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Introduction

Let k be a field, n, m ∈ N, A = {a1, . . . , an} ⊂ N
m and A ∈ Mm×n(N) be the matrix 

whose columns are the vectors of A. We let L(A) := KerZ(A) be the corresponding 
sublattice of Zn and denote by IA the corresponding toric ideal of A in k[x1, . . . , xn]. We 
recall that IA is generated by all binomials of the form xu − xw where u − w ∈ L(A).

A Markov basis of A is a finite subset M of L(A) such that whenever w, u ∈ N
n

and w − u ∈ L(A) (i.e. Aw = Au), there exists a subset {vi: i = 1, . . . , s} of M
that connects w to u. This means that (w −

∑p
i=1 vi) ∈ N

n for all 1 ≤ p ≤ s and 
w − u =

∑s
i=1 vi. A Markov basis M of A is minimal if no subset of M is a Markov 

basis of A. For a vector u ∈ L(A) we let u+, u− be the unique vectors in Nn such that 
u = u+ − u−. If M is a minimal Markov basis of A then a classical result of Diaconis 
and Sturmfels states that the set {xu+ −xu− : u ∈ M} is a minimal generating set of IA, 
see [6, Theorem 3.1]. The universal Markov basis of A, which we denote by M(A), is the 
union of all minimal Markov bases of A, where we identify elements that differ by a sign, 
see [9, Definition 3.1]. The intersection of all minimal Markov bases of A via the same 
identification, is called the indispensable subset of the universal Markov basis M(A) and 
is denoted by S(A). The Graver basis of A, G(A), is the subset of L(A) whose elements 
have no proper conformal decomposition, i.e. u ∈ L(A) is in G(A) if there is no other 
v ∈ L(A) such that v+ ≤ u+ and v− ≤ u−, see [14, Section 4]. The Graver basis of A
is always a finite set and contains the universal Markov basis of A, see [14, Section 7]. 
Thus the following inclusions hold:

S(A) ⊆ M(A) ⊆ G(A).

In [4] a description was given for the elements of S(A) and M(A) that had a geometrical 
flavor: it considered the various fibers of A in Nn and the connected components of certain 
graphs. It did not examine the problem from a strict algebraic point of view such as 
conformality. This point of view is seen in [9], but only for the elements of S(A) from the 
side of sufficiency. In [9], the authors show that any vector with no proper semiconformal 
decomposition is necessarily in S(A), see [9, Lemma 3.10]. In this paper we attempt to 
give the complete algebraic characterization for the elements of S(A) and M(A). This 
is done in Section 1. In Proposition 1.1 we prove that the condition of [9, Lemma 3.10] is 
not only sufficient but also necessary. We want to point out that the original definition 
of S(A) (see [9, Definition 3.9]) is different than ours, but via Proposition 1.1 the two 
definitions become equivalent.

Next, to give the algebraic characterization of the vectors in M(A), we introduce 
the notion of a proper strongly semiconformal decomposition and prove that the nonzero 
vectors with no proper strongly semiconformal decomposition are precisely the vectors 
of M(A), see Proposition 1.4. The relationship between these decompositions is given 
in Lemma 1.2. Schematically the following implications hold:

proper conformal ⇒ proper strongly semiconformal ⇒ proper semiconformal.
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In Example 1.3 we show that these implications are the best one could hope for. It 
is important to note that the definitions of conformal and semiconformal decomposi-
tions involve exactly two summands. The natural and easy generalization to decomposi-
tions involving l summands, l ≥ 2, does not produce anything new: such decompositions 
lead to a conformal and semiconformal decomposition with exactly two summands. This 
fact stands in contrast to the definition of a strongly semiconformal decomposition. As is 
shown in Example 1.5, a vector may have a proper strongly semiconformal decomposition 
into l vectors with l > 2, but not a proper strongly semiconformal decomposition into 
exactly 2 vectors. There are however certain classes of integer configurations for which 
the notion of proper strong semiconformality into l vectors with l ≥ 2 coincides with the 
notion of proper strong semiconformality into 2 vectors. Such is the class given by the 
monomial curves in A3 as we show in Lemmas 2.3 and 3.2. Another class is given by the 
Lawrence liftings of monomial curves in A3, as follows from Theorems 2.6 and 3.4. We 
also note that incidence matrices of graphs have this property, see [12, Propositions 4.3 
and 4.8].

For A ∈ Mm×n(N) as above and r ≥ 2, the r-th Lawrence lifting of A is denoted by 
A(r) and is the (rm + n) × rn matrix

A(r) =

⎛
⎜⎜⎜⎜⎜⎝

r-times︷ ︸︸ ︷
A 0 0
0 A 0

. . .
0 0 A

In In · · · In

⎞
⎟⎟⎟⎟⎟⎠,

see [13]. We write L(A(r)) for KerZ(A(r)), denote by A(r) the matrix A(r), and identify 
an element of L(A(r)) with an r × n matrix: each row of this matrix corresponds to an 
element of L(A) and the sum of its rows is zero. The type of an element of L(A(r)) is the 
number of nonzero rows of this matrix. The Markov complexity, m(A), is the largest type 
of any vector in the universal Markov basis of A(r) as r varies. The Graver complexity
of A, g(A), is the largest type of any vector in the Graver basis of A(r), as r varies. 
We note that the study of A(r), for A ∈ Mm×n(N) was motivated by consideration of 
hierarchical models in Algebraic Statistics, see [13]. Aoki and Takemura, in [3], while 
studying Markov bases for certain contingency tables with zero two-way marginal totals, 
gave the first examples of matrices with finite Markov complexity, see [3, Theorem 4]. In 
[13, Theorem 1], Santos and Sturmfels proved that m(A) is bounded above by the Graver 
complexity of A, g(A), and since the latter one is finite, m(A) is also finite. In fact, g(A)
is the maximum 1-norm of any element in the Graver basis of the Graver basis of A, 
[13, Theorem 3]. Up to now, no formula for m(A) is known in general and there are only 
a few classes of toric ideals for which m(A) has been computed, see [2,3,13]. In this paper 
we compute m(A), when A is a monomial curve in A3. This answers a question posed 
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by Santos and Sturmfels in [13], see Example 6 of that paper. We succeed in computing 
m(A) by applying the results of Section 1.

The topic of monomial curves has been the subject of extensive research ever since 
Herzog in [8] studied such configurations. We recall that a monomial curve in the 
d-dimensional affine space Ad is defined as the curve {(tn1 , . . . , tnd): t ∈ k}, where 
n1, . . . , nd are positive integers such that gcd(n1, . . . , nd) = 1. In this paper we write 
A = {n1, n2, n3} ⊂ Z>0 and implicitly assume that gcd(n1, n2, nd) = 1. In [8, The-
orem 3.8], it was shown that the toric ideal IA is either a complete intersection or if 
not, then it is minimally generated by exactly three binomials. We deal with each case 
separately. In Section 2, we consider the case when IA is not a complete intersection. We 
show that there is a unique minimal Markov basis of A(r) and compute its cardinality, 
see Theorem 2.6. We also show in the same Theorem 2.6 that m(A) = 3. In Section 3, 
we consider the case when IA is a complete intersection. As before we show that there is 
a unique minimal Markov basis of A(r), compute its cardinality, and show that m(A) = 2, 
see Theorem 3.4. We note that Herzog in [8] describes all possible minimal generating 
sets of IA in either case, an essential tool to our study. To be more precise, with the 
notation of [8], for i ∈ {1, 2, 3} we consider ci to be the smallest element of Z>0 such 
that there exist integers rij , rik ∈ N with {i, j, k} = {1, 2, 3}, and with the property that 
cini = rijnj + riknk. What determines whether IA is a complete intersection or not is 
whether there are i, j ∈ {1, 2, 3} such that rij = 0. If rij > 0 for all i, j = 1, 2, 3 then 
IA is minimally generated by exactly three binomials and in this case, IA has a unique 
minimal generating set which is explicitly described in [8, Propositions 3.2 and 3.3]. If 
there exist i, j ∈ {1, 2, 3} such that rij = 0 then IA is a complete intersection and has 
no unique minimal binomial generating set. In this case the universal Markov basis of A
is explicitly described in [8, Proposition 3.5].

