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During solid-solid phase transitions, the eigenstrain introduced by the geometrical transformation in the
newly formed phase is a significant issue. Indeed, it is responsible for very large elastic energy and dis-
sipation at the continuum scale that have to be added to the total energy in order to determine if a
phase transition can occur. The eigenstrain can cause sliding of the newly formed grain. In this paper,
an analytical method coupled with numerical energetic optimization is derived to solve the problem of a
two-dimensional circular elastic sliding inclusion accounting for plastic dissipation at the interface. Nu-
merical calculations under plane stress assumption show that dissipation enables an effective decrease in
the energy needed for the phase transformation to occur.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Phase transitions are crucial for many applications. A general
strategy for modeling phase transitions consists in constructing a
cost function (or a global energy) by adding different energetic
contributions and dissipated energies arising at different scale dur-
ing phase transition. Then a minimization over possible states (i.e.,
a global energy balance) is considered in order to determine if
phase nucleation is the most favorable option with respect to the
energetic cost function as proposed for instance by Fischer and
Reisner (1998).

Among the energetic contributions that should be considered,
one of the most studied is the energy gain by the rearrangement
of the crystal lattice (Miiller et al., 2007). This contribution is as-
sociated to the free Gibbs energy variation between one phase and
the other. However, the geometrical transformation from the crys-
talline structure of the parent phase to the crystalline structure of
the product phase, amounts to impose, at the scale of continuum
mechanics, an eigenstrain in the product phase. For instance within
the framework of steel well known orientation models proposed by
Bain and Dunkirk (1924); Nishiyama (1934); Kurdjumow and Sachs
(1930) may be used to quantify this eigenstrain.

Thus, the free Gibbs energy variation between the parent phase
and the product phase is not sufficient to evaluate if phase trans-
formation may occur. Indeed, at the scale of continuum mechan-

* Corresponding author.
E-mail addresses: bluthej@eleves.enpc.fr, bluejof@gmail.com (J. Bluthé).

http://dx.doi.org/10.1016/j.ijsolstr.2017.05.023
0020-7683/© 2017 Elsevier Ltd. All rights reserved.

ics, the newly formed phase nucleates with a certain size. The
geometrical transformation undergone in the inclusion is thus in-
compatible with the presence of the surrounding matrix, and the
inclusion and the matrix will therefore experience elastic strains.
Phase nucleation occurs if a lower total energy is reached. There-
fore, this elastic energy tends to reduce the possibility of phase
changes because the energy gained at the atomic scale by the
modification of the crystal structure is compensated by the bulk
energy at a larger scale. Thus, one needs to evaluate the elastic
energy associated with the eigenstrain in order to correctly pre-
dict phase nucleation. For instance, within the framework of Zir-
conium phase transition, Hensl et al. (2015) include elastic energy
in the global free Gibbs energy. Usually the well-known inclusion
method proposed by Eshelby (1957) is used to evaluate the stored
elastic energy due to the eigenstrain. For instance (Lambert-Perlade
et al., 2004) used the Eshelby inclusion method to model self-
accommodation within the framework of austenite to bainite phase
transition in steel alloys. Mura et al. (1976) proposed an exten-
sion of the Eshelby inclusion method for anisotropic materials and
consider applications to martensite formation. Previous works con-
sider purely elastic materials even though non-negligible plastic
strain may occur. Thus, Delannay et al. (2008) proposed to evalu-
ate elastic-plastic accommodation by using a Finite Element model
of an embedded-cell model. One can also mention a different strat-
egy proposed by Ammar et al. (2009) based on a phase-field model
of phase transition in elastic-plastic materials where the free en-
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ergy density accounts for dissipation and elastic and chemical’
contributions.

