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1. Introduction

Multiple zeta values (MZVs in short) are real numbers defined by the convergent series
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where (K1, ..., kq) is a d-tuple of positive integers such that kg > 1, and the sum is taken
over all d-tuples of positive integers satisfying the inequality. MZVs are, as obvious from
their definition, multiple series generalizations of the Riemann zeta function evaluated
at positive integers.

Despite their simple and elementary appearance, the algebraic nature of the space
spanned by MZVs is surprisingly rich and mysterious. In fact, MZVs arise in various
areas of mathematics and particle physics, such as in the Kontsevich integrals of knots
([12], [13], [14]), or in the evaluation of scattering amplitudes ([2], [16]), and are periods
of mixed Tate motives over Z ([3], [7]).

A particularly important aspect of MZVs is their iterated integral representation due
to Kontsevich, i.e.,

k k ka
d f_/;/_’; /—L
(=1)%(k1, ..., kq) =1(0;1,0,...,0,1,0,...,0,...,1,0,...,0;1)
dt dt
where I(s;aq,...,a5;t) = e L, A

1 —am te —ar’
s<ty <<t <t
which (also occurs as the coefficients of the KZ-associator) provides a geometric point
of view on MZVs. To describe the algebraic structure of the space spanned by such
iterated integrals, Hoffman [10] introduced the non-commutative polynomial algebra
generated by two indeterminates eg,e; which correspond to the differential one-forms

dt dt
2t and —1

: respectively. This algebraic setup gives a fundamental tool to study MZVs.
In [8], [9], the authors consider more general iterated integrals I(0;aq,...,ar;1) with
ai,...,ax € {0,1,z}, where z is a complex variable. For this purpose, they extended
Hoffman’s algebraic setup by adding another generator e, corresponding to the one-
form ti—tz to Hoffman’s algebra. More precisely, let Agp1,.3 = Z(eo,e1,e.) (resp.
Afo,1} = Z(eo,e1)) be the non-commutative polynomial algebra over Z generated by
the indeterminates eg,e; and e, (resp. e and e;). Let .AE{)OJ,Z} denote the subspace of

admissible elements

A?OJ,Z} =7 ®ZLe,® @ eaA{0,1,21 b,

a€{l,z}
be{0,z}

A({Jo’l} its subspace
A?O,l} = A?O,l,z} N A{071} =7 S¥) 61./4{0,1}60

and L a linear map from A?O,l,z} to the space of holomorphic functions of z € C \ [0, 1]
defined by

n
dt;
J
L(ea, *€a,) = / | I .
. tj — aj
j=1
0<t1<---<t, <1
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Then L satisfies the following differential formula [8]

ce{0,1}

d 1

—L(w) = —FL 1.1

i)=Y L), (11)
where 0a,5 : Af0,1,2) — Afo,1,-} is a linear map defined by

86!,5(6!11 e ean) = Z (6{ai7ai+1}7{0¢1ﬁ} - 6{111:—1,117‘,},{01,5}) €a; " a;; ©Cay, (12)
i=1

with ap = 0, apy1 = 1. Here, dg 1 is the Kronecker delta for two sets S and 7. These
Oa,p’s are the algebraic counterpart of the usual differentiation d/dz, and have funda-
mental importance in the study of iterated integrals. For example, in [8], the authors
proved a “sum formula” for iterated integrals, which generalizes the classical sum formula
for MZVs, by using its inductive structure with respect to the algebraic differentiation.
Also, in [9], the authors exploited the differential structure of A?O,l,z} to construct a
class of (presumably exhausting all the) relations among MZVs, which they called the
confluence relation. The purpose of this paper is to investigate the relationships between
0,5 and other basic algebraic operations.

We denote the shuffle product, the stuffle product and the duality map by wi, * and
7, respectively (here, the precise definition of * and 7, will be explained later). Then,
L satisfies the “shuffle relation”

L(uwwv) = L(u)L(v) (u, v e A?O,l,z}) ) (1.3)
the “stuffle relation” [1, Section 5.2]
Lwsv) = L)L)  (ve Ay, veAy,y), (1.4)
and the “duality relation” [8, Theorem 1.1]
L) = L)  (uedfy.y). (1.5)

By differentiating the equalities (1.3), (1.4) and (1.5) with respect to z and applying
(1.1), we obtain'

! One may wonder why there is no such term as zicL(azycu)L(v) on the right-hand side of (1.7). This is
because we have assumed u € A?D,l and thus 0. .u vanishes identically.