As mentioned above, in Theorems 2.6 and 3.4, the uniqueness of the minimal Markov 
basis of A(r) for r ≥ 2 was proved for all monomial curves A in A3. We want to further 
dwell on this fact. It is well known that A(2) has a unique minimal Markov basis for 
all A ⊂ N

m, see [14, Theorem 7.1]. Moreover for r ≥ 3, the uniqueness of the minimal 
Markov bases for A(r) is noted for some classes of toric ideals, see [3,10,13], see also related 
[10, Conjecture 3.8]. It is thus of interest to note that Lawrence liftings of monomial 
curves in A3 have a unique minimal Markov basis, although the curves themselves may 
not.

In Section 4 we compare m(A) with g(A) when A = {n1, n2, n3} is a monomial curve 
in A3. To find g(A) we have to compute the Graver basis of the Graver basis of A, which is 
difficult since there is no explicit description even for the Graver basis of monomial curves 
in A3, as the one obtained by Herzog [8] for the Markov bases. In Theorem 4.2 we show 
that there is no integer that bounds from above the Graver complexities of all monomial 
curves and thus the difference between m(A) and g(A) can be made arbitrarily large. 
Furthermore we pose a question motivated and partly based on extensive computations 
that were done with 4ti2, [1].
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1. Universal Markov basis

Let A = {a1, . . . , an} ⊂ N
m and A ∈ Mm×n(N), L(A) ⊂ Z

n, IA ⊂ k[x1, . . . , xn] be 
the corresponding matrix, lattice and toric ideal of A respectively. We note that the only 
invertible element of NA is 0 and L(A) ∩ N

n = {0}.
Let u, w1, w2 ∈ L(A) be such that u = w1 + w2. We say that the above sum is 

a conformal decomposition of u and write u = w1 +c w2 if u+ = w+
1 + w+

2 and u− =
w−

1 +w−
2 . If both w1, w2 are nonzero, we call such a decomposition proper. The Graver 

basis of A, G(A), consists of the nonzero vectors in L(A) for which there is no proper 
conformal decomposition and is a finite set, see for example [14, Algorithm 7.2].

The notion of a semiconformal decomposition was introduced in [9, Definition 3.9]. 
Let u, v, w ∈ L(A). We say that u = v +sc w is a semiconformal decomposition of u
if u = v + w and v(i) > 0 implies that w(i) ≥ 0 and w(i) < 0 implies that v(i) ≤ 0
for 1 ≤ i ≤ n. Here v(i) denotes the i-th coordinate of the vector v. We call the 
decomposition proper if both v, w are nonzero. It is easy to see that u = v+sc w if and 
only if u+ ≥ v+ and u− ≥ w−. We recall that for two vectors u, v ∈ Z

n we say that 
u ≥ v if u−v ∈ N

n and u > v if u ≥ v and u 	= v. We remark that 0 cannot be written 
as the semiconformal sum of two nonzero vectors since L(A) ∩N

n = {0}. When writing 
a semiconformal decomposition of u it is necessary to specify the order of the vectors 
added. A semiconformal decomposition of u for which the order of the vectors can be 
reversed is a conformal decomposition, that is

if u = v +sc w and u = w +sc v then u = v +c w.

We note that a semiconformal decomposition of u gives rise to a semiconformal decom-
position of −u and vice versa, by simply reversing the order of the summands:

u = v +sc w ⇔ −u = (−w) +sc (−v).

Let u ∈ L(A). The fiber Fu is the set {t ∈ N
n: u+ − t ∈ L(A)}. Fu is a finite set, 

see for example [5, Proposition 2.3]. Next we show that lack of a proper semiconformal 
decomposition is not only a sufficient condition for an element to be in S(A) as was 
shown in [9, Lemma 3.10], but it is also a necessary condition.

Proposition 1.1. The indispensable part S(A) of the universal Markov basis consists of 
all nonzero vectors in L(A) which have no proper semiconformal decomposition.

Proof. We only need to show that if u ∈ S(A) then u has no proper semiconformal 
decomposition. Suppose that u = v +sc w for some nonzero vectors v, w ∈ L(A). Since 
u ∈ S(A) the binomial xu+ − xu− belongs to all minimal system of generators of IA. 
It follows that Fu consists of exactly two elements, u+ and u−, see [4, Corollary 2.10]. 
On the other hand u = v +sc w implies that u+ − v = u− + w ∈ N

n. Moreover 
A(u+ − v) = Au+ and thus u+ − v is in the fiber of u+. This implies that either 
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u+ − v = u+ and thus v = 0 or u+ − v = u− which then implies that w = 0, 
a contradiction in either case. �

Let u, u1, . . . , ul ∈ L(A), l ≥ 2. We say that u =ssc u1 + · · · + ul, is a strongly 
semiconformal decomposition if u = u1 + · · · + ul and the following conditions are 
satisfied:

u+ > u+
1 and u+ >

(
i−1∑
j=1

uj

)
+ u+

i for all i = 2, . . . , l.

When l = 2, we simply write u = u1 +ssc u2. Note that u = u1 +ssc u2 implies that 
u+ > u+

1 and u− > u−
2 . We say that the decomposition is proper if all u1, . . . , ul are 

nonzero. We remark that if u =ssc u1 + · · · + ul is proper then u+, u+ − u1, . . . , u+ −∑l
i=1 ui = u− ∈ N

n and thus are distinct elements of Fu. In the following lemma we 
show the implications amongst the three types of decompositions we defined above. It is 
immediate that a conformal decomposition is also a semiconformal decomposition.

Lemma 1.2. Let u ∈ L(A) be a nonzero vector. Then the following hold:

(i) If u has a proper conformal decomposition then u has a proper strongly semiconfor-
mal decomposition;

(ii) If u has a proper strongly semiconformal decomposition then u has a proper semi-
conformal decomposition.

Proof. For (i) note that if u = v +c w then u+ = v+ + w+ and u− = v− + w−. If 
u+ = v+ then w+ = 0 and thus w = 0, a contradiction. Similarly, one shows that 
u− 	= w− and thus u = v +ssc w.

In order to prove (ii), assume that u admits a proper strongly semiconformal decom-
position: there exists l ≥ 2 and u1, . . . , ul ∈ L(A) \ {0} such that u =ssc u1 + · · · + ul. 
In particular, u+ > u+

1 . We let v = u2 + · · · + ul. We will show that u = u1 +sc v. 
Indeed, since A(u+ − u1) = Au+ and u+ − u1 = u+ − u+

1 + u−
1 > 0 it follows that 

u+ −u1 belongs to the fiber of u+. Moreover, u+ 	= u+ −u1 since u1 	= 0. On the other 
hand, if u+ − u1 = u− then we obtain that u = u1 and thus u+ = u+

1 , a contradiction. 
Therefore, the fiber Fu contains at least three different vectors: u+, u+ −u1, u−. Hence 
we have the following expression

xu+ − xu−
= xu+−u+

1
(
xu+

1 − xu−
1
)

+ xt(xu+−u1−t − xu−−t),
where xt is the monomial with the property that gcd(xu+−u1 , xu−) = xt. The last 
condition implies that there exists a nonzero vector w ∈ L(A) such that w+ = u+−u1−t
and w− = u− − t. It is easy to see that u = u1 +sc w. On the other hand we have 
u = u1 + v and thus v = w, which implies our claim. �
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The reverse implications from Lemma 1.2 do not follow as the next example shows.

