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is represented by the Clifford algebra of a quadratic form. There are many alternate
proofs of Merkurjev’s theorem [4,51,61], [21, VIII|, and it retains its status as one of
the great breakthroughs in the theory of quadratic forms in the second half of the 20th
century.

There have been many investigations into the validity of aspects of the Milnor con-
jecture over more general rings. For example, see [27, §3], [22,29], and [34,33] for a
Milnor K-theoretic perspective, [55,52], and [25] for a Witt group perspective, and [9]
for a survey of results. In this context, Alex Hahn asked if there exists a commutative
ring R over which the analogue of Merkurjev’s theorem doesn’t hold, i.e., 3Br(R) is
not represented by Clifford algebras of regular quadratic forms over R. The surprising
results of Parimala, Scharlau, and Sridharan [54-56] show that for a smooth complete
hyperelliptic curve X with a rational point over a local field of characteristic # 2, the
analogue of Merkurjev’s theorem over X holds if and only if X has a rational theta char-
acteristic (which can fail to happen). These examples are also used to construct affine
schemes over which Merkurjev’s theorem does not hold, thus answering Hahn’s original
question.

In this work we show that even when Brauer classes of period 2 over a given scheme X
cannot be represented by Clifford algebras of regular quadratic forms over X, they may
be represented by Clifford algebras of regular line bundle-valued quadratic forms. Let
Wiot (X) be the total Witt group of line bundle-valued quadratic forms (see Section 2.1
for definitions) and let I2,,(X) be the subgroup of line bundle-valued quadratic forms
of even rank and trivial discriminant. We construct (in Section 2.4) a natural group
homomorphism e? : I (X) — 2Br(X) with values in the 2-torsion of the Brauer group
of X, generalizing the classical Clifford invariant, and which we call the total Clifford
invariant. A succinct consequence of our main result is the following.

Theorem A. Let X be a smooth curve over a local field of characteristic # 2 or a smooth
surface over a finite field of odd characteristic. Then the total Clifford invariant

e?: I2.(X) — »Br(X)

is surjective. In other words, every 2-torsion Brauer class on X is represented by the
Clifford algebra of a regular line bundle-valued quadratic form on X.

In the proof (see Section 3), we apply results of Saltman [59] and Lieblich [47] on
the Brauer dimension of function fields of curves over local fields and surfaces over
finite fields, respectively. Together with a purity result for division algebras on surfaces
(Theorem 3.6), we reduce the problem to one concerning Azumaya algebras of degree
dividing 4 and index dividing 2. Then we generalize results of Knus, Ojanguren, Parimala,
Paques, and Sridharan [41,42,37,43,44], and [15] (also see [39, IV §15]), on the exceptional
isomorphisms of Dynkin diagrams A? = Dy and A3 = D3, which provide beautiful
constructions of line bundle-valued quadratic forms with specified even Clifford algebras.
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In fact, our main result (Theorem 3.5) applies to any regular integral scheme X satisfying
purity and Brauer dimension bounded by 2 for algebras of period 2 over the function
field.

The verification that the total Clifford invariant is well defined is no small task,
and occupies the bulk of Sections 1-2. The majority of the work goes into establishing
two fundamental algebraic structural results: the Brauer triviality of the even Clifford
algebra of a line bundle-valued metabolic form (Theorem 1.7), generalizing the main
result of [40]; and a formula to compute the even Clifford algebras and bimodules of
orthogonal sums (Theorem 1.8) leading to a generalization of the classical fundamental
relation in the Brauer group (Theorem 2.6). To this end, we use a new direct tensorial
construction of the even Clifford algebra and bimodule (see Section 1.2), which offers
novel universal properties (Propositions 1.1 and 1.4) useful in establishing these results.
These structural results for line bundle-valued forms are new and are useful in a variety of
contexts. In particular, they go beyond the author’s previous cohomological construction
[7] of Clifford-type invariants.

History. The notion of a line bundle-valued quadratic form on X appeared in many
different contexts in the early 1970s. Geyer—Harder—Knebusch—Scharlau [24] introduced
the notion of symmetric bilinear forms with values in the module of Kéhler differentials
over a global function field. This notion enables a consistent choice of local traces in order
to generalize residue theorems to nonrational function fields. For a smooth complete
algebraic curve X, Mumford [53] introduced the notion of locally free &x-modules with
pairings taking values in the sheaf of differentials wx to study theta characteristics.
Kanzaki [30] introduced the notion of a Witt group of quadratic forms with values
in an invertible module over a commutative ring. Saltman [58, Thm. 4.2] showed that
involutions on Azumaya algebras naturally lead to the consideration of line bundle-valued
bilinear forms.

In his thesis, Bichsel [14] (reported in [15]) constructed an even Clifford algebra of
a line bundle-valued quadratic form. This was later used in [57,12], and [60]. Kapra-
nov [31, §4.1] constructed a homogeneous Clifford algebra of a quadratic form—which
in hindsight is related to the generalized Clifford algebra of [15] or the graded Clifford
algebra of [17]—to study the derived category of projective quadrics and quadric fibra-
tions. This was further developed by Kuznetsov [45]. With respect to Clifford algebras,
line bundle-valued quadratic forms behave much like Azumaya algebras with orthogonal
involutions, which do not enjoy a “full” Clifford algebra, only an even part together with
a bimodule. In particular, line bundle-valued quadratic forms have no Clifford invari-
ant in the classical sense. The construction of secondary invariants in étale cohomology
capturing the even Clifford algebra of a line bundle-valued quadratic form with fixed
discriminant appeared in [7]. In the present work, we develop a purely algebraic Clifford
invariant for line bundle-valued quadratic forms with trivial discriminant, taking values
in the 2-torsion of the Brauer group.
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1. Line bundle-valued quadratic forms and even Clifford algebras

Let X be a separated noetherian scheme. By a wvector bundle, we mean a locally
free Ox-module of constant finite rank. Fix a line bundle £ on X, i.e., an invertible
O x-module.

1.1. Line bundle-valued quadratic forms

A (line bundle-valued) symmetric bilinear form on X is a triple (&,b,.Z), where
& is a vector bundle on X and b : S?2& — £ is an Ox-module morphism. A (line
bundle-valued) quadratic form on X is a triple (&, q,-%), where & is a vector bundle on X
and ¢ : & — £ is an Ox-homogeneous morphism of degree two such that the associated
morphism b, : S?6 — £ defined on sections by by(vw) = q(v + w) — q(v) — g(w) is
a symmetric bilinear form. We will mostly dispense with the title “line bundle-valued.”
The rank of (&, q,.Z) is the rank of &.

A symmetric bilinear form (&,0,.%) is regular if the canonical adjoint 1 : & —
Hom(&,.L) is an isomorphism. A quadratic form ¢ is regular if b, is regular. If 2
is assumed invertible on X, then we can pass back and forth between quadratic and
symmetric bilinear forms on X.

A similarity transformation between symmetric bilinear forms (&,b,.%) and
(&b, %) or quadratic forms (&,q,.Z) and (&”,q¢',£’) is a pair (¢, A) consisting of
Ox-module isomorphisms ¢ : & — & and A : £ — £’ such that b'(p(v), p(w)) =
Ao b(v,w) or ¢'(p(v)) = Ao q(v) on sections, respectively. A similarity transformation
(p, A) is an isometry if £ = %" and X is the identity map.

