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‘We continue the analysis of the weak commutativity construc-
tion for Lie algebras. This is the Lie algebra x(g) generated by
two isomorphic copies g and g¥ of a fixed Lie algebra, subject
to the relations [z,z%] = 0 for all x € g. In this article we
study the ideal I = L(g) generated by = — z¥ for all = € g.
We obtain an (infinite) presentation for L as a Lie algebra,
and we show that in general it cannot be reduced to a finite
one. With this in hand, we study the question of nilpotency.
We show that if g is nilpotent of class ¢, then x(g) is nilpo-
tent of class at most ¢ + 2, and this bound can improved to
c+1if g is 2-generated or if ¢ is odd. We also obtain concrete
descriptions of L(g) (and thus of x(g)) if g is free nilpotent of
class 2 or 3. Finally, using methods of Grébner-Shirshov bases
we show that the abelian ideal R(g) = [g, [L,g¥]] is infinite-
dimensional if g is free of rank at least 3.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Given a Lie algebra g over a field K, with char(K) # 2, the weak commutativity

construction is defined as

x(g) = (g, " | [z,2¥] = 0 for all z € g),
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where g¥ is an isomorphic copy of g and the isomorphism is written as « — z¥. This
is the Lie algebra version of a group-theoretic construction defined by Sidki [16] and
studied subsequently by many authors [1,5,9-11,13].

The study of the Lie algebra construction was started by the author in [12]. There it is
shown that most of the group-theoretic results from the articles above admit an analogue
for Lie algebras, though sometimes the proofs are completely different. For instance, it
is shown that if g has one of the following properties, then so does x(g):

(1) g is finite-dimensional;
(2) g is finitely presentable;
(3) g is solvable and of homological type F Pu.

On the other hand, x(—) does not preserve in general the F P, properties, as we can see
by considering free Lie algebras of finite rank.

Most of the proofs of these results involve the analysis of some special ideals of x(g).
We can define them by nice homomorphisms. Let «: x(g) — g be defined by

alr) = a(z¥) =z,
for all « € g. Similarly, define 5: x(g) — g ® g by

B(z) = (2,0), A(z¥) = (0,x)

for all € g. Finally, p: x(g) — g ® g @ g is defined by:

p(x) = (z,2,0), p(a’)=(0,z,z)

for all x € g. We then define:

L(g) = ker(a), D(g) = ker(B8), Wi(g) = ker(p).

When there is no risk of ambiguity we write simply L, D and W.

One can show that [L, D] = 0 for any Lie algebra g. It follows then that W is an
abelian ideal of x(g), since clearly W = L N D. Tt is not completely clear though when
W is finite-dimensional. It is shown in [12, Thm. 1.2] that this is the case if g is finitely
presented (or, more generally, of homological type FP) and g’/g” is finite-dimensional,
but the converse is not true: if g is free of rank 2, then W = 0 (by Theorem 1.6 and
Proposition 7.3 in [12]), but g’/g” is of infinite dimension.

In this article we focus on L(g). We start by describing a finite generating set for it as
a Lie algebra, for any finitely generated Lie algebra g. We write then a presentation for
L(g) in terms of these generators. This is Theorem 3.8 and the remarks following it. We
do not state it here completely because that would require introducing a lot of notation.
The set of generators is
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{CC - xwv [.’L’, y] - [m,y]w}z,y,

where x and y run through a generating set for g, and defining relations come from some
manipulation of the identity

[Q? - x¢7 [y - yw7 Z = Zw]] = [LL‘, [y, Z]] - [mw7 [ywﬂ Z¢H’ (1)

which holds for all z,y, 2z € g.
Even if g is finitely presented, our presentation will be in general infinite. This is
expected: L(g) is not finitely presented if g is free of rank at least 2 (see Proposition 3.9).
What makes this presentation interesting is that it helps when performing computa-
tions on L(g), and since x(g) ~ L x g, this allows us to obtain results on the structure
of x(g). We used this to study the question of nilpotency.

Theorem 1.1. Suppose that g is nilpotent of class c.

(1) If ¢ is odd, then x(g) is nilpotent of class at most ¢ + 1.
(2) If c is even, then x(g) is nilpotent of class at most c + 2.

This should be compared with the article of Gupta, Rocco and Sidki [9], where the
nilpotency of the group-theoretic construction is studied. There it is shown that if a
group G is nilpotent of class ¢, then x(G) is nilpotent of class at most maz{c+2,d(G)},
where d(G) is the minimal number of generators of G.

Another consequence is that we were able to obtain a concrete description of x (1, ),
where n,, . is the free nilpotent Lie algebra of class ¢ and rank m, for ¢ = 2 or 3.

Corollary 1.2. If b = n,, 2, then L(h) is free nilpotent of rank m + (TQ") and class 2. In
particular, we have

dimx(h) = 2k + (’;)

where k =m + ("), and x(b) is nilpotent of class exactly 4 if m > 3.

Corollary 1.3. If h = n,, 3, then L(h) is a central extension of Km(3) by Ny g @ ()0
),
In particular, x(h) is nilpotent of class exactly 4.

The dimension of x(n,,,3) can be computed directly by the proposition above together
with Witt’s dimension formula.

The weak commutativity construction is intimately connected with non-abelian ten-
sor products or, more specifically, with non-abelian exterior squares of Lie algebras (as
defined in [6,7]). In fact, there is a quotient of W(g) that is isomorphic to a certain
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distinguished ideal of g A g, which in turn is isomorphic to the Schur multiplier Hy(g; K).
The ideal of x(g) realizing this quotient can be defined as follows:

R =R(g) = [g,[L,g"]] € W(a).