For readers who are interested in the regularizations of L, we make a few remarks here. By similar

arguments as in [11], it can be shown that there exist unique extensions L* and L* of L to Afo,1,2}

characterized by the linearity together with the conditions Lwl.A‘{’ L= L*|_A({J L= L, L¥(ep wu) =
0.1,z 0,1,z

L¥(e1 wu) = L*(eg *u) = L™ (e1 * u) = 0 for u € Agg,1,.3- Then L* satisfies (1.1) and (1.6), whereas L~

does not satisfy (1.1) and (1.7) in general. For example, L*(epe,) = 0, while L* (8 0(eoe.)) = L(e,) # 0.

These facts can be checked by careful applications of Theorem 10.
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S L L@ewwe) = Y (L0 ) L(0) + L) L(02c0)),  (1.6)

cefony © € ceqouy © €
1 1
> ——L(0:c(uxv)) = > —— L(u)L(9:cv), (1.7)
ce{0,1} ce{0,1}
1 1
> — L(0:c7:(w)) = > ——— L(7:(0:,cu). (1.8)
ce{0,1} ce{0,1}

Therefore, it is natural to ask whether these equalities in complex numbers lift to the
equalities in Ao ;). In this paper we shall show that the answers to all these three
questions are “Yes”. More precisely, we shall prove the following theorem.

Theorem. For ¢ € {0,1},

0z.c(uwv) = (0, cu) wo + ww (0, (v) (u, vE A({)O,l,z})
6z,c(u * ’U) =ux* (aZ,CU) (U’ € ‘A({)O,l}7 vE A?O,l,z})
az,cTZ (u) =Tz (az,cu) (u € A({)O,l,z}) .

The first two equalities state that the linear operator 0. . is a derivation with respect
to both the shuffle and the stuffle products (the second equality can also be written as
Oz c(uxv) = (0;,cu) * v+ ux(0,,v) since 9, ;u =0 for u € A?O)l}).

These formulas provide fundamental and useful tools in the study of MZVs and it-
erated integrals. Let us discuss some significance of them. First of all, the formulas are
purely algebraic and therefore have wide applications. One of such important applica-
tions is given in [9], where the authors have proved that the confluence relation implies
the regularized double shuffle and the duality relations. Recently, the confluence relation
was proved to be equivalent to the associator relation by Furusho [5], and so this result
can also be viewed as an alternative proof of the main result of [4]. Furthermore, let
be a general path from 0 to 1, and L. denote the map similarly defined as L, where the
defining iterated integral is replaced with that along v. By applying L, to the algebraic
differential formula of the stuffle product, one can obtain

%Lw(u xv) = Y . i ~ Ly (w3 0z 00). (1.9)
ce{0,1}
Note that for the trivial path v(¢) = ¢, this identity gives an alternative proof of the
stuffle relation (1.4). Thus, we may naturally expect that (1.9) would serve as a first
step to discover and prove the counterpart of (1.4) for L., with more general . We also
define a natural generalization of the stuffle product and prove the three formulas above
in far more general forms (see Theorems 3, 8, 9). It is quite likely that these formulas
have wide applications in general iterated integrals, for instance, for proving analogous
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results as in [9] (i.e., the implication of the regularized double shuffle and the duality
relations by the confluence relation) for Euler sums, multiple L-values and even more
general iterated integrals.

This paper is organized as follows. In Section 2, we introduce some basic settings
and state a useful lemma used in the proof of the theorem. In Section 3, we prove
the algebraic differential formula for the shuffle product (Theorem 3). In Section 4, we
prove the algebraic differential formula for the stuffle product (Theorem 8). In Section 5,
we introduce algebraic Mobius transformations as a generalization of the duality map,
and prove their algebraic differential formula (Theorem 9). In Section 6, we derive the
theorem above as special cases of Theorems 3, 8, 9.

2. Basic settings

Let F be a field and A = Ap be the non-commutative free algebra over Z generated
by the indeterminates {e, | p € F'}. For s,¢t € F, we denote by .A(()S H = AL, (s,1) the
subalgebra

A(I);',(s,t) =7® @ Zez S @ G;CAFGy C AF.

z€F\{s,t} z€F\{s}
yeF\{t}

In particular, we put A% = ‘A(I)’,(O,l)'
We fix a homomorphism § : F* — Z. For = € F, define [z] € Z by

§(x) = #0
[z] =
0 z=0.
Note that since Z is torsion-free, [—z] = [z] for & € F*. We define an algebraic differential
operator 9%t = 6§’t : A — A by?
n
0" (e, -+ €a,) = Y _([aip1—ai] —[ai—ai1])ea, -+ €a, -+ €a,  ((a0,an11) = (5,1)).
i=1

2 The motivation to consider such an operator comes from the following differential formula (Goncharov
[6, Theorem 2.1], Panzer [15, Lemma 3.3.30])

dI(s;ay,...,an;t) = Y I(sia1,...,@i,...,an;t)dlog(ais1 — a;)
1<i<n
dz#az+1
- > I(siar, .. @i anit)dlog(a; —ai—1)  ((a0,antr) = (s,1)),
1<i<n
a;F#a; 1

where I is the iterated integral symbol by Goncharov [6].
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In particular, we put d = 9%!. The following lemma provides a useful technique in later
sections.