Example 1.3. Let A = {2, 3, 11}. The toric ideal IA is a complete intersection and 
there are exactly two minimal Markov bases of A: {(−3, 2, 0), (4, 1, −1)} and {(−3, 2, 0),
(1, 3, −1)}, see Proposition 3.1. Thus M(A) = {(−3, 2, 0), (4, 1, −1), (1, 3, −1)} while 
S(A) = {(−3, 2, 0)}. Moreover, computations with 4ti2 [1] show that the elements of 
G(A) are u1 = (0, 11, −3), u2 = (3, −2, 0), u3 = (4, 1, −1), u4 = (1, 3, −1), u5 =
(7, −1, −1), u6 = (11, 0, −2), u7 = (1, −8, 2), u8 = (2, −5, 1). We note that u5 = u2 +ssc

u3 while u5 	= u2+cu3 and that even though u3 = u2+scu4 the strong semiconformality 
does not hold: u3 	= u2 +ssc u4.

If u ∈ L(A) we associate an A-degree to u and the binomial B = xu+ − xu− ∈ IA as 
follows:

degA(u) = degA(B) =
n∑

i=1
u+(i)ai.

We note that by [4, Proposition 2.2] u is in a minimal Markov basis of A and xu+ −xu−

is part of a minimal generating set of IA if and only if xu+ − xu− is not in the ideal 
generated by the binomials of IA of strictly smaller A-degrees.

Proposition 1.4. The universal Markov basis M(A) of A consists of all nonzero vectors 
in L(A) with no proper strongly semiconformal decomposition.

Proof. Let u ∈ M(A) and suppose that u =ssc u1 + · · ·+ul. We consider the binomials 
B = xu+ − xu− and Bi = xu+

i − xu−
i for i = 1, . . . , l. It is immediate that

B = xu+−u+
1 B1 + xu+−u1−u+

2 B2 + · · · + xu+−
∑l−1

i=1 ui−u+
l Bl.

The strong semiconformality assumption implies that the coefficients in the above ex-
pression are all non-constant monomials. Since Bi ∈ IA for i = 1, . . . , l it follows that B
is in the ideal generated by the binomials of IA of strictly smaller A-degree than B. By 
[7, Section 1.3], B cannot be part of any minimal system of generators of IA, a contra-
diction.

Suppose now that u ∈ L(A) \{0} and that u /∈ M(A). It follows that B = xu+ −xu−

is in the ideal generated by the binomials of IA of strictly smaller A-degree than B. By 
[5, Proposition 3.11], there are monomials xti 	= 1 and binomials Bi = xu+

i − xu−
i for 

i = 1, . . . , l where ui ∈ L(A) such that

B = xt1B1 + · · · + xtlBl,

xt1xu+
1 = xu+

, xtixu+
i = xti−1xu−

i−1 , for i = 2, . . . , l, and xtlxu−
l = xu−

.
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Note that the binomials Bi in this expression need not be distinct. Thus u = u1+ · · ·+ul

and

t1 = u+ − u+
1 , ti = u+ −

(
i−1∑
j=1

uj

)
− u+

i , i = 2, . . . , l.

Since ti > 0 for i = 1, . . . , l it follows that u =ssc u1 + u2 + · · · + ul. �
The following example shows that it is necessary to define the strong semiconformality 

in terms of l vectors where l ≥ 2.

Example 1.5. Let A = {(2, 2), (2, 0), (0, 2), (1, 3), (3, 3)} be a subset of N2. The corre-
sponding matrix A ∈ M2×5(N) is

A =
(

2 0 2 1 3
2 2 0 3 3

)
.

Using 4ti2 [1] and [4, Theorem 2.6] we get that

M(A) =
{
(1,−1,−1, 0, 0), (0, 0, 1, 1,−1), (0, 3, 1,−2, 0), (1, 2, 0,−2, 0)

}
.

We consider the vector u = (2, 1, 0, −1, −1) ∈ L(A). We note that u+ = (2, 1, 0, 0, 0), 
u− = (0, 0, 0, 1, 1) and degA(u) = (4, 6). It can be easily seen that

Fu =
{
(2, 1, 0, 0, 0), (1, 2, 1, 0, 0), (0, 3, 2, 0, 0), (0, 0, 1, 2, 0), (0, 0, 0, 1, 1)

}
.

We denote the elements of Fu by v1, . . . , v5 written in the above order. It is straightfor-
ward that

u =ssc u1 + u2 + u3,

where u1 = v1 − v2, u2 = v2 − v4, u3 = v4 − v5 ∈ L(A). Thus according to Propo-
sition 1.4, u /∈ M(A). It is interesting to note that u does not have a proper strongly 
semiconformal decomposition into two vectors. Indeed, if u = w1+sscw2 then u+−w1 =
u− + w2 ∈ Fu and cannot equal v1 = u+ nor v5 = u−. Thus u+ − w1 is either v2, v3
or v4. This implies that w1 = v1 − vi and w2 = vi − v5 for an integer i ∈ {2, 3, 4}. But 
for i ∈ {2, 3} we have w−

2 = v5 = u−, while if i = 4 then w+
1 = v1 = u+, which leads to 

a contradiction in either case since u = w1 +ssc w2.

Next, for r ≥ 2 we consider the Lawrence lifting A(r) of A. The following remark allows 
us to restrict the discussion of semiconformal decompositions of elements of L(A(r)) to 
semiconformal decompositions of elements of maximum type r.
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Remark 1.6. Let r ≥ 2, v ∈ L(A(r)) be a nonzero vector of type s < r and without loss 
of generality assume that the nonzero rows of v are the first s rows. Note that s ≥ 2. We 
define w ∈ L(A(s)) as the vector whose i-th row is just the i-th row of v for i = 1, . . . , s. 
Then v admits a proper semiconformal decomposition if and only if w ∈ L(A(s)) admits 
a proper semiconformal decomposition. The equivalence is immediate since the unique 
semiconformal decomposition of 0 is into zero vectors. The above discussion holds for 
proper strongly semiconformal decompositions v as well.

Let v = (vi) ∈ L(A(r)). If z = [v1 − v1 0 . . . 0]T and w = [0 v2 + v1 v3 . . . vr]T , 
it is clear that v = z + w and that z and w are also in L(A(r)). The following lemma 
comments on the semiconformality of the decomposition of v into these two vectors.

Lemma 1.7. Let v ∈ L(A(r)), z, w be as above. If v has type greater than or equal to 3
and v = z +sc w is proper then v = z +ssc w. Similarly if v = w +sc z is proper then 
v = w +ssc z.