All the previously mentioned works are based on a perfect ad-
hesion between the inclusion and the surrounding matrix of the
parent phase. However, experimental evidences of sliding inclu-
sions have been published by Saotome and Iguchi (1987) for in-
stance. Thus, this paper aims at developing an alternative inclusion
method adapted to sliding inclusions and that takes into account
plastic dissipation at the interface. The significance of sliding in-
clusions on the elastic energy when considering phase transitions
was already investigated by Tsuchida et al. (1986) and Mura et al.
(1985); Jasiuk et al. (1987) for perfectly sliding inclusions in two
and three dimensions respectively. More precisely, continuity of
normal traction and normal displacements at the inclusion/matrix
interface is assumed as well as a condition of vanishing shear trac-
tion. Tangential displacements are discontinuous at the interface
and are determined through the latter shear free condition. On this
basis, it was shown that allowing for sliding reduces the energy
needed for the transformation to occur. In this paper, imperfectly
sliding inclusions are considered and shear stresses are not set to
zero at the interface.

Imperfectly sliding inclusion problems have already been solved
by Huang et al. (1993) and Ru (1998), by modeling the relative
magnitude of sliding by introducing a parameter varying between
zero (perfectly bounded interface) and one (perfectly sliding in-
terface) and by Zhong and Meguid (1997) by assuming that the
normal stress is proportional to the corresponding tangential dis-
placement discontinuity which amounts to a Coulomb type friction
law. Relying on the same assumption, Mogilevskaya and Crouch
(2002) solved the problem of multiple circular sliding inclusions
by using a Galerkin boundary integral method.

The approach developed in this paper differs from previous so-
lutions to the extent that there is no assumption on shear traction
at the interface and no a priori relationship between tangential dis-
placement discontinuity and normal traction. The problem of an
inclusion subject to a known eigenstrain and prescribed sliding is
solved with continuity of normal and shear traction and continuity
of normal displacement at the interface. The whole solution de-
pends on the prescribed slip and energetic arguments are eventu-
ally used in order to determine the actual slip that the system will
reach.

These energetic arguments come from experimental observa-
tions performed by Saotome and Iguchi (1987) that enable to inter-
pret sliding as localized plasticity at the interface. Therefore, dis-
sipated energy should be taken into account. This is not allowed
by the previously mentioned papers, where sliding is determined
by an arbitrary proportionality relation between normal traction
and tangential displacement discontinuity or by setting shear trac-
tion to zero. The energetic approach, that ultimately enables to de-
termine sliding, classically consists in minimizing a global energy
that takes into account bulk energy and plastic dissipation. Within
the framework introduced for instance by Fedelich and Ehrlacher
(1997) and Mielke (2003), dissipation can be seen as a cost (or a
distance) that the system has to pay (or to cross) to get a new
state, therefore the state variables are those that optimize the bulk
energy accounting for the cost to reach this new state. It should
be noted that plasticity is considered only at the interface (shear
band) and not in the inclusion or matrix bodies.

In the present work, these ideas are applied to the two-
dimensional problem of a circular inclusion subject to a given
eigenstrain and surrounded by an infinite matrix. An approxi-
mate solution to the problem of an inclusion subject to a given
eigenstrain and an arbitrary sliding prescribed at the interface is

1 which represents the difference of structural state between phases.

first derived in the context of complex analysis and the works
of Muskhelishvili (1953). A numerical minimization of the sum of
elastic and dissipated energies at the interface (given as a func-
tion of the prescribed sliding) is then performed, in order to de-
termine the actual sliding that the system will reach when loaded
by the eigenstrain. A yield strength for the boundary is introduced
in order to compute the dissipated energy. This variational method
ensures that the von Mises yield criterion is met for sliding to oc-
cur. The numerical results thus obtained are then compared with
results from a finite element method calculation performed on
Abaqus in the case of free slip. Note that the general case of a fi-
nite yield strength would require the introduction of interface el-
ements with a plastic behavior between the inclusion and its sur-
roundings, which does not appear to be implemented in Abaqus to
the best of the authors’ knowledge. One contribution of this work
is thus the ability of the method to deal with a perfectly plastic
interface. Finally, the behavior of the solution proposed with finite
yield strength is investigated. The convergence of the results with
the truncation of the expansions is also investigated, and a Gibbs
phenomenon is naturally observed when the tangential component
becomes discontinuous.