Lemma 1. Let ag,...,ant1 € F (with (ag,an+1) = (s,t)) and f :{0,...,n} = Z be any
map such that

f(i):[ai+1_ai] forallie{ogjgn\aj?gajﬂ}.

Then, we have

0 ea, ea,) =) (f(0) = f(i = 1)) ea, - Eq ~ea,

i=1

+ 55,111 f(O) €ay ' " €a, — 5an,tf(n) €a; """ €ap_q-

The proof follows directly from the definition of 9%%. Note that the right-hand side
in the above equality does not depend on the choice of f and so we choose suitable f
which is convenient for the situation.

As a general notation, for a given function f:.S — A on a finite set S, we define

F(T) =" fx)

zeT

for T C S. We often use this notation in the following sections.
3. Differential formula for the shuffle product

In this section, we shall prove the derivation property of the algebraic differential
operator with respect to the shuffle product.

Definition 2. We define the shuffle product w: Ax A — A inductively by wwl = lww =
w for w € A and

eqtlept = eq(uwepv) + epequv) (u,v € A).

As is well known, the shuffle product can also be defined in a more combinatorial way

as

ai - ApWanp41 - Apym = Z Ao (1) " " Ao (n+m) (alv---aan-‘rme{ep |p€F}),
oceS(n,m)

where S(n,m) is a set of all permutations o’s of {1,2,...,n + m} such that c71(1) <

o l(2)< <o ln)and ot (n+1) <o l(n+2) < - <o t(n+m).

Theorem 3. For u,v € A, O(uwwv) = (Qu) wov + uw (dv).
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Proof. It is sufficient to show the equality for monomials v and v. Put u = ay---ay,
V= Qni1 " Qpim (@1, Gnim € {€p | p € F}) and X = S(n,m) x {0,1,...,n+m}.
Let a; = ep, for i = 1,...,n + m. Then, by definition,

Ouwv) = f(X):= > f(o,i),

(o)X

where f(0,i) := fT(0,i) — f~(0,i) with

fH(o,0) = {([)Pcr(m) = Polto) o) datnim) (17 0)

F (o) = [Po(i+1) = Po(i)|@o(1) " * Go(it1) " Qo (ntm) (l: #n+m)
0 (i=n+m),

where we put pyo) = 0 and py(nym+1) = 1. Put 1 :={1,...,n}, J:={n+1,...,n+m}
and

Xap:={(o,i)) e X|0<i<n+m,o(i) €A o(i+1) € B}
for A, B € {I, J}. Further, we put

X=X U{(0,0)e X |o(l) e IYU{(o,n+m)e X |o(n+m)el}

Xy :=X;,U{(0,0) e X |o(1) e JyU{(o,n+m) € X |o(n+m) e J}.
Then we have
X:X]JUX,][U)/(\[/[U)/(T]T].

Define a bijection 7 : X;; — X1 by 7(0,1) = (007;,1), where 7; denotes the transposition
of i and i + 1. Since f* o7 = f¥, we have f o1 = —f. Thus

f(X1s) + f(Xyr) =0.
Let us further decompose X as X7 = |_|;-L;11 Xrr1,; where
X ={(o,i)) e X|0<i<n+m,o(i)=74,00G+1)=5+1}.
Then

fFrXi) = lpjnr —pilar G5 anWangy - angm,

f_(XU,j) = [pj-i-l _pj]al"'a?-\-i-l G Wan41 c Qngm,
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f({(0,0) € X | o(1) € I}) = —[p1 — OJaz - an Wan41 - - Gngm,
fH{lo,n+m)e X |on+m) €T})=[1—pnlar - n-1Want1 " Gnim-
Thus
f(X11) = (Qu)wo,
and similarly
F(X7s) = uw ().
This completes the proof. 0O
4. Differential formula for the stuffle product

In this section, we shall prove the derivation property of the algebraic differential
operator with respect to the stuffle product.

4.1. Definition of the generalized stuffle product

Definition 4. We define the (generalized) stuffle product * : A x A — A inductively by
wx1=1%w=w and

Eall * €pV = €qp(U * epv + equ * v — eg(u * v)) (u,v € A).

