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1. Introduction

Ultragraphs are versatile types of labelled graphs: their combinatorial structure en-
codes elaborate symbolic dynamics and algebras, meanwhile, the intuition from the graph
context is often (but not always) preserved. Ultragraphs were originally defined in [47],
as a unifying object to study Exel-Laca and graph C*-algebras. Since then, their study
has intertwined Dynamics, Algebra and Analysis in ways that each area benefits from
the other, see for example [24,29-31,46] where ultragraphs are used to study shift spaces
over infinite alphabets, [15,46] where KMS states associated to ultragraph C*-algebras
are described, [37] where purely infinite ultragraph C*-algebras are determined, [16]
where topological full groups associated to ultragraph groupoids are shown to be iso-
morphism invariants, [35] where ultragraph Leavitt path algebras are introduced and [26]
where irreducible representations of ultragraph Leavitt path algebras are characterized,
among many other developments.

Since ultragraphs are labelled graphs (for which edges with the same label necessarily
have the same source), their algebras share some of the intricacies of labelled graph
algebras. Labelled graph C*-algebras were originally defined in [3], but the final definition
was settled independently in [2] and [6]. Technically, this C*-algebra is associated with
a labelled space, which is a labelled graph with an additional family of sets of vertices
(see Section 2.3). In this paper, we illustrate that the elaborate nature of labelled graphs
(spaces) and their associated algebras manifests itself in ultragraphs, and we show when
relevant concepts can be simplified for certain cases.



458 G.G. de Castro et al. / Journal of Algebra 579 (2021) 456—495

To associate an algebra with an ultragraph, we use the strategy proposed for combina-
torial algebras in [19]. Specifically, for an ultragraph G an inverse semigroup is associated
with G. The tight spectrum of this inverse semigroup is then used, via a groupoid or par-
tial crossed product construction, as a building block for the C*-algebra or the Leavitt
path algebra associated with G. In [5], an inverse semigroup is associated with a labelled
graph and the tight spectrum of this inverse semigroup is characterized. Since ultra-
graphs are special cases of labelled graphs, we use the inverse semigroup of a labelled
graph to study general ultragraphs.

In [25], a shift space is associated with an ultragraph G without sinks that satisfies
Condition (RFUM), and also in [46] if G has sinks and satisfies Condition (RFUM2).
For these special cases, we show that shift spaces coincide with the tight spectrum of
the inverse semigroup associated with G (see Theorem 3.19). However, we find that the
“graph” like picture of a shift space (using paths and cylinder sets) associated to an
ultragraph satisfying Condition (RFUM?2) is not available for general ultragraphs.

The tight spectrum of the inverse semigroup mentioned above is, in fact, the unit
space of a groupoid used to realize an ultragraph C*-algebra as a groupoid C*-algebra.
In [39] an inverse semigroup is associated with an ultragraph to also form a groupoid
such that the groupoid C*-algebra is isomorphic to the ultragraph C*-algebra. However,
we point out that our description of the unit space differs from that of [39], and we allow
for sinks. Essentially, comparing these groupoids, the unit space in [39] lacks certain
elements. We elaborate in detail on this in Remarks 3.5 and 3.7, and in Remark 5.11 we
discuss some implications to the associated groupoid C*-algebra. For the description in
[39] to work, an extra assumption that the range of every edge is finite is needed, see
Remark 3.7.

Often when a combinatorial object has a C*-algebra associated with it, one can also
associate an algebra over a ring with it. If a groupoid description of this C*-algebra
is obtained, then it is natural to try to obtain a Steinberg algebra realization of the
algebra. Since the theory of Steinberg algebras is quite developed (see [12,14,45] for a
few examples), and closely parallels the theory of groupoid C*-algebras, such realizations
open the possibility of many advances. In the case of graphs, the groupoid used for
modelling Leavitt path algebras and graph C*-algebras is the same. We show that this
is also the case for ultragraphs,® without any assumptions on the ultragraph.

To obtain a Steinberg algebra realization of an ultragraph Leavitt path algebra, we use
the description of the latter as a partial skew group ring [27] and the general realization of
partial skew group rings as Steinberg algebras given in [4]. With this approach, we develop
some new tools along the way which may be of independent interest. However, we need to
overcome a few hurdles. First, we need to reconcile two running definitions of ultragraph
Leavitt path algebras. To describe this issue, recall that an ultragraph is a quadruple

3 While we were in the final phase of organizing this paper, the manuscript [34] was posted on arXiv,
where a Steinberg algebra realization of an ultragraph Leavitt path algebra is given. Nevertheless, the
groupoid presented there is the same as the groupoid introduced in [39], and so their approach needs the
extra assumption that the range of each edge is finite.
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g= (GO, Gt r, s) consisting of two countable sets GO and G', amap s: G = G°, and a
map 7 : G1 — P(G°) \ {0}, where P(G®) is the power set of G°. A key concept in the
definition of ultragraph algebras is that of a generalized vertex. Originally in [47] the
set of generalized vertices of an ultragraph G is defined as the smallest subset of P(G°)
that contains {v} for all v € G°, contains 7(e) for all e € G!, and is closed under finite
unions and nonempty finite intersections. However, another definition also appears in the
literature. For example, in [36] the set of generalized vertices, in addition to the original
definition, is also taken to be closed under relative complements. In [36] it is proved that
the C*-algebras arising from both definitions are isomorphic (see Remark 2.5 and Section
3 of [36]). In the algebraic setting, ultragraph Leavitt path algebras are defined in [35]
by also including relative complements in the generalized vertices (this convention is also
used in [21]). In other contexts, the definition of generalized vertices does not require
that the set is closed under relative complements (see [26,28,27,34,41]). Analogous to
the C*-algebraic case, we show that ultragraph Leavitt path algebras arising from both
definitions agree, see Proposition 5.2. Then we have the realization of any ultragraph
Leavitt path algebra as a partial skew group ring, as given in [27], at our disposal.
This brings us to the second hurdle to overcome. We show that the purely algebraic
partial action constructed from an ultragraph in [27] can be built from the topological
partial action defined on the tight spectrum of the inverse semigroup associated with the
ultragraph in [17], see Theorem 4.15. We can then build the transformation groupoid of
the topological partial action and use the isomorphism between the Steinberg algebra
and the partial skew group ring found in [4] (see Theorem 5.5).

To exemplify the power of realizing ultragraph algebras as groupoid algebras we apply
our results to obtain generalized uniqueness theorems to both ultragraph C*-algebras
and ultragraph Leavitt path algebras. Recall that a uniqueness theorem means a set of
conditions on a combinatorial object (in our case, an ultragraph) or on a representation
of the associated algebra, guaranteeing that the representation is injective (see [40] for
a nice description of the development of the subject in the context of C*-algebras). In
our context, after identifying the abelian core subalgebra of an ultragraph algebra, we
apply general groupoid C*-algebra and Steinberg algebra results [9,13] to show that
a representation of an ultragraph algebra is injective if, and only if, its restriction to
the abelian core subalgebra is injective, see Theorem 6.11 and Theorem 6.13. We remark
that our results do not require aperiodicity, a gauge invariance or a Z-graded assumption.
Finally, our identification of the abelian core subalgebra of an ultragraph Leavitt path
algebra allows us to apply results of [33] to describe the core as the centralizer of the
diagonal subalgebra, and to show that if the centre of an ultragraph Leavitt path algebra
is equal to its abelian core then the ultragraph is either a single vertex or a vertex with a
loop (in the context of Leavitt path algebras this question is posed in [11] and answered
in [33]).

The paper is organized in a manner that (we hope) appeals to an audience with differ-
ent backgrounds and interests. In Section 2.1 we recall the necessary concepts regarding
filters, labelled spaces, the key inverse semigroup associated with a labelled space and
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its tight spectrum. In Section 3 we recall the definition of the shift space associated to
an ultragraph that satisfies Condition (RFUM2) and, in Theorem 3.19, we show that it
is homeomorphic to the tight spectrum of the associated inverse semigroup. As a conse-
quence, we obtain that the “graph like” groupoids studied in [16,46] coincide with the
groupoid arising from the labelled space perspective. Furthermore, we provide examples
of ultragraphs for which the tight spectrum of the inverse semigroup associated with it
cannot be described in the same manner as the shift defined for ultragraphs with Con-
dition (RFUM2). Section 4 is independent of Section 3. Here we show that the algebraic
partial action defined in [27] agrees with the topological partial action associated with
an ultragraph defined in [17]. We devote Section 5 to reconciling the different definitions
of an ultragraph Leavitt path algebra (Proposition 5.2) and to the realization of ultra-
graph algebras as groupoid algebras (C*-algebraic in Theorem 5.9 and purely algebraic
in Theorem 5.5) by using the groupoid described in Section 3 and, in the algebraic case,
also using the results of Section 4. Finally, in Section 6, we apply our results to obtain
generalized uniqueness theorems for ultragraph algebras, both in the C*-algebraic (The-
orem 6.11) and purely algebraic context (Theorem 6.13), and we describe the abelian
core subalgebra of an ultragraph algebra (Proposition 6.8).

2. Preliminaries

Throughout this paper we let N and N* denote the set of non-negative integers, and
positive integers, respectively.

2.1. Filters

A filter in a partially ordered set P with least element 0 is a subset £ of P such that
(i) 0 ¢ ¢; (ii) if z € £ and « < y, then y € £ and (iii) if z,y € &, there exists z € £ such
that z < z and z < y. If P is a (meet) semilattice, condition (iii) may be replaced by
xAy € £if x,y € & An wultrafilter is a filter which is not properly contained in any filter.

For z € P, we define

tr={yePlz<y} , la={yeP|y<az}

and for subsets X,Y of P define

11X = U Tz ={y € P|x <y for some x € X},
reX

and Ty X = YN 1X; the sets Tyx, |yx, | X and |, X are defined analogously. A filter £
is called principal if £ =tx for some x € P.

If ¢ is a filter in a lattice L with least element 0, we say that & is prime if for every
r,y€ L, ifxVye thenx e orye.
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We consider a Boolean algebra to be a relatively complemented distributive lattice
with least element 0. We do not assume that Boolean algebras have a greatest element.
The following result is well known in order theory.

Proposition 2.1. Let £ be a filter in a Boolean algebra B. Then the following are equiva-
lent:

e & is an ultrafilter,
e £ is a prime filter,
e ifx € B is such that x ANy # 0 for ally € &, then x € &.

We briefly describe the Stone duality. For a Boolean algebra B, the set of all ultrafilters
in B will be denoted by B. For each z € B, we let U, = {¢ e B | € £}. Then the family
{Usz}zee is a basis of compact-open sets for a Hausdorff topology on B. The set B with
this topology is called the Stone dual of B. On the other hand, if X is a Hausdorff space
such the set of all compact-open sets K(X) is a basis for the topology on X, then K(X)
is a Boolean algebra such that JT(Y) is homeomorphic to X.

2.2. Algebras of sets via characteristic functions

Let € be a lattice of subsets of a set X. In this subsection, we characterize the algebra
generated by the characteristic functions (taking values in a commutative unital ring)
of elements from € as a universal algebra. This will be important in Section 5, in the
study of ultragraph Leavitt path algebras. However, since this result is independent of
ultragraph algebras, we present it here.

Let X be a set, R a commutative unital ring, € C P(X) be a family of subsets of X,
F(X) be the R-algebra of functions from X to R with pointwise operations, Fe(X) be
the subalgebra of F'(X) generated by {1¢}cee, where 1¢ represents the characteristic
function of the set C, and let Ae be the algebra of sets generated by €.

Lemma 2.2. We have that
Ae = {A cX ‘ 14 € FG(X)}
In particular Fe(X) = Fa,(X).

Proof. Define B = {A C X | 14 € Fe(X)}. It is straightforward to check that B is
an algebra of sets containing € so that Ae C B. Let B € B so that 1p is a linear
combination of some 1¢, ...,1¢,, where each C; is a finite intersection of elements of
C for i = 1,...,n. By basic set theory, we can find a family of mutually disjoint sets
Ay, ..., A, in Ae such that each C; is a finite union of some elements of this family.
We can then rewrite 15 as a linear combination of 14,,...,14, where each coefficient

m
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is either 0 or 1. If follows that B is the union of the A;’s whose coefficient is 1 and hence
B e Ae.