Denote by GO(&,q, Z) (resp. O(&,q,.Z)) the presheaf, on the large fppf site Xgypt,
of similitudes (resp. isometries) of a regular quadratic form (&,¢,.%). In fact, this is
a sheaf and it is representable by a smooth affine reductive group scheme over X; see
[18, I1.1.2.6, I11.5.2.3]. Here we consider reductive group schemes whose fibers are not
necessarily geometrically integral, in contrast to [19, XIX.2]. In particular, the pointed
nonabelian cohomology set Hflppf(X ,GO(&,q,%)) is in bijection with the similarity
classes of regular line bundle-valued quadratic forms with the same rank as (&, q,.%);
see [7, Prop. 1.2]. If n is even or 2 is invertible on X, then the fppf site can be replaced
by the étale site.

Define the projective similarity class of a quadratic form (&, ¢q,.%) to be the set of
similarity classes of quadratic forms (A ®@ &, ¢y ® q, NV ©? ®.Z) ranging over all regular
bilinear forms (A", ¢y, A ®?) of rank 1 on X. In [13], this is referred to as a laz-similarity
class. In their notation, a quadratic alignment A = (A4, ¢) between line bundles .Z and
&' consists of a line bundle .#” and an &x-module isomorphism ¢ : A ®? ® £ — &£,
A quadratic alignment induces an equivalence A® between categories of .#-valued and
#'-valued quadratic forms (in particular, an isomorphism A° : W(X,.%) — W(X,.Z")
of Witt groups) defined by A° : (£,¢,.%) — (N @ &, ¢ 0 (¢ ® q),L"), where
gy N — A®?is the canonical squaring form.
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1.2. Even Clifford algebra

In his thesis, Bichsel [14] constructs an even Clifford algebra of a line bundle-valued
quadratic form on an affine scheme. Alternate constructions are given in [15,17], and [57,
§4], which are all detailed in [7, §1.8]. Inspired by [39, II Lemma 8.1, §9], we now give a
direct tensorial construction. Let (&£, ¢,-Z) be a line bundle-valued quadratic form on X.

Define ideals _#7 and _#5 of the tensor algebra T'(& ® & ®.Z") to be locally generated
by

v@v® [ fg) 1 and uvE feueweg— flg)uvweg (1)
respectively, for sections u, v, w of & and f, g of V. We define
G(8,0,2) =T(E©E D L)/ J1+ F2) (2)
together with the canonically induced morphism of &x-modules
i ERERLY = 68, q, L), (3)

which factors through the degree one elements of the tensor algebra.
Writing the rank as n = 2m or n = 2m + 1, there is a filtration by &x-modules

Ox =%y C Py C ,..Cg/?2m:<go(£’,q,$),

where .Z,; is the image of the truncated tensor algebra T</(&® & ®.£Y) in 6o(&, ¢, L),
for each 0 < ¢ < m. As in [38, TV §1.6], this filtration has associated graded pieces
Foi| Fai-1) = A€ @ (L) In particular, €5(&, ¢, Z) is a locally free Ox-algebra
of rank 2"~!. By its tensorial construction, the even Clifford algebra has the following.

Proposition 1.1 (Universal property of the even Clifford algebra). Given an Ox-algebra
o and an Ox-module morphism j: & @ & @ LY — o such that

jo@ve f)=f(gv) 1 and ju@vef) jlveweg)=f(gv)jiueweyg),

then there exists a unique Ox-algebra homomorphism v : €y(&,q, L) — o satisfying
j=1vou1.
A similar universal property for algebras with involution over a field is stated in [49,

§3]. The even Clifford algebra has the following additional properties.

Proposition 1.2. Let (&,q,.%) be a reqular quadratic form of rank n on a scheme X.
Write n =2m orn =2m + 1.
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a) Ifn is odd, €y(&,q,L) is a central Ox-algebra. If n is even, the center Z(8,q,L)
of 60(&,q,L) is an étale quadratic Ox-algebra.

b) If n is odd, 6o(&,q,L) is an Azumaya COx-algebra of degree 2™. If n is even,
6o(&,q,2L) is an Azumaya Z(&,q, L)-algebra of rank 2m~1

c) The canonical Ox-module morphism i : & @ & @ LV — 6o(&,q, L) is a locally
split embedding and there exists a unique canonical involution Ty : 6o(&,q,- L) —
©o(&,q,Z)°P satisfying To(i(v@w @ f)) =i(w@v @ f) for sections v, w of & and
f of ZLV.

d) Any similarity (o, A) : (&,¢, L) — (8',¢, L") induces an Ox-algebra isomorphism

%0((,07)\) : (g()((o@,q7$> — Cg()(@@/,q/,g/>

satisfying i(v) ® i(w) @ f — i(p(v)) @ i(p(w)) ® f o A~L for sections v, w of & and
fof £V.

e) Any quadratic alignment A = (AN, ), with ¢ : N/®? @ L — £, induces an
O'x -algebra isomorphism

%O(AO) : %O(Ao(gaQ7g)) — Cfo(@(')’(Lf)

satisfying i(a @v) (bR w) @ f — i(v) ®i(w) ® ¢ (a @b f), for sections a, b of
N, v, wof &, and f of L'V, where ¢’ : NP2 Q@ L'V — LV is the isomorphism
canonically induced from ¢.

f) For any morphism of schemes p : X' — X, there is a canonical Ox-module isomor-
phism

%0(p*(éaa qvj)) — p*CgO(@@,(Lg)

Proof. Properties a and b are étale local and hence follow from the corresponding prop-
erties of the classical even Clifford algebra (cf. [38, IV Thm. 2.2.3, Prop. 3.2.4]), also see
[15, §3]. Properties ¢, d, and e are all consequence of the universal property. Property f
is a direct consequence of the tensorial construction. O

Definition 1.3. Let (&£, ¢,.%) be a quadratic form of even rank on X. We call f : Z =
Spec Z(&,q,£) — X the discriminant cover of (&,q,%£). If (&,q, %) is regular, then
f:Z — X is étale quadratic.

1.8. Clifford bimodule

As in the case of central simple algebras with orthogonal involution, line bundle-valued
quadratic forms do not generally enjoy a “full” Clifford algebra, of which the even Clifford
algebra is the even degree part. Inspired by [39, IT §9], we can directly define the Clifford
bimodule €1(&,q,Z) of a quadratic form (&, q,.%), corresponding to the “odd” part of
the classical Clifford algebra.
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The Ox-module & @ T(& @ & ® £V) has a natural right T(& ® & ® £")-module
structure denoted by ®. The Ox-bilinear map * : (FQRER.LV)IXE - ER(EQRERLY)
defined by

RV flsw=u® (VRwa f)

for sections u, v, w of & and f of £V, induces a left T(& ® & ® £V )-module structure
xon & QT(ERE®ZLY), uniquely defined so that it commutes with the natural right
T @& ®.£LY)-module structure. We define

6(6,0.2)=ERT(ERERL)/(E® F1+ F1%E) (4)
together with the canonically induced morphism of &'x-modules
i:g%(gl(éic‘hg% (5)

which is a locally split embedding. One immediately checks that & ® #5 C _#; x & and
ForxE C ERQ F1, hence €1(&,q, L) inherits a €y(&, ¢, £)-bimodule structure. Denote
the right and left 6, (&, ¢,-%)-module structures by - and *, respectively.