The isomorphism between W/R and the Schur multiplier of g is proved in [12, Thm. 1.6].
As it turns out, R(g) = 0 very often. Sufficient conditions for that are: g is abelian, g
is perfect, or g is generated by two elements. The unique examples that we had where
R(g) # 0 were obtained with the aid of GAP [8].
From Corollary 1.2 we obtain:

1
dimR (N, 2) = ﬂ(?,m4 —2m® — 15m? + 14m),
which grows with m and is non-zero for m > 3. Interestingly enough, we have
dimR(Ny,,2) = dimR(n,, 3)

for all m.

We do not have versions of Corollaries 1.2 and 1.3 for higher nilpotency classes. The
reason for this is that some defining relators of L(g) (those written in (2) in the text)
are automatically trivial when g is nilpotent of class at most 3, but not otherwise. Thus
we do not think that we can write such a concrete description of L(n,, 4), for instance.

Finally, using the concept of Grébner-Shirshov bases applied to the presentation of
L(g), we deduce the following.

Theorem 1.4. If g is free non-abelian of rank at least 3, then R(g) is infinite-dimensional.

We obtain from the theorem the first example of a finitely presentable Lie algebra
with W(g) of infinite dimension. A proof that the analogue of Theorem 1.4 also holds
for groups has been announced by Bridson and Kochloukova (see [5, Question 5.3]).

Grobner-Shirshov bases are designed in a way that we can in theory find a basis of
a finitely presented Lie algebra, but in our case we only deduce that a carefully chosen
infinite subset of R(g) is linearly independent.

The following corollary is immediate.

Corollary 1.5. If g is free non-abelian of rank at least 3, then x(g) is of infinite cohomo-
logical dimension.

2. Preliminaries

Let N denote the set {1,2,3,...} of positive integers. We fix a field K, with char(K) #
2, and consider only Lie algebras over K.
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We will use the convention of right-normed brackets, that is:

[.’Ifl,flfg, . -;mnflaxn] = [mla [SCQ, R [xn71>xn] . ]]

for any elements x1,...,x, of a Lie algebra.

For any subset X of a Lie algebra g, we denote by (X) (resp. ((X))) the subalgebra
(resp. the ideal) of g generated by X. The universal enveloping algebra of g is denoted
by % (g).

Let g be a free Lie algebra of rank n. Denote by 7;(g) the k-th term of the lower
central series, that is, v1(g) = g and v,4+1(9) = [g,7%(g)] for all k. Witt’s dimension
formula ([4, Thm. 3(I1.3.3)]) tells us the dimension of the successive quotients of this
series:

dim(yk(9)/Yk+1(0 Z p(d)n*/4),
d|k

where p is the Mobius function. Notice that we can use this formula to compute the
dimension of the free nilpotent Lie algebra of class ¢ on n generators.

2.1. Homology of Lie algebras

The homology of a Lie algebra is defined in terms of its universal enveloping algebra.
For a g-module A, we put

H(g; A) = Tor” (A, K).

We notice that if g is a finitely presented Lie algebra, then the trivial % (g)-module K
admits a free resolution that is finitely generated up to degree 2. From this it follows
that the homologies H;(g; K) are finite-dimensional for ¢ < 2.

For a short exact sequence h — g — q of Lie algebras and a % (g)-module A, there is
a Lyndon-Hochschild-Serre (LHS) spectral sequence

E}, = = Hy(q; Hy(h; A)) = Hpiq(9; A),

p,q

which is convergent and concentrated in the first quadrant. As usual, the differential d”
of the r-th page has bidegree (—r,r — 1). If A = K is the trivial % (g)-module and b is
a central ideal of g, then the associated 5-term exact sequence can be written as

Hy(g; K) = Ha(q; K) — b — Hi(g; K) — Hyi(q; K) — 0.

For details see [17, Chapter 7], for instance.
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2.2. Grobner-Shirshov bases

We recall here briefly the theory of Grébner-Shirshov bases, following the exposition
in [3]. The original arguments are due to Shirshov [15], and the modern approach was
initiated by Bokut [2].

Let g be the free Lie algebra with free basis X = {x1,...,z,}. Associative words with
letters in X are ordered lexicographically with 1y > --- > x,, and u > v if w is a initial
subword of v. One of such words w is regular (or a Lyndon-Shirshov associative word) if
w = wv implies uv >, vu, for non-trivial subwords u,v. A non-associative word [w] is
regular (or a Lyndon-Shirshov non-associative word) if the associative word w obtained
by removing all brackets is associative regular and:

(1) If [w] = [u][v], then both [u] and [v] are non-associative regular, and
(2) If [w] = [[u1][uz]][v], then ug <jep v.

For any regular associative word w there is a unique bracketing (w) that is non-associative
regular, and the set of all non-associative regular words is a basis of the free Lie algebra
[14]. For short we will also call these words monomials.

Let d: X — N be any function. Consider its extension to the set of regular associative
words:

d(acil . ".”L'Z‘m) = d(l‘il) + ...+ d(acim).

We say that d(w) is the degree of w. We consider the weighted deg-lex ordering on the
set of associative regular words: w; < ws if d(wy) < d(ws), or if d(w1) = d(ws) but
w1 <jex wo. The degree function and the associated ordering can be considered also for
non-associative regular words via the bijection given by the unique bracketing.

Any f € g may be written as a linear combination of regular non-associative words.
We denote by f the highest (with respect to the weighted deg-lex ordering) correspond-
ing regular associative word appearing with non-zero coefficient. We say that f is the
associative carrier of f. If the coefficient of f in f is 1 € K, we say that f is monic.

Suppose that f,g € g are monic and satisfy f = ab and § = be for some associative
words a,b,c. Let u = abc. Notice that u is regular. As in [3, Lemma 2.11.15], we can
consider two special bracketings [u]; and [u]y for the word w such that [u]; extends
the regular bracketing (f) of f and [u], extends the regular bracketing (g) of g, and
[ul, = [u], = u. )

Let uy and us be the elements of g obtained by from [u]; and [u] by substituting (f)
and (g) with f and g, respectively. The first-order composition (f,g)L of f and g with
respect to u defined as

(f7g)£ = U1 — U2.