Note that in our definition of the stuffle product, ey plays a particular role. Thus,
we check the compatibility of our definition with the usual one ([1, Section 5], [11,
Section 1]) in the first place. Let h* be the non-commutative free algebra generated by
infinitely many formal indeterminates {2y o | k¥ € Z>1,a € F*}. Define a binary operator
¥:h!xphl = phlby lxw=w%*1=w for w € h! and

ZhaU * 2 p0 = 2 qb (U * 21p0) + Z1ab(Zk,aU * V) + Zkgrap(U*v)  (w,v € bl).

We define an embedding i : h' < A of algebra by i(uv) = i(u)i(v) and i(zp,4) = —eqch *

By our notation, the multiple polylogarithms defined in [1] and [6] are expressed as

l ( ¢ 1) = L(Z(Zkhth "'de,ad))

ad,...,a1
and

Likh...,kd (al, ey ad) = L(i(zkl,(al---ad)*lZkg,(aQ---ad)*l cee de7a;1)),
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respectively. The following proposition assures that our stuffle product is a generalization
of the usual stuffle products.

Proposition 5.

(i) For u,v € b, i(u*v) =i(u) *i(v).
(ii) The stuffle product * is commutative and associative.

Proof of (i). It is sufficient to show the equality for monomials u and v. First of all, one
can easily check that

eou * v = eg(u *v)

holds for any monomials u,v by induction on the degree of v. Now we shall prove the
proposition by induction. Set u = zj 4u’, v = 2 v". Then we get

i(u) * i(v) =(eaes"i(u')) * (epey (V')
=ean(eg i(u') x epeq 1i(v')) + eap(eacyi(u') x g ti(v"))
— eapeoleq Hi(u) ¥ e ti(v"))
= —eapeq  (i(u') xi(v)) — eaveq " (i(u) *i(v"))

— eapeb TG (W) % i(v))).

Using the induction hypothesis, the last quantity is equal to

— eapeh Vi(u ¥ v) — eapel Vi(uF V) — eqpep T i(u ¥ )
= i(2p,ab (W * V) + 2p00(wx V') + 2p4p,ap(u V"))
=i(u*v)

which proves the proposition. O

Proof of (ii). The commutativity of the stuffle product is obvious from the definition.
Let us prove the associativity. We define a trilinear map f: A x A x A — A inductively
by

flu,v,1) = f(u,1,v) = f(1,u,v) =ux*xv
and

flu,v,w) :=eape (f(u',v,w) + flu, v, w) + fu,v,w"))
— eapceo (f(u', 0", w) + f(u',v,0") + fu, v, w'))

+eapeeaf(u/, v W) (u=equ,v = epv’,w = ew’).
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Then we can show (u *v) * w = f(u,v,w) by the induction since

(u*v)*w =eqp(u*v +u *v—-eo(u *xv"))*xw
=€ape((u*v) x W) + eqpe (v +u' *v —eo(u * ")) * w)
— eapeeo((uxv" +u' v —eg(u/ *v")) *w)
=eape((u*v) xw + (uxv") xw+ (v *v)*w)
— eapco((u' %) xw+ (u*v') xw' + (u' *v) *w)
+eapeet(u' x v xw')  (u=eqt,v=ep,w=ew).
Since f(u,v,w) is a symmetric function by definition, we have
(uxv)*xw= f(u,v,w) = flv,w,u) = (V*kw)*u=1ux*(v*w)
for u,v,w € A. This is the associativity of x. O
4.2. Combinatorial description of the stuffle product
The stuffle product as well as the shuffle product enjoys an interesting combinatorial
structure. In this section, we give such a description of the stuffle product. This descrip-
tion will be useful in the proof of the algebraic differential formula stated in the next
section.

Fix positive integers m and n. Let G = (V, E) be a directed graph whose vertex set
V' and edge set E are given by

1 1 1<z<n+1 11
V= Szxcz| sSSP L L _yezbul(s:
{(x’y)% 2 1cy<myr, TS } {(22>}

and by

E={((zy),(x+1y)eV?|z,yel}
U{((z,y), (z,y+1)) €V |z,y € Z}

1 1 ) 1
L - - -7
{((x,y)7(m+2,y+2)> Vi aye g }

respectively (see Fig. 4.1). We denote by P the set of paths from (1/2,1/2) to (n + 1,
m+ 1), ie.,

po=(1/2,1/2), (pispiv1) € E } '

P:= = ooy Prtn .
{]_j (p07p17 )y Pn+ l+1) Prtmat :(n+1’m+1)’ for0§z§n+m



Hereafter, for a path p € P, we denote by p; the (i + 1)-th entry of p, ie., p
(p05p17 ce

For monomials u = e,, ---€,, and v =ep, -+ €p

M. Hirose, N. Sato / Journal of Algebra 556 (2020) 363-384

(2,1) (2,2) (2,3)

(1,1) (1,2) (1,3)

Fig. 4.1. The graph G for the case (n,m) = (1, 2).

s Pn+m+1)- Furthermore we define sgn : P — {£1} by

san(p) = [ (-1

1<i<n+m
Pz‘¢22

n m

fuw:V = F by

azb, (x,y) € Z?