Writing the rank as n = 2m or n = 2m + 1, there is a filtration

g:ylCg3C"'Crg.2m+1:<gl(gaQ7$)v

where %511 is the image of the truncation & ® T<(& ® & ® .£V) in €1(&,q,.Z), for
each 0 <14 < m. This filtration has associated graded pieces Fa;11/F2i—1 = /\%Héd ®
(£V)®. In particular, €1(&,q,.%) is a locally free Ox-module of rank 2"~ By its
tensorial construction, the Clifford bimodule has the following.

Proposition 1.4 (Universal property of the Clifford bimodule). Given a 6o(&,q,L)-bi-

module B (with right and left actions - and *) and an Ox-module morphism j : & — B
such that

Jw)-iv@we f) =ilu@ve f)*jw),

for sections u, v, w of & and [ of £V, there exists a unique 6o(&,q, L)-bimodule
morphism ¢ : € (&,q, L) — B satisfying j = o i.

The Clifford bimodule has the following additional properties.
Proposition 1.5. Let (&, q,%) be a regular quadratic form on a scheme X.

a) The Clifford bimodule €\(&,q,-Z) is invertible as a (left or right) €o(&, q,L)-mod-
ule.
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b) If n is even, then the action of Z(&,q, L) on €1(&,q, L) satisfies x-z = 1(z)*x for
sections z of Z(&,q,L) and x of €1(&,q,- L), where v is the nontrivial Ox -auto-
morphism of Z(&,q,%).

¢) There is a canonical isomorphism

m: Cgl(éo7qa$) ®<€0(c§’7q,$) Cgl(édaqv‘i/p) — Cg(](édallv‘i/ﬂ) ®ﬁx <z

of 60(&,q,L)-bimodules satisfying m(i(v) ® i(v)

=1® q(v) for a section v of &.
d) Any similarity transformation (o, ) : (£,q, %) — (8',q

1 L") induces an Ox-mod-
ule isomorphism

%1(()07>\) : <gl(gaQVi/p) — Cgl(glvq/azl)

that is 6o (@, A)-semilinear with respect to the bimodule structure.
e) Any quadratic alignment A = (N, ), with ¢ : N/®? @ L — £, induces an
O'x -module isomorphism

€1(A°) : €1(A°(8,q,.L)) = N RC(E,q, %)

that is €o(A°)-semilinear with respect to the bimodule structure.
f) For any morphism of schemes p: X' — X, there is a canonical Ox-module isomor-
phism

Cgl(p*(é‘)7 q7$>) — p*%l(o@,q,i”)

Proof. For simplicity, we write 6y = 6,(&, ¢, %) and €, = 61(8,q,L). For a, since q is
fiberwise nonzero, Zariski locally there exists a line subbundle .4 C & such that ¢| 4 is
regular. Then as in the classical case (see [38, IV Prop. 7.5.2]), A4 locally generates €,
over %y as a right or left module.

For b, this is a local question and hence follows from [38, IV Prop. 4.3.1(4)]. For ¢, we
will define a 64(&, ¢, £)-bimodule morphism ¢, : €1(&, q,. L) — FHome, (61,60 @ L),
where #ome, denotes the sheaf of right 4p-module homomorphisms (here .Z is acted
trivially on). Then m will be the %p-bimodule map with adjoint ¢,,. To this end, for
each section v of &, we define a section m,, of H#ome, (€1, 6o R-L) = Homyg,(610.LV R
£, 6 ®ZL) by applying the universal property to the map w® f I~ i(vW® f) ®!
for a section w of &, f of £V, and [ of &. Then applying the universal property to the
map defined by v — m,, yields the required 1,,. Finally, m is an isomorphism by a,
since it’s a nontrivial map of invertible ép-bimodules.

Properties d and e are consequence of the universal property (cf. [14, Prop. 2.6] and
[15, Lemma 3.3]). Property f is a direct consequence of the tensorial construction. 0O
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1.4. Metabolic forms

A quadratic form (&, ¢, %) of rank n = 2m on X is metabolic if there exists a locally
direct summand % — & of rank m such that the restriction of ¢ to % is zero. Any
choice of such & is a Lagrangian. The class of hyperbolic forms is the main example.

Example 1.6. For any vector bundle & of rank m and any line bundle . the (*£-valued)
hyperbolic quadratic form H(22) has underlying Ox-module som (P, L) ® & and is
given by t + v — ¢(v) on sections. Here, &2 and s#om(Z,.Z) are Lagrangians.

We now proceed to compute the even Clifford algebra and Clifford bimodule of a
hyperbolic form, which will be necessary for us later. Given an &'x-module morphism
t: P — &, for each i > 0 we define

dV N2 s NP2es

inductively by dgi) (wAhz)=2z@tW)+xA dgi_l)(x) for sections v of 2 and z of \' 2,
cf. 8, §2]. Under the identification \° 2 = @, we set dgo) = t. Defining

m/2] [(m—1)/2]
ANoZ =P N'Z2eL),  NoeZ= P NTZe@")
1=0 1=0

there are induced &'x-module morphisms
dF NLP NP,  di NP > NP L.

Also, for each global section v of &2, left wedging defines &'x-module morphisms
NP S N2, I NP > NP2

One immediately checks that the maps

Hoy(P) ® Hy(P)® 2L — énd (/\;@) X énd (/\5;9)

(t+v)@(s+w) @ fr (i[d® f)(dy odf +dy olf +1; odf +1, olf)
+df @ fod; +df @ foly, +1f @ fod, +1F @ foly)

and

Ho(P) — Hom(Ny P, Ny P) & Hom(\Ny P Ny P) © &
t+oves (df + 15+ (d7 +1))



404 A. Auel / Journal of Algebra 443 (2015) 395-421

satisfy the universal properties of the even Clifford algebra and Clifford bimodule, hence
induce a canonical &'x-algebra morphism

By Co(Hey(P)) — End (/\}9) x &nd (/\g;h@)
and a canonical &x-module morphism
Oy : G(He(P)) = Hom(Ny P, Ny P) & Hom(\Ny P Ny P) @ L

transporting, via the morphism ®q, the 65(H ¢ (Z?))-bimodule structure to the evident
composition &nd( /\}@) x End(/\ Z)-bimodule structure. Zariski locally, ®¢ and &,
agree with the restriction of the classical isomorphism ¢ (Hg, (22)) & &nd(A\S?) (see
[38, TV Prop. 2.1.1]) to the even and odd components of the Clifford algebra, hence ®
and ®; are isomorphisms.

We point out that Z(He () = Ox x Ox is the split étale quadratic algebra.

The formula for the even Clifford algebra of a hyperbolic form given in Example 1.6
does not persist to (nonsplit) metabolic quadratic forms, a phenomenon already apparent
when £ = Ox; see [40]. However, the main result of this section is that % is still a
product of split Azumaya algebras.

Theorem 1.7. Let (&, q, L) be a metabolic quadratic form of rankn = 2m on a scheme X .
Any choice of Lagrangian % — & induces a natural choice of vector bundles .#™* and
M~ of rank 2™, an Ox-algebra isomorphism

Oy : 6o(8,q, L) = End( M) x End( M),
and an Ox-module isomorphism
O, : 68,9, L) = AHom( MY, M) D Hom( M, MT)RL

transporting, via Do, the €o(&,q,L)-bimodule structure to the evident composition
End(AMT) x End(AM)-bimodule structure.