282 L.A. de Mendonga / Journal of Algebra 564 (2020) 276-299

Similarly, suppose that g is a subword of f for some monic elements f,g € g. Again
by [3, Lemma 2.11.15] we can find a bracketing [u] of u = f that extends the regular
bracketing () of g, and [u] = u. By substituting (§) with ¢ in [u] we obtain an element
f« of g. The second-order composition (f,g) of f and g is

(fag)il =[—f«

A subset S C g is reduced if all its elements are monic (that is, the monomial associated
to § has coefficient 1 for all s € S) and if no second-order composition can be formed
between two of its elements.

Finally, a Grébner-Shirshov basis of an ideal I C g is a reduced set S C g such that
I = ((S)) and such that if f,g € S define a first-order composition with respect to some
word u, then

(f7g>£ = Zfia
i=1

where each f; lies in ((s;)) for some s; € S and fi<uforl<i<m.

Theorem 2.1. [3, Lemma 3.2.7] Let S be a Grobner-Shirshov basis of the ideal I C g and
let feg. If f €1, then f contains § as a subword for some s € S.

Remark 2.2. In [3] (and in Shirshov’s article [15]) it is assumed that the monomial
ordering is the usual deg-lex, that is, d(x;) = 1 for all 4. The proofs, however, carry
to our setting because the weighted deg-lex ordering is admissible, i.e. uv < v implies
aub < avb for all a,b, and has the descending chain condition.

If S C g is a finite homogeneous set (in the sense of the degree function d defined
above), then we can decide if a certain fixed element f € g belongs to the ideal generated
by S as follows. First, multiplying by elements of K we can assume that S is monic.
Then we reduce S, that is, if s1,s9 € S and 57 is a subword of s3, then we can find some
S0 € {{s1)) with sp = 52 and then substitute sy with ss — sg in S. This decreases the
element in the weighted deg-lex ordering, so after finitely many steps we reach a reduced
set S’ that generates the same ideal as S.

Now we complete S’ in the following sense: we take all compositions between elements
of S’, add them to the generating set, and then reduce again as in the previous paragraph.
We repeat this process until we reach a reduced set S such that all compositions
between elements of S(™ are either an element of S(™, or of degree greater than the
degree of f.

If f does not contain 5 as a subword for some s € S, then f ¢ ((S(™)). Otherwise
we can find some fo € ((S(™)) such that f, = f, and the problem is reduced to deciding
if f — f2 (which is smaller with respect to weighted deg-lex) lies in this ideal.
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3. A presentation for L(g)

We recall that for any Lie algebra g the weak commutativity construction is defined
as

x(g) = (g,9" | [z,2¥] = 0 for all = € g),

for g¥ an isomorphic copy of g via x + x¥. The ideal L(g) is the kernel of the homo-
morphism a: x(g) — g defined by a(z) = a(z¥) =z for all z € g.

Let g be the free Lie algebra with free basis x1,...,Z,. In this section we deduce a
presentation for the Lie subalgebra L(g) C x(g). The following lemma will be used often.

Lemma 3.1. Let u,v,w € g. Then:
[u—u¥ v — ¥, w—wY] = [u,v,w] — [u,v,w]’.
Proof. Recall that the following identity holds in x(g):

[z,y%] = [z¥, 9]

for all x,3 € g. This can be deduced from the defining relation [z — y, (x — y)¥] = 0.
Furthermore, we have

[l‘ - x¢7 [yv Zw“ =0

for all z,y, z € g, which is deduced as in [12, Lemma 3.2]. It suffices now to compute the
brackets on the left-hand side of the equation and apply these identities to obtain the
desired result. 0O

First, let us find a nice generating set for L = L(g). Recall that L is generated as a
Lie algebra by the elements u — u?, with u € g ([12, Lemma 3.1]). By linearity we can
further assume that u is a (right-normed) bracket involving the generators z1,...,Zy,.
Using Lemma 3.1 we can rewrite any such u — u¥, where u has length at least 3, as a
product of terms of smaller length. More concretely, if u = [2;,,...,2; ] and n > 3, then:

i1 n in

{[zh:ﬁ” R ] *xw] if n is odd,

[z — J:;ﬁ, ey Ty — xiﬂ, [T, w0, — [T,y s i, ] if n is even.

This tells us that the elements z; — xip and [x;, ;] — [z, xj]w for 1 <14 < j < m generate
L as a Lie algebra.
We introduce the notation:
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for 1 <4 <m and

bij = [wi, z5) — (i, 25]"

for 1 <i < j < m. For convenience we set EH =0 and Bi,j = fl;j,i foralll1 <j<i<m.

In the next two lemmas we deduce some relations among these generators. They all
come from suitable interpretations of the identity of Lemma 3.1. We will show later that
they actually form a full set of relations for L with the generators that we chose.

Lemma 3.2. For any i, 7, k,l, we have:
[a, dj»l;k,l] = [a;, Ej,zm ) + (@, g, Ej,l]
Proof. We use Lemma 3.1, the Jacobi identity and then Lemma 3.1 again:

[, i, brg) = [z — —a¥ [z, 1] — [og, 7)Y

xl,x],xk,xl] [T, 25, Tp, 7)Y

T; [xj,xk] xy) — [mi,jxj,xk],xl]w + @iy Tk, T, 1] — [T, 28y T4, 2]
bjk, 1) + (s, ax, by,

[
= |
=
= la,

as we wanted. O

Lemma 3.3. Let n > 1 be an odd integer and let u; be either some a; or some l~)j7j/, for
all i. Then:

[ul,...,bjd'/,...,I;k7k/,...,un] = [ul,...,[&j,dj/],...,[&k,&k/],...,un

and

[ula .. 'abj,j'7 cee 7“1’172,&1’7,717&77,] = [U/l, ey [&ja&j’]a .. -7un727bnfl,n]-

