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Introduction

Let K be an algebraically closed field of characteristic p > 0. Let G be the special
linear group over K of degree 2, regarded as a linear algebraic group.

Weights and weight spaces will be computed with respect to the maximal torus T of
G consisting of diagonal matrices. More precisely, given a rational T-module V' we have
the weight space decomposition V' =P, ., V", where
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t 0

VT{’UEV|<O t_l

)vt’“v forall 0 #t € K}.

The space V" is the r-weight space, its dimension is the multiplicity of r as a weight
of V' and its elements are the vectors of weight r. The character of a finite dimensional
rez(dim V)",

Let E be the natural G-module (of column vectors of length 2). For r > 0, we have

rational T-module V is the Laurent polynomial

the rth symmetric power S™E, which we also denote V(r). The module V(r) has an
interpretation as an induced module, in the sense of algebraic group theory. The dual
module A(r) is the corresponding Weyl module. The G-socle L(r) of V(r) is a simple
module with highest weight r, and indeed the modules L(r), r > 0, form a complete set
of pairwise non-isomorphic simple rational G-modules.

By a good filtration of a rational G-module V we mean a filtration 0 = V5 < V; <

- < V such that V = (J;2,V; and, for each i > 0, the module V;/V;_; is either 0
or isomorphic to V(r;), for some r; > 0. For a finite dimensional rational G-module
with a good filtration and r > 0, the cardinality of the set {i > 0|V;/Vi_1 =2 V(r)} is
independent of the choice of good filtration and we denote it (V : V(r)).

The purpose of this paper is to identify the indecomposable summands of V(r) @ A(s),
for r,s > 0 and to identify which summands occur for given r and s. By duality it is
enough to consider the case r > s. We introduce our key notion.

Definition 0.1. An indecomposable summand of a G-module V(r)®A(s), with r > s > 0,
will be called an indecomposable Clebsch-Gordan module. An arbitrary finite dimen-
sional rational G-module will be a called a Clebsch-Gordan module if each indecompos-
able summand is a Clebsch-Gordan module.

A finite dimensional rational G-module V such that both V and its dual admit a
good filtration is called a tilting module. For each m > 0 there is an indecomposable
tilting module T'(m) such that m is the highest weight of T'(m) and occurs with multi-
plicity one. The modules T'(m), m > 0, form a complete set of pairwise non-isomorphic
indecomposable tilting modules.

We shall show that each tilting module T'(m) is a Clebsch-Gordan module. Further-
more, we obtain all indecomposable Clebsh-Gordan modules from the tilting modules in
the following way. We write m in the form m = (p"¥ —1)+0, where p’¥ —1 < m < pN+1-1.
We write o in its base p expansion o = Zf\io pio; and set S(m) = {i|0 <i < N,o; # 0}.
For each subset I of S(m) we define a quotient T'(m) of T'(m). We show that the modules
T(m)y, as m and I vary, form a complete set of pairwise non-isomorphic indecomposable
Clebsch-Gordan modules. We show that the multiplicity of an indecomposable summand
of a module of the form V(r)®A(s) is at most one and explicitly describe when a module
T(m); appears as a summand.

In the case r = s, and p > 2, the condition for V(2) = A(2) to be a summand of
V(r) ® A(s) was obtained by Goodbourn, [9, Theorem 4.8].
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Two other versions of the “Clebsch-Gordan problem” are available. In [7], Doty and
Henke give a decomposition of the tensor product of simple modules L(r) ® L(s), as a
direct sum of indecomposable modules (which are “twisted” tilting modules, cf. [4]). In
[3], Cavallin describes a decomposition of the GLy(K)-module STE ® S°F, as a direct
sum of indecomposable modules (taking advantage of the fact that S"E® S*F is injective
in the polynomial category).

For terminology and background results not explained here the reader may consult
the book by Jantzen, [10].

1. Decomposing the tilting modules Y (r)

We write x(r) for the character of V(r), » > 0. We note that an indecomposable
summand occurs at most once in our modules of interest. For finite dimensional rational
modules V, W with W indecomposable we write (V | W) for the multiplicity of W as a
summand of V.

Remark 1.1. Let V be an indecomposable module. For » > s > 0, the multiplicity
(V(r) ® A(s)| V) is at most one. This may be seen in the following way. The module
V(r) ® A(s) has a good filtration by [12, Lemma 3.3]. The character x(r)x(s) of V(r) ®
A(s) is, according to the usual Clebsch-Gordan formula, )., x(r +s— 2i). Hence we
have (V(r) ® A(s) : V(2)) < 1, for t > 0. If (V(r) @ A(s) | V) > 2 then V(r) @ A(s) is
isomorphic to V@& V @ V' for some module V. Choosing ¢ such that (V : V(¢)) > 0 we
get

(V)@ A(s): V() =2V : V(@) + (V' : V() > 2
a contradiction.

For a non-negative integer r we set

v V(m) ® A(m), if r = 2m is even;
T) =
Vim+1)® A(m), if r=2m+1isodd.

The module Y (r) is a tilting module, e.g., by [11, Lemma 1.2]. Note that the character
of Y(r) is given by

)+X<T—2)+"'+X(O)7 if r is even;

x(r ()
x(r) +x(r—=2)+---4+x(1), ifris odd.

chY(r) = {

Remark 1.2. The tilting module T'(r) with highest weight r appears as a summand of
Y (r) and hence every tilting module is a Clebsch-Gordan module.
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A precise description of the non-negative integers r, s such that V(r) ® A(s) is tilting
is to be found in [11].