Proof. We generalize the proof from Knus-Ojanguren [40] to the line bundle-valued
setting. On the category of vector bundles, write (—)¥< for the functor JZom(—,.%)
and cang for the canonical isomorphism of functors id — ((—)VZ)V<.

Let & be a vector bundle of rank m > 1 and H (%) be the corresponding .£-valued
hyperbolic form. Denote by v : O(Hx(2)) — Autey ag(¢0(He(2))) the homo-
morphism induced by Proposition 1.2d. Restricting 7y to the center yields the Dickson
homomorphism A : O(Hy(2)) = Aute .y (Z (Hy(2))) = Z/27Z of group schemes,

cf. [7, §1.9]. Its kernel is the special orthogonal group scheme SO(H.(2)). Under the
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identification 6o(H ¢ (2)) = co@nd(/\;}gz) x &nd(\ ) of Example 1.6, we have that
7o restricts to a homomorphism

Y0 : SO(Hy(2)) = Aut .oy (6o(H(2))) 2 PGL(A L) x PGL(A 5 2).

Similarly, denote by ~; : O(Hg(ﬂ)) — Autgy-mod (%ﬂl(Hg(ﬁZ))) the homomor-
phism induced by Proposition 1.5d. Under the identification of € (H¢(4?)) with the

vector bundle #om (/\j;@, /\:%3”) @ Hom (/\:ggz, /\}@) ® .Z of Example 1.6, we

have that ~; restricts to a homomorphism
G SO(Hg(Qz)) — Auty (¢1(Hy(2))) = GL(H#T) x GL(H7)

where we write £+ = Hom(\N P, Ny P) and #~ = Hom(Ny P Ny P @ ZL).
The parabolic subgroup SO(H»(2), #) C SO(Hy(2)) of isometries preserving
& has the following block description:

SO(Hy(2),2)(U) = {<(av§)_1 g) : BVZ cang a is alternating}

where for each U — X and each a € Hom(2|y, Z|yy) and B € Hom(2 |y, 2|)5%), we
consider V< cang a : Py — gzmﬁ as the adjoint of an .£|y-valued bilinear form.

We use an Z-valued version of Bourbaki’s tensor operations for even Clifford algebras,
cf. [12, Thm. 2.2]. In particular, under the canonical identifications 6, (22,0, Z) = /\}@
and 61(2,0,.2) = \ o2, there exist homomorphisms of sheaves of groups

ot %om(AQW,X) — GL(/\;}@)
satisfying the following properties:
TE(bo APp) = Ng(0) ™ TF () A (v) (6)
for cach alternating form b: A2 — £ and each ¢ € GL(2); and
o=ty = UE(D) = () (7)

where vy, : & — V< is the adjoint map to the alternating form b : /\29 — Z. By
(7), we can write U+ (1)) in place of ¥*(b) for any ¢'x-module morphism 1 : & — PV<Z
that is adjoint to an alternating form b : /\2@ - Z.

With this in hand, we define maps

p* :SO(Hy(2),2) — GL(N5 )

(@37 1) - @ e s
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which we now proceed to verify are well defined homomorphisms. Consider the Levi
decomposition SO(Hg(@), 9) = MN = NM given explicitly by

(Oé\/_’zf)fl [3 B (Oév_%)fl 0 1 avyﬂ B 1 ﬂoz_l (Oévf)fl 0
0 al 0 ! 0 1 —\0 1 0 @
and note that o< (being the transpose of BYZ cang ) is adjoint to an alternating
form, say b : /\29 — . Then Ba~! is adjoint to the alternating form b o A2a~1,
since we can write fa”! = (a!)VZ(aVZB)a"!. Hence by (6), p* is also given by
U+ (Ba~1) /\é (). Since p* is based on, and independent of, the Levi decomposition
order, it is a well defined group scheme homomorphism.
Denoting by pg = p* x p~ : SO(Hy(2), Z) — GL(/\}?) x GL(A 4 2), consider
the diagram

SO(Hy(2),2) SO(Hy(2))

GL(AL2) x GL(\3 %) — PGL(A\L?) x PGL(\ 4, 2)

of group schemes, where the horizontal arrows are the obvious ones. The fiber of this
diagram over any point of X is isomorphic to the restriction, to the special orthogonal
group and even Clifford algebra, of the corresponding commutative diagram of orthogonal
groups and (full) Clifford algebras in [40, Thm.] (cf. [38, IV Prop. 2.4.2]). Hence the
diagram commutes over X.

We now consider the induced commutative diagram of pointed nonabelian cohomology
sets: Hi, (X,SO(Hx(2))) is in bijection with the set of similarity classes of .Z-valued
quadratic forms (&,q,.Z) of rank 2m together with an orientation isomorphism
(:Z(8,q,L) = Ox x Ox (cf. [7, Prop. 1.15]); HL(X,SO(H(2), 2)) is in bijection
with the set of similarity classes of metabolic .Z-valued quadratic forms (&, ¢,.%) of rank
n = 2m together with a choice of Lagrangian; H}, (X, GL(/\; Z)) is in bijection with the
set of isomorphism classes of vector bundles .#Z* of rank 2™m~!; Hélt(X,PGL(/\; 2))
is in bijection with the set of isomorphism classes of Azumaya algebras of degree 2m1;
the induced map

Hi (X, SO(Hy(2), 7)) = Hi (X, SO(Hz(2)))

replaces the choice of Lagrangian by the orientation it canonically induces (cf. [7,
Lemma 1.14]); the map induced by 7o takes an oriented quadratic form to its even
Clifford algebra together with the splitting of its center induced by the orientation; the
map induced by py takes a metabolic quadratic form of rank n = 2m together with a
choice of Lagrangian to a pair of vector bundles .#* and .# ~ of rank 2™~; the induced
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map
HY(X,GL(N\S2)) — HL (X,PGL(A\L2))

takes a vector bundle .#% to the Azumaya algebra &nd(.#7*). Chasing the diagram
around shows that if (&, ¢, %) is a metabolic quadratic form of rank 2m, then €, (&, b, &)
is isomorphic to &nd(.# ) x End(# ™) for vector bundles .#* and .#~ of rank 2™~}
on X.

To identify the Clifford bimodule, consider the diagram

SO (Hy(2), 2) SO (Hy(2))

GL(AL2) x GL(\4P) —— GL(#*) x GL(#")

of group schemes, where the top horizontal arrow is the canonical one, and ¢ is the
evident homomorphism defined by compositions. The fiber of this diagram over any
point of X is isomorphic to the restriction, to the special orthogonal group and odd part
of the Clifford algebra, of the corresponding commutative diagram of orthogonal groups
and (full) Clifford algebras in [40, Thm.] (cf. [38, IV Prop. 2.4.2]). Hence the diagram
commutes over X.