373

of degree n and m respectively, define

Here, we set a,,+1 = b1 = 1. Then, we have the following combinatorial expression for

the stuffle product.

Proposition 6. For monomials u and v of degree n and m respectively,

wkv =3 Sg(P) €f, (p1) " €furlpnim)
peP

One can easily check that this expression is equivalent to Definition 4.

Remark 7. The vertices py = (%, %) and ppim41 = (n+ 1,m + 1) do not appear in

Proposition 6, but it is convenient in the description of the proof of Theorem 8.

4.8. An algebraic differential formula of the stuffle product

Put

Al=Ap =70 P e.Ar C Ap

zeFX
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[b2—bi]+[as] [bs —b2]+[as]

a b1 a b2 a b3
[az]+[b:] [az]+[bs]
laz—a1]+[b2]
[as—ay]+[b1] 0 0 [az—aq]+[bs]
[ai]+[b1] [a1]+[b:]
aj bl aj b2 aq b3
[be—b1]+[a1] [by —b2]+[a1]
0

Fig. 4.2. Values of f: V — Z and h : E — Z (a2 = bz = 1).

(note that A C A'). In this section, we prove the following identity:
Theorem 8. For non-constant monomials u,v € A, we have
Ouxv) = (Ou) * v+ u* Qv+ §q0[b](u * v) + 6p0al(u* '),
where u = e u’, v = epv’. In particular, for u,v € Al,
O(u*v) = (Ou) x v+ u* Jv.
Proof. It is sufficient to show the identity for non-constant monomials u and v. Put

U =€ - -€q, and v = ep, ---€p, . Let P be the set of paths as defined in Section 4.2.
Put f= fu,and Q=P x{l,--- ,n+m}. Define h: E — Z by

[a‘IJrl - G‘I] + [by} if (pvp/) ((xvy)a (SL' + 17y))
[by+1 — by + [az]  if (p,p") = ((2,9), (z,y + 1))

' , (x,y,(m+%,y+%))
g by it (p,p') =
(a2] + [ (0.7 {Or<<x_%7y—%>,<x,y>>

h(p,p') =

for x,y € Z. Then [f(p) — f(p")] = h(p,p’) for all (p,p’) € E such that f(p) # f(p') (see
Fig. 4.2).
We define s: Q — Ap by

s(p, i) = sen(p) (h(pi, pis1) = h(Pi-1,00)) €5 (o) "€ (p1) " €F(pnsm)

forp € Pand i€ {1,...,n+m}. Then, by Lemma 1, we have

O(uxv) =5(Q) + > 61(po). (o) 1(P0s PLSEND)EF (p) €1 ()
peEP
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- Z 5f(pn+m)7f(pn+m+1)h(pn+m7pn«‘rm«‘rl)sgn(g)ef(pl) T ef(pn+m—1)’
peP

where s(Q) =", ;e $(p, 7). Since

11
31 (p0). £ (1) 2P0, P1) = G0,010, (5 5), (1, 1)) = Fo,a1, ([aa] + [ba])

and
5f(Pn+m),f(pn+m+1)h(pn+m7pn+m+1)
dan1([l —an] +[1])  if ppgm =(n,m+1)
=40, 1([1=bn]+11]) i ppgm=m+1,m)

0 ifpn+m:(n+%,m+%>

we have
O(u*xv) =s(Q)+ A, (4.1)

where

A= bayy0(laa] + [01]) D sen(@)esipn) €1 tnsn)-
peEP

Since f(p1) = a1b1, da,b,,0€0 = Oayb,,0€f(p,) and thus
eg\ = 5a1b1,0([a1] + [bl}) U *v.
Noting dap.0[a] = dp0lal,

eo\ = 0y, olar] ux v+ 64, 0br] uxv
= 551,0[0“1} U * 607/ + 5a1,0[b1] eou' * U

= O, ola1] eo(u * V") + 84, 0[b1] €0(u’ * v)
where u' = eg, -+ - €4, and v’ = ey, - - - €p,, . Therefore,
A =8y, olar] ux 0" + 0qy o[b1] v * 0. (4.2)
We decompose @ as Q = Qz U Qx, where

Qz :={(p,1) € Q | pi € 2%},
Qu:={(pi) €Q|p: ¢ 2%
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Moreover, by putting