In this section we determine a decomposition of Y (r) as a direct sum of indecompos-
able modules, i.e., we determine, for r, s > 0, when (Y'(r)|T(s)) is non-zero (and hence
1). This generalises the result of Goodbourn describing the condition for T'(2) to occur
as a summand of Y'(r), for p odd, [9, Theorem 4.8], which has special significance for the
theory of reductive pairs.

We shall use the notion of an admissible quadruple to describe a direct sum decom-
position of the tilting modules Y (r), > 0.

Our method is essentially to consider the characters of the modules T'(s) and express
the character of Y(r) in terms of these. Since the character of T'(s) is known (see Propo-
sition 1.3 below) and the character of Y'(r) is given by the usual Clebsch-Gordan formula
we may obtain the result by inverting a matrix of V-multiplicities in tilting modules.

We start with some notation. We write Ny for the set of non-negative integers. We
write the base p expansion of o € Ny as 0 = Zi>0 plo; (with0<o;<p—-1lando; =0
for i large) or just o = Zi]\io ploy, if o < pN*tl. For a set I of non-negative integers we
define o7 = Zielpiai.

An element r € Ny determines unique non-negative integers N and o such that
pV —1<r<pN*!l — 1 and

F— (N~ 1)+ o (+)

We shall say that (xx) is the standard expression for r.

We shall need the multiplicities of the module V(s) as a section in a good filtration of
the module T'(r), for r,s > 0. By taking ¢ = 1 and restricting to SLo(K) in [6, 3.4(3)],
we obtain the following.

Proposition 1.3. Let r € Ny with standard expression r = (p¥ — 1)+ o. For s € Ny we
have (T(r) : V(s)) <1 and (T(r) : V(s)) # 0 if and only if s = r — 20 for some subset
1 Of{Z S No‘i#N,O’i 7&0}

Definition 1.4. By an admissible triple we mean a triple (IV, o, §) of non-negative integers
N, o and § such that

(i) 0,6 < pN Tt —pN;

(ii) 0+ 0; <p—1for 0 < i< Nj;and

(iii) onN +0ny <p-—1.

By an admissible quadruple we mean a quadruple (N, o,d,I), where (N,0,0) is an
admissible triple and I is a subset of {i € Ng|o; #0,i # N}.

Definition 1.5. Let r,t € Ny with r > ¢ and r — ¢t even. We say that an admissible
quadruple (N, o,0,I) is an admissible quadruple for the pair (r,t) if

t=pYN —1)+0—20; (1)
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and
r=p" —1)+0+25 (mod2p™ ™). (2)
Less formally we shall say that (IV, 0,6, 1) is a solution for (r, ).

Remark 1.6. We note that if (N, 0,4, I) is an admissible quadruple for (r,¢) then, by (1),
o1, and hence I, is determined by the triple (N, o, ).

Our result on the decomposition of the tilting modules Y (r) is the following.

Theorem 1.7. Let r,s € Ng. Then (Y (r)|T(s)) # 0 if and only if there is an admissible
triple (N, 0,9) such that

r=@Y —1)4+0+25 (mod2pN ™), and

s=pPYN —1)+o.

Note that in the above statement we have

N—-1
s=pY —1)+ Zpiai—I—pNUN
1=0
N—-1 .
<PV -1+ > plp-1+p-2p"
1=0
=PV -+ -1+ @-2)p" =pNt -2

so that p’¥ — 1 < s < pV*! — 1 and the expression s = (p" — 1) + ¢ in the Theorem is
the standard expression. Now we put u = (r — s)/2 and then the first condition in the
theorem becomes simply u; = §;, for 0 < ¢ < N. Hence we may express the Theorem in
the following more usable form.

Theorem 1.7" Let r,s € Ng with r > s and r — s even. Put u = (r — s)/2 and express s
in standard form s = (p™ — 1)+ 0. Then (Y (r)|T(s)) # 0 if and only if o; +u; <p—1
for0<i< N andony +uny <p-—1.

Our proof of the Theorem is based on the following existence and uniqueness property.

Proposition 1.8. For r,t € Ng with r > t and r — t even there exists a unique admissible
quadruple for (r,t).

Given the above proposition the theorem follows in a straightforward manner.
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Proof of Theorem 1.7. Let n be a non-negative integer. We define the matrix A =
(@rs)o<r,s<n, Where a,s = 1 if r > s, 7 — s is even and there exists an admissible
triple (N, o,d) with

r=@(Y —1)4+0+26 (mod 2p™V 1),

s=pPYN -1)+o

and a,s = 0 otherwise. We define the matrix B = (b,s)o<r,s<n, Where b,s = (T(r) : V(s)).
We consider the product matrix AB = C' = (¢;5)o<r,s<n.-

We have ¢,y = Z::O arsbse, for 0 < r;t < n. Suppose a,sbs; # 0. Then there exists an
admissible triple (N, o, ) such that

r=@pY —1)4+0+26 (mod 2p™N 1),

s=@pY -1)+o.