Proof. Suppose that v = z +sc w is proper semiconformal. Assume by contradiction 
that v is not the strongly semiconformal sum of z and w. It follows that v+ = z+ or 
v− = w−. If v+ = z+ then we obtain that v+

i = 0 for all i ≥ 3 and thus since vi ∈ L(A)
we have vi = 0 for all i ≥ 3. Therefore the type of v is less than 3, a contradiction. 
Hence v− = w− and consequently v−

1 = 0. This implies that v1 = 0 and thus z = 0, 
a contradiction. The assertion about the second decomposition is proved similarly. �
2. Markov complexity for monomial curves in AAA3 which are not complete intersections

In this section we study Lawrence liftings of monomial curves in A3 whose correspond-
ing toric ideals are not complete intersections. Suppose that A = {n1, n2, n3} ⊂ Z>0 is 
a monomial curve such that IA is not a complete intersection ideal. For 1 ≤ i ≤ 3 we 
let ci be the smallest element of Z>0 such that cini = rijnj + riknk, rij , rik ∈ Z>0 with 
{i, j, k} = {1, 2, 3}. Below, we recall the description of the unique Markov basis of A
given in [8, Propositions 3.2 and 3.3].

Theorem 2.1. Let A = {n1, n2, n3} be a set of positive integers with gcd(n1, n2, n3) = 1, 
and with the property that IA is not a complete intersection ideal. Let u1 = (−c1, r12, r13), 
u2 = (r21, −c2, r23), u3 = (r31, r32, −c3). Then A has a unique minimal Markov basis, 
M(A) = {u1, u2, u3} and u1 + u2 + u3 = 0.

It follows immediately from Theorem 2.1 that M(A) = S(A). Another way to see 
that is applying [11, Remark 4.4.3], since IA is a generic lattice ideal.

To any vector u ∈ Z
3 we assign a sign-pattern: we put + if the coordinate of u is 

positive, − if the coordinate of u is negative and 0 if the corresponding coordinate is 0. 
When we don’t know exactly the sign of the coordinate we use the symbol ∗. For example 
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the vector (0, 2, −3) has the sign-pattern 0 + − while the elements u1, u2, u3 of M(A)
have sign-patterns − + +, + −+ and + +−. We note that when α, β ∈ Z>0 the vectors 
α(−u1), βu2 and α(−u1) +βu2 have sign-patterns + −−, + −+ and + −∗. By looking at 
the sign patterns, it is immediate that α(−u1) + βu2 = α(−u1) +ssc βu2. We generalize 
and isolate this remark.

Remark 2.2. Let i 	= j ∈ {1, 2, 3} and α, β ∈ Z>0. Then α(−ui) +βuj = α(−ui) +sscβuj.

The geometry of the plane implies the following lemma.

Lemma 2.3. Let A = {n1, n2, n3} be such that IA is not a complete intersection. Let 
0 	= v ∈ L(A). Then either v = α(±ui) for an α ∈ Z>0 and i ∈ {1, 2, 3} or v =
α(−ui) +ssc βuj for some α, β ∈ Z>0 and i 	= j ∈ {1, 2, 3}.

Proof. Since u1 + u2 + u3 = 0 and L(A) = Zu1 + Zu2 + Zu3 it follows that 
rankZ(L(A)) = 2. It follows that any two of u1, u2, u3 form a Z-basis for L(A). There-
fore the three vectors u1, u2, u3 define a complete pointed polyhedral fan of the plane, 
span

R
(u1, u2). This polyhedral fan has thirteen non-empty faces. Other than the ver-

tex {0}, six of the faces are one-dimensional: R+u1, R+(−u3), R+u2, R+(−u1), R+u3
and R+(−u2). The rest are two-dimensional: R+{−u3, u1}, R+{−u3, u2}, R+{−u1, u2}, 
R+{−u1, u3}, R+{−u2, u3} and R+{−u2, u1}.

Let v ∈ L(A) be a nonzero vector. Since v belongs to the polyhedral fan then it 
follows at once that v belongs either to one of the six one-dimensional cones, that is 
v = α(±ui) for some α ∈ R>0 and i ∈ {1, 2, 3}, or v belongs to the interior of one of the 
six two-dimensional cones, that is α(−ui) +βuj for some α, β ∈ R>0 and i 	= j ∈ {1, 2, 3}. 
Since ui, uj is a Z-basis of L(A) then α, β are also integers. Therefore α, β ∈ Z>0. It is 
immediate, by Remark 2.2, that this sum determines a proper strongly semiconformal 
decomposition of v. �

In the following lemma we consider a subset T of L(A(r)). The elements of T have 
types 2 and 3. In Theorem 2.6 we will see that T equals the universal Markov basis of A(r).

Lemma 2.4. Let A = {n1, n2, n3} be such that IA is not a complete intersection. Let 
r ≥ 3 and let T be the subset of L(A(r)) containing all vectors of type 2 whose nonzero 
rows are of the form u, −u, with u ∈ G(A) and all vectors of type 3 whose nonzero rows 
are permutations of u1, u2, u3. Then T ⊂ S(A(r)). Moreover |T | = k

(
r
2
)

+ 6
(
r
3
)
, where 

k is the cardinality of the Graver basis of A.

Proof. We will show that T ⊂ S(A(r)), the last part of the conclusion being immediate. 
By Remark 1.6 we may assume that r = 3. We first show that the element of type 2⎡

⎣ u
−u

⎤
⎦ , u ∈ G(A)
0
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is indispensable. Suppose that is not. Then by Proposition 1.1 it admits a proper semi-
conformal decomposition, which is of the following form due to Remark 1.6

⎡
⎣ u
−u
0

⎤
⎦ =

⎡
⎣ v1
−v1
0

⎤
⎦ +sc

⎡
⎣ v2
−v2
0

⎤
⎦ .

Thus u = v1 +sc v2 and −u = −v1 +sc (−v2). But u = v1 +sc v2 also implies that 
−u = −v2 +sc v1 and thus u = v1 +c v2. Thus u is not in the Graver basis of A, 
a contradiction. Therefore all elements of type 2 whose nonzero rows belong to the 
Graver basis of A are indispensable. Next we prove that the element of type 3

⎡
⎣u1

u2
u3

⎤
⎦

is indispensable. Arguing by contradiction and applying again Proposition 1.1, it would 
imply that the vector has the following proper semiconformal decomposition

⎡
⎣u1

u2
u3

⎤
⎦ =

⎡
⎣v1

v2
v3

⎤
⎦ +sc

⎡
⎣w1

w2
w3

⎤
⎦ .

Hence we have ui = vi +sc wi for i = 1, 2, 3. Since ui ∈ S(A) it follows that either vi

or wi is zero. It follows that one of the vectors [v1 v2 v3]T or [w1 w2 w3]T has at least 
two zero rows, and thus it must be zero. This is a contradiction and consequently all 
elements of type 3 with the rows being permutations of u1, u2, u3 are indispensable. �

In the next lemma we show that a class of elements of L(A(r)) is not part of M(A(r)).

Lemma 2.5. Let A = {n1, n2, n3} be such that IA is not a complete intersection. Let 
r ≥ 3 and T ⊂ S(A(r)) be as in Lemma 2.4. Suppose that for 1 ≤ i ≤ r, αi, βi ∈ N,

0 	= v =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

α1(−u1) + β1u2
...

αs(−u1) + βsu2
βs+1(−u2) + αs+1u1

...
βr(−u2) + αru1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ L

(
A(r)) \ T.