For the last part, the inclusion Fe(X) C Fjyg,(X) is immediate and the reverse inclu-
sion follows from the argument above. O

Definition 2.3. Let C be a lattice of sets. We define Le as the universal R-algebra gener-
ated by a family of idempotents {pa}ace subject to the relations pg = 0, panp = paps
and paup = pa +pB — panp for all A, B € C.

Proposition 2.4. Let C be a lattice of subsets of X. Then there exists an isomorphism
¢ : Le = Fe(X) such that ¢(pa) = 14 for all A € C.

Proof. By the universal property of Le, there exists an R-algebra homomorphism ¢ :
Le — F(X) such that ¢(pa) = 14 for all A € C. Notice that ¢(Le) = Fe(X), so it
remains to show that ¢ is injective. We claim that for A, B € C, we have that pa = panp
if and only if 14 = 1anp. Indeed, if pa = panp then 14 = é(pa) = ¢(Pans) = lans.
On the other hand, if 14 = 14np then A = AN B so that ps = pans-

Take © € Le and suppose that ¢(z) = 0. Since € is closed under intersections, we
have that Le = span{pa}ace, so we can write z = > ., r;pa, for some n € N* and
ri € R, Ay e Cforalli=1,...,n. Foreach 0 # 1 C {1,...,n}, we let A; =, A,
By = Uielc A; and pr = pa, — pa,np,. Straightforward computations show that pr is
idempotent for all I, that pyp; = 0 if I # J and that pa, = Y ,.; ps for all i. By the
above claim p; = 0 if and only if Ay = A;N By. Let A= {1 C{l,...,n} | pr # 0} so
that we can write z = ZIGA srpr, where sy € R for all I € A. For a fixed J € A, we
have that

0=9¢(z) = 9¢(ps)o(x) = ¢(psz) = d(ssps) = s5(1a, — 1a,nB,)-

Since J € A, we have that py # 0, so that A; # A; N By and hence, the above equality
then implies s; = 0. Since J € A was arbitrary, we have that z = 0. The injectivity of ¢
follows. O

2.3. Labelled spaces and ultragraphs

A (directed) graph & = (€°,&Y,r, s) consists of non-empty sets €% (of vertices), &' (of

edges), and range and source functions r,s : €1 — €%, A vertex v such that s=(v) = ()

is called a sink, and the set of all sinks is denoted by &%, .. The graph is countable if
both ° and &' are countable.

A path of length n on a graph € is a sequence A = AjAs...\, of edges such that
r(A;) = s(Aig1) for all i = 1,...,n — 1. We write |A\| = n for the length of A and
regard vertices as paths of length 0. £™ stands for the set of all paths of length n and

E* = Up>0€™. Similarly, we define a path of infinite length (or an infinite path) as an



G.G. de Castro et al. / Journal of Algebra 579 (2021) 456—495 463

infinite sequence A = A1 \5 ... of edges such that r()\;) = s(\;41) for all i > 1; for such a
path, we write |\| = co and we let £ denote the set of all infinite paths.

A labelled graph consists of a graph & together with a surjective labelling map £ :
&' — A, where A is a fixed non-empty set, called an alphabet, and whose elements are
called letters. A* stands for the set of all finite words over A, together with the empty
word w, and A is the set of all infinite words over A. We consider A* as a monoid
with operation given by concatenation. In particular, given o € A* \ {w} and n € N*|
a™ represents a concatenated n times and a® € A is « concatenated infinitely many
times.

The labelling map £ extends in the obvious way to £ : E" — A* and £ : € — A>.
L™ = L(E™) is the set of labelled paths « of length |a| = n, and £° = L(E°°) is the
set of infinite labelled paths. We consider w as a labelled path with |w| = 0, and set
L2 =Up>1 L7, LF = {w}U L2, and L5 = L* U L.

For a € £* and A € P(€°) (the power set of £°), the relative range of a with respect
to A is the set

H(A. ) = {{r()\) I Nees, L) =a, s(\) € A}, ijif

)

The range of «, denoted by r(«), is the set
r(a) = (€% a),

so that r(w) = €% and, if o € £21, then r(a) = {r(\) € €° | L(\) = a}.
We also define

L(AEY) ={L(e) |ec & and s(e) € A} ={a € A | r(A4,a)#0}.

A labelled path « is a beginning of a labelled path 3 if 8 = af’ for some labelled path
B'. Labelled paths o and 8 are comparable if either one is a beginning of the other. If
1<i<j<lal,let o = aajq1...05if j <ooand oy j = cajyq ... if j=o00. If j <
set o; j = w. Define £L>® = L(E®) = {a € A® | a1, € £*,Vn € N}, that is, it is the
set of all infinite words such that all beginnings are finite labelled paths. Also we write
L= = L*U L.

A labelled space is a triple (€, L, B) where (€, L) is a labelled graph and B is a family
of subsets of €Y which is closed under finite intersections and finite unions, contains all
r(a) for a € £2* and is closed under relative ranges, that is, r(A4,a) € B for all A € B
and all o € £*. A labelled space (&, L, B) is weakly left-resolving if for all A, B € B and
all @ € £=' we have r(AN B,«a) = r(A,a) Nr(B,a). A weakly left-resolving labelled
space such that B is closed under relative complements will be called normal.*

4 Note this definition differs from [2]. However since all labelled spaces considered in this paper are weakly
left-resolving, we include ‘weakly-left resolving’ in the definition of a normal labelled space.
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For a € £*, define
Boa=BNP(r(a)) ={AeB|ACr(a)}.

If a labelled space is normal, then B, is a Boolean algebra for each o € £*.

Our main objects of study in this paper are ultragraphs. Our approach is through
labelled spaces, which will allow us to prove results for ultragraphs in full generality.
Next, we outline how a labelled space is associated with an ultragraph, we highlight
certain properties and we fix some notation.

Definition 2.5. An ultragraph is a quadruple G = (G°, G, r, 5) consisting of two countable
sets GG, a map s: G — G and a map r : G — P(G°) \ {0}, where P(G°) is the
power set of G°.

Definition 2.6. Let G be an ultragraph. Define G° to be the smallest subset of P(G°)
that contains {v} for all v € G°, contains r(e) for all e € G!, contains (), and is closed
under finite unions and finite intersections. Elements of G° are called generalized vertices.
The accommodating family B associated with G is the smallest family of subsets of
G° that contains G° and is closed under relative complements, finite unions and finite
intersections.

We can now define the labelled space associated with an ultragraph.

Definition 2.7. ([3, Examples 3.3(ii) and 4.3(ii)], [2, Example 2]). Fix an ultragraph G =
(G°,G',r,s). Let &g = (EG,EL,7',¢), where £} = G, € = {(e,w) : e € G',w € r(e)}
and define r’(e,w) = w and s'(e,w) = s(e). Set A = G, B the accommodating family
of G and define Ly : Eé — A by Lg(e,w) = e. Then, (g, Lg, B) is the normal labelled
space associated with G.

Although ultragraphs are labelled graphs, it is important to recognize the usual no-
tation used in their study. We briefly recall this below. For more details, we refer the
reader to [39,46].

Let G be an ultragraph. A finite path in G of is either an element of G° or a sequence
of edges e; ... e, in G! where s (e;41) € 7 (e;) for 1 <4 < k. The set of finite paths in G is
denoted by G*. An infinite path in G is an infinite sequence of edges v = ejes ... in []G?,
where s (e;+1) € 7 (e;) for all ¢ > 1. The set of infinite paths in G is denoted by p*>°. With
this definition, labelled paths correspond to paths in the ultragraph, and £>® = £>. A
vertex v in GV is called a sink if |s_1 (v)| = 0. We denote the set of sinks in an ultragraph
G by GY. We say that the ultragraph is connected if for every v,w € G, there exists
a finite path v € G* such that s(y) = v and w € r(v). For each A € P(GY), we define
e(A) := {e € G! : s(e) € A}, and notice that e(A) = L(AE') for the labelled graph
associated with G. We say that A € G° is an infinite emitter if |e(A)| = co. Otherwise
we say that A is a finite emitter.
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For n > 1, we define
p = {(a,A) :a € G* Ja] =n,A € G° A Cr(a)).

We specify that (a, A) = (3, B) if, and only if, « = 8 and A = B. Letting p° := G°

we define the wultrapath space associated with the ultragraph G to be p := |_| p". The
n>0
elements of p are called ultrapaths. We embed the set of finite paths G* in p by sending

a to (a,7(a)). Define the length |(a, A)| of a pair (a, A) to be |a|. Each A € GY is
regarded as an ultrapath of length zero and can be identified with the pair (A, A). Hence,
the range map r and the source map s extend to p by declaring that r ((a, A)) = A,
s((a,A)) =s(a) and (A4, 4) =r(A) = A =s(A) = s(4, A).

A finite path « € G* with |a| > 0 is a loop if s(a) € r(«). We say « is a loop based
at A € G% if s(a) € A. An ezit for a loop @ = a; ..., is either of the following:

1. an edge e € G' such that there exists an i for which s(e) € r(a;), but e # a;41,
2. a sink w such that w € r(q;) for some i.

We concatenate elements in p in the following way: If z = (a, A) and y = (5, B),
with |z| > 1,]y| > 1, then z - y is defined if, and only if, s(8) € A, in which case,
x -y := (af, B). Also we specify that:

Ny, ifz,ycGlandifzny#0
roy=1< vy, if 2 €GO |yl > 1, and if s(y) € x
Ty, if y € G |z| > 1, and if r(x) Ny # 0,

where, if z = (o, A), |a| > 1 and if y € G°, the expression z,, is defined to be (a, AN y).
We concatenate ultrapaths in p with paths in p>° as follows: If s(3) € r(a, A) = A, we
define (a, A) - B = af € p*>°, where (a, A) € p and 8 € p*°. Furthermore, if &« = A then
(A,A)-B=pep™.

Remark 2.8. As pointed out in the introduction, the definition of G° varies in the lit-
erature by either requiring that G is closed under relative complements or not. In this
paper, we do not require that G° is closed under relative complements. This is consis-
tent with Tomforde’s original definition in [47]. We shall keep track of this difference
whenever it is relevant.

2.4. The inverse semigroup of a labelled space
Let (&,L,B) be a weakly-left resolving labelled space and consider the set

S={(a,A,B) | a,8€L* and A € B, N By with A # 0} U{0}.
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Define a binary operation on S as follows: s-:0 =0-s = 0 for all s € S and, if s = (a, A4, )
and t = (v, B, J) are in S, then

(a7, r(A,7') N B,3), if v =By and r(A,7') N B # 0,
s-t=1 (@, ANr(B,#),88), if 8=~ and ANr(B,8)# 0,

0, otherwise.

For s = (a, A, B) € S, we define s* = (58, 4, ).
The set S endowed with the operations above is an inverse semigroup with zero
element 0 ([5], Proposition 3.4), whose semilattice of idempotents is

ES)={(a,A,a) |ae L and A € B,} U{0}.

Remark 2.9. In [39], an inverse semigroup is associated with an ultragraph. The inverse
semigroup we obtain from the labelled space of an ultragraph differs from the inverse
semigroup in [39] in two aspects. Firstly, [39] intrinsically considers quadruples instead
of triples and secondly, G° is used, as opposed to B.

The natural order in the semilattice E(S) is given by p < ¢ if only if pg = p. In our
case, the order can be described by noticing that if p = (a, A, «) and ¢ = (8, B, ), then
p < q if and only if & = Ba’ and A C (B, a’) (see [5, Proposition 4.1]).