Proof. Notice that Lemma 3.1 actually gives a way of writing any right-normed bracket
of odd length involving elements of the form v — v¥ as a single element of this same
form. It suffices then to apply this reasoning to each of the brackets in the statement of
the lemma and verify that the two sides of each equation actually reduce to the same
element. O

Define £ as the Lie algebra generated by the symbols a; and b; ;, for 1 <i < j <m,
subject to the relators as in Lemmas 3.2 and 3.3 (without the tildes), that is,

r = [ai,aj,bk1] — [a;, bjk, a1] — [ai, ag, bj ] (2)

for all 4, j, k, [,
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r=(ur, .5 b U] — U, [ag, a5, Ak, are], - ) (3)
for all u; € {at, bs+}s¢, all indices and n > 3 an odd integer and

r={U1,...,bj 0 Un—2,n_1,0pn] — [U1,...,[aj,aj],. .., Un—2,bp_1 ], (4)
for all u; € {at,bs,}s,, all indices and n > 3 an odd integer. Again we are using the
convention that b; ; = —b;; and b;; = 0, so that all expressions above make sense. We

will show that . ~ L(g).

Lemma 3.4. The following formulas define an action of g on £ :
1
Ts - Q; = 5([%, a;| + bsi)
and
1
Ls biaj = 5([asabi7j] + [asvai7aj])a
for all s,i,7.
Proof. Let F' be the free Lie algebra on a;, b; 4, for 1 < i < j < m. It is clear that
the formulas above give well-defined derivations Ds: F' — F. To see that they induce
derivations D;: £ — % we need to verify that the relations are respected.
First notice that
1
Ds([ai, aj,br]) = 5([as,ai,aj,bk,l] + [bs,is aj, bet] + [ai, bs j, bra] + [ai, aj, as, ag, ar).
Modulo relators of type (3) we have
[bsm aj, bk,l] = [[a87 ai]v aj, Ak, al]
and
[ah bs,j; bk,l] = [ai7 [a87 a’j]a ag, al]a
thus
1
DS([ai7 aj7 bk,l]) = 5([0/87 i, aj7 bk,l] + [asa A;, a/j7 A, al])'

It becomes clear from this expression that for

r= [ai) aj7bk,l] - [a'ia bj,khal] - [a‘ia Ak, bj,l] S F7
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the image D;(r) is a consequence of the defining relators of ..
Now let

To1 = [ul,...,ij/,...,bk,k/,...,un]

T92 = [ul,...,[aj,aj/],...,[ak,ak/],...,unL

with n > 1 odd. We need to verify that Dy(ra; — 722) is a consequence of the defining
relators of .. We compute each D(r9;) by applying the derivation property. Notice that

1
Ds(’/‘zl) — 5[0,5,7‘21] = 5([111, ey [as,aj,aj/], . ,bk7;€/, e ,un]

b as as ar], - un] + A),
where A is the sum of the terms
[’U,l, .. .,2D5<’U,i) - [as,ui],. . '7bj,j’7- . '7bk:,k'7 ey Up

with ¢ #£ j, k. Similarly we have:

1 1
Ds(r22) - E[asa”"?Q] = 5([’“17' ) [bs,jaa/j’] + [aj7b87j'}7' ) [akha;q]? .. '7un]

+ w1, ..., [aj,a5], ... [bsks arr] + [k, bs ]y - - .y upn] + B),

where B is the sum of the terms

[u1,...,2Ds(u;) — as, wil, ... [aj,a5], ..., [ak, ar], . . ., Up]

with i # j, k.

Now notice that each of the terms of Dg(rag) — %[as, ro9] can be transformed into the

respective term of Dy (r21) — [as, r21] modulo a relator of type (3) or (4) (or that after
an application of the Jacobi identity). We recall that n is an odd integer to begin with,
so all brackets have length n or n + 2 and the application of the defining relators is licit.

Thus

Dy(rg1 — r22) = las, 721 — ra2] =0,

N =

where the congruence is taken modulo the defining relators of .Z. The proof for a relator
of type (4) is completely analogous, so we omit.

Finally, since each Dy: & — % is a well defined derivation and g is free, the associ-
ation z; — Dj defines a Lie algebra homomorphism g — Der(¥¢), that is, an action of
gon Z. O
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We will abandon the notation Dy for these derivations; we will simply write z; - £ to
denote the action of Dy on some £ € . We may consider the semi-direct product .Z x g
defined with respect to this action, so that xs - £ is identified with [z, ] for all £ € Z.

In order to prove that £ ~ L(g), we first deduce some formulas for the action of g on
Z. For instance, we have this nice formula for the action of long right-normed brackets
involving the generators of g on the generators of .Z.

Lemma 3.5. For alln > 2 and for any u € {a;,b; ;} we have:

[y ey, - u= —%([u, Qiyyeons @iy |+ [Uyaiys .o yai, 5,00 i ])
Proof. This can be proved by induction on n. The formulas are easily verified for n = 2.
For n > 2 we use the following fact: if a and § are derivations of a Lie algebra L, and
B(x) = [z,b] for some b € L and for all z € L (that is, 8 is inner), then [a, 8](z) = [z, a(b)]
for all z € L.

In order to use the induction hypothesis, we write

[.731'17 PN ,Jiin] = [:Cila [.731'2, . 7%‘1‘“’]].
The derivation associated to [z;,,...,; ] is inner and the multiplying element is given
by the statement. Thus
1
[@irs s @i ] u = =Sl i - ([, a0, ]+ @i Qa0 b ia])]

for all w.
By computing via the derivation property, we actually obtain

Ty ([@igy -y @i, )+ @iy ooy Uiy 00 ]) = @iy @, @iy, oy, b, ]+ s

modulo the defining relators of .Z, where s in an element such that [u,s] is a defining
relator of .Z for all u € {a;,b; ;} (in other words, s is central). This gives the desired
result. O

Analogously to Lemma 3.1, we have a nice way of writing some long brackets of .Z.
Lemma 3.6. We have:

[xila"'vxin]_[a/h,.-.,afin] lfTZZS Odd7

@iy os @iy ] = [Qiyy oo Qi oy Diy i) if n is even.