Then v has a proper strongly semiconformal decomposition into summands of L(A(r))
where one of them has type 2.
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Proof. First suppose that v is of a type 2. Since v /∈ T it follows that its nonzero rows 
do not belong to G(A), and thus v admits a proper conformal decomposition. Applying 
Lemma 1.2(i) it follows that v has also a proper strongly semiconformal decomposition. 
Next suppose that the type of v is greater than or equal to 3. By Remark 1.6 we can 
assume that the type of v is exactly r where r ≥ 3. We denote the row vectors of v by 
v1, . . . , vr. We notice that 1 ≤ s < r. Indeed, if s = 0 or s = r then we obtain that 
(
∑r

i=1 αi)u1 − (
∑r

i=1 βi)u2 = 0. Since u1, u2 are linearly independent this implies that ∑r
i=1 αi =

∑r
i=1 βi = 0. Therefore we have αi = βi = 0 for all i, which leads to v = 0, 

a contradiction.
Suppose that s = 1. Since the row vectors of v add up to zero and u1, u2 are linearly 

independent, we obtain that α1 =
∑

i≥2 αi and β1 =
∑

i≥2 βi. Note that α1 	= 0 or 
β1 	= 0, otherwise we would have v = 0, a contradiction. If α1 = 0 then αi = 0 for 
all i. Let z = [u2 − u2 0 . . . 0]T . Then v = z +ssc (v − z). The case β1 = 0 is similar. 
Furthermore, if α1, β1 	= 0 we notice that v can be decomposed as the sum of two vectors 
z, w of types 2 and r − 1:

z =

⎡
⎢⎢⎢⎢⎢⎣
α2(−u1) + β2u2
β2(−u2) + α2u1

0
...
0

⎤
⎥⎥⎥⎥⎥⎦ , w =

⎡
⎢⎢⎢⎢⎢⎣

(
∑

i≥3 αi)(−u1) + (
∑

i≥3 βi)u2
0

β3(−u2) + α3u1
...

βr(−u2) + αru1

⎤
⎥⎥⎥⎥⎥⎦ .

The sign-patterns of α2(−u1) +β2u2 and (
∑

i≥3 αi)(−u1) +(
∑

i≥3 βi)u2 are of the form 
+ −∗. Thus v = z +scw or v = w+sc z. Applying Lemma 1.7 it follows that v = z +sscw
or v = w +ssc z.

We remark that if s = r − 1, then a similar argument holds. Suppose now that 
2 ≤ s ≤ r − 2. Since v ∈ L(A(r)) and u1, u2 are linearly independent, we have the 
following relations

s∑
i=1

αi =
r∑

j=s+1
αj and

s∑
i=1

βi =
r∑

j=s+1
βj .

We may assume for the rest of the proof that s ≤ r − s, otherwise we replace v by −v. 
Since s ≤ r − s there exist i, j with 1 ≤ i ≤ s and s + 1 ≤ j ≤ r such that αi ≥ αj . For 
simplicity of notation we may assume that i = 1 and j = r. First suppose that α1 = αr. 
If β1 ≤ βr then

v =

⎡
⎢⎢⎢⎢⎢⎣

0
α2(−u1) + β2u2

...
βr−1(−u2) + αr−1u1

⎤
⎥⎥⎥⎥⎥⎦ +sc

⎡
⎢⎢⎢⎢⎢⎣
α1(−u1) + β1u2

0
...
0

β (−u ) + α u

⎤
⎥⎥⎥⎥⎥⎦ ,
(βr − β1)(−u2) 1 2 r 1
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otherwise

v =

⎡
⎢⎢⎢⎢⎢⎣
α1(−u1) + βru2

0
...
0

βr(−u2) + αru1

⎤
⎥⎥⎥⎥⎥⎦ +sc

⎡
⎢⎢⎢⎢⎢⎣

(β1 − βr)u2
α2(−u1) + β2u2

...
βr−1(−u2) + αr−1u1

0

⎤
⎥⎥⎥⎥⎥⎦ .

In both situations we may apply Lemma 1.7 and we obtain that v has a proper strongly 
semiconformal decomposition. Next we examine what happens when α1 > αr. If β1 ≥ βr

then v can be written as a sum of two vectors z, w of types 2 and r − 1:

z =

⎡
⎢⎢⎢⎢⎢⎣
αr(−u1) + βru2

0
...
0

βr(−u2) + αru1

⎤
⎥⎥⎥⎥⎥⎦ , w =

⎡
⎢⎢⎢⎢⎢⎣

(α1 − αr)(−u1) + (β1 − βr)u2
α2(−u1) + β2u2

...
βr−1(−u2) + αr−1u1

0

⎤
⎥⎥⎥⎥⎥⎦ .

Since the type of v is r, the type of z is 2. Moreover since α1 − αr > 0 and β1 − βr ≥ 0, 
the sign-pattern of (α1−αr)(−u1) +(β1−βr)u2 is + −∗, the same as the sign-pattern of 
αr(−u1) + βru2. Therefore the two vectors add up semiconformally either in this order 
or the reversed. Hence v = z +sc w or v = w +sc z and applying Lemma 1.7 we see that 
the sums are also strongly semiconformal. The last case to consider is when β1 < βr. If 
αr + β1 > 0 then v can be decomposed as the semiconformal sum of w, z where

w =

⎡
⎢⎢⎢⎢⎢⎣

(α1 − αr)(−u1)
α2(−u1) + β2u2

...
βr−1(−u2) + αr−1u1

(βr − β1)(−u2)

⎤
⎥⎥⎥⎥⎥⎦ , z =

⎡
⎢⎢⎢⎢⎢⎣
αr(−u1) + β1u2

0
...
0

β1(−u2) + αru1

⎤
⎥⎥⎥⎥⎥⎦ .

Indeed, the sign-patterns of the first and last row vector of each summand force the sum 
to be semiconformal. We show that the sum is also strongly semiconformal. Indeed, if 
v− = z− then v−

k = 0 and thus vk = 0 for all k with 2 ≤ k ≤ r − 1, a contradiction 
since the type of v is bigger than 2. On the other hand, if v+ = w+ then v+

1 = w+
1 and 

the contradiction follows from the sign-patterns of w1 and z1 which are + −∗. So, v can 
be written as a strongly semiconformal sum.

Finally suppose that αr + β1 = 0, that is αr = β1 = 0. Let j0 ∈ {s + 1, . . . , r} be such 
that αj0 > 0. We may assume that j0 = r − 1. Then
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v =

⎡
⎢⎢⎢⎢⎢⎣

(α1 − 1)(−u1)
α2(−u1) + β2u2

...
βr−1(−u2) + (αr−1 − 1)u1

βr(−u2)

⎤
⎥⎥⎥⎥⎥⎦ +ssc

⎡
⎢⎢⎢⎢⎢⎣
−u1
0
...

u1
0

⎤
⎥⎥⎥⎥⎥⎦ . �

It follows from Lemma 2.3 that for an arbitrary v ∈ L(A(r)), whose row vectors are 
v1, . . . , vr, we can associate in a unique way a vector (α, α′, β, β′, γ, γ′) ∈ N

6, which we 
denote by λ(v), such that α is the coefficient of u1 in 

∑
i=1 vi, α′ the coefficient of −u1, 

β the coefficient of u2, β′ the coefficient of −u2 and so on. On the other hand since ∑r
i=1 vi = 0 we obtain that

(
α− α′)u1 +

(
β − β′)u2 +

(
γ − γ′)u3 = 0.

By replacing in the equation above u3 = −u1 − u2 and by the linear independence of 
u1, u2 we see that α− α′ = β − β′ = γ − γ′.

Theorem 2.6. Let A = {n1, n2, n3} be such that IA is not a complete intersection. Then 
m(A), the Markov complexity of A, is 3. Moreover, for any r ≥ 3 we have M(A(r)) =
S(A(r)) and the cardinality of M(A(r)) is k

(
r
2
)

+ 6
(
r
3
)
, where k is the cardinality of the 

Graver basis of A.