Moreover, by Proposition 1.3, we have t = (p’ — 1) + o — 207, for some subset I of
{i € Ng|i # N,o; # 0}. But then (N, 0,0, I) is an admissible quadruple for (r,t). Hence
the value of s is uniquely determined by this quadruple, by Proposition 1.8. In particular
there is exactly one such s and we have

1, ifr>tandr—tiseven;

n
Crt = E arsbst =
s=0 0’

Thus we have ¢, = (Y (r) : V(2)).
Note that the matrices A, B,C are invertible. Let A" = (al.;)o<r s<n, Where a,., =
(Y(r)|T(s)). The (r,t) entry of A'B is

otherwise.

n

DY) T))T(s) : V(E) = (Y(r): V(D) = cpe.

s=0

Hence we have A'B = C' = AB and therefore A’ = A. Hence (Y (r) : T(s)) = ayrs, as
required. O

The remainder of this section is devoted to a proof of Proposition 1.8. In the analysis
that follows we shall assume that p is odd. We leave verifications in case p = 2 to the
interested reader. Note that if (N, 0,6, I) satisfies (1) and the condition r = (p?¥ — 1) +
o+ 26 (mod pN*t1) then we have

r— (N =1 +0+20)=r—((pY —1)+0—207) (mod 2)
=r—t=0 (mod 2).



686 S. Donkin, S. Martin / Journal of Algebra 560 (2020) 680-699

So in fact we have the condition (2). Thus in what follows it is enough to work with (2)
in the simplified form

r=0@" —1)4+0+25 (mod p™NT1).
We separate out the cases in which NV = 0.

Lemma 1.9. Suppose r,t € Ng, r >t with r — t even. We define u = (r — t)/2. If there
exists an admissible quadruple (N,o,6,1) for (r,t) with N = 0 then t + uy < p — 1.
Conversely, if t +uy < p — 1 then there is a unique admissible quadruple for (r,t),
namely (0,t,ug, ).

Proof. Suppose (0,0,4,I) is a solution for (r,t). Then I =0, o0 = 09, § = §p and t = oy
from (1). Moreover, (2) gives ug = dg so that ¢ +ug = 09 + dp <p — 1.

Now suppose that ¢t +ug < p — 1. Then (0, 0,4,I) is a solution if and only if I = 0,
t=0=o0pand r = o — 24y (mod p), so §o = ug. Hence (0, ¢, ug, D) is the unique solution
with N = 0.

Now suppose, for a contradiction, that we have a solution (N,c,d,1), with N > 0.
From (1) we get

1+t+2piai =pV +Zpiai
iel iel

where I is the complement of I in {0,1,...,N}. We must have 0 € I, for otherwise the
left hand side is less than p”. Taking the equation modulo p gives 1 +t + o9 = 0 and
hence 1+t+0p = p. From (2) we get r = —1—1—1t 42§y (mod p), and subtracting ¢ we
get 2u = —2 — 2t + 2§ and hence ug = —1 — t + dp (mod p) and hence 6y = ug + 1 + ¢.
But now g +0g=p—1—t4+wup+ 1+t =1ug+ p and the requirement oy + Jg < p—1
is not satisfied. O

Proof of Proposition 1.8. Suppose the result is false and that r 4+ ¢ is minimal among
all cases in which either uniqueness or existence fails. The proof is divided into several
cases. We investigate a possible solution (N, 0,4, I) with N > 0, so that (1) and (2) are
satisfied with a subset I of {0,..., N—1}. (By Lemma 1.9, we only need to consider cases
in which N > 0.) We write o = g + po’, § = do + pd’. Then we have o = €10, + pof,
where I’ is the subset {i — 1|0 # ¢ € I} of {0,...,N — 2} and where e, = 1if 0 € I
and e¢; = 0 if not. We shall see that e;, 09,00 are determined by (1) and (2) and that
(N,0,6,1) is a solution for (r,t) if and only if (N —1,0',4’,I’) is an admissible quadruple
for the smaller pair (r/,t'), where r = g + pr’ and ¢t = tg + pt’. The result then follows
by existence and uniqueness of a quadruple for (r/;t').

Case A: tg=p— 1.
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From (1) we have —1 = —1+ 0 — 207 (mod p) and therefore oy = 0. Furthermore we
have

t=pt' +p—1=p" —1)+0 — 201
so pt' = pN —p+po’ —2pat,, ie.,
t=pN "t — 140 —20}. (3)

From (2) we have r = —1 4 g9 + 209 (mod p), i.e., 260 = r + 1 (mod p). We have three
cases to consider: (i) ro = p — 1; (ii) ro odd; and (iii) ro even, ro # p — 1.

(i) If ro = p — 1 then dp = 0. From (2) we have
r=pY —1)+0+20 (mod p™¥ 1)
so we have pr’ = p" — p + po’ + 2pd’ (mod pN+1) ie.,
P =pN Tl 140" 20 (mod p™). (4)
By minimality (3) and (4) have a unique solution (N —1,¢",¢’, I') for (+',¢'), and then
(N, 00+ po’, 8o+ pd’, I) is the unique solution to (1), (2) (where I = {i+1]i € I'}). So

(r,t) is not a minimal counterexample.