[$i1 — Qjyy o5 Ty, — ain} = {

Proof. We prove it by induction on n. If n = 1 this is clear. If n > 1 is even, then by
induction hypothesis we have
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[Tiy — @iyye ooy, — i, ] = [Ty — Qiyy [Tigy oo Tiy ] — [Qiny -+ a0, ]

By Lemma 3.5 we have

—laiy, [Tiyy - w4, ]] = —5([%’ v @i+ ag, s a, b ) (5)
Also:
1 mn
_[xilv [a'i27 e 7a’in]] = _5([ai1) e 7ain] + Z[ai27 ttt bihij?' tt a‘in])' (6)
=2

By relations (2) and (4) it follows that

n
Z[aifzv ceey bi1,ij7 ceey ain] = [a‘ilvaiz? sy iy g bin—luin]’
j=2
Finally, by summing (5) and (6), we get

[xil —Qjyye e T, — a’in] = [xim' .. ’:L.i”n,} - [aiw' s Qo bin—l,in]a

as we wanted.
If n is odd we have similarly

[Iil = Qjyy -5 Ty, — ain] = [mil = G4y, [xiza s ’xin] - [ai27 EEREY () bin—hin]]'

This time we have:

S IS S | (S
n—2
+ Z[aiz, e bil,ij e ain727bin71yin}
j=1
F [Qigy e ey iy gy @iy Qg5 GG ]) (7)

Now, by relations (3) we get
n—2
E [aizv LR bi17ijﬂ s ain—27bin—1¢in} + [aizv sy Qi aiuain—uain] = [aiu sy Qe
Jj=1

Thus by (5) and (7) we get the result. The proof is complete. O

Let .# be the set of right-normed brackets involving x1, . .., Zy,. Foru=[z;,,...,2; | €
M, with n > 2, denote
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[aiy s a; ] if n is odd,
p(u) =

@iy ey @iy g bi 1] if n is even.

Similarly, let:

[y @iy 5y bin 1] if1is odd,
§(u)—{ noR et

[@iys---sai,] if n is even.
By Lemma 3.5, for u = [2;,,...,2;, ] with n > 2, we have:
w =~ 10 () + €(w)
for all ¢ € Z.
Remark 3.7. If g is free on 1, ..., z,,, then by linearity a full set of relations for x(g) is
given by:
[u,v¥] = [u¥,v]
for all right-normed brackets u, v involving the generators x1, . .., Z,, (including the case
u=0).

Theorem 3.8. Let g be free on the set {x1,...,2m}. Then x(g) ~ % % g.
Proof. Define

o: ¥ xg— x(g)

o(x;) = x;, o(a;) =z — xqf, o(bi ;) = [zi, 5] — [xi,acj]w.

By choice, this is a well-defined surjective homomorphism of Lie algebras.
Similarly, define

0: x(g) > L g
by
0(x;) = x, 9(3:;/}) =x; — a;.

We need show that 6 is well-defined. We will verify that the relations as in Remark 3.7

are preserved.
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Let u,v € . If uw and v have length 1, say u = z; and v = z;, we can see directly
by the definition of the action of g on .Z that [z;,a;] = —[a;,z;], which implies that
[0(w), 0(v¥)] = [0(u?), 0(v)].

So suppose that v has length at least 2. By Lemma 3.6 we have

[0(u), 0(v*)] = [u, v = p(v)] = [u,v] = [u, p(v)].

If u = x; has length 1, this reduces to [z, v] — [z, p(v)] and we have on the other hand:

[H(Uw),H(U)] =[xt — a,v] = [24,0] — [az,v].
Now write v = [z;,,...,2;,]. If n is odd, we have:
1 n
[mta ,U'(U)] = [mt, [ai17 ceey ain]] = 5 Z[aiw ceey [ata aij] + bt,ija- .. 7ain]'
j=1

For 1 < j <n — 2, as a consequence of relation (4) we have

[ah, .. ~7bt,ija .. .70,1‘”] = [ail, ey [at,aij}, - 7(11-"72,3)2»"71,2‘”].

Also, by relation (2) we have:

[ain tey ain727bt5in717a/7fln] + [aiu te ain727a7;n71’bt7in] = [ah y ooy Qi gy Gty binflgin]

Thus:

oo ()] = 5 (e aiy, 00, + a0y, sai, b)) = gla p(o) + E()]

This coincides with the formula given on Lemma 3.5 for [as,v], so [0(z;),0(v?)] =
[0(2"),0(v)]. The same reasoning gives the result if n is even, but we use the relations

Finally, suppose that both « and v have length at least two. Since u(v) € £, we have
by the comment above the theorem:

[0(u), 0(v)*] = [u, v] — [u, u(v)] = [u, v] + %[M(U)M(U) +&(u)]-

By looking similarly at [#(u¥),f(v)], we see that in order to show that the relation
[u,v¥] = [u¥,v] is preserved by 6, we need only to verify that

for all w,v. But this is an instance of relation (4), after opening up the brackets as
right-normed ones (note that [u(u),&(v)] is always a bracket of odd length).
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Thus 6 is well defined and clearly 00 = id and foo = id, that is, # is an isomorphism
of Lie algebras. 0O

By restriction we get an isomorphism L(g) ~ &.