Proof. We let T be the subset of elements of S(A(r)) described in Lemma 2.4. We 
will show that every nonzero vector v ∈ L(A(r)) \ T admits a proper strongly semi-
conformal decomposition. This will imply via Proposition 1.4 that M(A(r)) ⊂ T and 
thus S(A(r)) = M(A(r)) = T . Let v ∈ L(A(r)) \ T be a nonzero vector such that 
λ(v) = (α, α′, β, β′, γ, γ′). We have two main cases: αβγ 	= 0 and αβγ = 0.

Assume first that αβγ 	= 0. It follows from Lemma 2.3 that there exist three different 
rows of v such that in their unique semiconformal decomposition we have a positive mul-
tiple of u1, u2, u3, and we may assume that are the first three. Without loss of generality, 
we may assume that for 1 ≤ i ≤ 3, ui appears in row i, that is vi = ai(−uji) +sc biui

where ji 	= i and ai, bi ∈ N with bi 	= 0. We prove now that v = z +ssc w, where 
w = (u1 u2 u3 0 . . . 0)T and z = v − w. Note first that z is nonzero since v /∈ T . For 
1 ≤ i ≤ 3, the i-th row of z is equal to ai(−uji) + (bi − 1)ui, while all other rows of z
are equal to the corresponding rows of v. By the sign-patterns it is easy to see that the 
first three rows of v have a semiconformal decomposition:

ai(−uji) + biui =
(
ai(−uji) + (bi − 1)ui

)
+sc ui, 1 ≤ i ≤ 3.

When i = 1, the sign-pattern of u1 is − ++ and thus (a1(−uj1) + b1u1)+ > (a1(−uj1) +
(b1−1)u1)+. Therefore v+ > z+ and v = z +sc w. Finally, assume by contradiction that 
the decomposition is not strongly semiconformal. Then we necessarily have v− = w−. 
Since w1(1) = u1(1) < 0 this implies z1(1) = 0. On the other hand z1 = a1(−uj1) +sc
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(b1 − 1)u1 and since j1 ∈ {2, 3} then the sign-pattern of z1 is − ∗ ∗ if a1 	= 0 or b1 	= 1. 
Thus z1(1) = 0 implies a1 = 0 and b1 = 1 and so z1 = 0. Similarly we have that 
z2 = z3 = 0. Since wk = 0 for all k ≥ 4 and v− = w− it follows that v−

k = 0 for all 
k ≥ 4. Therefore vk = v+

k for all k ≥ 4 and using the fact that vk ∈ L(A) we obtain 
vk = 0 for all k ≥ 4. This implies zk = 0 for all k ≥ 4 and consequently v = w ∈ T , 
a contradiction. Thus we have proved that v = z +ssc w, as desired. We should note now 
that if α′β′γ′ 	= 0 then a similar argument shows that v = w′ +ssc z′, where w′ = −w.

In the second case we have αβγ = 0 and from the above remark we may also assume 
that α′β′γ′ = 0. Without loss of generality we let α = 0. If α′ = 0 then it follows from 
Lemma 2.3 that v is of the form described in Lemma 2.5 and we are done. Otherwise 
α′ 	= 0 and since α′β′γ′ = 0 we have β′ = 0 or γ′ = 0. We analyze just the case β′ = 0, 
the other one being analogous. It follows from the definition of λ(v) that α′(−u1) +
βu2 + γu3 + γ′(−u3) = 0 and using the relation −u1 = u2 + u3 we get from the linear 
independence of u2 and u3 that α′ + β = 0. Thus, since α′, β ≥ 0 we have α′ = β = 0, 
a contradiction. Therefore we obtain that T = M(A(r)) and thus m(A) = 3. �
Remark 2.7. In [9], a lower bound for m(A) is given by Hoşten and Sullivant for A ⊂ N

m: 
it equals the maximum 1-norm of the elements in the Graver basis of S(A), see [9, 
Theorem 3.11]. By looking at the explicit description of the elements of S(A) as given 
in Theorem 2.1, it is easy to see that the Graver basis of S(A) contains exactly one 
element: (1, 1, 1). The 1-norm of this element is 3 and thus in this case the lower bound 
of [9, Theorem 3.11] actually equals m(A).

3. Markov complexity for monomial curves in AAA3 which are complete intersections

In this section we study Lawrence liftings of monomial curves in A3 whose corre-
sponding toric ideals are complete intersections. Suppose that A = {n1, n2, n3} ⊂ Z>0
is a monomial curve such that IA is a complete intersection ideal. For 1 ≤ i ≤ 3 we 
let ci be the smallest element of Z>0 such that cini = rijnj + riknk, rij , rik ∈ N with 
{i, j, k} = {1, 2, 3}. In [8, Proposition 3.4], it was shown that either (0, −c2, c3) ∈ M(A)
or (c1, 0, −c3) ∈ M(A) or (−c1, c2, 0) ∈ M(A). Below, we recall the description of the 
universal Markov basis of A given in [8, Proposition 3.5] when (0, −c2, c3) ∈ M(A).

Proposition 3.1. Let A = {n1, n2, n3} be a set of positive integers such that gcd(n1, n2,

n3) = 1, IA is a complete intersection and (0, −c2, c3) ∈ M(A). Let u1 = (−c1, r12, r13)
and u2 = (0, −c2, c3). The universal Markov basis of A is

M(A) =
{
u2, d · u2 + u1: −

⌊
r13
c3

⌋
≤ d ≤

⌊
r12
c2

⌋}
.

For the rest of this section we will assume that (0, −c2, c3) ∈ M(A), the other two 
cases being similar. Let us note that the sign patterns of u1 and u2 are − ++ and 0 −+.
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Lemma 3.2. Let A = {n1, n2, n3} be such that IA is a complete intersection and 
(0, −c2, c3) ∈ M(A). If 0 	= v ∈ L(A) then there are unique α, β ∈ N such that 
v = α(−u1) +sc β(±u2) or v = β(±u2) +sc αu1.

Proof. Since rankZ(L(A)) = 2, if v 	= 0 then there are a, b ∈ Z such that v = au1 + bu2

for some integers a, b. It is easy to see how to write v in the desired form. �
We note that the semiconformal decomposition of Lemma 3.2 might not be strongly 

semiconformal as is the case for (c3 +1)(−u1) +sc u2. Similarly, one can show that any of 
the semiconformal sums from Lemma 3.2 with α, β ∈ Z>0 may not be in general strongly 
semiconformal. In the next lemma we identify certain elements which are not part of the 
universal Markov basis of A(r).

Lemma 3.3. Let A = {n1, n2, n3} be such that IA is a complete intersection and 
(0, −c2, c3) ∈ M(A). Let r ≥ 3. Suppose that 0 	= v ∈ L(A(r)) is of the following 
form

v =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

α1(−u1) + β1u2
...

αs(−u1) + βsu2
βs+1(−u2) + αs+1u1

...
βr(−u2) + αru1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where 1 ≤ s ≤ r − 1 and αi, βi ∈ Z>0 for 1 ≤ i ≤ r. Then v admits a proper strongly 
semiconformal decomposition into two vectors, where one of the summands is a vector 
of type 2.

Proof. Note first that our hypotheses imply that the type of v is r. Since v ∈ L(A(r)), 
the sum of the rows of v is zero. Since u1, u2 are linearly independent we have

s∑
i=1

αi =
r∑

j=s+1
αj and

s∑
i=1

βi =
r∑

j=s+1
βj . (1)

We will analyze two cases. For the first case we assume that there exist integers i, j
corresponding to nonzero rows of v with 1 ≤ i ≤ s and s + 1 ≤ j ≤ r such that either 
(a) αi ≤ αj and βi ≤ βj or (b) αi ≥ αj and βi ≥ βj . Without loss of generality we 
may assume that i = 1, j = r. Let us first suppose that α1 ≤ αr while β1 ≤ βr. Then 
v = z + w, where
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z =

⎡
⎢⎢⎢⎢⎢⎣
α1(−u1) + β1u2

0
...
0

β1(−u2) + α1u1

⎤
⎥⎥⎥⎥⎥⎦ , w =

⎡
⎢⎢⎢⎢⎢⎣

0
α2(−u1) + β2u2

...
βr−1(−u2) + αr−1u1

(βr − β1)(−u2) + (αr − α1)u1

⎤
⎥⎥⎥⎥⎥⎦ .