2.5. Filters in E(S)

For a (meet) semilattice E with 0, there is a bijection between the set of filters in
and the set Ey of characters of E (that is, the zero and meet-preserving non-zero maps
from FE into the Boolean algebra {0,1}). With the topology of pointwise convergence
on E’O, the closure of the subset E.. of characters that correspond to ultrafilters in F
is denoted by Etight; and is called the tight spectrum of E. Elements of Etight are the
tight characters of E, and their corresponding filters in F are tight filters. The set of all
filters will be denoted by F and the set of all tight filters will be denoted by T, which
we also call tight spectrum. In particular, we may view T as a closed subspace of F. See
[19, Section 12] for details. We use this construction for the semilattice E(S) as in the
previous section.

We now describe a basis for the topology of T inherited by the bijection with Etight
as done in [38, Section 2.2]. For each e € E(S), define

Ve={¢eTleed).
If {e1,...,e,} is a finite (possibly empty) set in E(S), define

‘/e:el,“ :‘/em‘/;clm"'m‘/ecn:{ge—r‘eeé-vel¢§7"'7€n¢£}'

€n
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In order to simplify the notation, let E(S)* = (J;—; E(S)™, where E(S)" is the Cartesian
product of n copies of E(S). For each n € N and e = (e, e1,...,¢e,) € E(S)", define
Ve = Veies,...,en,- Then the family {Ve}eer(s)+ is a basis for the topology on T. Notice
that if E(S) is countable, which is the case for ultragraphs, then T is second-countable

and therefore metrizable.

Remark 2.10. Given e € E(S) \ {0}, a simple application of Zorn’s lemma shows that
there is an ultrafilter containing te, which in turn implies that V, # 0.

Let (€,£,B) be a weakly-left resolving labelled space. We recall the description of the
tight spectrum of E(S), as given in [5] with the correction pointed out in [7] and [17].
Let o € £=> and let {F,}o<n<|o| (understanding that 0 < n < |o| means 0 < n < oo
when o € £) be a family such that F,, is a filter in Ba,., for every n > 0 and Fy is
either a filter in B or Fo = 0. Then, the family {F, }o<n<|qa| is a complete family for o if

]:n = {A € Bal,n | T(AaanJrl) S ]:nJrl}
for all 0 < n < |al.

Theorem 2.11. /5, Theorem 4.13] Let (€, L, B) be a weakly left-resolving labelled space and
S its associated inverse semigroup. Then there is a bijective correspondence between filters
in E(S) and pairs (o, {Fnto<n<|al), where a € L== and {F,}o<n<|a| 5 a complete
family for a.

Filters are of finite type if they are associated with pairs (o, {F,}o<n<|a|) for which
|a] < oo, and of infinite type otherwise. As a consequence of [5, Proposition 4.18], a filter
of finite type is completely determined by a and F 4.

A filter ¢ in E(S) with associated labelled path o € £<> is sometimes denoted by £
to stress the word «; in addition, the filters in the complete family associated with £“
will be denoted by &2 (or simply &,). Specifically,

n ={AeB | (a1n A 1) €E} (2.12)

Remark 2.13. It follows from [5, Propositions 4.4 and 4.8] that for a filter £* in F(S) and
an element (5, A, 3) € E(S) we have that (8, A, 8) € £ if and only if 8 is a beginning
of «and A € 5‘“5|.

The following theorem characterizes the tight filters in E(S):

Theorem 2.14. [5, Theorems 5.10 and 6.7] Let (€,L,B) be a normal labelled space and
S its associated inverse semigroup. Then the tight filters in E(S) are:

(i) The filters of infinite type for which the non-empty elements of their associated
complete families are ultrafilters.
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(7i) The filters of finite type £ such that £ is an ultrafilter in B, and for each A € €4
at least one of the following conditions hold:

(a) L(AEY) is infinite.

(b) There exists B € B, such that ) # B C AnéY, ..
Notice that for the labelled space of an ultragraph, since all singletons are elements

of B, condition (ii)(b) in the above theorem can be rewritten as AN &Y, . # 0.

3. Groupoids for ultragraphs via labelled spaces

In this section we associate a groupoid with any ultragraph (in particular, we make
no assumptions on the sinks or the range of the edges). We detail the similarities and
differences to the approach in [39]. For ultragraphs that satisfy Condition (RFUM2), we
show that the unit space of our groupoid, that is, the tight spectrum, coincides with the
shift space defined in [46], and consequently that their associated groupoids agree. For
background on groupoids and their C*-algebras, we refer the reader to [42].

3.1. The groupoid of a general ultragraph

Fix an ultragraph G = (G°,G!,r, s) and let (&, £) be the labelled graph associated to
it as in Definition 2.7. Let B and G° be as in Definition 2.6. Observe that if « = ay ... ay,
is a path in G, then B, = B, .

The first step to obtaining the groupoid associated to G is to describe the tight spec-
trum T of E(S), where S is the inverse semigroup associated to (€, £, B) as in Section 2.4.
For this, we need a few auxiliary results, which we prove next.

Remark 3.1. Notice that for every A C G® and e € G', we have that r(A,e) = r(e) if
s(e) € A and r(A, e) = () otherwise. In particular r({s(e)},e) = r(e).

Lemma 3.2. Let o be a path in G such that || > 1 and let {]—'n}lno;lo be a complete family
of filters for a. If 0 < n < |a|, then Fp =15, {s(any1)}-

Proof. By Remark 3.1 and the definition of complete family, {s(apt1)} € Fpn, and if
A € F, then s(a11) € A. This implies that F,, Cts, {s(ani1)}. On the other hand,
{s(any1)} € F, implies that 15, {s(ans1)} € Fp. O

Lemma 3.3. Let a be a finite path in G and F be an ultrafilter on B,. If there exists
A € F with |A| < oo, then F =14, {v} for some v € A.

Proof. Suppose A = {vy,...,v,}. Since § ¢ F, we have that n > 1. Since A = |J"_,{v;}
and F is an ultrafilter, by Proposition 2.1, there exists ¢ € {1,...,n} such that {v;} € F.
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In this case 15, {v;} C F, and since T5_{v;} is also an ultrafilter (because it is a prime
filter), equality holds. O

Lemma 3.4. Let a be an infinite path in G, then {Fp}5lo = {Ts., {5(nt1)}}nlg is the

n=0 -

only complete family of filters (in particular, ultrafilters) for a.

Proof. First suppose that {F,}72, is a complete family for «. Then, it follows from
Remark 3.1 and the definition of complete family that {s(ay4+1)} € F,, and that if
A € Fp, then s(any1) € A. This implies that F,, Tt {s(an41)}. On the other hand,
{s(any1)} € Fy, implies that 15, {s(ans1)} € Fu.

That {1s,, {s(ant1)}}nsg is always a complete family for o follows from Remark 3.1,
and each 15, {s(any1)} is an ultrafilter because it is a principal filter of a singleton. O

Remark 3.5. The above results allow us to describe the set of filters F of E(S) for the
labelled space associated with an ultragraph. Namely, for each infinite path in G, there
is only one filter in E(S) associated to it, and for each finite path «, there is a filter
in E(S) associated to each filter F on B,. In particular for each (o, A) € p, we can
define a filter in F(S) by defining F =1,_A. Since not all filters in B, are necessarily
principal (see Remark 3.7), it follows that the correspondence of [39, Proposition 10] is
incomplete. The issue lies in Case I of the proof of [39, Proposition 10], because, contrary
to what happens with graphs, if the product of two idempotents is not zero, then the
idempotents do not necessarily correspond to two ultrapaths where one is the beginning
of the other. See also [5, Proposition 4.4].

We now give a complete description of T.

Proposition 3.6. For each infinite path « on G, there is unique element & € T, whose
associated word is a. And if £* is a filter of finite type, then £€* € T if and only if one
of the following holds:

(i) There exists v € GY such that {o =15, {v}.
(i) For all A € £, |e(A)| = oo.
(iii) For all A € &4, |[ANGY| = 0.

Proof. First, if o is an infinite path in G, then, by Lemma 3.4, the family {fs,
{s(ant1)}}52 is complete and each filter is an ultrafilter. By Theorem 2.14, the fil-
ter associated to o and this family is an element of T. The uniqueness of such £ follows
from Lemma 3.4.

For the second part, suppose that £% is a filter of finite type such that £* € T. By
Lemma, 3.3, if there exists A € {|,|, with |A| < oo, then || =14, {v} for some v € r(a).
Since ¢ is tight, by Theorem 2.14, either v € GO and (i) is satisfied, or v is an infinite
emitter and (ii) is satisfied. Suppose now that |A| = oo for all A € §,|. In this case,
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either (ii) is satisfied, or there exists B € || such that |¢(B)| < occ. In the latter case,
given A € §|,|, we have that [¢(A N B)| < |e(B)| < co. Since §|4 is an ultrafilter, and
thus AN B € {4, it follows that |[A N B| = co. Hence AN B has an infinite amount of
sinks, and the same holds for A.

Finally if £* is a filter of finite type such that | satisfies Conditions (i) or (iii) in
the statement, then |, satisfies Condition (ii)(b) in Theorem 2.14, and if |, satisfies
Condition (ii) in the statement, then || satisfies Condition (ii)(a) in Theorem 2.14. In
allcases ¥ € T. O

Using the description of filters in F(S) given in Remark 3.5 and Proposition 3.6, the
elements of T can be described in two ways:

o if £ € T is of infinite type, then it is completely described by the infinite path
associated to it;

e if £ € T is of finite type, then it is described by a pair (o, F), where « is the labelled
path associated to £ and F is a filter in B, satisfying one of the three conditions of
Proposition 3.6. The filter F is equal to £, and by the definition of complete family,
for all n < |a|, &, can be recuperated from F.

Next, we associate a topological groupoid to an arbitrary ultragraph as the groupoid
associated to its corresponding labelled space (see [7] for groupoids associated to general
labelled spaces). This can be done in terms of a shift map and the Renault-Deaconu
construction [18,43]. For each n € N, we let T = {¢* € T | |a] > n}. The map
o : T — T of [7, Proposition 4.8] can be described in our case as:

1. If the associated path of £ is an infinite path ajagas. . ., then o(€) is the filter asso-
ciated to the path asas ... as in Proposition 3.6.

2. If the associated path of ¢ is a finite path ajas...a, with n > 2, then o(€) is the
filter associated to the pair (s ... an,&,).

3. If the associated path of £ is an edge e € G!, then o(£) is the filter associated to the
pair (w,T5£1), recalling that w is the empty word.

For n € N*, in order to apply ¢” to a element & € T, it is necessary that & € T("),
The Renault-Deaconu groupoid associated to the o is then

L(T,0)={(¢m—nn)eTxZxT|mn,eNEeT neT™ o€ =0"(n)},
with product and inverse given by

® (£uk777)( .
M (fakﬂ?)_l

p) = (& k+1,p) for (£ k,m), (¢, 1, p) € T(T, o) such that n = ¢, and
(n7_ka€) fOI‘ (fakﬂ?) € F(T,O’),
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respectively. A basis for the topology on I'(T, o) is given by the family of sets of the form
VU, V,m,n) ={(&k,n) €el(T,0) |k=m—n,(§,n) €U xV,c™(&) =c"(n)},
where m,n € N, U is an open subset of T and V is an open subset of T(").

Remark 3.7. Due to Remark 3.5, there is not always a bijection between the groupoid
T'(T,o) and the ultragraph groupoid of [39] for ultragraphs without sinks, however, both
approaches are very similar. The idea in both approaches is to consider an inverse semi-
group associated with an ultragraph, then consider the space of filters in the idempotent
semilattice and to take a certain closed subspace to be the groupoid’s unit space. In gen-
eral, the closed subspace is the tight spectrum defined by Exel in [19], which appeared
around the same time as [39]. If an ultragraph has no sinks, then because of [5, Theorem
5.10] the ultrafilters in E(S) are exactly the filters associated with the infinite paths.
In this case, the set T is the closure of the “set of infinite paths” as it is done in the
discussion after [39, Proposition 18]. In order to describe which points of T are missing
in the construction of [39], we recall that the approach there is to define an ultraset as an
element A € G° such that the principal filter 150 A is an ultrafilter. Because all singleton
subsets of GV are in G°, we see that a principal filter is an ultrafilter if and only if A is
a singleton. This means that the approach in [39] only considers elements of finite type
in T that are given by pairs (o, 15, {v}), where v € G° is an infinite emitter. In fact,
their groupoid will coincide with T'(T, o) if and only if the range of every edge is finite.
To see this, note that if every range is finite, then every element of B is a finite subset
of G° and therefore, by Lemma 3.3, every ultrafilter is principal. On the other hand,
if there is an edge e such that r(e) is infinite, then by Zorn’s lemma, there exists an
ultrafilter F containing all cofinite subsets of r(e). Notice that, since we are assuming
that the ultragraph has no sinks, all elements of F satisfies (ii) of Proposition 3.6 and
F does not correspond to any vertex, and therefore the filter given by the pair (e, F)
has no correspondence in the groupoid defined in [39]. See also Proposition 3.18 and
Example 3.20.