(ii) Suppose 7 is odd. Then r = —1 42§ (mod p) gives dy = (ro +1)/2. From (2) we
get

ro+pr' = (pY — 1)+ po’ + (ro +1) +2pd’  (modp™t1)
ie., pr' = pN 4+ po’ + 2pd’ (mod p¥t1), or
1=V 1) +0' 4+ 20 (mod p™). (5)

Since rg is odd and r and ¢ have the same parity, 7’ and ¢’ have different parities. Hence
r’—1 > ¢’ and by minimality we have a unique solution (N —1,0”,4’,I') giving a solution
for (' —1,t’) and then (reversing the steps) (N, oo+po’, do+pd’, I) is the unique solution
for (r,t). Hence (r,¢) is not a minimal counterexample.

(iii) Suppose rq is even, rg # p—1. Then r = —142§; (mod p) gives g = (p+1+rg)/2.
From (2) we get

ro+pr' =Y —1)+po’ + (p+1+ro) +2ps (modp™ ')

N+l)’

ie., pr' = p 4+ po’ + p+2pd’ (modp or
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' —2= (Nt —1) 40" + 20 (mod p™). (6)

Note that 7" and ' have the same parity and r > ¢ so that ' — 2 > ¢’. By minimality
there is a unique admissible quadruple (N —1,¢’,§’, I') satisfying (3) and (6) and hence
(N,00+pc’,dp+pd’, I) is the unique admissible quadruple satisfying (1) and (2). Hence
(r,t) is not a minimal counterexample.

We assume in the remaining cases that ¢ty # p—1. From (1), in any solution (N, g, 6, 1)
with N > 0 we have tg = —1 + 0 — 207 (mod p), giving two possibilities for oq. Either
0 €l sothat og =p—1—tg,or 0¢ I and og = to+ 1.

Case B: tg # p — 1 and rg, ¢y have the same parity (hence v’ and ¢’ have the same
parity) and ro > to.

Note that if ¢ = 0 then, putting v = (r — t)/2, we have ug = (ro — tp)/2 and
t+ug = (ro +to)/2 < p— 1 so that (r,t) is not a counterexample, by Lemma 1.9.

So we now assume t' > 0, and suppose that we have a solution (N,o,d,I). First
suppose 0 € I, 09 = p — 1 — tp. Then we have ro = —1+p — 1 — tp + 20p (mod p) so
that do = (1o + to)/2 + 1 but then o9 + dg = p — 1 + (19 — to)/2 and the admissibility
condition is violated.

So we now assume t' > 0, 0 ¢ I, 09 = tg + 1. Hence ro = tg + 209 (mod p) and we get
do = (ro — to)/2. In this case the condition o¢ + dg < p — 1 is satisfied.

Writing o0 = og +po’, 0 = dg+pd’ and I’ = {i — 1|0 # i € I} as usual we need to
consider solutions of the equations

t=pY —1)+to+1+po’ —2pa}

ie.,
t'—1=pN "t =1)+0o — 20 (7)
and
r=pY —1)+to+ 1+ (ro —to) +po’ + 2pd’ (mod p™¥ 1)
i.e.,

1=t 1) +0’ +28  (modp™). (8)

But one can solve (7) and (8) uniquely for (N — 1,07,4’,I’) by the minimality as-
sumption and then (N, g + po’, dg + pd’, I) is the unique solution for (r,t).

Case C: rq, tg # p — 1 have the same parity (hence v’ and ¢’ have the same parity)
and g < tg.
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We consider a solution (N, 0,6, ) and, as usual, we assume N > 0.

Assume that 0 ¢ I, 09 = tg + 1. We have rg = —1+ (o + 1) + 269 (mod p), which
gives dg = (ro — t9)/2 + p. But now op + dp = (19 + t9)/2 + 1 + p and the admissibility
condition is violated.

Hence we may assume 0 € I, 09 = p—1—1tg. Then we have ro = —1+p—1—1tg+ 2
(mod p), giving dy = (1o + to)/2 + 1. In this case we have

0'0—|-(50:p—1—t0+(T0+t0)/2+1Zp—(to—’r‘0>/2Sp—l

and the desired admissibility condition is satisfied.
Hence (N, 0,4,1) is a solution for (r,t) if and only if

to+pt' = (Y —1)+po’ — (p—1—to) — 2po},

ie.,
=" =1)+0' 207, (9)
and
ro+pr' = (PN = 1)+ (p—1—to) +po’ +ro+to+2+2p5 (modp™¥Hl)
ie.,

2= = 1)+ 0’ +28 (modp™). (10)

Now since r > t and rg < tg we have ' > t’ and therefore v’ — 2 > t/, since 7’ and ¢/
have the same parity. We can solve (9) and (10) uniquely for (N —1,0’,d’,I') and then
(N,0,6,I) is the unique admissible quadruple for (r,t).

Case D: rg and tg (and so " and ') have different parities and ro + tg < p — 4.

If ¢ = 0 then, putting u = (r — t)/2 we have 2ug = rg — tgp (modp) and hence
ug = (p+ ro — to)/2 from which it follows that ug +¢ < p — 1 and there is a unique
solution by Lemma 1.9.