The approximate solution developed here is eventually used to
estimate the mechanical energy that has to be provided by the sur-
roundings to the system for a single circular region of space to un-
dergo a phase transition with a given eigenstrain. The plastic dissi-
pation at the interface is shown to be non neglectable with respect
to the elastic energy stored during the process. The total energy,
that is the sum of the elastic energy and the plastic dissipation, is
thus interpreted as the energy that is needed for this phase tran-
sition to occur locally.

2. Semi-analytical solution to the problem of a circular sliding
inclusion with non-zero tangential component of the
interfacial tractions

The semi-analytical solution to the problem of a sliding circular
inclusion subject to a given uniform eigenstrain expressed in its
principal directions is derived in this section. Let the Ox and Oy
axes of the Cartesian coordinate system be the principal directions
of the eigenstrain €*, so that the matrix associated with &* in this
coordinate system is:

& 0
et = XX ’ (])
( 0 syy>

Both the inclusion and the matrix are linear elastic and plane
theory of elasticity is considered. The Lamé coefficients of the in-
clusion and the matrix are denoted by (A, wu;) and (Apn, Um)
where I and M stand for inclusion and matrix respectively. The
following derivation uses complex potentials and expansions into
power series, Laurent series and Fourier series. The solution that is
derived here can be broken down into three parts. First, the solu-
tion to the problem of a disk with prescribed surface tractions at
the boundary, and the solution to the problem of a matrix with
a circular hole with prescribed surface tractions along the hole
and no displacement at infinity are addressed in Sections 2.2 and
2.3 respectively. These solutions are obtained by expanding the
prescribed surface tractions into a Fourier series and is quite anal-
ogous to the solutions given by Muskhelishvili (1953). Then, using
these two preliminary solutions, the problem of a circular inclusion
subject to a given uniform eigenstrain and a prescribed trial slid-
ing along the interface is derived in Section 2.4. The trial sliding
is denoted by g(0) where r, 0 are polar coordinates. Eventually the
actual sliding that the system will reach is denoted by g5(0) where
S stands for solution. To solve this sliding inclusion problem, the
prescribed surface tractions are eliminated using continuity con-
ditions on the displacement (accounting for the trial sliding g(6))
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and the continuity of the normal and shear traction. As a result,
displacements and stresses in the whole domain as a function of
the prescribed trial sliding are obtained. At this point, it is neces-
sary to point out that the interfacial tractions are not known dur-
ing the first step, so it is natural that they should be eliminated at
some point. Also, in the general case, it is not possible to derive
the exact analytical solution to this problem, as an infinite number
of equations are obtained with an infinite number of unknowns
to eliminate. It is however possible to truncate the series and de-
rive numerically efficient solutions obtained by simply inverting a
matrix. Finally, the third step consists in using the solution to the
problem of the prescribed trial sliding g(@) at the interface to nu-
merically minimize the sum of the elastic potential energy and the
plastic dissipation at the boundary. Thus the determination of the
actual sliding that the system will reach reads:

2°(9) = argmin E[g(6)] (2)
8(9)

where the global energy E[g(6)] is written:

E[g(0)] = We[g(6)] + D[g(0)] (3)

Where Wg is the stored elastic energy and D the plastic dissipation.
The elastic energy can be computed numerically by an integral on
the interface and the plastic dissipation as well. It should be noted
that the actual sliding g5(9) is thus a result of the calculation, and
the loading is obviously the eigenstrain in the inclusion. At each
step of the minimization, a certain sliding is postulated and the
resulting global energy accounting for plastic dissipation is com-
puted. The algorithm searches for the sliding that minimizes the
global energy, and to do that an expansion of the sliding g(0) into
a Fourier series is used so as to minimize on a finite number of
parameters, namely the coefficients of the Fourier series.

As a result of the minimization process, E[g5(0)] is obtained,
which is the amount of energy that has to be provided by the
surroundings to the system during the process. Thus, it is inter-
preted as the energy needed for a phase transition to occur in a
circular region of space, assuming that this phase transition pre-
scribes an eigenstrain to the inclusion, such as that prescribed by
the austenite-ferrite transition.