3.2. The groupoid of an ultragraph that satisfies Condition (RFUM?2)

The tight spectrum (and hence the groupoid) associated with a general ultragraph is
quite technical, which makes it hard to use in some applications. For ultragraphs that
satisfy Condition (RFUM2), we can avoid using filters altogether, and build a groupoid
which is more conducive to applications, see [16,46] (cf. [10] where the description of
the groupoid in the graph case is given). The unit space of this groupoid (also known
as the boundary path space), with the associated shift map, is proposed to be a version
of a shift of finite type over an infinite alphabet in [25,46], and the dynamics of these
shifts is studied in [29-31], among other papers. In this subsection, we show that the
unit space of the groupoid defined in [46] agrees with the tight spectrum T associated
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with the ultragraph. Consequently, the groupoid introduced in [16,46] agrees with the
groupoid we described in Subsection 3.1.

3.2.1. The boundary path space of an ultragraph that satisfies Condition (RFUM2)

In this subsection we recall the definition of the boundary path space of an ultragraph
that satisfies Condition (RFUM?2), as defined in [46]. We start with the definition of
minimal infinite emitters.

Definition 3.8. Let G be an ultragraph and A € GY. We say that A is a minimal infinite
emitter if A is an infinite emitter, contains no proper subsets in G° that are infinite
emitters, and contains no proper subsets in G° which are finite emitters and have infinite
cardinality. We denote by A, the set of all minimal infinite emitters in G°.

Remark 3.9. Notice that if we consider minimal infinite emitters in the set B of Defini-
tion 3.8, instead of G°, then a minimal infinite emitter is necessarily a singleton. Indeed,
this is the case if A is a minimal infinite emitter with |A| < oo (by the pigeonhole princi-
ple). On the other hand, if |A| = co and we assume that A is a minimal infinite emitter
then, for each element v of A, {v} is a finite emitter and A\ {v} is also an infinite emitter,
contradicting the minimality of A. This is not the case for G° as we see in Example 3.20.
Nevertheless, this point highlights the subtleties involved in the definition of G°.

The set of sinks in an ultragraph is denoted by G9. Let G¥ := |_| {{v:}} € G° that
’l)iGGg
is, GV is the collection of all singletons of G° whose element is a sink. We now define sets
that are minimal sinks.

Definition 3.10. Let G be an ultragraph and A € G°. We say that A is a minimal sink if
|A] = 00, |e(A)| < oo and A has no subsets (in G°) with infinite cardinality. We denote
by A, the set of all minimal sinks in G°.
Define the boundary path space as the set
X = poo U Xonin U Xgin,

where

Xpmin = {(a,A) €p:]a| >1,Ac AL JU{(A,A) ep’: Ac ALY,
Xoin :={(a,A) €p:la]>1,AcGUAIU{(A,A)ecp’: AcgiuA,).

Let Xrin = Xpmin U Xgin. We define a topology on X as follows. For each (5, B) € p, let

D py:={y€ X :y=pBv:s(y) € B},
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and for each (3, B) € Xfin, F C e(B) finite, and S C BN GY finite, define

Dgpyrs ={(8,B)}U{ye X:y=p5y, 11| >1,7 €(B)\ F}
u{yeXsin:y:(ﬁv{v}):UGB\S}'

Then the collection of cylinders

{{Ds.p) : (8. B) €p.18 > 1}
U{Ds.p).r.s : (B, B) € Xpin, F C&(B),S C B,|F|,|S| < o0} }

is a countable basis for a topology on X. If G satisfies Condition (RFUM2) (defined
below), then these cylinders are compact, [46, Proposition 3.22].
We recall the definition of Condition (RFUM?2):

Definition 3.11. We say that an ultragraph G satisfies Condition (RFUM?2) if for each
edge e € G! its range can be written as

where A,, is either a minimal infinite emitter, or a minimal sink, or a singleton formed
by a sink or a regular vertex.

Remark 3.12. For ultragraphs with no sinks, Condition (RFUM2) as defined above co-
incides with Condition (RFUM) of [25].

3.2.2. The tight spectrum for an ultragraph that satisfies Condition (RFUM?2)

In this subsection, we describe the tight spectrum of an ultragraph that satisfies
Condition (RFUM2) and identify it with the space X of the previous subsection. Before
we prove this, we need a sequence of auxiliary results, we need a sequence of auxiliary
results.

Recall that B is the smallest family of subsets of G° that contains G° and is closed
under relative complements, finite unions and finite intersections (see Definition 2.6). We
have the following description of B.

Lemma 3.13. Let B be as above. Then

B = {UAi\BHneN, and A;, B; € G° Vie{l,...,n}}. (3.14)

i=1

Moreover, for any finite path o on G,
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By = {UAZ\BZ|HEN, andAi,Biego, Ai,BigT(a) Vi€{17...7n}}.
i=1

Proof. Let C be the set defined in the right hand side of Equation (3.14). Clearly € C B,
and since () € go, we have that G C C. Using that GY is closed under finite intersections
and finite unions, as well as some basic properties of operations on sets, we see that
C is closed under relative complements, finite unions and finite intersections. By the
minimality of B, we conclude that € = B. The last part is similar. O

Recall that A; and A, denote the minimal sinks and the minimal infinite emitters,
respectively (see Definition 3.8 and Definition 3.10).

Lemma 3.15. Suppose that A, B € GY.

(i) If A,B € Ay, then A= B or |AN B| < .
(i) If A,B € As, then A= B or |AN B| < cc.
(iii) If A€ Ax and B € A, then |AN B| < cc.

Proof. (i) This statement follows from [46, Proposition 3.6].

(ii) This is the statement of [46, Proposition 3.9].

(iii) Notice that AN B € G° and (AN B) < ¢(B) < oo, so that AN B is a proper
subset of A. By the definition of Ao, [ANB| < oco. O

In the next couple of lemmas, we characterize the ultrafilters in B,,.

Lemma 3.16. Suppose that G is an ultragraph that satisfies condition (RFUM2). Let
a € L* and F be an ultrafilter on B,,.

(i) If there exists A € F with |A| < oo, then F =15 _{v} for some unique v € r(«).
(ii) If for every A € F it holds that |A| = co, then there exists a unique B € Ag 1) Ay
such that B € F.

Proof. (i) This follows from Lemma 3.3. The uniqueness of v follows from the fact that
{v}n{w}=0ifv#wand O ¢ F.

(ii) Since F does not contain a finite subset of G, by Lemma 3.13 and the fact it is
a filter, F contains an element of GY. By [46, Lemma 7.12] and since F is a prime filter,
there exists B € Ag Ll A such that B € F. The uniqueness of such B follows from
Lemma 3.15 and the fact that F is closed under intersections. O

Lemma 3.17. Suppose that G is an ultragraph that satisfies condition (RFUM2) and let
ac L. If Be A; U A is such that |B| = 0o and B C r(a), then there exists a unique
ultrafilter F in B, such that B € F and |A| = oo for all A € F.
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Proof. For the existence, we let

F ={C € B, | there exists A € B, with |A| < co such that C D B\ A}.

It is easy to check that F is a filter such that B € F and |C| = oo for all C' € F. By
Proposition 2.1, in order to prove that F is an ultrafilter, we will show that if D € B, is
such that DN C # @ for every C € F, then D € F. Using Lemma 3.13 and [46, Lemma
7.12], we can write D = [JI_, X; \ Y; where X, is either finite or X; € A, U A, and
X, # X, if i # j. By Lemma 3.15, there exists ig such X;, = B, otherwise DN(B\A) = 0,
where A = [JI_, (BN X;) is finite set. We may assume that io = 1. Also, by [46, Lemma
7.12], Y7 = U;.”:l Aj, where A; is either finite or A; € A; U A. Notice that A; # B for
all j, otherwise X1\ Y; = (), and arguing as above we would find A C G finite such that
DN (B\A)=0.Let Z1 = U~ (BN A;) and Zy = U;_,(B N X;) and notice they are
both finite sets. It follows that

D2DN(B\Z)=(B\Y1)N(B\ Z2) =(B\Z1)N(B\ Z2) = B\ (Z1 U Z3),

which implies that D € F.

For the uniqueness, we let H be another ultrafilter in B, such that B € H and
|A| = oo for all A € H. We prove that F C H. For that it is sufficient to prove that
B\ A € H for all A € B, finite. Fixed such A, notice that BC BUA = (B\ A) U A.
Since H is prime and A is finite (so A ¢ #H), we have that B\ A € H. Since F is also an
ultrafilter, we conclude that F =H. O

Recall that B,, denotes the Stone dual of B, (see Subsection 2.1). Joining the previous
two lemmas we get the following result.

Proposition 3.18. Suppose that G is an ultragraph that satisfies condition (RFUM2) and
let « € L*. There is a bijective correspondence between {{v} | v € r(a)} U{B € A, U
Asx | B C r(a), |B| = o} and B that maps {v}, where v € r(a), to 15, {v}, and
maps B € A; U As such that B C r(a) and |B| = oo to {C € B, | there exists A €
B, with |A| < oo such that C O B\ A}.

Proof. The proof follows from Lemmas 3.16 and 3.17. O
We now prove the main result of this subsection.
Theorem 3.19. Suppose that G is an ultragraph that satisfies condition (RFUM2). For

cach o € £*, let ¢o : Bo = {{v}|lver(@}u{Be A;UAs | BCr(a), |B| =} be
the correspondence given in Proposition 3.18. Then, the map ® : T — X given by
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(¢w(§0)a ¢w(£0))a if a = w;
(€)= 4 (@, dal€a)), if 0 < || < oo

a, if ol = 0
is a homeomorphism.

Proof. We start by showing that ® is well-defined. If £ is a filter of infinite type, then
it is clear that ®(£%) € X. If £ is a filter of finite type and ¢n(§|q)) € As U A, then
®(£%) is also an element of X. Finally, we have to show that if £* is a filter of finite type
and ¢4 (§|q|) is a singleton, say {v}, then v is either a sink or an infinite emitter. This
follows from Theorem 2.14, since in this case {v} € &4

We now build an inverse for ®. Denote by Ggg

infinite emitter or a sink. Define ¥ : X — T as follows:

the set of vertices that are either an

(a) For (A,A), where A € {{v} | v € G}, } UA,U A, we let W(A,A) be the filter
associated to the pair (w, ¢ 1 (4)).

(b) For (a, A), where A € {{v} |v e r(a)NG}U{B e A;UAs | B Cr(a)}, we let
(o, A) be the filter associated to the pair (o, ¢, 1(A)).

(¢) For a an infinite path, we let U(«) be the filter associated to c.

We check that ¥ is well-defined. For (a) and (b), fix a € £*, where a@ = w for item
(a). We have four cases to consider for A. If A = {v} with v a sink, then all elements of
#51(A) contain {v} as a subset and so they satisfy Theorem 2.14(ii)(b). If A = {v} with
v an infinite emitter, then all elements of ¢_!(A)) are infinite emitters and so they satisfy
Theorem 2.14(ii)(a). If A € A, then it contains an infinite number of sinks and hence,
by the description of ¢_1(A), we see that all its elements satisfy Theorem 2.14(ii)(b).
Analogously, if A € A, and |A| = oo, all elements of ¢, 1 (A)) satisfy Theorem 2.14(ii)(a).
In all cases, we get a tight filter. For (¢), ¥(a) is well-defined by Proposition 3.6 and
Theorem 2.14(i).