We will show that either v = z +ssc w or v = w +ssc z. Indeed, note first that by the 
assumptions z is a type 2 vector and w is nonzero since v is of type r ≥ 3. Moreover, 
since the sign-pattern of β1(−u2) + α1u1 is − + ∗, for the r-th row of v we have either 
vr = zr +sc wr or vr = wr +sc zr. Indeed, since βr − β1 ≥ 0 and αr − α1 ≥ 0 there 
are four possible patterns for the vector wr corresponding to the cases: α1 = αr and 
β1 = βr, α1 = αr and β1 < βr, α1 < αr and β1 = βr, α1 < αr and β1 < βr. More 
precisely, the corresponding four sign-patterns of wr are: 000, 0 + −, − + + and − + ∗
and one can notice that zr and wr add up semiconformally in this order or the reversed. 
This implies that v is the semiconformal sum of z and w in this order or the reversed 
one. Applying now Lemma 1.7 we obtain that v is the strongly semiconformal sum of z
and w. Next let us suppose that α1 ≥ αr while β1 ≥ βr. Thus v = z + w, where

z =

⎡
⎢⎢⎢⎢⎢⎣
αr(−u1) + βru2

0
...
0

βr(−u2) + αru1

⎤
⎥⎥⎥⎥⎥⎦ , w =

⎡
⎢⎢⎢⎢⎢⎣

(α1 − αr)(−u1) + (β1 − βr)u2
α2(−u1) + β2u2

...
βr−1(−u2) + αr−1u1

0

⎤
⎥⎥⎥⎥⎥⎦ .

Since αrβr > 0, it follows that the sign-pattern of z1 is + ∗ −. The four possible sign-
patterns of w1 are 000, + −−, 0 +− and + ∗−. As before one can conclude that either 
v = z +ssc w or v = w +ssc z.

For the second case the following holds for all integers i, j corresponding to nonzero 
rows of v with 1 ≤ i ≤ s and s + 1 ≤ j ≤ r: either αi < αj and βi > βj or αi > αj and 
βi < βj . Consider i = 1 and j = r. Let us first suppose that α1 < αr and β1 > βr. We 
will show that v = z +ssc w, where

z =

⎡
⎢⎢⎢⎢⎢⎣
α1(−u1) + βru2

0
...
0

βr(−u2) + α1u1

⎤
⎥⎥⎥⎥⎥⎦ , w =

⎡
⎢⎢⎢⎢⎢⎣

(β1 − βr)u2
α2(−u1) + β2u2

...
βr−1(−u2) + αr−1u1

(αr − α1)u1

⎤
⎥⎥⎥⎥⎥⎦ .

Indeed, we notice first that v = z +sc w, since the sign-patterns of z1 and zr are + − ∗
and − +∗, while the sign patterns of w1 and wr are 0 −+ and − ++. Moreover the sign 
patterns of zr and wr show also that v−

r 	= w−
r and implicitly v− 	= w−. In addition, 

z2 = · · · = zr−1 = 0 imply that v+ 	= z+, otherwise we would have v2 = · · · = vr−1 = 0
and thus the type of v is 2, a contradiction. Therefore we also have v+ 	= z+ and 
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v− 	= w− and thus v = z +ssc w, as desired. Next we consider the case where α1 > αr

and β1 < βr. Then v = w +sc z, where

w =

⎡
⎢⎢⎢⎢⎢⎣

(α1 − αr)(−u1)
α2(−u1) + β2u2

...
βr−1(−u2) + αr−1u1

(βr − β1)(−u2)

⎤
⎥⎥⎥⎥⎥⎦ , z =

⎡
⎢⎢⎢⎢⎢⎣
αr(−u1) + β1u2

0
...
0

β1(−u2) + αru1

⎤
⎥⎥⎥⎥⎥⎦ ,

since the sign-patterns of w1 and wr are + −− and 0 +−, while the sign patterns of z1

and zr are + − ∗ and − + ∗. An argument similar to the previous one shows that the 
sum is also strongly semiconformal, that is v = w +ssc z. �

We are ready to prove the main result of this section.

Theorem 3.4. Let A = {n1, n2, n3} be such that IA is a complete intersection. Then 
m(A), the Markov complexity of A, is 2. Moreover, for any r ≥ 2 we have M(A(r)) =
S(A(r)) and the cardinality of M(A(r)) is k

(
r
2
)
, where k is the cardinality of the Graver 

basis of A.

Proof. We denote by T the set of type 2 vectors from L(A(r)) whose nonzero rows are 
u, −u, where u ∈ G(A). If r = 2 then S(A(2)) = M(A(2)) = G(A(2)) = T , by [14, 
Theorem 7.1], hence the conclusion follows immediately. Hence we may assume that 
r ≥ 3. In general we have T ⊆ S(A(r)) ⊆ M(A(r)) for any r ≥ 2, so it remains to 
prove only that M(A(r)) ⊆ T to get the desired conclusion. The latter will follow via 
Proposition 1.4 if we show that any nonzero vector v ∈ L(A(r)) \T has a proper strongly 
semiconformal decomposition.

Without loss of generality we may assume that we are in the setting of Proposition 3.1. 
Let v ∈ L(A(r)) \ T be a nonzero vector. We may assume via Remark 1.6 that the 
type of v is r. By Lemma 3.2 we know that for each row vector vi of v either vi =
αi(−u1) +sc βi(±u2) or vi = βi(±u2) +sc αiu1 for αi, βi ∈ N with αi + βi > 0. We have 
three cases to analyze:

(a) αiβi 	= 0 for all i = 1, . . . , r,
(b) ∃i ∈ {1, . . . , r} such that αi = 0,
(c) ∃i ∈ {1, . . . , r} such that βi = 0.

For case (a) we apply Lemma 3.3 and we are done. For case (b) let i ∈ {1, . . . , r}
be such that αi = 0, and since αi + βi > 0 then βi > 0. Since the type of v is r, by 
Lemma 3.2, v is of the form given in Lemma 3.3, the only difference being that some of 
the coefficients αi, βi might be zero (not simultaneously). If i ≤ s then it follows from (1)
that there exists j with s + 1 ≤ j ≤ r such that βj 	= 0. Let z be the type 2 vector with 
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i-th row u2 and j-th row −u2 and let w = v− z. Then w is nonzero since the type of v
is r ≥ 3. Moreover by the sign patterns it follows that v = z +sc w. That the sum is 
also strongly semiconformal follows either by Lemma 1.7 if βi = 1 or by noticing that 
v+
i 	= z+

i and v−
i 	= w−

i if βi > 1, which implies v+ 	= z+ and v− 	= w−. For case (c) 
a similar argument as in case (b) holds. �

We note that in the case of a monomial curve A in A3 whose corresponding toric ideal 
is a complete intersection, S(A) consists of exactly one vector and the Graver basis of 
S(A) is {0}. Thus in this case the bound given in [9, Theorem 3.11] is 0, and it is strictly 
smaller than m(A).