2.1. Preliminary remarks

A well known approach introduced by Muskhelishvili (1953) for
plane isotropic elasticity under infinitesimal strain assumption is
to use two holomorphic potentials ¢(z) and (z) that are complex
functions of z = x + iy = re?, where x and y are the Cartesian coor-
dinates (matching the principal directions of the given eigenstrain)
and r and 0 the polar coordinates. z is thus the position of the
point under consideration in the complex plane. These potentials
are defined so that one can derive from them the components of
the stress tensor and of the displacement vector at any given point
of the elastic body considered, using the following equations in the
polar basis:

O+ 0gg = 2(¢'(2) + ¢/ (2))
040 — O + 21079 = 22929 (2) + ¥/ (2)) (4)
2u(uy +iug) = e (kp(2) —2¢'(2) - ¥ (2))
where p is the shear modulus of the body and « is defined by:
_A+3u
AU
where A is the Lamé’s first parameter of the body. One indeed uses
A if one deals with a plane strain problem, but in the case of plane
stress, one needs to replace A by A* defined by:
_ 2ui
T AE2u

(5)

*

(6)

It should be noted that potentials ¢ and ¥ are not
unique. Using the fact that they are holomorphic, Muskhelishvili
(1953) shows that two pairs of potentials ¢, ¥ and ¢,, ¥, yield
the same state of stress if and only if one has:

$2(2) = P1(2) +Ciz+ y (7)
Yo (2) =Y (2) +y/

where C is a real constant and y and y’ are two complex con-
stants. He also shows that they yield the same displacement if and
only if one has:

C=0

This is due to the fact that C determines the rigid body rotation
and ky — y’ the rigid body translation of the body. This should be
considered to deal with rigid body motions of the inclusion and
the matrix in order to be able to fit the two solutions correctly.

2.2. An inclusion subject to prescribed surface tractions at the matrix
interface

Consider an elastic circular inclusion of radius R subject to pre-
scribed surface tractions. Useful results for the present paper are
exposed but calculations are not detailed since similar problems
are solved by Muskhelishvili (1953). The potentials ¢ and i are
holomorphic in a simply connected region, so they can be ex-
panded into a power series:

+00 T
¢(2) = EO oz and Y (2) = E()’J’klk (9)

The surface traction is written as a simple complex function,
namely o/.(R,60) —io!, (R,6) (with a superscript I for inclusion),
that is expanded into a Fourier series:

N-1
o (R.0) —ioly(R.O) = > Dyel? (10)
k=—N+1

where D, are the Fourier coefficients of the tractions. At this stage,
only the expansion of the tractions is truncated, however identi-
fication of the coefficients shows that the holomorphic potentials
have a finite number of non-zero coefficients, that are given by:

D=0

¢1+¢711:D0€R (1_1)
$n=2"Din.2<n<N

Yn=—B(Dpar +nD_ry7)) , 1<n<N-2

n

It should be noted that D; =0 and Dy € R are equivalent to
the resultant force and moment acting on the inclusion vanishing,
namely to the global equilibrium of the inclusion. At this point,
¢o, Yo and the imaginary part of ¢; are undetermined, which is
consistent with the remarks of 2.1 since the rigid body motion of
the inclusion is unknown. Introducing the elastic constants of the
inclusion «; and w;, one can deduce the displacement u! at the
boundary r = R after straightforward calculations:

-3 .
24 (uy, — iu;) ==X %DkﬂRelkO
k=—-N
+4D_1Re=2% + (S DoR — i(ky + 1)(¢p1))e ™ (12)
— N-2 .
+Ki1Po — Yo —D_1R+ Y 1Dy, Rel?
k=1

where 3(z) denotes the imaginary part of z.