As above, we consider the induced commutative diagram of pointed nonabelian co-
homology sets: the map induced by ~; takes an oriented quadratic form to its Clifford
bimodule, together with a direct sum decomposition stable under the action of the cen-
ter; the map induced by c takes a pair of vector bundles .#* and .#~ of rank 2!
to SHom( MY, M) D Hom( M~ , #T @ L). Chasing the diagram around gives the
stated identification. The compatibility of the bimodule structures can then be checked
locally. O

1.5. Orthogonal sums

We will also need an orthogonal sum formula for the even Clifford algebra. Let
(&,q,%) and (&', ¢, %) be quadratic forms over a scheme X and denote by

W0 EREDLY = 6(q), ig: &' ®E LY = 6o(d),
i1: & = €1(q), i & = (),

the canonical &x-module morphisms (3) and (5), respectively.
We define an O x-algebra structure on 6(q) @ 6o(q') %1 (q) ®61(¢') @ ZL" as follows:
by multiplication in %j (for products between elements of the first summand), by the

%o-bimodule action % (between elements of the first and second summands), and by
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the multiplication map m : 41 ® 61 — %o ® £ in Proposition 1.5¢ (between elements of
the second summand) followed by evaluation with .#V. One can check that the map

(@)@ (Eas) LY = Glq) @%(d)® 6 @6(d) LY
v+ )@ (w+w)@f (ivewe fl)el+1eiw @uw @ f))
+ () @i (W) © f —ir(w) @i (V) ® f)

satisfies the universal property of the even Clifford algebra, hence induces an &'x-algebra
morphism 6o(q L ¢') = 6o(q) @ 60(¢") D €1(q) @ €1(¢") @ £V. Via this morphism, there
is an induced %p(q L ¢')-bimodule structure on %p(q) ® 61(¢") © 61(q) @ 60(¢'), and one
can check that the map

EDE — 6o(q) @61(¢) @ €1(q) @ 6o(q)
v+v = i(v) @1+ 1@ (V)

satisfies the universal property of the Clifford bimodule.

Theorem 1.8. Let (£,q,-%) and (&',¢, %) be quadratic forms over a scheme X. Then
the Ox -algebra morphism

©o(q L q') — Glq) @ G(d) @ Gi(q) @G1(d) © LY (8)
and the 6y(q L ¢')-bimodule morphism
¢1(q L q)— G(q) @6(d) ®Ci(q) @ Gold), (9)
induced from the universal properties, are isomorphisms.

Proof. Locally, when . is trivial, these maps agree with their classical counterparts (cf.
[38, IV Thm. 1.3.1]) and hence are isomorphisms. O

2. Total Witt groups and total classical invariants

In this section, we define the notion of total Witt groups and construct the total
classical cohomological invariants on these groups.

2.1. Total Witt groups

One must be careful when working with “total” Witt groups. Fix a scheme X and
denote by W(X,.%) the (quadratic) Witt group of regular .Z-valued quadratic forms
modulo metabolic forms on X. We usually write W(X) = W(X, Ox). Every Witt class
can be represented by a regular quadratic form, see [35, §5].
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We also fix a set P of line bundle representatives of the quotient group Pic(X)/2.
With respect to this choice, we define the total (quadratic) Witt group Wiet(X) =
D ycp W(X,Z). While the abelian group Wioi(X) is only well defined up to non-
canonical isomorphism depending on our choice of P, the cohomological invariants we
consider will not depend on such choices. Definition 2.1 makes this precise.

Most importantly, we will not consider any ring structure on Wit (X) and thus will
not need to descend into the subtle considerations of [13].

Definition 2.1. Fix an abelian group H and group homomorphisms ey : W(X, %) - H
for each line bundle .Z. We say that the system {e¢} is a system of projective similarity
class invariants if for any quadratic alignment A = (4, ¢) between line bundles . and
', there is a commutative diagram

W(X, %) —2~

|

(X gl EJI

of abelian groups. One could axiomatize this notion using the language of morphisms of
functors, together with a compatibility condition with respect to quadratic alignments.

Given a system {eg} of projective similarity class invariants, the combined homo-
morphism

e=®gepey Wit(X) =P o pW(X, &) - H

is well defined and independent of the choice P of representatives of Pic(X)/2. We
call e the total invariant associated with the system {ey} of projective similarity class
invariants.

A reader who is unhappy with this formalism may, for example, simply replace the
statement “e : Wit (X) — H is surjective” by the equivalent statement “for each h € H,
there exists a line bundle . and a class ¢ € W(X,.Z), such that ex(q) = h".

2.2. Rank modulo 2

For each line bundle .#, the rank modulo 2 defines a homomorphism €%, : W (X,.%¢) —
HY (X,Z/2Z). Then {e%} is a system of projective similarity class invariants and there
is a total rank modulo 2 homomorphism

eV Wiot(X) — HY.(X,Z/27).

Denote by I'(X,.Z) C W(X,.%) the kernel of €% and by I} \,(X) = @ y,cp ' (X, .2).
Note that if . is not a square in Pic(X) then I'(X,.%) = W(X, %), cf. [7, Lemma 1.6].
Thus €° has kernel I, (X).
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2.8. Total discriminant

Recall from Proposition 1.2a that the center Z(&, q, %) of the even Clifford algebra
©0(&,q, %) of a regular quadratic form (&,q,. %) is an étale quadratic Ox-algebra.
We call its X-algebra isomorphism class in H}, (X,Z/2Z) the discriminant invariant
d(&,q,2).

Remark 2.2. If 2 is invertible on X and (&,¢,.%) is a regular quadratic form of even
rank n = 2m, then under the canonical homomorphism H'(X,Z/2Z) — H'(X, ), the
discriminant invariant d(&,¢,.%) maps to the class of the signed discriminant module
det & @ (£V)®™ (defined in [57, §4]) of the associated symmetric bilinear form b, cf. [7,
§1.9].

Proposition 2.3. Let (£,q,.%) and (8',q¢,.L) be regqular quadratic forms of even rank
over a scheme X. Then d(q L ¢') = d(q) + d(q') in H}(X,Z/2Z).

Proof. We recall (cf. [38, III Prop. 4.1.4]) that given étale quadratic Ox-algebras 2 and
2", the addition of classes [Z] and [2”] in H} (X, Z/2Z) is represented by the quadratic
étale algebra 2 o 2/, defined to be the &x-subalgebra of 2 ® 2 invariant under the
diagonal Galois action ¢ ® ¢/, where ¢ and ' are the nontrivial &'x-automorphisms of 2
and %, respectively.

Using Proposition 1.5b, we see that restricting the isomorphism (8) to the center yields
an Ox-algebra morphism 2 (¢ L ¢') = Z(q) ® Z(q’), which we claim factors through
Z(q) o Z(¢'). Indeed, for any section v @ v’ ® f of & ® & and 2z ® 2’ of Z(q) ® Z(¢'),
we have that

(vRV'Of) (202') = (v2)R(V-2)®f = (L(2)xv)R(V (2 )*" )R f = (1&)(2@2") (vav'®f)

by Proposition 1.5b,¢, where we suppress the canonical embeddings (3), (5) and the
isomorphism (8). Hence (id — ¢t ® /)% (q L ¢') annihilates & @ & ® £V, hence is zero.
This proves the claim. The resulting &'x-algebra morphism Z(q L ¢') = Z°(q) o Z(¢’)
is Zariski locally an isomorphism by [38, IV §4.4], hence is an isomorphism. O

As a consequence, for each line bundle .Z, the discriminant invariant defines a homo-
morphism ek, : ['(X, %) — H{ (X, Z/2Z). By Proposition 1.2e, {el,} is a system of
projective similarity class invariants and there is a total discriminant invariant homo-
morphism

e' 1L (X) — Hi (X, Z/27).