In general, if b is the quotient of the free Lie algebra g by an ideal N, then x(b) is the
quotient of .Z x g by the ideal generated by (N U N¥), where 6 is the homomorphism
defined in the above proof. Clearly §(N) generates a copy of N inside g. On the other
hand, if » € N, then

o) = v = p(r)

where p is extended by linearity (or pu: g — £ % g is defined as p = inc — 0| 4u, where
inc: g — £ x g is the obvious inclusion). It follows that x(h) = (£/J) x b, where J is
the ideal of x(g) generated by u(r), for all € N. This gives implicitly a presentation
for L(b).

This presentation of L(g) is of course infinite. For a free non-abelian Lie algebra g in
fact L(g) does not admit a finite presentation.

Proposition 3.9. If g is free non-abelian, then L(g) does not admit a finite presentation.

Proof. It suffices to show that Ha(L(g); K) is infinite-dimensional. Suppose, on the con-
trary, that it is of finite dimension. Recall that W/R ~ H(g; K). In particular W = R
if g is free. By analyzing R in terms of the generators of ., it becomes clear that
R C [L, L]. In particular, L® ~ p(L)®. Now, the 5-term exact sequence associated to
the LHS spectral sequence arising from R — L — p(L) reduces to

Hy(L; K) — Hs(p(L); K) = R — 0.
By [12, Lemma 5.5], the homology H>(p(L); K) is infinite-dimensional. Thus R is infinite-

dimensional (we are under the hypothesis that Hs(L; K) is finite-dimensional).
Now, consider the spectral sequence itself

Ep g = Hy(p(L); Hy(R; K)) = Hyyq(L; K).
Notice that Ef, = ET5. Indeed, the differentials involved are d ;: Efl — E?,, and
diy: E3 g — E} . Clearly E2 | , = 0, but also E3 = Hs(p(L); K) = 0, since p(L) C gbg
(thus cd(p(L)) < 2). Then Ef ; = E? | = Ef9. But:

E}, = Hi(p(L); Hi(R; K)) ~ p(L)* ®k R,

since p(L) acts trivially on R. Thus, if R is infinite-dimensional, then so is E79, and
finally so is Ho(L; K). This is a contradiction. 0O
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Remark 3.10. Notice that if g is free of rank 2 the conclusion was more immediate: W =
R =0, s0 L~ p(L), and we already knew that Hs(p(L); K) was infinite-dimensional.

4. Nilpotent Lie algebras

If b is abelian, then x(h) is completely described in [12, Prop. 7.1]. We consider here
nilpotent Lie algebras of class ¢ > 2. We will show that if § is nilpotent of class ¢, then
x(b) is nilpotent of class at most ¢ + 2.

Denote by n,, . the free nilpotent Lie algebra of rank m and class c. By the comments
in the previous section, we can obtain L(n,,.) by taking the quotient of £ ~ L(g)
(where g is free of rank m) by the ideal generated by the elements p(u), for brackets u
of length at least ¢ + 1 involving the generators of g.

Consider the generators a;, b; ; of .Z. Define

d(al) = 17 d(bl,J) = 27

for all ¢ < j. For a right-normed bracket £ = [¢1,...,£,] involving some of these genera-
tors, we define the degree d(¢) of ¢ as

Now we are ready to determine the (class of) nilpotency of x(h).

Theorem 4.1. Suppose that b is nilpotent of class c. Then x(h) is nilpotent and its nilpo-
tency class is bounded by the smallest even integer greater than c.

Proof. Clearly we can assume that b is free nilpotent of class ¢, so that all the comments
above the theorem make sense. Suppose that we want to show that x(h) is nilpotent of
class n, where n may be ¢+ 1 or ¢+ 2 depending on the parity of c. Let x1,...,z,, be a
set of generators for h. It is enough then to show that

On+1 02 61] -0

w=[z;"T, . T, T

for all 1 < i; < m and 6; € {id,¢}. Clearly if 6; = id for all ¢, then w = 0. Similarly,
w = 0 if §; = ¢ for all i. We can assume without loss of generality that 6; = id. Let
k = min{j | 6; # id}. Since [$i:1’ik717~-~7$i1} € D and [D, L] =0, we have

_ P
w = [xin+1,...,xiHl,xik,xik_l,...,xiz,xil}.

It follows by induction on k that w is a linear combination of terms of the form

[T 0se - ,xh,x;{], for some 1 < j; < m. Indeed, this is clear if k = 2. If £ > 2, by

the Jacobi identity we have:
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— [ ) ) (LR ) .
w = ['Tln+17 s Ly Lig 1y Ly s Ligg_gy -+ -5 Ligy xn]

+ [-%,Hru s Ty [x;i7xik—1]7‘rik—2’ cee 7xi2>$i1]' (8)

By induction hypothesis we can rewrite the first term on the right-hand side of the
equation above in the form we want. By antisymmetry the second term is

[xin+1 s Lig gy [mik727 <o Lig, xil]? [xikq ) x;i]],

which can be rewritten by the Jacobi identity as a linear combination of terms of the
form

P
[xin+1a cee axik+1axo’(ik_2)7 e 7330-(7;2), xo’(il)a Tip_19 xzk]

for some permutations ¢ € Si_o. All of this means that x(h) is nilpotent of class n if
w= [xinﬂ,...,a:iz,x;ﬁ] =0

forall 1 <i<m.
Now we interpret this in terms of the isomorphism 6: x(h) — (£/J) x h. We have:

e(w) = 0([xin+17 cee axiwxg}l]) = [min-uv' sy Ly Ty — ail] = 7[1,1-71,-%—17' .. 7xi2aai1]a

since [2i, ., .., Ty, 23| = 0. By induction we see that —[x;, ,...,24,,a;] is a linear
combination of brackets ¢ = [¢1,. .., ¢], involving the generators of .Z, with d({) = n+1.

