF)aicisg=0 (g=0,1,2),
i

where w; , are certain rational numbers. The calculations are thematically similar to those we
have just seen, so the derivation will only be sketched.

Write £(x) o @(y) = plqy, F = f, U =uz, ® = ¢§. Then the left- and right-hand sides of
(40) respectively equal

_ n _
((PH ™ pufxdy 13),- (E(XY)(/)XQO; 1,u§> :

Q) ()
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The second transvectant of Z = (x) — (*x) with an arbitrary U is zero, so Z itself must be zero.
Now substitute the sum m ), (xy)la(i)i_‘a(i);_’ for £(x) o @(y), and expand Z into its Gordan
series. It is of the form

Z=To+ (xy)T1 + (xy)°T>,
where T are of orders 2 — g, n — g in x, y. We get the required identities by writing Ty |y.—x = 0.
Although a priori T} involves @, we can rewrite the latter in terms of A, using (32). In conclu-

sion we have the following theorem:

Theorem 5.10. With notation as above,

min(d,n)
> w0ig(AiLFais11g=0 (q=0.1,2), (42)
i=0
where
. d—-i)2i—n) mi—n
wio=d —1I, w1 = ,

din+2) md
wia=in—i)(d—i+n+1).

These identities are collectively equivalent to (41), but in contrast to the latter, each of them
is individually invariant under a change of coordinates.

If a sequence of covariants {A4;} of degree-orders (m, d + n — 2i) is to appear as the sequence
of evectants of some @, it is necessary that they satisfy the identities above. It would be of interest
to find a set of necessary and sufficient conditions.
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