4. Graver complexity of monomial curves in AAA3

In [13, Theorem 3], it was shown that g(A), the Graver complexity of A, is the 
maximum 1-norm of any element in the Graver basis of the Graver basis of A. However 
computing the Graver basis of the Graver basis of A is computationally challenging to say 
the least. In this section we give a lower bound for the Graver complexity of a monomial 
curve A in A3. This shows that in general the upper bound for the Markov complexity is 
rather crude: given any k ∈ N, one can find appropriate configuration A = {n1, n2, n3}
so that the g(A) ≥ k, while m(A) ≤ 3. First we show that in order to compute the 
Graver complexity of a monomial curve in A3, one can assume that the configuration 
consists of vectors that are pairwise relatively prime.

Proposition 4.1. Let A = {n1, n2, n3} such that gcd(n1, n2, n3) = 1. For 1 ≤ i < j ≤ 3
we let dij = gcd(ni, nj) and consider Ared = {n1/d12d13, n2/d12d23, n3/d13d23}. Then 
g(A) = g(Ared).

Proof. Let d ∈ N divide both n1, n2 and consider A′ = {n1/d, n2/d, n3}. It is clear 
that (a1, a2, a3) ∈ L(A) if and only if (a1, a2, a3/d) ∈ L(A′). This implies that there is 
a one-to-one correspondence between the elements of the Graver bases of A and Ared. 
Moreover it is clear that if there is an element of type t in the Graver basis of A(r)

then there is an element of type t in the Graver basis of A(r)
red and vice versa. Hence 

g(A) = g(Ared). �
To prove the lower bound of the next theorem, we create an element whose type is 

the desired lower bound in the appropriate Lawrence lifting.

Theorem 4.2. Let A = {n1, n2, n3} such that gcd(n1, n2, n3) = 1 and dij = gcd(ni, nj)
for all i 	= j. Then

g(A) ≥ n1

d12d13
+ n2

d12d23
+ n3

d13d23
.

In particular, if n1, n2, n3 are pairwise prime then g(A) ≥ n1 + n2 + n3.
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Proof. By Proposition 4.1 g(A) = g(Ared) and thus we may assume that dij = 1 for all 
i 	= j. We note that v1 = (n2, −n1, 0), v2 = (n3, 0, −n1) and v3 = (0, n3, −n2) are clearly 
in the Graver basis of A. Let k = n1 + n2 + n3 and consider the r × n matrix w with 
row vectors wi for i = 1, . . . , k so that wi = v1 for the first n1 rows, wi = −v2 for the 
next n2 rows and wi = v3 for the last n3 rows. It easy to see that w ∈ L(A(k)). We will 
show that w is in the Graver basis of A(k). Assume by contradiction that w /∈ G(A(k)). 
Then w = z +c u for some nonzero vectors z, u ∈ L(A(k)). Since wi ∈ {v1, −v2, v3}
and belongs to G(A) it follows that zi or ui must equal wi for 1 ≤ i ≤ k. Therefore by 
summing up the rows of z we obtain the relation

t1v1 − t2v2 + t3v3 = 0 (2)

for some nonnegative integers t1, t2, t3 such that t1 + t2 + t3 < n1 + n2 + n3. However, 
Eq. (2) implies immediately that t1n2 = t2n3, t1n1 = t3n3 and t2n1 = t3n2 and since 
n1, n2, n3 are pairwise relatively prime by assumption, it follows that n3|t1, n2|t2 and 
n1|t3. Hence n1 + n2 + n3 ≤ t1 + t2 + t3, a contradiction. �

The following example shows that in general the inequality from Theorem 4.2 can be 
strict.

Examples 4.3. (a) Let A = {3, 4, 5}. Computations with 4ti2 show that the maximum 
1-norm of the elements of G(G(A)) is 12 = 3 + 4 + 5 and thus g(A) equals the lower 
bound of Theorem 4.2.

(b) Let A = {2, 3, 17}. Computations with 4ti2 show that the maximum 1-norm of 
the elements of G(G(A)) is 30 and thus g(A) = 30, while the lower bound of Theorem 4.2
is 22 = 2 + 3 + 17.

Computing the Markov complexity is an extremely challenging problem, and a for-
mula for it seems hard to find in general. We pose a final question based on extensive 
computational evidence.

Question 4.4. Let A ∈ Mm×n(N). Is m(A) equal to the smallest integer r such that 
a minimal Markov basis of A(r+1) does not contain elements of type r + 1?

References

[1] 4ti2 team, 4ti2 – a software package for algebraic, geometric and combinatorial problems on linear 
spaces, available at www.4ti2.de, 2007.

[2] S. Aoki, H. Hara, A. Takemura, Markov Bases in Algebraic Statistics, Springer Ser. Statist., Springer, 
New York, 2012.

[3] S. Aoki, A. Takemura, Minimal basis for connected Markov chain over 3 ×3 ×K contingency tables 
with fixed two dimensional marginals, Aust. N. Z. J. Stat. 45 (2003) 229–249.

[4] H. Charalambous, A. Katsabekis, A. Thoma, Minimal systems of binomial generators and the 
indispensable complex of a toric ideal, Proc. Amer. Math. Soc. 135 (2007) 3443–3451.

[5] H. Charalambous, A. Thoma, M. Vladoiu, Markov bases of lattice ideals, arXiv:1303.2303v1.

http://www.4ti2.de
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib414854s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib414854s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib4154s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib4154s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib434B54s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib434B54s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib435456s1


H. Charalambous et al. / Journal of Algebra 417 (2014) 391–411 411
[6] P. Diaconis, B. Sturmfels, Algebraic algorithms for sampling from conditional distributions, Ann. 
Statist. 26 (1998) 363–397.

[7] M. Drton, B. Sturmfels, S. Sullivant, Lectures on algebraic statistics, Oberwolfach Semin., vol. 39, 
Birkhäuser Verlag, Basel, 2009, viii+171 pp.

[8] J. Herzog, Generators and relations of abelian semigroups and semigroup rings, Manuscripta Math. 
3 (1970) 175–193.

[9] S. Hoşten, S. Sullivant, A finiteness theorem for Markov bases of hierarchical models, J. Combin. 
Theory Ser. A 114 (2007) 311–321.

[10] H. Ohsugi, T. Hibi, Toric ideals arising from contingency tables, RMS Lect. Notes Ser. (2006) 
87–111.

[11] I. Peeva, B. Sturmfels, Generic lattice ideals, J. Amer. Math. Soc. 11 (2) (1998) 363–373.
[12] E. Reyes, Ch. Tatakis, A. Thoma, Minimal generators of toric ideals of graphs, Adv. in Appl. Math. 

48 (2012) 64–78.
[13] F. Santos, B. Sturmfels, Higher Lawrence configurations, J. Combin. Theory Ser. A 103 (2003) 

151–164.
[14] B. Sturmfels, Gröbner Bases and Convex Polytopes, Univ. Lecture Ser., vol. 8, AMS, RI, 1995.

http://refhub.elsevier.com/S0021-8693(14)00357-3/bib4453s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib4453s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib445353s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib445353s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib4865s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib4865s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib4853s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib4853s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib4F48s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib4F48s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib5053s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib525454s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib525454s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib5353s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib5353s1
http://refhub.elsevier.com/S0021-8693(14)00357-3/bib5374s1

	Markov complexity of monomial curves
	Introduction
	1 Universal Markov basis
	2 Markov complexity for monomial curves in A3 which are not complete intersections
	3 Markov complexity for monomial curves in A3 which are complete intersections
	4 Graver complexity of monomial curves in A3
	References