(1,0)  ifa=t
Vo :=4(5,3) ifa=/
0,1) ifa=—

and defining the sets
Qo =1{(pi)eQ|i>0,p; € 72, pi = pi—1 + Va, pis1 = pi + V3}

for a, 8,7 € {1, /', —}, we can further decompose Q7 as

QZ = LI Qa,,@-
a,Be{t, N —}

Now we have

5(Q ) =0 (4.3)

5(Q1—) + s(Q-1) +5(Qx) =0 (4.4)
$(Qo5) +5(Qo ) +5(Q 2sy) = u*x v (4.5)
s(Q1t) +5(Q1 1) + 5(Q ) = (Ou) xv. (4.6)

The identity (4.3) is obvious since h(p,p+ (3,3)) = h(p— (3,2).p) if p € Z2
To check the identity (4.4), define the bijections wt : Qx — Q1 and w™ : Qyp —
Q%T by

where
Wi (Pos - - s Prpmet1) 1= (Po,-~~,pz‘ + (%7_%)7“'7pn+m+1> .
Then
s(w™(p,1)) + s(w™ (p,1)) + 5(p,1) = C(0,9) €5(p1) " € (p1) *** €F(prsm)
with

C(p,i) = sgn(w; (p)) (M((z + 1,y), (z + 1,y + 1)) — h((z,y), (z + 1,y)))
+sgn(w; (p) (h((z,y +1),(x + 1,y +1)) = h((z,y), (x,y + 1))

+sn(p) (W@t 5o+ 3@+ L+ 1) = (o) o+ 50+ 3)
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SR ’/_/_/_/_/—/—/—/—/—i

pi+(%7_%) Pit1
[nr1+|]+[by+/
[api1—aq]+[b,] Di [azi1—az]+[by41]
[ag]+[by]
pi—1 = (z,y) pi—(3,—3

’/—/—/—/_/“ﬂs/i7 [b?/+17b!/]+[a"']

Fig. 4.3. The paths p (diagonal), wi (p) (upper), w; (p) (lower).

= —Sgn(}z) ([by+1 - by] +laz 1] = [az11 — az] — [by])
- Sgn(;g) ([azt1 — az] + [berl] - [berl - by] — [az])
+5gn(p) ([ag+1] + [by+1] — [az] — [by])

=0

where we put p;—1 = (x,y) (see Fig. 4.3). Hence we obtain the identity (4.4).
To check the identity (4.5), we first decompose Q—,_,, @, ~ and Q »_, as

Qs =110,
where (a, 8) € {(—=,—=),(—, ), (", —)} and

Qs = {(p.1) € Qus | 32.pi = (.9)}.
On the other hand, by definition, we have

m

“*aU:Z([by+1*by]*[by*by—l})u*ebl"'@\"'

y €b
y=1

m

where we set by = 0. By similar methods as for the identity (4.4), we can show

QW) +5(QUW) +5(QUL) = ([byrr — byl = by —by1))uxep, - &, -

Y eb

m

(see Figs. 4.4 and 4.5). Hence we have the identity (4.5).
The identity (4.6) is also checked in completely the same way.
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[by+1=by]+[az11] /

am+1by —_— > az+1by+1

[MHHV /
0 0
/ %,:[by]
azby_ 1 —————— > auby
/ [by=by_1]+[as]

A

[ba—b1]+[a4]
arby ———— > a1bs
[a1]+[b1]
0
Fig. 4.4. A visual explanation of the reason why the terms in s(Q(_y,)/.) + s(Q(/yL) corresponds to the
terms of the form ([by4+1 — by] — [by — by—1]) X (---€a,b,_,€0€a,,,b,,, ") Which appear in u * dv. The
first diagram is for the case y > 1 and the second diagram is for the case y = 1. Note that
([by+1 = by] + [awt1] — [awt1] = [by]) + ([az] + [by] = [by — by—1] — [az]) = [by+1 — by] — [by — by—1] for

the first diagram, and [ba — b1] + [a1] — [a1] — [b1] = [b2 — b1] — [b1] for the second diagram.

/

(x,y— 1) (xvy) (as,y+ 1)

//j [by =by_1]+[a.] [by1—byl+[as]

Fig. 4.5. A visual explanation of the reason why the terms in s(Q(j{L) corresponds to the terms of the form
([by+1 —by] = [by —by—1]) (-~ €a,b,_, €a,b,,, - -+ ) which appear in u % dv. Note that [by+1 — by] + [az] —
[by — by—1] — [az] = [by+1 — by] — [by — by—1].