To see that ¥ = ®~! for finite paths, we use [5, Propositions 4.3 and 4.4] and
Proposition 3.18, and, for infinite paths, we use [5, Theorem 4.13] and Proposition 3.6.

Let us prove now that ® is continuous. For this we consider the basis for the topology
on X given in Section 3.2.1, and we show that ® ! of each such basic open set is a basic
open set for T. If (3, B) € p, then, by the description of ®~! as ¥, Remark 3.1 and
[5, Proposition 4.1], we see that <I>_1(D(5,B)) = Vi3,B,3)- Analogously, if (8, B) € Xyin,
F={fi,....,fa} Ce(B)and S = {s1,...,8m} C BNGY, then

O (D (s,B),7,5) = VIB,B.8):(BF1r(11) B )seens (Bt (Fi) B ) (Bo{51 118 seens (B 5 }.5)-

Hence the inverse image of each basic open set of X by ® is also open, from where we
conclude that @ is continuous.
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It remains to show that ¥ is continuous. For that, it is sufficient to show that ¥
is a local homeomorphism. Notice that the sets D3 p), for (8,B) € p, cover X, and
that, for each (8, B) € p, we can restrict ® to a bijection between V(3 g gy and D g p).
Since V(g B g) is compact, X is Hausdorff and ® is continuous, this restriction is a
homeomorphism with inverse given by a restriction of W. This implies that ¥ is a local
homeomorphism and therefore continuous. 0O

Example 3.20. Let G be the ultragraph such that G = {v;};cn and edges e; such that
s(eg) = wvo, r(eg) = {v; 14 =1,2,...} and, for ¢ # 0, s(e;) = v; and r(e;) = {vo,vi}.
Notice that this ultragraph has no sinks and satisfies condition (RFUM2). The set r(eg) is
a minimal infinite emitter so that (eg,7(ep)) € X. In order to describe the corresponding
element of T, we note that B., consists only of the finite and cofinite subsets of r(eg).
Then, by Proposition 3.18 and what we have just noticed, ¢.,(r(eg)) is the set of all
cofinite subsets of (eg), which is not a principal filter. Using the homeomorphism from
Theorem 3.19, (eq, r(eq)) corresponds to the element ¢ given by the pair (eq, ¢! (7(e0))-
Finally, notice that, by the description of convergence in X given in [46, Corollary 3.20],
the sequence of infinite paths (epeS®),en+ converges to (ep,7(eg)). Notice that in the
space defined just after [39, Proposition 18], there is no element corresponding to & (see
Remark 3.7).

3.2.3. Identifying the groupoids

In [46] the groupoid associated with an ultragraph that satisfies Condition (RFUM?2)
is the Renault-Deaconu groupoid obtained from a partially defined shift map on the space
X, in a similar fashion to what we described for general ultragraphs in Subsection 3.1.
In this subsection, we identify our general groupoid described in Subsection 3.1 with the
groupoid described in [46]. For completeness sake, we briefly recall the definition of the
groupoid defined in [46].

Definition 3.21. Let G be an ultragraph that satisfies Condition (RFUM2). We define
the groupoid associated to G by G(X,5) := {(x,m —n,y) : z,y € X;m,n € N;6™(x) =
" (y)}, where & is the shift map on X (see [46]). The source function is defined by
s(z, k,y) = y and the range by r(z, k,y) = . Multiplication is given by (z, k,y)(y, 1, 2) =
(x,k +1,2) and inversion by (z,k,y)~! = (y, —k, ). The topology considered is that of
cylinder sets, see [46].

Proposition 3.22. Suppose that G is an ultragraph that satisfies condition (RFUM?2).
Then the groupoids G(X,5) and T'(T, o) are isomorphic as topological groupoids.

Proof. It is easy to check that ® from Theorem 3.19 gives a conjugation between the
shift on X and the shift on T, and since both groupoids are Renault-Deaconu groupoids,
the result follows. O
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4. Partial actions for ultragraphs via labelled spaces

Partial actions are the subject of intense research. They are interesting on their own
and their associated algebras are used to model many known algebras, in particular, the
ones associated with combinatorial objects (see [19,20]). In the context of ultragraphs,
partial actions are used to describe the C*-algebras associated with ultragraphs that
satisfy Condition (RFUM) or Conditon (RFUM2), see [25,46]. In the purely algebraic
setting, the ultragraph Leavitt path algebra associated with a general ultragraph is
realized as a partial skew group ring associated with a partial action in [27]. The goal of
this section is to show that the topological partial action associated with a labelled space
(as in [17, Proposition 3.12]) gives rise to an algebraic partial action (via locally constant
functions with compact support) that is equivalent to the algebraic partial action defined
in [27]. Furthermore, using the identification of T with X from Theorem 3.19, we also
observe that for ultragraphs that satisfy Condition (RFUMZ2) the partial action defined
in [17] generalizes that of [46].

4.1. The topological partial action on the tight filters of E(S)

In [17] a partial action by the free group generated by the alphabet A is defined on
the tight spectrum T of a labelled space. In this section we outline this construction
and refer the reader to [17, Section 3] for the details. For the definition of a topological
partial action, we refer the reader to [20, Proposition 2.5 and Definition 5.1].

Fix a weakly-left resolving labelled space (€, L, B) and let F be the free group gen-
erated by A (identifying the identity of F with w). Then, by [17, Proposition 3.12], for
every t € F there is a compact open set V; C T and a homeomorphism ¢, : V;-1 — V;
such that

A = ({Vi}tier; {¥t}icF) (4.1)

is a topological partial action of F on T. In particular, V, = T and if o, 8 € £*, then
Vo = V(a,r(a),a), V-1 = V(w’r(a)’w), and ‘/(aﬁ—l)fl = wgil (Vy=1), with V(aﬁ71)71 # () if
and only if 7(a) Nr(8) # 0 ([17, Lemma 3.10]).

For the labelled space associated to an ultragraph, we can intuitively describe the
map @ug-1, for o, 8 € L£*, as cutting § from the beginning of an element £ € V,-15
and then gluing « in front of it. For filters of finite type we just have to take into
account the last filter of the corresponding complete family. In most cases, the last filter
is kept fixed, unless the empty word is involved. If 3 is the labelled path associated
to an element { € V,-14, then by cutting 3, we get the filter associated to the pair
(w,T5&5)), and by gluing a afterwards, we get the filter associated to the pair (a, F),
where F = {ANr(a) | Aetsp}

Remark 4.2. Using the map ® of Theorem 3.19 and the above description of the partial
action, it follows that A is a generalization of the partial action for ultragraphs with-
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out sinks satisfying (RFUM) as in [25] and the generalization to ultragraphs satisfying
(RFUM2) in [46].

We let
FxaT={(t¢§eFxT:{cV} (4.3)

denote the transformation groupoid associated with A, as defined in [1]. Then I'(T, o)
defined in Section 3 and F xa T are isomorphic as topological groupoids, [17, Theorem
5.5]. In Theorem 5.5 and Section 6 it will be convenient to use F x5 T as the groupoid
associated with a labelled space.

4.2. The algebraic partial action associated with an ultragraph

In this subsection, we show that the induced algebraic partial action arising from the
action defined in Subsection 4.1 and the partial action defined in [27] are equivalent. We
connect the necessary concepts from [27] with the concepts we developed so far, but we
will refrain from reproducing here the whole construction given in [27]. We maintain the
notation of the previous section.

For the remainder of the section, R is a commutative unital ring and, for a Hausdorff
space X, Le(X, R) denotes the set of locally constant R-valued functions on X with
compact support.

Given an ultragraph G, we let

Y =pU{(,v) |a €l veGinr(a)}.

Remark 4.4. The set Y is essentially the same as X considered in [27]. The only difference
is that we are using (w,v) instead of (v, v), recalling that w is the empty word.

For each e = (a, A, ) € E(S) \ {0}, we define
Y; = {y ey | |y| > |O[|, yl,\oz| =, S(y|a\+1) € A} U {(Oé,’l}) | veEAN Gg}
We also define Yy = 0.
Remark 4.5. Each set defined directly after [27, Notation 3.4] can be seen as Y. for some
e € E(S): for a,3 € £L* and A € G°, the set Xqp-1 corresponds to Y(q r(a)nr(8),0), XA
corresponds to Y(,, 4,.,) and X4 corresponds to Y, 4,q)-

The following lemma is a simplification of [27, Lemma 3.6].

Lemma 4.6. For every e, f € E(S), YeNYy =Yey.
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Let D be the Boolean algebra in P(Y) generated by the family {Y.}.cp(s), and let
D be the set of all ultrafilters on D, that is, the Stone dual of D. We will show that D
is homeomorphic to T, but for this we need a few auxiliary results first.

Forn € Nande,eq,...,e,, wedefine Ye.e,, . ¢, = Y.nY;2N---NY. . Using Lemma 4.6,
we can see that every element of D is a finite union of sets of the form Y., . ...

Lemma 4.7. Let n € N and e,eq,...,e, € E(S) be given.

(i) For o € p™ and & the only tight filter associated to o, we have that £ € Ve, ...
if and only if &« € Yeiey ... e,

(ii) For (a,v) € Y, where a € L* and v € GY, let & be the tight filter associated to
(a,15,{v}). Then, £ € Veey ..., if and only if (o, v) € Yerey,. e,

M 767L

In particular, items (i) and (i) define an injective map ¢ : Y — T such that
L(Y€:€1,-~~7En) = L(Y) N %:elauwen .

Proof. (i) Notice that for e = (8, B, ) to be an element of £, we must have that (
is a beginning of o and s(yg|4+1) € B. The result then follows from the definitions of
Veier,onen a0d Yoo e

(ii) In this case for e = (8, B, 3) to be an element of ¢, either f is a beginning of «
with |3] < |af and s(oygj41) € B, or 3 = o and v € B. Again, the result follows from
the definitions of Veie, .. e, and Yeie;.. . c,.-

The last part follows immediately from (i) and (ii). O

For e = (6, €1y eTL) € E(S)+7 recall that V:a = Ve:el,..
define Yo = Yoo, .. e,

as in Section 2.5. We also

©€n

Lemma 4.8. The map ¢ : Y — T given by Lemma 4.7 has dense image.

Proof. We prove that for every basic open set of the form Vi, where e € E(S)7, if
Ve # 0, then there exists y € Y such that t(y) € Ve. Suppose then, that £* € V, for
some e € E(S)*. If |a| = oo, then by Lemma 4.7, t(a) = £* € V.

Suppose now that £ is a filter of finite type and consider the three cases of Proposi-
tion 3.6. For case (i), we have that ¢(«, v) = £* € V by Lemma 4.7. For case (ii), suppose
that [e(A)| = oo for all A € §,|. Fix A € {|,| and assume without loss of generality that
e = ((B8, By, B), (o, B1,), ..., (a, Bk, ), (01,C1,01), ..., (0, C1,0;)), where a = S~ for
some v € L*, r(Bo,v) € o and for each j = 1,...,[, §; is either a beginning of a
with [0;| < |af, in which case s(a|s,14+1) ¢ Cj, or J; is not a beginning of a. Notice that
A" = (r(Bo,v) N A)\ (B1U---UBy) € £, and therefore [¢(A")| = co. We can then
choose a € e(A’) such that a is not the |a| + 1 coordinate of any ¢;. From aa we can
build an element y € Y beginning with aa by adding edges until we find a sink or we
add infinitely many edges and build an infinite path. Then, by construction y € Y, and
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therefore by Lemma 4.7, t(y) € Ve. Finally, for case (iii), if we let A’ as above, then
|A’ N GY| = co. Analogous to case (ii), if we take any v € A’ N GY, then t(a,v) € Ve. O

Lemma 4.9. Let e, f() ... f(™) ¢ E(S)*, where m € N with m > 1. If Yo C UL, Yee,
then Vo CUIL, Vi -

Proof. Let £ € V. By Lemma 4.8, there exists a sequence {y, }nen in Y such that ¢(y,)
converges to £. Since V is open, by Lemma 4.7, we may assume that y, € Y, for all
n € N. By the pigeonhole principle, there exists ¢ € {1,...,m} such that Y contains
yn for infinitely many n € N. We can then take a subsequence {y,, }ren such that
Yn, € Yrw for all k& € N. By Lemma 4.7, t(y,,) € Viw for all k& € N. Since V;q) is
compact and T is Hausdorff, we conclude that £ € V¢, O

For each Z € D, let Z = {F € D | Z € F}. By the Stone duality, if JC( ) is the family
of all compact-open subsets of 'D then the map Z € D — Ze K(D) is an isomorphism
of Boolean algebras.