Please cite this article as: J. Bluthé et al., Energetic approach for a sliding inclusion accounting for plastic dissipation at the interface,
application to phase nucleation, International Journal of Solids and Structures (2017), http://dx.doi.org/10.1016/j.ijsolstr.2017.05.023



http://dx.doi.org/10.1016/j.ijsolstr.2017.05.023

JID: SAS

[m5G;May 18, 2017;17:52]

4 J. Bluthé et al./International Journal of Solids and Structures 000 (2017) 1-11

2.3. A matrix subject to prescribed surface tractions at the inclusion
interface

Consider an infinite elastic matrix with a circular hole of radius
R subject to prescribed surface tractions at the inclusion interface.
Alike the previous problem only the useful results for the present
paper are exposed. One proceeds in the same fashion as in the case
of the inclusion, except that this time the domain is not simply
connected, so that the potentials, denoted here «(z) and B(z), have
to be expanded into a Laurent series. It is assumed that there are
no displacements at infinity, so that the matrix does not have any
rigid body motion. Thus the expansions of «(z) and B(z) do not
possess any term with a positive exponent. The angular position
of the point under consideration will be denoted ¢ instead of 6 to
avoid confusion later:

a(z):Z% and ﬁ(z)zz% (13)
k=0 k=0

The surface traction is written as a simple complex function that
is expanded into a Fourier series as was previously done, but the
coefficients will be denoted P, instead of D;:
N-1 A
o (R,@) —iol(R,o)= > Pe* (14)
k=—N+1

As previously, one automatically gets P; = 0, however one does
not get Py € R. This is due to the fact that a non-zero resultant
moment on the boundary of the hole can be in equilibrium with
stresses at infinity. Basic calculations give:

%nszR”;P,,H, 1<n<N-2
1=RP

15
,32=R73P71 (15)

Bo=Bl(P ,—nP1),3<n<N

n

and it is obtained again that og and B, are undetermined, but the
condition of zero displacement at infinity gives the following con-
dition:

kmoto — Bo =0 (16)

where k), is one of the elastic constants of the matrix. Introducing
the second elastic constants of the matrix i), one can deduce the
displacement u™ at the boundary r = R:
M _ M ~ 1 ike 1 —2ip
2um(uy —iu)) = " PerRe™ — S P_iRe
k=—N
N2
_ —ip _ M ik
PyRe > k P.1Re (17)
k=1
2.4. Problem of the inclusion with given eigenstrain and prescribed
sliding

The results obtained previously are now used to solve the prob-
lem of an inclusion subject to a given eigenstrain and prescribed
sliding g(6) with respect to the surrounding matrix. For usual non
sliding inclusion problems, the interfacial tractions are determined
by displacement and traction continuity. The problem being solved
here considers a prescribed sliding, and the identification of the
interfacial tractions cannot rely on displacement continuity but on
matching positions after transformation. The sliding is defined as
follows. At the interface, consider a material point belonging to
the inclusion located by the angular position 6, a material point
belonging to the matrix is then selected and located by the angu-
lar position ¢(8) so that after transformation both material points
coincide. The sliding is then defined by the quantity:

g0) =) -0 (18)

It should be noted that the interfacial tractions implicitly de-
pend on the prescribed sliding g(@). In order to make coincid-
ing material points defined by Rel in the inclusion and material
points defined by Re(®) in the matrix, consider first u* the dis-
placement due to the eigenstrain &* alone as though the inclusion
could expand freely, namely u* = e* X' (where X! denotes the po-
sition of a material point in the inclusion). Then, consider u! and
uM the displacements of the inclusion and the matrix respectively
due to the interfacial tractions arising from the interaction be-
tween the inclusion and the matrix, namely the solutions obtained
in Sections 2.2 and 2.3. Thus the coinciding condition reads:

Re 4 uj + iut) + ul + iut) = Re¥®) 4l 4 s (19)

Only infinitesimal sliding will be considered in what follows, that
is g(@) <<1. Note that a given uniform finite sliding g(@) = gy is
compatible with zero strains in both the inclusion and the matrix,
however as will be noted later in the discussion the symmetry of
the problem with respect to the Ox axis rules out slidings that are
not odd functions of 6.