Denote by I%(X,.%¢) C I'(X,.%) the kernel of el, and by I2,(X) = @ zecpl*(X, ).
Then I2,(X) C ker(e!).
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Remark 2.4. The quotient group ker(e!)/I2,(X) is generated by elements of the form
[£,q,Z]—[&,q,2L"], where both ¢ and ¢’ have equal nontrivial discriminant invariant
and yet . and %’ are in different square classes. This group will be the subject of future
investigation.

2.4. Total Clifford invariant

For a regular quadratic form (&,¢,%) of even rank n = 2m and trivial discrimi-
nant on X, the even Clifford algebra decomposes as a product of Azumaya &x-algebras
60(8,0, L) = 6, (&,q,2L) x 65 (£,q,L) upon fixing a splitting idempotent of the
center Z(&,q, %)= Ox x Ox.

Proposition 2.5. Let X be a scheme with 2 invertible and (&,q,-£) be a regular
line bundle-valued quadratic form of rank n = 2m and trivial discriminant. Then

(6 (&, q.2)] = € (&,q,.2L)] in 1Br(X).

Proof. For m odd, the involution 79 is of unitary type with respect to the center (cf. [7,
Prop. 3.11]), hence induces an isomorphism

Cgo"r (éo? Q7 f) = %O_ ((g()? qa g)op' (10)

Hence it suffices to prove that [63(&,q,.%)] are 2-torsion in Br(X). For this, we can
appeal to the étale cohomological Tits algebra construction of [7, Thm. 3.17].

For m even, the involution 7y is of the first kind and trivial on the center, restricting
to involutions 75 of the first kind on € (&, ¢,.Z) (in particular, they have 2-torsion
Brauer classes). Thus, there exist refined classes 655 (&, ¢,.2), 7i] in HZ (X, po) lifting
the Brauer classes [6;5 (&, ¢,.2)] in oBr(X) and satisfying

[(go+(éavqa$)57(;"_] + [(go_(é‘)7q’$)’7-()_] = cl(gal‘2)v

see [7, §2.8, §3.4], where ¢1(&, pu,) € HZ(X,p,) is the 1st Chern class arising
from the coboundary map of the Kummer squaring sequence. In particular, we have
(65 (&, q,L)] = [65 (&,q,2)] in 2Br(X) since 1st Chern classes are in the kernel of the
natural map HZ (X, psy) — HZ(X,Gy). O

The statement of Proposition 2.5 (and hence of Theorem 2.6, below) should remain
true without the hypothesis that 2 is invertible on X. In the setting of Proposition 2.5,
we will write [655(q)] = [€;5(&, q,2)] for the Brauer class in question.

Theorem 2.6. Let X be a scheme with 2 invertible and (8,q,%) and (&',q', %) be
reqular line bundle-valued quadratic forms of even rank and trivial discriminant. Then

[ (a L d)] = €5 ()] + [€5°(¢)] in 2Br(X).
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Proof. Let e, f be complementary central splitting idempotents of %p(g), inducing an
O'x-algebra decomposition

©o(q) = eolq) x [o(a) = € (q) x €5 (q)

and a corresponding decomposition
i(q) =61(q) e ®61(q)- f=f Ci(g) ©e-6i(q) =€ (0) ©C (q)

making € (q) into a € (¢)-€;" (¢)-bimodule via the €y(¢)-bimodule structure on €, (q).
Local calculations, using Proposition 1.5b, shows that the map in Proposition 1.5¢ in-
duces pairings

T () x (@) = G (9) @ 2. (11)

Similarly, ‘gli(q) annihilates itself via the map in Proposition 1.5¢, ‘Koi(q) and €, (q)
annihilate each other via the multiplication in %y(q), and the €5 (¢)-%; (¢)-bimodule
structure on € (q) induces via the % (q)-bimodule structure on % (q), is zero.

Let €', f’ be complementary central splitting idempotents of %j(¢’), as above. Then
ee +f@f and e® f'+ f ® e’ (via the isomorphism (8)) are complementary central
splitting idempotents of €5(q L ¢’), inducing a decomposition

olgLd)=(e®@e+f@f)C(gLd)x(e@f +f@e)6(qLd)
=% (aLd)xC (@Ld)
A direct local calculation, using the ‘50:F(q)7‘50i (¢)-bimodule structure on ‘Kli(q), the

pairings (11), and the annihilation statements above, establishes the following block
matrix algebra structures:

n_ o (9) @65 (d) ¢ (@)@ C (¢) LY
CKOJF(Q 1q)= <<€1+(;) ® %1"'(;’) ® LV %0_((1) é%_(q’) )

- N_ G () 0% (@) ()6 () oLy
K <<€1+(;)®‘51‘(;')®$V 6 () @ % () )

via the isomorphism (8). The pairings (11) induce morphisms
G (q) = Homez , (67(0): G (q) © L

of € (q)-%,T (q)-bimodules (these are right hom sheaves). Regularity implies that these
are isomorphisms, with respect to which we have @x-algebra isomorphisms

o (a4 L") = Endyr yevs o) (G0 (@) @6 (d) @€ (9) @6 (¢) @ 2Y)
o (L d) = Endet you @) (G (@) @C (@) @€ (9) @€ (d) @ 2Y).
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In particular, ;" (¢ L ¢') is Brauer equivalent to €, (¢) ® €, (¢') and €, (¢ L ¢') is
Brauer equivalent to %, (q) ® %, (¢'). An application of Proposition 2.5 finishes the
proof. O

When 2 is invertible on X, then by Theorems 1.7 and 2.6, for each line bundle .Z on
X, the map [&,q, L] — [6,F(&,q,L)], for any choice of central splitting idempotent,
defines a homomorphism €2, : [*(X,.Z) — 2Br(X). By Proposition 1.2¢, {€%,} is a
system of projective similarity class invariants and there is a total Clifford invariant
homomorphism

e? : I2 . (X) — oBr(X). (12)

Remark 2.7. The invariant e : I?(X) = I*(X,0x) — 2Br(X) coincides with the
classical Clifford invariant map. Indeed, if (&£, q) is a regular Ox-valued quadratic form
of even rank and trivial discriminant then ‘50+ (&,q) is Brauer equivalent to the full
Clifford algebra €' (&, q). See also [7, Thm. 2.10b]. It was already proved in [40] that the
full Clifford algebra yields a homomorphism W (X) — 2Br(X).

3. Surjectivity of the total Clifford invariant

The goal of this section is to prove Theorem A. Recall that an Azumaya algebra o
over a scheme X has Ox-rank d? for a positive integer d called the degree. The period of
&/ is the order of the Brauer class [«/] € Br(X). The index of o7 is the greatest common
divisor of all degrees of Azumaya algebras % such that & ® &nd & = B ® End 2 for
vector bundles & and 2 on X. If X is integral with function field K, the generic index
of o7 is the index of the central simple K-algebra o/x. The generic index divides the
index, with equality if X is regular of dimension < 2. We will assume that 2 is invertible
on X.