Finally, we consider the parity of ¢. If ¢ is odd, we are trying to prove that x(h) is
nilpotent of class ¢+1, that is, n = c¢+1. Given a bracket £ = [¢1, ..., {;] with d(£) = c¢+2,
we can use the defining relations of .Z to rewrite it as a linear combination of elements
of the forms

[ail, .. .,aiCJrz]

and

[a‘il yoe ey @y bic+17ic+2]'
Notice that it essential the fact that ¢ + 2 is an odd integer, otherwise we would not be
able to get rid of brackets of the form
[bihiz’ Qigy e vy Qi bic+17ic+2]'
Now, as observed before, p(u) is trivial in & for any u a bracket involving the
generators of h with length at least ¢ 4 1. In particular, for u = [z;,,...,2;_,] and

V= [Tigy .., Ti o] We get
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:u(u) = [ain s 7aic+17aic+2]

and

p,(’l)) = [aizv sy Qg bi(:+17ic+2]'

Clearly pu(u) = 0 and p(v) = 0 for all u and v of those forms implies that ¢ = 0. Thus
x(b) is nilpotent of class at most ¢ + 1.

Similarly, suppose that ¢ is even. Now we want to show that x(h) is nilpotent of class
at most n = ¢+ 2. Once again n+ 1 = ¢+ 3 is an odd integer, so as before we only need
to show that brackets of the forms

[ai1 IR aic+3]
and
[ail yeee s Qicyqs bic+27ic+3]
are trivial. The same argument works here: the fact that p([z;,...,2;,,]) and
(@i, -, xi,]) must be trivial in £ is enough to guarantee what we want. In this

case the proof works to show that h must be nilpotent of class at most n = ¢+ 2, as we
wanted. O

These bounds are sharp in the generality of the statement of the theorem, as we will
see in the next section. We can, however, obtain a sharper result for 2-generated Lie
algebras by a very simple argument.

Proposition 4.2. If ) is 2-generated and nilpotent of class ¢, then x(h) is nilpotent of
class ¢+ 1.

Proof. As in the proof of the theorem, it is enough to show that right-normed brackets
of the form
w = [Ty, ... ,:cic+1,x¢

iey)

are trivial. Now, by [12, Section 7] we know that R(h) = [h, L(h), h¥] = 0 whenever b is
2-generated. In particular,

[, v, w“’b] = [u, ¥, ww]

for all u,v,w € h. But then, by induction, we have:

— [, Y P _ — [y ¥ P » _
w = [Ty, ... ,xlc,xic+1,xic+2] =... =[xy, 2], ,xic+1,xic+2] =0,
y " N Y
since [ ,...,2; aricﬁ] is trivial in h¥. O
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5. Examples

For the classes of nilpotency ¢ < 3, we can actually get from the proofs in the previous
sections a concrete description of x(n;, ¢).

5.1. Free nilpotent of class 2

Corollary 5.1. If b = ny,, 2, then L(b) is free nilpotent of rank m + (%)) and class 2. In
particular, we have

dimx(b) = 2k + (S)

where k =m + (y), and x(b) is nilpotent of class exactly 4 if m > 3.
Proof. By the previous section, u(u) is trivial if u has length at least 3. Thus:
[y, Tiy» is)) = [aiy, @iy, a3,] = 0 (9)
and
1wy, iy, iy, 24,]) = iy @iy, biy 0] = 0 (10)

for all ¢;. It is clear then that any [a,, ;] is a central element in .Z. Moreover, by relation
(3) we have

[bilﬂé y Qg s bi47735] = [[a’il y Qg |y Qg s Ay ais]

and

[bilﬂé ’ bi3,¢4’ bisﬂe] = [[a’h ) ai2]7 [aiga ai4]v Qis s aiﬁ]

which also become trivial by (9). This enough to conclude that both [a;, b; x| and [b; ;, b ]
are also central in .Z. Finally, it is clear that the original relations of .Z and all u(u),
with u a bracket of length greater than 4, are actually consequences of (9) and (10).
Thus L(b) is free nilpotent of class 2 with basis a; and b; ;, for all 1 <i < j < m.

The formula for the dimension follows clearly from the fact that x(h) ~ L(h) x b.
Finally, if m > 3, then we can consider the element

o, aa), [, )] = b1, bas] 0,

which is clearly a non-trivial element of v4(x(h)). O
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In order to compute the formula for the dimension of R(n,,2) it suffices to subtract
from the dimension of x(n,2), the dimensions of Im(p) and Ha(n,, 2; K). The former
can be computed by observing that

Im(p) = {(ZL’,y,Z) € (nmﬂ)g‘ T—y+ze nlm,Z}a

so dim(Im(p)) = 2dim(n,2) + dim(n;, 5), and these two quantities are well-known.

Regarding the other term, we have:

Hy(p2: K) ~ v3/74

where the v; are the terms of the lower central series of F' (the free Lie algebra on m

3

generators). The dimension of y3/v4 is 1(m® —m) by Witt’s dimension formula. Putting

all of this together, we obtain the polynomial formula for dim(R), as stated in the
introduction.

5.2. Free nilpotent of class 8

Corollary 5.2. If h = n,, 3, then L(h) is a central extension of Km(’;), by Nyna @ n(m) 2
)

Proof. Once again we must have:
w([ziy s xiy]) = [@iy, @iy, big i) =0 (11)
and
w([Tiys - mig]) = [aiy, - .. ai] = 0. (12)
Also, by the defining relation (3) we have
by ins Qigs bigis ] = (@i, aiy], @iy, aiy, aig]

Thus, imposing (11) and (12) as relators, we get that [a;, b ;] is central and that the Lie
algebra generated by the a;’s is nilpotent of class 4. Furthermore, again by (3) we have

[bilﬂé ) bisﬂu bis,ia] = [[ai1 ) a’iz]v [aisa ai4}7 biS,iG} =0,

so the Lie algebra generated by the b; ;’s is nilpotent of class 3. It is clear that the relations
of .Z become trivial in the presence of the relations described in the assumption of the
proposition, and also clearly no relations of smaller degree involving the a; can exist. O

Remark 5.3. It is immediate in this case that x(bh) is nilpotent of class 4, since L(b)
contains a copy of n,, 4.
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Corollary 5.4. dimR(n, 2) = dimR(n,, 3) for all m.