We assume from now on that ¢’ > 0. We consider a possible solution (N, o, d,I) with
N > 0. First suppose 0 € I, 09 = p — 1 — tg. Then

ro=—14+p—1—1t9+ 20y (modp)

so that 25 = ro + to + 2 (mod p) and, by parity considerations, 26y = r¢ + to + 2 + p.
However, we require g + g < p — 1, i.e. 209 + 259 < 2p — 2, i.e.

2p—2—-2tg+ro+to+2+p<2p—2
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ie,rg+to+2+p< 2t ie., (ro—ty) +p—+2 <0 and this is false.

We now suppose 0 ¢ I, o9 =to+ 1. We get 7o = —1 4+ t5 + 1 + 2§y (mod p) so that
8o = (ro — to + p)/2. We require o9+ g < p—1,1e,t0+ 1+ (ro —to+p)/2 <p-—1,
ie, (ro+to+p)/2<p—2,ie,rg+ty<p—4,and indeed this is the case.

Thus (N, 0,6,1) is a solution for (r,t) if and only if

t=" —1)+to+1+po’ —2pop

ie.,
t'—1=p"t=1)+0o — 20} (11)
and
ro+pr' = (N = 1) +to+1+po’ + (ro—to+p) +2ps'  (modp"+t)
i.e.,

P —2= N 1) +0' +20 (mod p™). (12)

Now we have ' > t/, ¢/ > 0 and ' and t' have different parities, from which it follows
that v’ —2 > ¢’ — 1 > 0. Hence by minimality there is a unique solution (N —1,0”,6’,I")
for (r' —2,t' — 1), and then (N, 0,4, I) is the unique solution for (r,¢). Hence (r,t) is not

a minimal counterexample.

Case E: rg,t9 # p — 1, ro and to have different parities (and hence so do r' and t'),
and rg +tg > p — 2.

As usual we consider possible admissible solutions (N, o,d,I) with N > 0.
Suppose first that 0 ¢ I, 09 = to + 1. Then we have

ro = —1+4+tg+ 1+ 2y (modp).
This gives 69 = (19 — to + p)/2. But then
oo+d=(ro+to+p)/2+1>2p—2)/24+1=p
and the condition g + 6y < p — 1 does not hold. Hence there is no such solution.
Now suppose that 0 € I,09 = p — 1 — tg. Then we have rg = -1 +p—1—1t9 +

25p (mod p) which gives dg = (rg + to + 2 — p)/2. Thus we have

oo +d=p—1—to+(ro+to+2—p)/2=(r0—to+p)/2
<(ro+p)/2<(p—2+p)/2=p—1
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and the desired condition g + dp < p — 1 holds.
Thus (N, 0,6,1) is a solution for (r,t) if and only if

to+pt' =p" —1+po’ — (p—1—to) — 2po},

ie.,
t'=pEV 1 =1) 40 — 20} (13)

and

ro+pr’' =pN =14+ (p—1—to) +po’ + (ro+to+2—p) +2p5’  (modp™*?)

i.e.,
' —1=pN 140" 428 (mod p™). (14)

Since 7’ and ¢’ have different parities we have ' > ¢, and so ' — 1 > t/. Then by
minimality there is a unique admissible quadruple (N — 1,0,6’,I") satisfying (13) and
(14) and then (N, 0,4, ) is the unique solution for (r,t).

We have examined all cases and shown that there is no minimal counterexample in
each case so the result is proved. O

Example 1.10. The question of whether the Lie algebra A(2) appears as a direct sum-
mand of Y'(2n) has a special significance for the theory of reductive pairs. We here recover
the result of Goodbourn, [9, Theorem 4.8], describing this situation.

If p = 2 then since A(2) is not a tilting module, it cannot occur as a direct summand
of the tilting module Y (2n).

We take 7 = 2n, s = 2 in Theorem 1.7/, so that u =n — 1.

Assume p = 3. Then s has standard form 2 = (3! — 1) + 0, so that N =1, o = 0.
Thus T'(2) is a summand of Y'(2n) when (n—1); # 2,i.e., n=1,2,3,4,5 or 6 modulo 9.

Assume p > 3. Then s has standard form 2 = (p’ — 1) +2, so that N =0, ¢ = 2. Thus
T(2) is a summand of Y (2n) when (n—1)p+2<p—1,ie.,(n—1)g #p—3,p—2,p—1,
i.e., n is not congruent to 0, —1 or —2 modulo p.

We are grateful to H. H. Andersen for pointing out that this example may also be
done using the “fusion formula” due to Georgiev and Mathieu, [8, Theorem 4.10] (see
also [1, 2.10 Proposition]).

To complete the picture we take p = 2 and determine when T'(2) is a summand of
Y (2n). We have the standard form 2 = (2! — 1) 4 1, so that N = 1, 0 = 1. Thus T'(2) is
a summand of Y (2n) when (n —1)g =0, (n — 1); =0, i.e., when n = 1 modulo 4.
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2. A short exact sequence

In this section, we consider a general module of the form V(r) ® A(s), with r >
s > 0. Our method is to understand this module as a quotient of some Y (m). The key
result in making the passage to the quotient is the short exact sequence described in
Proposition 2.1 below.