3.1. Exceptional isomorphisms

The exceptional isomorphisms of Dynkin diagrams A? = Dy and A3 = D3 have beau-
tiful reverberations in the theory of quadratic forms of rank 4 and 6, respectively. In
these ranks, the reduced norm and reduced pfaffian constructions enable a quadratic
form to be reconstructed from its even Clifford algebra (together with certain data). For
quadratic forms over rings, this theory was initiated by Kneser, Knus, Ojanguren, Pari-
mala, Paques, and Sridharan, see [36,41,42,37,43,44]. Now, a standard reference on this
work is Knus [38, Ch. V]. Over fields, a wonderful reference is [39, IV §15]. Bichsel [14]
and Bichsel-Knus [15] provide an extension of this theory to line bundle-valued forms
over rings. The existing theory over rings immediately generalizes to base schemes when
the corresponding algebraic groups are of inner type (i.e., the case of trivial discrimi-
nant). For an approach over general bases using Severi-Brauer schemes, see [57]. In the
case of general discriminant, the details are worked out in [7, §5].



414 A. Auel / Journal of Algebra 443 (2015) 395-421

We now outline the main results of this theory that we need. For even n = 2m,
denote by PQF; (X) the set of projective similarity classes of regular line bundle-valued
quadratic forms of rank n and trivial discriminant on X. Denote by 2Az4(X) the set of
isomorphism classes of Azumaya €x-algebras of degree d and period 2.

For ease of exposition, and without loss of generality, we can assume that X is
connected. The assignment, sending the projective similarity class of a quadratic form
(&,q,2) of even rank n = 2m and trivial discriminant to the unordered pair consisting
of the O'x-algebra isomorphism classes of the components €, (&, ¢, %) and €, (&,4q,-%)
of the even Clifford algebra (for some central splitting idempotent), yields a well defined
map

PQF; (X) = 2A2Y)_, (X) (13)

where {—}(®) denotes the set of unordered pairs of elements.

For any odd k, denote by 2Azh. (X) C gAzgi) (X)) the subset of pairs of Brauer equiva-
lent Azumaya algebras. For any even k, denote by 9 Azy,. (X) the set of equivalence classes
of Azumaya algebras of degree 2¥ and period 2 under the relation &7 ~ 2% if o = % or
o/ = P°P. Then for even k, there is a canonical injective map 2Azy, (X) — 2Azéi) (X)
given by & +— (o, o/ °P).

For n = 0 mod 4, recall that €, (&, q,.%) is Brauer equivalent to ¢~ (&,q, %) by
Proposition 2.5. For n = 2 mod 4, recall that 6, (&,q,.%) = €, (&,q,-£)°° by (10).
Hence (13) factors through a map

CE PQF,(X) — 9Azhm—1(X). (14)

The main result is that for n = 4 and n = 6, the map (14) is a bijection, with inverse
map realized, respectively, by the reduced norm and pfaffian construction outlined in
[44], [38, V.4-5], [57]. We now proceed to summarize these constructions.

Reduced norm form

In the n = 4 case, given a pair of Brauer equivalent Azumaya quaternion algebras
o/ and £, fibered Morita theory (cf. Lieblich [46, §2.1.4] or Kashiwara—Schapira [32,
§19.5]) provides a &/—%-bimodule &, which is invertible over & and % and is unique
up to tensoring by a line bundle. Descending the reduced norm via étale splittings of
o/ and A, there exists a reduced norm form N (P) = (P,qe, V%), consisting of
line bundle A% and a regular quadratic form ¢ : & — A% satisfying gz (a-p-b) =
Nrd./(a) go(p) Nrdg(b) for sections a of o7, b of £, and p of &, where Nrd, : & — Ox
is the classical reduced norm. Tensoring & by a line bundle induces a projective similarity
of reduced norm forms. Also, & is a ##—o7/-bimodule by composing each action with the
standard involution, giving rise to the same reduced norm form, hence we can freely
exchange the role of & and 4.
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Reduced pfaffian form

In the n = 6 case, given an Azumaya algebra . of degree 4 and period 2, there
exists a vector bundle & of rank 16, unique up to tensoring by a line bundle, and
an Ox-algebra isomorphism ¢ : & ® & = &nd(Z?). The reduced trace, considered
as an element of &nd &/ = &/°P ® of, is mapped via ¢ to an involutory &x-module
endomorphism ¢ : & — 2. The subsheaf Ay (%) = im(idg —1) of alternating elements
with respect to v is a vector bundle of rank 6, as can be checked étale locally. Descending
the pfaffian map via étale splitting of o/ and &2, there exists a reduced pfaffian form
Pf(P) = (Ayp(P), pf », Pfw), consisting of a line bundle Pfp and a regular quadratic
form pfg @ Ap(P?) — Pfp. Tensoring & by a line bundle tensors Ay(Z?) by the
square of the line bundle, inducing a projective similarity of reduced pfaffian forms.
Exchanging & with &/°P replaces 2 by &V and 1 by ¥V, giving rise to isomorphisms
Ay (PV) =2 Ay(P)Y and Pfov = (Pfz)Y (cf. (38, 11 Lemma 9.3.5]) and a projective
similarity of reduced pfaffian forms 2f(Z?) and Zf(2") (cf. [38, 111 Prop. 9.4.2]).

Theorem 3.1. Let X be a scheme with 2 invertible.

a) There are inverse bijections

%5

PQF; (X) 2Azy(X)

N

where A is the reduced norm form construction.
b) There are inverse bijections

PQFE(X) == 2AZ,(X)

where Pf is the reduced pfaffian form construction.

Proof. Given Brauer equivalent Azumaya algebras </ and £, there exists an invert-
ible &/—%-bimodule & such that Z = &ndy(P). Hence for m even (e.g., m = 2),
2AZym—1(X) is in bijection with the set of isomorphism classes of pairs (&7, &), consist-
ing of an Azumaya algebra 7 of degree n and an invertible right «7-module &?. A direct
proof of a can be deduced from [57, Prop. 4.1] (itself a generalization of [15, Prop. 4.5]),
which states that if &7 is an Azumaya quaternion algebra and &2 is an invertible right
of/-module, then 6o( A (P)) = o X Endy(P). By [57, Prop. 4.3], the map 4 is surjec-
tive. Hence .4 and €;° are inverse bijections. This is a generalization of [44, Thm. 10.7]
to the line bundle-valued (trivial discriminant) setting.

A direct proof of b can be given along similar lines. By [15, Prop. 4.8] (which im-
mediately generalizes to general base schemes), if & is an Azumaya Ox-algebra of
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degree 4, & is a locally free Ox-module of rank 16, and ¢ : & ® &/ — End(P)
is an Ox-algebra isomorphism (corresponding to the element [</] € 5Az)(X)), then
Go(Pf (D)) = P X Endgor (). By [57, Prop. 6.1], the map Zf is surjective. Hence
Pf and %Oi are inverse maps. This is a generalization of [44, Thm. 9.4] to the line
bundle-valued (trivial discriminant) setting. O

As a result, we can realize any Azumaya algebra of degree dividing 4 on X as the
even Clifford invariant of a line bundle-valued quadratic form. In particular, if 2Br(X)
is generated by such Azumaya algebras, then the total Clifford invariant is surjective.

Corollary 3.2. Let X be a scheme with 2 invertible. If 2Br(X) is generated by Azumaya
algebras of degree < 4, then the total Clifford invariant

e? : 12 (X) — 9Br(X)
18 surjective.

Note that if X is the spectrum of a field, then 3Br(X) is always generated by quater-
nion algebras by Merkurjev’s theorem, hence the hypotheses of Corollary 3.2 are quite
global in nature.