Combining the identities (4.1), (4.2) together with (4.3), (4.4), (4.5) and (4.6), it
readily follows that

O(u*v) = (Ou) xv+u* v+ &, olar] u*x v + g, 0[b1] v *v. O
5. Mobius transformation
In this section, we investigate the relation between the differential operator 9%* and

the transformation on the algebra A = Ap associated to the Md&bius transformation
on PL.
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Recall that GLg(F) naturally acts on P1(F) = FL{co} by the Mébius transformation

o2 (= (0 0))

Put eo := 0. We define an automorphism 7* of A by’ 7*(ez) = €(z) — €4(c0)-
a b

d
t € F. We assume that v(s) # oo and () # co. We set e,(z) := [det 7] — 2[cz + d] € Z.
We shall prove the following identity®:

Hereafter, we fix v = € GLy(F), a starting point s € F and an endpoint

Theorem 9. For a non-constant monomial w € A,
(771)* a’y(s)ﬂ(t),y*(w) = 6S,tw + 53778 67(8)’11}/ . 5y,t sv(t)w”,
where w = e;w’ = w'e,. In particular, for w € A?s,t),

(771)* 67(5),’y(t),}/*(w) — 8S’tw.

In the following, we give a proof of this theorem. We put w =e,, ---¢e,, € A(()S £ and
(20, Znt1) = (8,t). We define a directed graph G = (V, E') whose vertex set V is given by

V={0,00}u{l,....,n} x{0,1} u{(n+1,0)}
and whose edge set F is given by
E = {((m1,i1), (ma,i2)) € V* | my = my + 1}.

Define a labeling f and a sign sgn : V' — {£1} of vertices by

i =0
PV S PUE) s (m) o 1)
Y(o0) i=1,
and by sgn((m,i)) = (—1)". For example, if n = 3, the labeling and the sign of the graph
is as follows:
dt

3 The motivation of the definition of v* comes from the formula ;% = #;(1) - %, where s = ~(t).

4 The motivation of this identity comes from the total differential of the identity

o dty g kil dt’; dt’,
H tj 73 - = / H ( ’ . - v )

: z : th —y(z;)  th —y(o0)
. = j i i
s<ty<-<t,<t I=1 Y(s) <ty <<t <y(2) j=1 .\ J

which is obtained by the Mébius transformation ¢} = ~(t;).
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As before, we define the set of paths by

P:= {pZ (o, - - Pry1) € VT2

Po = (0’0), Pm € {(m,O), (m7 1)} } ,

Prnt1 = (n+1,0), forl<m<n
the subset of “effective” paths by
PCH::{BEP|f(pm)7éoo forlgmgn}

and sgn : P — {£1} by sgn(p) = [[;_, sgn(p;). Then, v*(w) is expressed as

Y(w) =D sen(p) e ern) = D, 580(P) Efp)  Ef(pn)-
EEP Bepeﬂ

Now, define a map A : E — Z by

A1, v2) ==
[ad — bc] + [zm+1 — 2Zm] — [¢Zm41 + d] — [czm +d]  if (v1,v2) = ((m,0), (m + 1,0))
[ad — be] — [c] = [czm + d] if (vy,v2) = ((m,0), (m +1,1))
[ad — be] — [¢] — [czmy1 + d] if (v1,v2) = ((m, 1), (m +1,0))
[ad — be] — 2[c] = [zm+1 — Zm) if (v1,v2) = ((m,1),(m+1,1))
for m € {0,...,n}. Then, by direct calculations, we have
[f(v1) = f(v2)] = A(v1, v2) (5.1)

for (vi,v2) € E such that f(v1) # oo, f(ve) # oo and f(v1) # f(v2). Set @ = P x
{1,...,n} and Q°% = P x {1,...,n} and

s(p,m) = (AP Pmt1) = AOm-1,2m))( [ s80®0) €r0) - Ex o)+ €4o)
1<i<n

for (p,m) € Q. Then, by (5.1) and Lemma 1, we get
POA () = 5(QF) 4 A,

where
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A:=06, se4(5) Z SgN(P) €f(py) ** €f(pn)
pePert
p1=(1,0)

—0epey(t) D sen(p) esipn) esipa )
pepeT
pn:(TL,O)

=" (0,, sey(8)w — 8, e (B)w” w=e,w =w"e, ).
1, ol n,t =Y

By setting

Ql
Q//

m) € Q| 3i # m such that f(p;) = oo},

{ (@,
{(p.m) € Q| f(pm) = 00 and f(p;) # o for all i #m},

we have Q = QT LU Q' U Q". Also, we can check by direct calculations® that
A(v1,v2) = A(va, v3)

for vy, v9,v3 € V such that (v1,v2), (v2,v3) € E and f(v1), f(v3) # o0, f(v2) = co. Thus,
s(p,m) = 0 for (p,m) € Q". Together with the trivial fact that e,y - €5 )« €f(pn) =
0 for (p,m) € @', we find that s(p,m) =0 for (p,m) € Q" U Q" and hence

s(Q°) = 5(Q).