We now prove that D and T are homeomorphic.

Proposition 4.10. The map & : DT given by
O(F)={ec E(S)|Y. € F}
is a homeomorphism such that ®(Ye) = Ve for all e € E(S)T.

Proof. We first check that ® is well-defined. Given F € @, since Yy = (0, we have that
Yo ¢ F and therefore 0 ¢ ®(F). That ®(F) is a filter in E(S) then follows from the fact
that e < f in E(S) whenever ef =e¢in S and Lemma 4.6. By Theorem 2.11, we can
describe ®(F) as a pair (« {fn}n o), Where {fn} 2, is a complete family of filters for a.
We now prove, using Proposition 2.1, that £, is an ultrafilter for every n. In order to do
this, we fix n, we take an arbitrary A € B, ,, \ &, and we show that there exists C' € &,
such that ANC = (). Take B € &, and notice that AU B € &, and AU B can be written
as the disjoint union AU (B\ A). Then Y(4, , auB,a1..) = Y(a1.n,Ava1.0) Y Y (a1 0, B\ A1)
again the union being disjoint. Since F is an ultrafilter, it is a prime filter, and since
A ¢ &, we have that Y(,,  B\A,a,,) € F and therefore C = B\ A € §, is such that
ANC = 0. If |o|] = oo, then ®(F) is a tight filter by Theorem 2.14. Suppose then
that |a| < oo and let us check Condition (ii) of Theorem 2.14. If A € §), is such that
ANGY = P and e(A) < oo, then Yia,4,0) = Ueee(a)Y(ae,r(e),ae), and since F is prime, there
exists eg € €(A) such that Yiqey r(eo),ae0) € F- This implies that (aeg, r(eo), aeg) € ®(F),
but this contradicts the fact that « is the labelled path associated to ®(F). We conclude
that ®(F) € T when |o| < oo and |a| = oo, showing ® is well-defined.
For the inverse of ®, given £ € T, we define

Fe={Z €D |Jeec E(S)" such that £ € V, and Y, C Z}.
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In order to prove that F¢ is an ultrafilter, it suffices to show that for n € N with n > 2, if
fO . £ € B(S)T are such that |}, Yz € F, then there exists i € {1,...,n} such
that Yy € Fe. By the definition of F, if | J;_, Yy € F¢, then there exists e € E(S)*"
such that £ € Ve and Yo C U], Y. By Lemma 4.9, there exists ¢ € {1,...,n} such
that & € Vi), but this implies that Yew) € F¢. The map ¥ : T — D given by V(&) = Fe
is then well-defined. Let us prove that ¥ = &1,

Given F € D and Z € F, there exists e = (e,e1,...,en) € E(S)T such that Yo € F
and Yo C Z. Notice that Y, € Fand Ye, ¢ F foralli =1,...,n. By definition, e € ®(F)
and e; ¢ ®(F) for all ¢ = 1,...,n, which implies that ®(F) € V.. We conclude that
Z € ¥(®(F)), and since Z was arbitrary, F C U(®(F)). The equality follows from the
fact that F is an ultrafilter.

Now fix £ € T. If e € &, then £ € V,, which implies that Y. € ¥(¢), and hence
e € P(¥(£)). We conclude that & C ®(¥(E)). For the reverse inclusion, suppose that
e € O(¥()). In this case Y, € U(&), and therefore there exists £ € F(S)" such that
¢ € Vg and Yr C Y.. By Lemma 4.9, V¢ C V., which implies that £ € V,, that is, e € &.
The equality £ = ®(¥(£)) now follows.

The equality ¢ (A) Ve for all e € E(S)T follows from the construction of ®. Finally,
the family {Y tecr(s)+ is a basis for the topology on @ which is sent by ® to the basis
{Ve}eer(s)+ of T. Hence ® is a homeomorphism. O

Next we prove that the algebra D defined in [27] is isomorphic to Lc(@,R). Before
we present this result we make a few observations.

If we define € = {Y{q,4,0) | (o, A,) € E(S), A € G°}, then the algebra D defined in
[27] coincides with Fe(Y"). Notice that the algebra of sets generated by € is D, and thus,
by Lemma 2.2, we have that D = Fp(Y). Hence,

D =span{ly, , ., : (@ A,a) € E(S)}. (4.11)

Proposition 4.12. There exists an isomorphism of R-algebras ¢ : Lc(@,R) — D such
that ¢(15) = 1z for all Z € D.

Proof. Given a non-zero element f € LC(@, R), let {r1,...,7,} be the non-zero elements
belonging to the image of f and such that r; # r; whenever i # j. For each i = 1,...,n,
let U; = f~'(r;). Then U; is a compact-open subset of D and therefore there is a
unique Z; € D such that U; = Z;. Define ¢(f) = S i1z, and ¢(0) = 0. Using the
isomorphism of Boolean algebra Z € D — Z e K(D), it is easy to check that ¢ is a
homomorphism of R-algebras. We have that ¢ is surjective because its image contains
the generators of D. Moreover, observe that for Z € D, we have that 1; =0 & Z =
s Z=0c 1; =0, from where we conclude that ¢ is injective. O

We have identified Lc(@, R) with D above, but our goal is to identify Le(T, R) with
D. We will do this using the identification between D and T given in Proposition 4.10.
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To this end, we need the following lemma, which describes a typical open set V;, where
t € F, that appears in the definition of the partial action A (see (4.1)).

Lemma 4.13. For o, 8 € £L* we have that Vo3-1 = V(g r(a)nr(8),a)-

Proof. If £ € V-1 then r(a) N7(B) # 0 (see [17, Lemma 3.10]), and by the partial
action associated with a labelled space (4.1)

§ = Pap-1 (77)

for some 1 € Vigo-1)-1. That is, n = 7?7, for some v € £ U £*. Then, (w,r(8),w) €
@p-1(n), which implies that (a,r(a) N7(8), ) € @ap-1(n) = &, proving that V,z-1 C
Vier(@)nr(8).0)-

For the reverse inclusion, if £ € V(4 r(a)nr(8),a), then (a,r(a) Nr(B), ) € £ and thus
€ = £ for some v € £ U L*. Then, (w,r(a) N7(B),w) € ¢;1(£), which implies
that (r(a) N7(B)) € w1 (€)o. Since ¢ (&) is an ultrafilter, it follows that r(3) €
0 (€)o. Thus, ¢, 1(€) is in the set of tight filters that can be “glued” to 3. Now, let

1=s(¢5"(§)). Then,
£ = valez' ()
That is, § € V,p-1, and thus Vi, r(a)nr(8),a) © Vag-1- O
For t € F, the set
Dy = span{lily,, , ., : (o, A,a) € E(S)}

defines an ideal in D. Note that if t = y6~! for some 7, € £*, then Dys— = warl in
the notation of [27], which corresponds to our Dy, . .., (see Remark 4.5). For the
remainder of this section we retain the notation from earlier by still letting ¢ denote the
isomorphism from Proposition 4.12 and ® the homeomorphism from Proposition 4.10.

Proposition 4.14. For any compact open set U C T, we define

(1v) = ¢(lo-11))-

Then 1 extends to an isomorphism of Le(T, R) onto D. Furthermore, if t € F is in
reduced form, then ¥ (Lc(Vi, R)) = Dy.

Proof. The claim that ¢ extends to an isomorphism of Le(T, R) onto D follows from
Proposition 4.10 and Proposition 4.12.

Let t € F be in reduced form. If ¢t = w, then Le¢(V,,, R) = Le(T, R), and we are done.
Ift#wand V; # 0, thent € {a | a € L2} U{a! | a € L2} U{aB! | B,a €
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L= r(a) Nr(B) # 0}, by [17, Lemma 3.11]. Similarly, by [27, Notation 3.4], if Dy # 0,
then t = B~ with r(a) N7(B) # 0. Hence we may assume without loss of generality
that t = o371 with o, 8 € £* and r(a) Nr(B) # 0.

We first show that ¢ (Le(Vi, R)) € D;. By Lemma 4.13 we have that V; =
Vas-1 = Via,r(a)nr(8),a), and then it follows from Lemma 4.10 that ¥ (1v,, .

)N (B), @) )

Yo riaynn(sy.ay- Let U S Vi be a compact open set. Then ®~1(U) is a compact
open set in D. That is, ®~1(U) € 9((@) Hence there is exists a Z € D such that

(I)il(U) = 2 C }/}(a,r(a)ﬁr(ﬁ),a)- Then,

w(lU) = Il/}(]'U]"/(a,r(a)ﬁT(B),a))

= 1210 rarnnesr.on

which belongs to Dy. If f € Le(V;, R) is arbitrary, then f = Y | r;1y,, where r; € R and
U; C V, are compact open for each i = 1,2,...,n. Then, ¢(f) = Y i", r¢(1y,) € Dy.
Hence ¥ (Lc(Vy, R)) C Ds.

To show that ¢(Lc(Vy, R)) C Dy, it will suffice to show that each generator of D; is
the image of some function from Le(Vi, R). Consider 1y, .o, € Dy, with
(v,C,~v) € E(S). Then

o W0

w(lem(aww),a)1V<w,c,w>) = W riernrsr.o) oo

and 1vi, . aynnee).e WVigom € Le(Via,r(a)nr(8),a), B) = Le(Vog-1, R). Hence, ¢ maps
Le(Vi, R) onto D;. O

Let A = ({Vi}ier, {pt}ier) be the partial action on T defined in (4.1). Then A
induces a dual algebraic partial action A = ({Le(Vy, R) Yer, {5t }ier), where each @, :
Le(Vi-1, R) — Le(Vg, R) is the isomorphism defined by @:(f)(€) = f o ¢;-1(§).

We now state the main result of this section.

Theorem 4.15. Let G be an ultragraph, © = ({Dt}ier, {0t }rer) be the algebraic partial
action of F on D as defined in [27, Remark 3.8] and A = ({Le(Vi, R)Yoer, { Bt her) be
the dual of the topological partial action A = ({Vitier, {¢ttier) defined in (4.1). Then
O and A are equivalent.

Proof. If ¢ is the map of Proposition 4.14, then 1o p; = 0, 09 for all t € ¥, from where
the result follows. O

Remark 4.16. In the context of Leavitt path algebras, the purely algebraic partial action
defined in [23] is shown to be equivalent to a topological partial action in [32, Page 3964].
The above result generalizes this for ultragraph Leavitt path algebras.
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5. Ultragraph algebras

In this section, we focus on the realization of the algebras associated to ultragraphs
as groupoid algebras. In the algebraic setting, we first do the fundamental task of rec-
onciling the two running definitions of an ultragraph Leavitt path algebra, and then we
realize such algebras as Steinberg algebras. In the C*-algebraic context, we provide a
description of a general ultragraph C*-algebra as a groupoid algebra, thereby generaliz-
ing [39] (where ultragraphs are assumed to have no sinks) and [46] (where ultragraphs
are assumed to satisfy Condition (RFUM2)). Our results also provide a description of a
general ultragraph C*-algebra as a partial crossed product.