In the same spirit, we can give a stronger condition sufficient for the surjectivity of the
classical Clifford invariant e, : I?(X) — 9Br(X). First we recall some results from [44].
Let [¢7] € 2Az4(X) have reduced pfaffian form (Ay(2),pf », Pf»), choosing a vector
bundle & of rank 16 such that &7 @ & = &nd &. The class do(&) = [Pf] € Pic(X)/2
is a well defined invariant of o7, see [44, §9, p. 213]. When do(&7) is trivial we say that
o/ has trivial pfaffian invariant.

Proposition 3.3. (See [/, Prop. 3.2].) Let X be a scheme with 2 invertible and o €
9Azy(X). If & has an involution of the first kind then dy(&f) is 2-torsion. Moreover, if
o has a symplectic involution then do(</) is trivial.

We recall that any Azumaya quaternion algebra has a standard symplectic involution,
hence has trivial pfaffian invariant.

Corollary 3.4. Let X be a scheme with 2 invertible. If 2Br(X) is generated by Azumaya
algebras of degree dividing 4 with trivial pfaffian invariant, then the classical Clifford
tnvariant

€% I*(X) = 2Br(X)

is surjective. In particular this is the case if 9Br(X) is generated by Azumaya quaternion
algebras.
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Proof. We first remark that any o7 € 9Az4(X) of index 2 is Brauer equivalent to o/’ €
2Az4(X) with trivial pfaffian invariant. Indeed, if &/ has index 2, then & = &ndz(2)
for an Azumaya quaternion algebra % and a locally free #-module & of rank 2. We
can extend the standard symplectic involution on % to &' = _#2(#), which then has
trivial pfaffian invariant by Proposition 3.3. But & is Brauer equivalent to .«/.

Now, note that the reduced norm form qg : Z — Ox is a regular Ox-valued quadratic
form in I*(X) with e} (A4 (%)) = [#], by Theorem 3.1a. This already proves the
final claim. In general, if & € 3Az4(X) has trivial pfaffian invariant, then there exists
an Ox-valued quadratic form (&,q) in the projective similarity class of Zf(«/). By
Theorem 3.1b, we have that e, (&, q) = [#]. The first claim follows. O

3.2. Brauer dimension results

Now we investigate sufficient conditions under which 9Br(X) is generated by Azumaya
algebras of degree dividing 4. Let X be an integral scheme with function field K. An
Azumaya Ox-algebra & is called an Azumaya division algebra if the generic fiber @ is
a central division K-algebra.

We introduce two conditions on an integral scheme X with function field K:

A Every central division K-algebra of period 2 and degree dividing 4, which is Brauer
equivalent to the generic fiber of an Azumaya Ox-algebra, is isomorphic to the
generic fiber of an Azumaya division Ox-algebra, i.e., restriction to the generic point
9Azq(X) — 2Az4(K) is surjective for d dividing 4.

B Every & € 9Br(X) satisfies index (/) | period(#k)?, i.e., index(ex) | 4.

Condition A is a kind of “purity for division algebras” of period 2 and degree di-
viding 4, or “purity for GL4/pa-torsors” in the setting of Colliot-Théléne—Sansuc [16].
Condition B might be restated loosely as “X has Brauer dimension 2” for classes of
period 2. See [10, §4] for the precise notion of Brauer dimension.

We now prove that under conditions A and B, we get an “unramified symbol length”
bound on the Brauer group, which is stronger than the generation hypothesis needed for
Corollary 3.2.

Theorem 3.5. Let X be a regular integral scheme with 2 invertible. If X satisfies condi-
tions A and B, then oBr(X) is represented by Azumaya algebras of degree dividing 4. In
particular, the total Clifford invariant is surjective.

Proof. Since X is regular, the canonical map Br(X) — Br(K) is injective, see [6] or [26,
Cor. 1.8]. By condition B, for any &/ € 3Br(X), we have that @k € 2Br(K) is Brauer
equivalent to a central division K-algebra D of degree dividing 4. By condition A, there
exists an Azumaya Ox-algebra & whose generic fiber is D, in particular, & has degree
dividing 4. Since [Bk] = [D] = [#k] € 2Br(K), by the injectivity of Br(X) — Br(K),
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we have that [#] = [#/] € 2Br(X). The final claim is thus a direct consequence of
Corollary 3.2. O

We now collect together some necessary conditions under which conditions A and B
hold. Condition A (and more generally, purity for division algebras of any degree) is
satisfied quite generally for schemes of dimension < 2.

Theorem 3.6. Any regular integral scheme X of dimension < 2 satisfies condition A.

Proof. Apply Colliot-Thélene-Sansuc [16, Cor. 6.14] to the reductive group scheme
GL4/ s over X. An alternate proof can be found in [11, Thm. 4.3]. O

Note that for schemes of higher dimension, Condition A can fail, see [3].
As for condition B, it holds in the following cases where the Brauer dimension of K
is known to be 1:

e smooth curves over finite fields (by class field theory),
« smooth surfaces over algebraically closed fields (by Artin [5] or de Jong [20]),

and where the Brauer dimension of K is known to be 2:

o smooth curves over local fields (by Saltman [59]),
o smooth surfaces over (pseudo-)finite fields (by Lieblich [47]).

We can now proceed to prove Theorem A.

Corollary 3.7. Let X be regqular integral scheme with 2 invertible.

a) If X is a smooth curve over a finite field or surface over an algebraically closed field,
then the classical Clifford invariant € : I?(X) — oBr(X) is surjective.

b) If X is a smooth curve over a local field or a surface over a (pseudo-)finite field,
then the total Clifford invariant €* : I2 (X) — oBr(X) is surjective.

Proof. This is a direct consequence of Corollaries 3.2 and 3.4, Theorem 3.5, Theorem 3.6,
and the Brauer dimension results stated above. Note that a was already known for curves
over finite fields by [55, Lemma 4.1] and for surfaces over algebraically closed fields by
[23]. O

We remark that recent results of Lieblich—Parimala—Suresh [48] imply that, assum-
ing a conjecture of Colliot-Thélene on the Brauer—Manin obstruction to the existence
of O-cycles of degree 1 on smooth projective varieties over global fields, condition B
also holds for regular arithmetic surfaces, i.e., regular schemes proper and flat over the
spectrum of the ring of integers of a number field whose generic fiber is a geometrically
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connected curve. Thus Theorem A holds conditionally for regular arithmetic surfaces.
Also, recent results of Harbater—Hartmann—Krashen [28] prove condition B for a wide
class of local curves over complete discrete valuation rings with finite or algebraically
closed residue fields.

3.8. A total unramified Milnor question

We are lead to the following natural question, inspired by our main result.

Question 3.8. Let X be a regular integral scheme with 2 invertible. Assume that the
function field K of X satisfies cda(K) < 3. Is the homomorphism

e? 12 (X) — 2Br(X)
surjective?

A positive answer to Question 3.8 brings a scheme closer to having a positive answer to
an analogue of the unramified Milnor question for the fundamental filtration I2,(X) C
IL (X) C Wit (X) of the total Witt group; see [9, Question 3.1] for a survey of results on
the unramified Milnor question. All schemes appearing in Corollary 3.7 have a positive
answer to Question 3.8.

There are recent examples of Antieau-Williams [2, §7], [1, Example 3.13] of smooth
affine schemes over C of dimension 5 with nonsurjective total Clifford invariant (these ex-
amples actually have nonsurjective classical Clifford invariant and trivial Picard group).
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