We shall work with the action of the divided power operators f;, ¢ > 0, on rational

G-modules. For £ € K, we have the unipotent element u(§) = (é ?) of G. Let U be

the unipotent subgroup {u(¢) | € € K} of G. Suppose that V is a rational U-module and
that v € V. Then there is a uniquely determined sequence of elements vy, vy, ... such
that only finitely many are non-zero and u(§)v = >, €, for all € € K. The divided
powers operators fo, f1,... are elements of the algebra of distributions of U satisfying
fiv = v;, for i > 0. The action of the divided powers operators on a tensor product
V ® V' of rational U-modules is given by

fa(1'®y) = Z fbx®fcy

a=b+c

fora>0andzeV,yec V'

If [} is a non-zero highest weight vector of the Weyl module A(s), s > 0, then the
elements I+ = foly, fily, ..., fsly form a K-basis of A(s) and f;l; =0, for ¢ > s.

Over a field of characteristic 0, it follows from the usual Clebsch-Gordan formula
that, for r > s > 0, the module V(r) ® A(s) is the direct sum of the modules V(r — s)
and V(r + 1) ® A(s — 1). However, the following weak version survives in arbitrary
characteristic.

Proposition 2.1. Suppose that r > s > 0. Then there exists a short exact sequence of
G-modules

0->V(r—s5)—=Vr)A() - ViIr+1)®@A(s—1) = 0.

Proof. We write x1,x2 for the natural basis vectors of F, with z; having weight 1 and
x2 having weight —1. Multiplication in the symmetric algebra on E gives the G-module
homomorphism a : S"E® E — S™HE, taking z¢x4 @y to 238y, for a,b >0, a+b=r,
ye E.

We choose nonzero highest weight vectors Iy in A(s) and my in A(s—1). The dual of
the natural surjection E®S*~1E — S°F is a G-module embedding A(s) -+ E®A(s—1),
and it follows, by weight considerations, that there is an embedding 3 : A(s) = E ®
A(s — 1) taking Iy to 1 ® my..

Note that, for i > 0 we have

Bfily) = D fur1 @ fomy =21 ® fimy + 22 ® fiiimy.

i=u+v
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We define
0=(a®id)o(id® ) : V(r)@ A(s) = V(r+1)® A(s — 1)
where the first id is the identity map on A(s — 1) and the second is the identity map on
V(r).

We will show that 6 is surjective, and that its kernel is isomorphic to V(r — s). Note
that, for a,b > 0 with a + b = r, we have

O(zfah ©1y) = ai 2l @ my (1)

and, for ¢ > 1, we have

b+1

O(zizy @ fily) = af ™ ah @ fimy +afed™ @ fioimy. (2)

In particular, we obtain
e(xtllwg ® fsly) = xlxl22+1 ® fo—1m4 (3)

since m. is a highest weight vector of A(s — 1) and fym = 0).
+ g g +
Hence, by (1), the image Im(#) contains all elements 2" 2% ® m . Furthermore, we

have
s—1
00y (1) 't ey @ fimy)
i=1
s—1
— ( 1)z 1(.’);‘1SCT z+1®f1m++xz 1 r z+2®fZ 1m+)
=1

by (2). Note that this sum is telescopic and reduces to
eyt @my + (-1) 2Ty T @ foame.

But, from (3) we have that =5 25 *"? @ f,_1my € Im(f) and therefore 25" @ m, €
Im(6).

We have shown that z¢x ® my € Im(6) for all a,b > 0 with a +b = r + 1. Hence
V(r+1) @ my C Im(f). But now

Z={veA(s—-1)|V(r+1)®@v CIm(h)}

is a G-submodule of A(s— 1) containing the generator m, and hence Z = A(s—1), i.e.,
Im(0) =V(r+1)®A(s - 1).

Now V = V(r) ® A(s) has a good filtration 0 = Vo < Vj < -+ < V41 = V with
Vi/Viei 2 V(r—s+2(i—1)), for 1 <i < s+1. In particular V; is isomorphic to V(r—s).
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Also, the module W = V(r+1) ® A(s — 1) has a good filtration 0 = Wy < Wy --- < W
with W;/W;,_1 = V(r — s+ 2j), for 1 < j < s. But now, for 1 < j < s the map
Vi — W;/W,_1 induced by 6 is 0 since the socle L(r — s + 2j) of W;/W;_; is not a
composition factor of V5. Hence 0(V1) = 0, i.e., V; is contained in Ker(#). Now 6 induces
a surjective module homomorphism 6 : V/V; — W and since V/V; and W have the same
character and hence the same dimension, 6 : (V(r) ® A(s))/Vi — V(r +1) ® A(s — 1)

is an isomorphism, and we are done. O

We recall the following construction (for further details see, for example, [6, Ap-
pendix]). Let 7 be a set of non-negative integers. We say that a rational G-module V/
belongs to 7 if each composition factor L of V' has the form L(t) for some ¢ (depending
on L) in 7. Among all submodules of an arbitrary rational G-module V there is a unique
maximal one belonging to m, which we denote O,(V). A set m of non-negative integers
will be called saturated if whenever n € w and m < n with n — m even then m € =. We
have, e.g. by [6, Proposition A.3.2(i)], the following result.

Lemma 2.2. If 7 is a saturated set of non-negative integers and 0 - V' -V - V" =0
is a short exact sequence of G-modules with a good filtration then

0= 0,(V") = 0.(V) = O0-(V") =0
s exact.

Also we have, by e.g. [6, Proposition A.3.1(ii) and Proposition A. 3.2], the following
result.