5.1. Ultragraph Leavitt path algebra

In this section, we realize an ultragraph Leavitt path algebra as a Steinberg alge-
bra. However, as described in the introduction, it is of fundamental importance to first
reconcile the two running definitions of ultragraph Leavitt path algebras. This is done
in Proposition 5.2. After that, we turn our attention to showing that the Leavitt path
algebra of an ultragraph is isomorphic to the Steinberg algebra associated to the trans-
formation groupoid described in Subsection 4.1.

The definition of an ultragraph Leavitt path algebra that we will adopt is the following.

Definition 5.1. Let G be an ultragraph and R be a unital commutative ring. The Leavitt
path algebra of G, denoted by Lr(G), is the universal R-algebra with generators {s., s} :
e €GYU{pa: A€ G and relations

po = 0,PAPB = PAnB,PAUB = DA +PB — PanB, for all A, B € G
Ds(e)Se = SePr(e) = Se and pp(e)S; = S;Ps(e) = Sp for each e € Gl
5555 = Oc,fPre) for all e, f € G;

Py = Y. Ses: whenever 0 < |s71(v)| < oo.
s(e)=v

=W

As we mentioned before, the difference in the definitions of an ultragraph Leavitt
path algebra lies in how the set of generalized vertices is defined. Given an ultragraph
G, let B and G° be as in Definition 2.6, and recall that G° is not necessarily closed under
relative complements. We denote by Lr(G,) the Leavitt path algebra associated with G
by allowing A, B € B in 1. of Definition 5.1, that is, Lr(G,) is the algebra as defined in
[35, Definition 2.1].

Proposition 5.2. Let G be an ultragraph. Then Lr(G,) and Lr(G) are isomorphic.

Proof. In Lr(G,), the family {pa,e,e* : A € G° e € G'} satisfies the relations defining
Lr(G). By universality this gives us a homomorphism 7 : Lr(G) — Lgr(G,). We build



486 G.G. de Castro et al. / Journal of Algebra 579 (2021) 456—495

the inverse of this homomorphism by describing a family {pa,e,e* : A € B,e € G'}
inside Ly (G) satisfying the relations defining Lr(G,).

Let Lgo be the algebra as in Definition 2.3, taking G° as € and {ga} acgo as the gener-
ators. By the universal property of Lgo, there exists an homomorphism ¢ : Lgo — Lr(G)
such that ¢(qa) = pa for all A € G°. By Proposition 2.4, there exists an isomorphism
¥ 1 Fgo(G®) — Lgo such that 1)(14) = ga for all A € G°, where Fgo(GP) is the subalgebra
of F(G®) generated by {1¢ : C € G°}. By Lemma 2.2, we have that Fgo(G°) = F(GY).
Now, for each A € B, we define

pa = o(¥(1a)).

Clearly pa = pa for all A € G°. Also, it is readily checked that papp = panp and
PAUB = PA +DB —Ppanp for all A, B € B.

Notice that the family {pa,e,e* : A € B,e € G'} inside Lr(G) satisfies the relations
defining Lr(G,) and hence, by universality, we obtain a homomorphism 6 : Lg(G,) —
Lr(G). To finish the proof we have to show that 7 and 6 are inverses of each other.
It is straightforward that 6 o 1 = id. We verify that m o § = id on the generators of
Lr(G,). Note first that 7o 6(e) = e and 7o f(e*) = e* for all e € G'. Let B € B. Then
9(pp) = pp = ¢(¢(15)). By Lemma 2.2, with € = G°, we have that 15 € Fgo(G°). So
we can write 1g as a linear combination of the form 1g = Z?zl ¢ilp,, where B; € G°.
Hence mo0(pp) = >, ¢;pp,. Now note that, similarly to what was done for G° above,
we can find a homomorphism from Fig(GY) to Lr(G,) sending 14 to pa for every A € B.
Applying this homomorphism to the equation 15 = >"" , ¢;1p, we conclude that pp =
>, cipp, inside Lr(G,). So mo8(pp) = pp as desired. O

Although the algebras obtained with the different versions of generalized vertices
agree, in some situations, there are relevant differences depending on the definition used.
For example, the graded uniqueness theorem for ultragraph Leavitt path algebras proved
in [35] gives conditions when a homomorphism from an ultragraph Leavitt path algebra
is injective. Among the conditions, one is required to check that the homomorphism
does not vanish on the generalized vertices. Of course, if the set of generalized vertices
is larger, it is, a priori, harder to verify the condition. As we show below though, this is
not the case, that is, it is enough to check the condition on the set of generalized vertices
defined without the use of relative complements, that is, on G°. Furthermore, from this,
we clearly get the graded uniqueness theorem for Lz (G) (by composing homomorphisms),
which we state below for completeness.

Lemma 5.3. Suppose that ¢ : Lr(G,) — S is a homomorphism that does not vanish in
G°. Then ¢ does not vanish in B.

Proof. Let B € B and take v € B. Since v € G° we have that ¢(v) # 0. Hence 0 #
d(v) = p(vB) = ¢(v)p(B). We conclude that ¢(B) #0. O
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Theorem 5.4. (cf. [35, Corollary 2.18]) Let G be an ultragraph, R be a unital commutative
ring and S be a Z-graded ring. If m: Lr(G) — S is a graded ring homomorphism such
that w(rpa) # 0 for all non-empty A € G° and all nonzero r € R, then 7 is injective.

Given an ample groupoid I', we denote by Agr(T") the groupoid algebra, known as
Steinberg algebra, defined in [44]. In the next result, we give a realization of the Leavitt
path algebra of an ultragraph as a Steinberg algebra.

Theorem 5.5. Let G be an ultragraph. Then, there is an isomorphism k : Lr(G) —
AR(F xa T) given on the generators of Lr(G) by

H(pA) = l{w}xV(W‘A,w)
H(Se) = 1{6}X‘/(e,7‘(e),e)’ a’nd (5.6)

K(8ex) = 1{6*1}><V(W1T(e)‘w>
for each A € G° and e € G*.

Proof. Let F x o T denote the transformation groupoid associated with A in (4.3). Then
F x AT is an ample Hausdorff groupoid, [17, Lemma 5.4]. By [4, Theorem 3.2] the partial
skew group ring Le(T, R) x4 F is isomorphic to Ar(IF xa T).

By [27, Theorem 3.10] the Leavitt path algebra Lz (G) associated with G is isomorphic
to the partial skew ring D xg F. But, by Theorem 4.15, the partial actions © and A are
equivalent. Hence, D xg [ is isomorphic to Le(T, R) x4 F, from which it follows that
Lr(G) is isomorphic to Ag(F xa T). The equations (5.6) are obtained by composing the
two isomorphisms mentioned above. 0O

As the composition of two isomorphisms, « in Theorem 5.5 factors through the partial
skew ring Le(T, R) x 4 F. Although & is explicitly given on a generating set of Lr(G), the
dynamics in the partial skew ring play a big part in how x maps more general elements.
In Section 6 we are interested in elements of the from k(sapasg~), with o, 8 € £* and
A € G°. To see what r(sapasg-) looks like in Ag(F xa T), it is helpful to first compute
the product in the partial skew ring, and then map into Ar(F xa T). That is,

SaPASp* (1‘/(01,7‘((1),(1)5a)(1v(u,A,w)6"-’)(1‘/(w,r([i),w)6671) € LC(TvR) XA F,

where, for example, d,, is merely a placeholder indicating that Vo ).y Delongs to the
ideal Le(V,, R). Now, computing inside the partial skew ring yields

(lv(a,r(a),a) 60¢) (1V(M,A,u) 5w)(lv(w,r(ﬂ),w) 5(3*1) = IV(a,Amr(a)mr(;a),a) 50&[?’1

(see for example [17, Equation (4.2)]). Then,

K(sapasge) = l{aﬁ71}Xv(a,Aﬁ'r(a)ﬁ'r(B),a) : (5.7)



488 G.G. de Castro et al. / Journal of Algebra 579 (2021) 456—495

5.2. The C*-algebra of an ultragraph

In this section, we show how the C*-algebra of an arbitrary ultragraph defined by
Tomforde in [47] can be written as a groupoid C*-algebra and as a partial crossed
product, generalizing the results in [25,39,46].

Definition 5.8. ([47]) Let G be an ultragraph. The C*-algebra associated to G, denoted
by C*(G), is the universal C*-algebra generated by a collection of mutually orthogonal
partial isometries {s. : e € G'} and projections {p4 : A € G°}, subject to the relations

- pp = 0,pAPB = PanB,PAUB = Pa + PB — PanB, for all A, B € G°;
. 858 = Pr(e) for all e € Ggl;

. Sest < Py(e) for all e € G

Py = Y. 8est whenever 0 < |s71(v)] < oo.

s(e)=v

=W N

As with Leavitt path algebras, we can define another C*-algebra by allowing the
relations in 1 to be valid for all A,B € B. That we still get C*(G) with these extra
relations is proven in [36].

For a labelled space (&, L, B), there is also a definition of a C*-algebra C*(&,L,B)
such that if (€, L, B) is the labelled space associated to G, the C*(&,L,B) = C*(G) |2,
Example 2]. Let also I'(T, o) be the groupoid defined in Section 3 and A the partial
action defined in Section 4.1. Then A induces a C*-algebraic partial action and we may
form the partial crossed product Cy(T) xa F.

Theorem 5.9. Let G be an arbitrary ultragraph, then
C"(G)=C*"(T(T,0) ZC*"(F xa T) =2 Co(T) xa F.
Proof. The first isomorphism follows from [2, Example 2] and [7, Theorems 3.7 and
5.8], the second isomorphism follows from [17, Theorem 5.5] and the third isomorphism
follows from [1, Theorem 3.3]. O
We remark that the C*-algebra Cy(T) xa F is generated by

{1V(w,A,w)5w’ 1V(a,7‘(a),a)5a A€ B, [(AS A}

Let ks : C*(G) — C*(FF xa T) denote the isomorphism in Theorem 5.9. Then &, is given
on the generators of C*(G) by

H*(pA) = l{w}xv(w,A,w) (5 10)

Fis(8e) = HepxVie, ey o0
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Remark 5.11. As pointed out in Remark 3.7, the description of the ultragraph groupoid
&g in [39] is incomplete, which implies that the isomorphism in [39, Theorem 22] does
not always hold. For instance, in Example 3.20, there is a sequence in Ve, r(ey),eo) that
converges to an element &, which corresponds to a pair (eg, F), where F is not a principal
filter. This implies that the set A’((eo,r(eq)), eq) described in [39] is not actually com-
pact because it contains a sequence with no convergent subsequence, and therefore the
characteristic function of this set is not an element of C*(®g). This means that the map
from C*(G) to C*(Bg) that sends s¢, t0 1 4/((eq,r(e)),e0) (@S in [39]) is not well-defined.

6. Abelian core subalgebras and the generalized uniqueness theorems

In this section, we prove generalized uniqueness theorems for ultragraph algebras in
both the analytical and algebraic setting. These uniqueness theorems have the advantage
of not requiring an aperiodicity nor a gauge invariance nor a graded homomorphism
assumption. By identifying the abelian core subalgebras we also answer, in the context
of ultragraph algebras, a question raised in [11] for Leavitt path algebras, namely we
characterize the ultragraph Leavitt path algebras such that the centre is equal to the
core.

For the results of this section, we will use the isotropy bundle of a groupoid. Recall
that if G is a groupoid with source map s and range map 7, the isotropy bundle is given
by Iso(G) = {v € G | s(y) = r(7)}. For more details, we refer the reader to [9,13]. To fix
the notation, Iso(G)° represents the interior of the isotropy bundle of a groupoid G.

We recall below the generalized graded uniqueness theorem for Steinberg algebras (see
also [12]).

Theorem 6.1 (Generalized Uniqueness Theorem). [13, Theorem 3.1] Let H be a second-
countable, ample, Hausdorff groupoid and let R be a unital commutative ring. Suppose
that A is an R-algebra and that m : Ar(H) — A is a ring homomorphism. Then m is
injective if and only if ™o v is injective, where  is the natural inclusion of Ag(Iso(H)°)
in Ap(H).