Proof. We can proceed as in the previous subsection and compute the exact dimension of
R(n,,3) in terms of m. Here we use Witt’s dimension formula to compute both dim(n,, ),
for ¢ = 2,3,4, and dimHs(ny, 3; K). O

For ¢ > 4 the situation is more complicated and we cannot expect to describe x(h) as
nicely as in the cases above. The reason for this is that the expression of type u(u) =0
for u of length at least 5 will not trivialize the defining relator (2), that is, the elements
[a;, bj ] will not be central in general.

6. The ideal R

Let g be free with generators x1,xq,z3. Consider the presentation L(g) = (X|S)
described in Section 3, where X = {a;, b ; }” We will assume that relators which are
already trivial (in the free Lie algebra with free basis X) are not elements of S. For
instance, for a relator of type (2):

s = [a;, a;,bg] — @i, bjk, a1] — [a;, ax, bj],

we assume that j, k and [ are distinct indices.
For each even integer n, consider the element

fn - [b1,27a27 .. '7a27a3] - HahaQ]ana‘ .. 7a27b2,3]7 (13)

where ao appears n times in each bracket. By applying the homomorphism p we deduce
that each f, lies in R(g) (recall that R(g) = W (g) = ker(p), since g is free).

Proposition 6.1. The element f, is non-trivial in L(g).

Proof. Define d: X — N by d(a;) = 1 and d(b; ;) = 2. Then clearly the set S is
homogeneous with respect to the degree function extending d.

Let S, be the set of elements in S with degree at most m. Clearly it suffices to show
that f,, does not lie in the ideal generated by S, with m = d(f,) = n + 3, because it
cannot be a consequence of relators of higher degree than itself.

Consider the weighted deg-lex ordering on the associative words with letters in X,
where

b172 > b1,3 > b2,3 > a1 > ay > as
and the degrees are defined by the function d.

The set S, is finite and homogeneous, so we are in the situation described in the
end of Section 2.2. Let S,, be the resulting reduced set with the property that any
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composition between two of its elements either lies in §T\n or has degree greater than f,.
This set inherits the following property from S,,: if s € §,\n, then no monomial involved
in the expression of s can have only a single occurrence of b; » and some occurrences of
as as letters. Indeed, if g, h € §,\n, then any monomial involved in a composition of g
and h contains all the letters of some monomial involved in g or h, and similarly with
reduction. The fact that S, actually has such property to begin with can be verified
directly by inspection of (2), (3) and (4).

The same reasoning implies that no monomial involved in the expression of any s € §T\n
can have only as and a single occurrence of a3 as letters (that is, if all letters of the
monomial are as and as, then as must appear at least twice).

Notice that fn = by 2akas, since the term [b1 2, as,...,a2,as] is the unique regular
bracketing of the regular associative word b; 2ay a3 and the other term of f,, does not
involve by 2, which is the highest letter in the lexicographic ordering. Suppose that, for
some s € S’:n, the associative word 5 is a subword fn = by 2aya3. Clearly 5 cannot be of
type ak. It cannot be neither 5 = b; sa% nor 5 = a5az as well, by the previous paragraph.

The last thing we must check is that there is no element s € §:n with § = f, =
b1 2a5as3. If such an element existed, it would not be an element of S,,, because all
elements sy € S, result in a word Sy of odd length. Thus s should be the result of some
composition or some reduction. In any case in we conclude that there is some g € §;L of
lower degree and a monomial u that has non-zero coefficient in the expression of g and
such that all letters of u are letters of f,, with at most the same number of occurrences.

First notice that u« must involve a3, otherwise we would a have a monomial of some
element of §,\n involving only b; » and as, which we already argued that cannot happen.
Similarly, it must involve b 2, otherwise v would a be a monomial with letters a2 and a
single occurrence of ag.

So u involves all letters of f,. The only possibilities for @ to be regular are 4 =
b172a§a3ag for some i, j with i + j < n. The bracketing of such a word is of the form

u = [ [[bl,g,a%.. .,(12,0,3],(12},...70,2]

where ay appears ¢ times to the left of a3, and j times to the right. It follows that the
monomial corresponding to f,, in s is obtained in the composition or reduction process
by taking brackets of u with as on the right or on the left. In any case the resulting
monomial is up to sign the regular bracketing of the word bl’gaga‘ga’g for some k > j, so
u = by payas can never be achieved. Thus fn cannot actually be the associative carrier
of a monomial involved in some composition or reduction of elements of §,\n

By Theorem 2.1 it follows that f, does not lie in the ideal generated by S,,, and
consequently f,, ¢ ((S)). Thus f,, as an element of L(g), is non-trivial. O

Theorem 6.2. If f is free non-abelian of rank at least 3, then R(g) is infinite-dimensional.

Proof. For a free Lie algebra g of rank 3, Proposition 6.1 says that none of the f,
defined in (13) are trivial. Furthermore, they are all of different degree with respect to
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the function d defined in the proof of the proposition, so they make up an infinite linearly
independent set inside R(g). In general, if § is free of rank more than 3, then there is
an epimorphism ¢: f — g and the induced homomorphism ¢, : x(f) — x(g) satisfies
¢« (R(f)) = R(g), thus R(f) is of infinite dimension as well. O

Corollary 6.3. If g is free non-abelian of rank at least 3, then x(g) is of infinite cohomo-
logical dimension.

Proof. This is clear, since x(g) contains an abelian subalgebra of infinite dimension. O

Remark 6.4. It is clear by the proofs that Theorem 6.2 and its corollary hold if we assume
only that the free Lie algebra of rank 3 is a quotient of g.
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