Lemma 2.3. If 7 is a saturated set of non-negative integers and V' is a finite dimensional
G-module with a good filtration then:

()

(V:¥V(r), ifrem

0, otherwise

(Ox(V): V(r)) = {

(i) V/Or(V) has a good filtration and

(V/0x(V) : 9(0)) = {0’ e
(V:V(r)), otherwise.
It follows from Proposition 2.1 that, for » > s > 0 the module V(r) ® A(s) contains
a unique submodule M, say, isomorphic to V(r — s) and V(r) ® A(s)/M has a filtration
with sections V(t), with r —s <t < r+s, and r + s — t even. We get the following
consequences of Proposition 2.1.
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Corollary 2.4. Let r > s > 0. Then we have

V(r) @ As) 2Y(r+5)/Ox(Y(r +5))
where m = {i € Ng|i < r — s}.

Corollary 2.5. Suppose that v > s > 0 and that 7 is a saturated set of non-negative
integers. Then (V(r) @ A(s))/O-(V(r) @ A(s)) is either zero or isomorphic to V(r') ®
A(s"), for some 1’ > >0, withr' +s =r+s.

Proof. We proceed by induction on s. If s = 0 then
O=(V(r) ® A(s)) = O=(V(r))

which is either 0 or V(r) so that (V(r) @ A(s))/O-(V(r) @ A(s)) is either V(r) or 0.
We now assume that s > 0 and that the result holds for smaller values.
If r—s ¢ m then O-(V(r)® A(s)) = 0 and again the result is clear. Assume now that
r —s € w. We identify V(r — s) with a submodule of V(r) ® A(s). Thus we have

(V(r) ® A(5))/Ox(V(r) @ A(s))
= (V(r) @ As)/V(r =)/ (Ox(V(r) @ A(s))/V(r = s))
= (Vr+1)@A(s—1))/0-(V(r+1)®A(s — 1))

and the result follows by induction. O

Corollary 2.6. If C is a Clebsch-Gordan module then so is C/O,(C), for any saturated
set ™ of non-negative integers.

Proof. We may assume that C' is indecomposable, and hence a direct summand of V(r)®
A(s), for some r > s. Hence C/O,(C) is a direct summand of V( )R A(s)/0(V(r) ®
A(s)) and, by Corollary 2.5, this is V(') ® A(s’), for some 1’ > &', and hence C/O,(C)
is Clebsch-Gordan. O

3. The general result

We identify the indecomposable Clebsch-Gordan modules, and give the promised de-
composition of a general module of the form V(r) @ A(s). We shall show here that the
indecomposable Clebsch-Gordan modules are certain quotients of the indecomposable
tilting modules. To this end it is useful to note that these quotients are indecomposable.
This follows from the well-known observation recorded in Lemma 3.1 below.

In the proof we shall need Steinberg’s tensor product theorem. We write G for the first
infinitesimal subgroup of G. The modules L(0), L(1), ..., L(p—1) form a complete set of
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pairwise non-isomorphic simple G1-modules. We write I’ : G — G for the usual Frobenius
map and, for a rational G-module V affording the representation 7 : G — GL(V), write
VI for the K-space V regarded as a G-module via the representation 7o F. For r > 0 we
write 7 = 7o + pr’, with 0 < 7o < p — 1. We have L(r) = L(ro) ® L(+")[Y], by Steinberg’s
tensor product theorem.

Lemma 3.1. For r > 0, the tilting module T'(r) has simple head.

Proof. The dual of a tilting module is tilting (and in fact all tilting modules for SLy(K)
are self dual) so this is equivalent to the statement that the indecomposable tilting
modules have simple socle. We shall use the description of the tilting modules for SLy(K)
given in [5].

If 0 <r < p—1then T(r) is simple. In case p < r < 2p — 2 the tilting module T'(r),
as a module for Gy, is the injective hull of the simple module L(2p — 2 — 7). This has a
simple G1-socle and so certainly a simple socle as a G-module.

Now suppose that r > 2p — 1. We write r = m + pn, with p—1 < m < 2p — 2 and
n > 0. Then according to [5] the module T'(r) may be realised as T'(m) @ T'(n)Y). The
G1-socle, and hence the G-socle of T'(m) is L(a), where a = 2p — 2 — m. Hence if, for
s=b+pc, with 0 < b <p-—1, ¢ >0, the module L(s) appears in the socle of T'(r)
then we have b = a. The multiplicity of L(s) in the G-socle is, by Schur’s Lemma, the
dimension of Homeg(L(s),T(r)). Now we have

Homg (L(s), T(r)) = Homg, (L(s), T(r))®
= Homg, (L(a) ® L(c)Y, T(m) @ T(n))¢
= (Homg, (L(a), T(m)) ® HomK(L(C)[l]vT(”)m))q

Now T'(m) has Gi-socle L(a) so that Homg, (L(a),T'(m)) is one dimensional and
hence trivial as a G-module. Hence we have

Home (L(s), T(r)) = Hompg (L(c)!, T(n)H)<
= Homg(L(C)[l] , T(n)[l]) — HOmg(L(C), T(n))

We may assume inductively that T'(n) has simple socle L(d), for some d > 0 and so we
obtain

Homg(L(s), T(r)) = {K, if s =a+ pd;

0, otherwise
which proves that T'(r) has simple socle L(a + pd). O

Let 7 € Ny, written in standard form r = (p» — 1) + 0. We put S(r) = {i € Ng|i <
N, o0; # 0}. The sections in a good filtration of T'(r) are, by Proposition 1.3, the modules
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V(r —2071). We define a total order on the power set of S(r) by the condition I < J if
o7 < oy. Thus we have r — 207 <r — 20 if and only if J < I.