Again, by direct calculations,

Y (17 Ay ), (m 4 1,k)) = A((m = 1,4), (m, 1))

je{o,1}

= [2m+1 — Zm] — [Zm — Zm—1] (i,k € {0,1}).
Hence, we have

n

5(Q) = Z([zm-i-l — Zm| — [#m — Zm—1]) Z €f(p1) " '67(-\;97n) T Cf(pn) H sgn(p;),

m=1 pEP, 1<i<n
- i#Em
(5.2)
where P, is a coset of P by the equivalence relation (po,...,(m,0),...,ppt1) ~
(poy- -+, (m,1),...,pns1). Since the right-hand side of (5.2) is v*(0%'w) by definition,
this proves Theorem 9.

5 Note that if vy is at the bottom i.e. sgn(vz) = —1 then ¢ = 0 since y(co) = oo in this case.
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6. An application to iterated integrals on P! \ {0, 1, 0o, 2}

In this section, we consider the special case F' = Q(z). We put Ap;.; =
Z (eg,e1,e.) C Ap and Agg,1) = Z (e, e1) C Ap. Then, by definition, we have

ou € A{O,l,z} (U S A{O,l,z})v
uwv € A1,y (u,v € Ago2y),
uxv € Aoy (v € Ago,2y,v € Ago1})-

Recall the linear operator 0, . : Ap — Ap introduced in (1.2) i.e.,

82,0(6(11 e eun) = Z (é{a“ai+1},{z,c} - 5{ai,1,ai},{z,c}) €aq " e/a\i cCayys

i=1

where (ao, ant+1) = (0,1). Note that 9, . = 8%01, where §. : F'* — Z is any homomor-
phism satisfying

Fe(z—c)=1, Fe(z = (1 —¢)) =0.

Let 7. : Afo1,.3 — Ajfo,1,-3 be the anti-automorphism (i.e., 7.(uv) = 7.(v)7.(u) for
u,v € Ajo,1,.y) defined by

T.(e0) = e, —e1, T.(e1) = e, —ep, T(e;) =e,.
We also put A,y := Ago,1} N AL and A({)O,l,z} = Ago,1,.) N A
Theorem 10. For ¢ € {0,1}, we have the following formulas.
(1) For u,v € Aqo,1,z2},
0z c(uwv) = (0;,cu) wWo 4+ uw (9, cv).
(2) For non-constant monomials u € Ago1} and v € Agg1 .,
Dsc(u*v) = ux (95,0) + 84,000, 2000u" * v,
where u = equ’,v = epv’. In particular, for u € ‘A%O,l} and v € Ag 1,2},
Oz.c(uxv) = ux (9;,0).
(3) For a non-constant monomial u € Agq 1 .y,

T_l o az,c © Tz(u) = az,cu + (60,1 - 60,0)(6a,0u/ + 617,1“//)7

z
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where u = equ’ = u"ey,. In particular, for u € .A?O 12}

7_—1

200,007 (u) =0, cu.

Proof. (1) and (2) of Theorem 10 follow from Theorem 3 and 8. Let ¢ : Ap — Ap be
an anti-automorphism defined by

pleg) =—e, (x€F).

Then, we have
pod"Y =0%"oyp (x,y € F).

—Zz

Since 7, = @ oy} with v, = <i ) € GLa(F), (3) of Theorem 10 follows from
—z

Theorem 9. O

We can further generalize (2) of Theorem 10 to a more symmetric form as an example
of Theorem 8. Note that, for u,v € Ay 1.}, the stuffle product u * v is in Agg 1 .2y
where

A{O,l,z,z2} =17 <607 €1, €z, ez2> C -AF

For ¢ € {0,1,—1}, we extend the previous definition of 0., to 0., : Afo1,.,.2) —
A{O,l,z,z2} by

0z.c(€ay -+ €a,) == E ord,—c(a;j11 — a;)eq, -+ €q, - " €q,
1<i<n
a;F#ai41
- E ord;—c(a; — aj—1)€a, - €q, - - €a,

1<i<n
a;—17a;

where (ag,an+1) = (0,1), and ord,—.(f) is the order of zero of f at z = c¢. Then the
following theorem follows from Theorem 8.

Theorem 11. For ¢ € {0,1,—1} and non-constant monomials u,v € A{O,l,z}7
Dsc(uxv) =ux*(0;0) 4 (0s,cu) %V + 84,008,20c,0 U * vV ~+ 8p,00a,20c,0u* V',

where u = equ’,v = epv’.
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