In the context of groupoid C*-algebras, the analogous result is the following:

Theorem 6.2. [9, Theorem 3.1 (b)] Let G be a locally compact Hausdorff étale groupoid.
If v : CHG) — D is a C*-homomorphism, then w is injective if and only if mo v, is
an injective homomorphism of C}(Iso(G)°), where 1, : C}(Iso(G)°) — CX(G) is the
inclusion map.

We want to use the above uniqueness results in combination with our characterization
of ultragraph algebras as groupoid algebras to obtain generalized uniqueness theorems
for ultragraph algebras. This motivates our definition of the abelian core of an ultragraph
algebra, which we present after we recall some relevant concepts below.
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Let G be an ultragraph and let R be a unital commutative ring. Recall that Lg(G) =
spang{sapass- : o, (3 are paths, and A € G} and if R = C, then for C*(G) the same
holds by taking the closure of the span on the right side (see [35] and [47]). Denote the
set of generators of the algebra by Gg, that is,

Gg = {sapass- : «, 3 are paths, A € G°, and r(a) N ANr(B) # 0}.

Definition 6.3. Let G be an ultragraph and let R be a unital commutative ring. The
diagonal subalgebra D(Lr(G)) of Lr(G) (respectively D(C*(G)) of C*(G)) is the R-
subalgebra (respectively C*-subalgebra) generated by elements of Gg such that « = .
The abelian core of Lr(G) (respectively of C*(G)) is the subalgebra M (L (G)) (respec-
tively the C*-subalgebra M(C*(G))) generated by elements of Gg that satisfy:

1. a=0;
2. o= PAg and Ag is a loop without exits;
3. = a\, and A\, is a loop without exits.

We denote by Gé/[ the set of all elements in Gg that satisfy one of the three above
conditions.

We shall see in Corollary 6.10 that the abelian core is indeed a commutative algebra.

Remark 6.4. The word core is overused in the context of ultragraph algebras. The reader
should not confuse the abelian core defined above with the core subalgebra defined in
[15].

Our next goal is to identify the abelian core of an ultragraph algebra with the algebra
of the interior of the isotropy. For this it will be convenient to use F x o T as the groupoid
associated with G. We start by identifying Iso(IF x A T)Y, but for this, we need a couple
of auxiliary results first.

Lemma 6.5. An element £ € T with associated path 5v>°, for some path B and some loop
v, is isolated if and only if v has no exits. In this case, Vigyn [s(1)},84m) = 1§} for all
n € N.

Proof. Suppose first that v has an exit. Then for any open neighbourhood V of &, for n
sufficiently large, £ € Vigyn (5(1)},8y7) © V. We can then use the exit to build an element
of T different from & which is in Vigy» {s()},8y7), S0 that £ is not isolated.

Now suppose that v has no exits. This means that for all i = 1,...,|vy| we have that
s (s(v:)) = {7}, which then implies that Vigyn {s(1)},8y») = {£} for all n € N, and in
particular £ is an isolated point. O
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Lemma 6.6. For (t,£) € F xa T such that t # w, we have that (t,€) € Iso(F xa T)°
if, and only if, there exist a path B and a loop without exits v such that t = ByB~1 or
t = By 1387, and € is the element of T associated to By>°. In this case (t,€) is an
isolated point of Iso(F x T)P.

Proof. Suppose first that (¢,£) € Iso(IF xa T)%. By [17, Remark 6.11], there exist a path
B and a loop « such that ¢t = B3y3~! or t = By~ !37!, and the associated path of ¢ is
B~v°°. By Proposition 3.6, £ is the unique element of T with associated path 87> so that
({t} x T)NIso(F xa T) = {(¢,€)}. Since (¢,€) € Iso(F xa T)Y, there exists an open set U
of F xa T such that (¢,£) € U C Iso(IF xa T). This implies that {(¢,£)} = {¢t} x T)NU
is open and so is its projection in the second coordinate {¢}. By Lemma 6.5, v has no
exits.

Suppose now that there exist a path 3 and a loop without exits  such that ¢t = 3y5~1
ort =y~ 1871, and ¢ is the element of T associated to 8y°°. Notice that ¢;(£) = £ so
that (¢,€) € Iso(IF xa T). By Lemma 6.5, {£} is open in T, and hence {(¢,£)} is an open
neighbourhood of (¢,&) inside Iso(F x A T), from where the result follows. 0O

Since the unit space (Fx A T)(® of F x o T is identified with T, it follows that Az ((F x A
T)®) = Le(T, R).

Proposition 6.7. The diagonal algebra D(Lg(G)) is isomorphic to Le(T, R) and the di-
agonal C*-algebra D(C*(G)) is isomorphic to Co(T).

Proof. The C*-algebraic case is proved in [6, Theorem 6.9].

We show that D(Lg(G)) = Le(T, R). Let D be the R-algebra defined in (4.11). By
Proposition 4.14, Le(T, R) is isomorphic to D and, by Lemma 4.10, this isomorphism
sends 1y, , ., € D to 1y, , , € Le(T, R) for every A € G and a € £*. Hence,

Le(T, R) = span{ly,, , ., a €L, A € B,}.

Let x be the isomorphism given in Theorem 5.5 and fix an o € £* and an A € B. Then,
it follows from Equation (5.7) that

H(SapAsoc* ) = 1{w} XVia,A,0)"

That is, 1y, .., € Ar({w} x T) = Ag((F xa T)). By identifying (F xa T)® with
T, it follows that 1y, , ., is a function in Le(T, R). Then, since x maps the generators
of D(Lg(G)) onto a generating set of Le(T, R), we have that D(Lr(G)) = Le(T,R). O

Proposition 6.8. Let R be a unital commutative ring. The abelian core M(Lg(G)) is
isomorphic to Ar(Iso(F xa T)°), and the abelian core M(C*(G)) is isomorphic to
C*(Iso(F xa T)Y).
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Proof. We first show that M (Lr(G)) = Ar(Iso(F x A T)?). Let x denote the isomorphism
in Theorem 5.5. By Proposition 6.7, we have that x(D(Lg(G))) C Ar(Iso(F xa T)Y).
Let o, 3 € £* and A € B such that r(a) Nr(8)NA # () and o = B for some loop v € L*
without exits. Notice in this case that r(a) = {s(v)} so that r(a) Nr(8) N A = {s(7)}.
Then, by Lemma 6.5, €77 is an isolated point and

Viar(@)nr(@)na,e) = Vigyn,r@nr(@na,sym) = 1€} (6.9)

for all n > 0. Therefore, by (5.7) and (6.9), we have that

K(sapASﬁ*) = 1{aﬁ_l}Xv(u,r(a)ﬁr(ﬁ)ﬁA,u) = 1{(04[7_175)}’ and

K(SﬁpAs‘x*) = 1{/3071}XV(ﬁ,r(a)m-(ﬁ)nA,B) = 1{(507176)}

Hence, k(M (Lr(G))) € Agr(Iso(F xA T)?).
To see that Ag(Iso(F xa T)%) C k(M (Lg(G))), let U C Iso(F xa T)? be a compact-
open bisection. Then, by Lemma 6.6,

U=V U{(ti,&),..-, tm,&m)},

where V is a compact-open subset of (F xa T)© and (¢;,&;) € Iso(F x A T)?\ (F xa T)©
is an isolated point for each 4. Notice that 1y = 1y 4 >, 114, ¢,)}- By Proposition 6.7,
we have that k= !(1y) € M(Lr(G)). By Lemma 6.6, for each i = 1,...,n, the labelled
path associated to &; is of the form F;y7° for some loop 7; without exists and t; =
,Bi’yiﬁi_l or t; = Bi’yi_lﬁi_l. Put a; = B;7vi. Then (o) Nr(B;) = {s(y:)} # 0. Hence,
Sa;Pr(as)5B% 88 Pr(a:)Sar € M(LR(G)). Now, if t; = BiviB; !, then

K(Sa,Pr(a:)867) = l{aiﬁ;1}Xv(aiW(O‘i)mT(Bq‘,),ai) = Lisr ey = Hanend

and if t; = ﬂivjlﬁfl, then

K58 Pr(a)S01) = Lgiar 1 xVis, wpmeion.on = H(Bior 601 = Mot}

Thus, k~*(Ar(Iso(Fx A T)")) € M(Lg(G)), which completes the proof that M (Lr(G)) =
Ar(Iso(F xa T)0).

Next we show that M(C*(G)) is isomorphic to C*(Iso(F xa T)%). Let . be the
isomorphism given in (5.10). Then, the same arguments as for the algebraic case above
imply that k. maps a dense *-subalgebra of M (C*(G)) onto a dense *-subalgebra of
C*(Iso(F xa T)%). Since k. is continuous, we may extend it to a *-isomorphism of
M(C*(G)) onto C*(Iso(F xa T)%). O

Corollary 6.10. The abelian cores M(Lg(G)) and M(C*(G)) are commutative algebras.
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Proof. Since the transformation groupoid I x o T is isomorphic to the Renault-Deaconu
groupoid I'(T, ), then Iso(F xa T)? is a commutative groupoid. By Proposition 6.8 the
result follows. O

As a consequence of the above proposition we obtain a generalized uniqueness theorem
for ultragraph C*-algebras (this generalizes the graph C*-algebra version given in [40,
Theorem 3.13]).

Theorem 6.11. For a *~homomorphism 7 : C*(G) — A, the following conditions are
equivalent:

1. m is injective;

2. the restriction of m to M (C*(G)) is injective;

3. (pa) # 0 for all nonempty A € G° and, for any simple loop o without exist, the
spectrum of m(sq) contains the unit circle.

Proof. That 1. is equivalent to 2. follows from Theorem 6.2 and Proposition 6.8. The
equivalence between 1 and 3 is given in [22, Theorem 7.4]. O

Remark 6.12. A version of the above theorem has been proved for higher-rank graphs in

8.

We now extend the generalized uniqueness theorem for Leavitt path algebras [11,
Theorem 5.2] to ultragraph Leavitt path algebras.

Theorem 6.13. Let G be an ultragraph and R be a unital commutative ring. Consider
®: Lr(G) — A a ring homomorphism. Then ® is injective if, and only if, the restriction
of ® to M(Lgr(G)) is injective.

Proof. This follows from Theorem 6.1 and Proposition 6.8. O

We finish the paper applying the results of [33] to obtain an extension of [11, The-
orem 4.13] to ultragraph Leavitt path algebra and to describe when the core of an
ultragraph Leavitt path algebra is equal to the centre of the algebra.

Corollary 6.14. Let G be an ultragraph and Lr(G) be the ultragraph Leavitt path algebra
associated to G. Then

(i) The centraliser of the diagonal algebra D(Lg(G)) is the core algebra M(Lg(G)).
(i) The core algebra M (Lgr(G)) is a maximal commutative subalgebra of Lr(G).
(iii) If Z(Lr(G)) = M(Lg(G)) and G is connected, then Lr(G) is either R or R[z,x~!],
i.e., the ultragraph G is either a single vertex or a vertex and an edge.
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Proof. (i) It follows from Proposition 6.7 and [33, Theorem 2.2].

(ii) It follows from Proposition 6.8 and [33, Corollary 2.3].

(iii) By [33, Corollary 2.3], since the centre of Lr(G) is commutative, we have that
Li(Q) itself is commutative. We claim that G has only one vertex. Indeed, if v, w € G are
such that v # w, since G is connected, there exists a path « € G* such that s(a) = v and
w € r(a). On one hand, we get pyse = 0. On the other hand, (o, {w}, «) € E(S)\ {0},
so that, sapw # 0 by (5.7) and Remark 2.10. Hence py,sq # SaPw, contradicting the
commutativity of Lr(G). We conclude that G is a singleton. Now suppose that there
are two different edges a,b € G'. In this case ab and ba are two different paths in G, which
also correspond to two different elements in F. Again, using (5.7) and Remark 2.10, we
conclude that s,sp # sps, contradicting the commutativity of Lr(G). Therefore, either
G consists of only one vertex and no edges, in which case Lr(G) is R, or G consists of
only a vertex and an edge, in which case Lg(G) is R[z,z~ . O
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