Remark 3.2. In fact, it is easy to see that I < J if and only if max(I\J) < max(J\I)
(where max(A) denotes the maximum of a finite set of non-negative integers A).

Let I C S(r) and put 7(I) = {i € Ngoli < r — 207}. We define T(r); =
T(r)/Ox(1)(T(r)).

Lemma 3.3. (i) O, () (T(r)) has a good filtration with sections V(r —20), for r—20; <
r—2o0y, te, I #J, 1XJ;

(i) T(r); has a good filtration with sections V(r — 20y), for r — 20y > r — 20y, i.e.,
J=<1I;and

(iii) T(r)p = V(r) and T(r)sy = T(r).

Lemma 3.4. For r,s € Ny and I C S(r), J C S(s) the modules T(r); and T(s); are
isomorphic if and only if r =s and I = J.

Proof. The module T(r); unique highest weight r and the module T'(s); has unique
highest weight s so that if T'(r); and T(s); are isomorphic then r = s. Now T'(r); has
section V(r —207) and if V(r —20) is also a section then we have J < I. Thus if T'(r);
and T'(r); are isomorphic then J < I, and by symmetry I < J. Hence I =J. O

We summarise our findings in our main result.

Theorem 3.5. Let r > s > 0. Then each indecomposable summand of V(r) @ A(s) occurs
at most once in a direct sum decomposition. Each indecomposable summand has the form
T(m);, for some m > 0, which we write in standard form m = (p — 1)+ o, and where I
is a subset of S(m). Furthermore, for such m and I, we have (V(r)QA(s) | T(m)r) # 0 if
and only if (Y (r+s)|T(m)) # 0 (and the condition for this is described in Theorem 1.7),
m—20; >1—s and oy > oy for every J C S(m) such that m — 205 > r — s.

Proof. The first two statements are true by virtue of Remark 1.1 and Lemma 3.4. We
decompose Y (r 4 s) as @,,cp; T'(m). The set M is described by Theorem 1.7. Let
m={i € Ng|i <r—s}. Then we have

V(r) @ A(s) = Y (r +5)/O(Y = 1(m (m)).
meM
Let m € M. Suppose T'(m)/O(T(m)) # 0. Then (T'(m)/O(T(m)) : V(m)) # 0 and
hence m ¢ w, i.e., m > r —s. We choose I C S(m) such that m — 20; > r — s and
or > oy for every J C S(m) such that m — 205 > r — s. Then m — 207 < m — 20 for
all J € S(m) such that m — 205 > r — s. We then have T'(m)/O,(T(m)) = T(m);, as
required. O
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Combining this with Lemma 3.4 we have the following result.

Corollary 3.6. The modules T(r)r, forr € No, I C S(r), form a complete set of pairwise
indecomposable non-isomorphic Clebsch-Gordan modules.

Example 3.7. We ask when the trivial module 7(0) is a summand of V(r) ® A(s) (with
r > s > 0). Then we have 0 > r — s so that r = s. The standard expression for 0 is
0= (p’ —1)+0so we have N = 0, 0 = 0. So, putting u = (r +s —0)/2 = r, we
have rg < p — 1, i.e., s # 0 (modulo p). This is the condition for V(r) = S"E to have
dimension prime to p, so this is a special case of the result of Benson and Carlson, [2,
Theorem 3.1.9].

Example 3.8. We ask when the natural module F = T'(1) is a summand of V(r) ® A(s),
for r > s. For this we require 1 > r — s so that » = s+ 1 and T'(1) is a direct summand
of Y(2s+1).

If p = 2 we have the standard expression 1 = (2! — 1) + 0 so that N = 1, 0 = 0 and,
putting u = (r + s — 1)/2 = s, the condition is s < 1, i.e., s+1=0,ie,s=0or 1
modulo 4.

If p > 2 we have the standard expression 1 = (p® — 1) + 1 so that N =0 and o = 1.
Again putting u = (r+ s —1)/2 = s the condition is now s+ 1 <p—1and sy <p—1,
ie., so Z —2,—1 (modulo p) and s; #Z —1 (modulo p).

Example 3.9. Suppose that V(¢) is a direct summand of V(r) ® A(s), with r > s. Then
we have r +s >t > r — s with r + s — t even. We write ¢ in its standard expression
t=pYN —1)+ocandset u= (r+s—1)/2. If S(t) # 0 (ie. 0 # ap” fora=0,...,p—2)
then T'(t) # V(t), and so we require t — 2p™ 0y, < r — s, where m is such that m < N,
om # 0 and o; = 0 for 0 < ¢ < m. To summarise, with the above notation, V(¢) is a
summand of V(r) ® A(s) if and only if t > r — s, r+s—tis even, o; +u; < p—1 for
0<i<N,on+uy <p—1andif S(t) # 0 then t — 2p™0,, <1 — s.
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