The condition on the displacements is established, and a con-
dition on the interfacial tractions still has to be found. To do that,
consider at the interface a material surface belonging to the inclu-
sion (proportional to Rdf) and the coinciding material surface in
the matrix (proportional to Rde). Since d¢ = ¢’(6)df, the conti-
nuity of the traction vector thus yields:

RdOo' (R, 0).e:(0) = Ry’ (0)d0a™ (R, ¢ (0)).€:(¢()) (20)

After simplifications and projection on the x and y axes, one ob-
tains:

ol (R.0)cost — ol (R, 0)sind
=@ (0)o (R, ¢(0)) cosp(0) — ¢’ (0)oy (R, ¢(0))sinp(0)
ol (R.6)sinf + ol (R, 0) cosd
=@ (0)o}) (R, ¢(0))sinp(0) + ¢’ (0)oy (R, ¢(0)) cosp(0)
(21)

Multiplying the second equation by i and adding the two, a com-
plex equation is obtained, and together with (19) they form the
following system of equations:

2(Re ™ + uy — iuj + uj — iuy)) = 2(Re™ @ - ulf — jul)
(0}.(R,0) —ic)y(R.0))e ™ = ¢'(0) (o (R, p(0)) (22)
—io (R, ¢(#)))e #®

These equations enable us to calculate coefficients ¢, ¥y, o
and B using simple matrix computation. However, this part being
rather technical, details are presented in Appendix A. The complete
solution of the circular inclusion, subjected to a given eigenstrain
and prescribed sliding, is obtained.

3. Numerical solution to the problem of the inclusion subject
to a given eigenstrain

Previous sections deal with a prescribed sliding g(), that is ul-
timately determined in this section by using an energetic approach,
consisting in minimizing a global energy that takes into account
bulk energy and plastic dissipation. Within the framework intro-
duced for instance by Fedelich and Ehrlacher (1997) and Mielke
(2003), dissipation can be seen as a cost that the system has to
pay to get a new state, therefore the sliding should optimize the
sum of the bulk energy Wg[g(6)] and the dissipation cost D[g(6)]
as defined by (3). It should be noted that plasticity is considered
only at the interface (shear band) and not in the inclusion or ma-
trix bodies.

The elastic potential energy Wg[g(0)] stored by the system as a
result of the imposed eigenstrain due to phase transition and the
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sliding g(@) is defined by: Table 1
1 1 Numerical values of the parameters.
Wilg©)] =5 [ o' :elds+ 5 [ oM eMas (23) 5, cr) 05
Q Qu K1 2.33
. . GP. 126
Where €! and eV are gradients symmetric parts of u/ and uM 5:4 (GPa) 291
respectively. However Wg[g(6)] can be computed as an integral on ww (GPa) 101

the interface by using the principle of virtual work and neglect-
ing body forces. Paying attention to the outward normals being in
opposite directions for the inclusion and the matrix, the following
result is obtained:

Welg(0)] = % / ((o'n) - u' — (¢Mn) - uM)ds (24)
1o

where 0€2; is the boundary of the inclusion, namely the surface
r = R. Denoting e the thickness of the matrix it is obtained:

27
Welg®)] = % [ ('R 0)e.(0)) -u!(R. 6)d6
0

2
-T [ @ ® prec)) u R o) (25)
0

which may be written, after substituting the integration variable in
the second integral and using successively (20) and (19):

eR2 7 1 *
Welg(@)] = 7/(0 (R.0)er(0)) - [e-(p(8)) —e(0) —e*(0)]d0
0

(26)

where e*(0) = %u* (R,0) has been introduced, which is a dimen-
sionless vectorial function of 6 that does not depend on R, in order
to exhibit the factor eR?. The interfacial tractions do not depend on
R either, so that it was eventually possible to show that the total
elastic potential energy is proportional to the volume of the inclu-
sion. It is clear that Wg[g(0)] does not depend explicitly on g(6)
but rather implicitly through ¢/(R, #) and e*(6) that are identified
by (22) for each tested g(6).

On the other hand the plastic dissipation D[g(6)] is defined as
follows:

2
DIg(0)] = eR?S, / 18(0)|do 27)
0

Sy being the yield strength at the interface. This formula simply
comes from the integration over the interface of the work done
by the tangential component of the interfacial tractions, of mag-
nitude Sy, when slip occurs, in the displacement discontinuity, of
magnitude R|g(0)| by definition of g(@). The surface element of the
boundary being eRd6f, one indeed gets (27). It is expected from
this minimization process that for small eigenstrains the tangen-
tial component of the interfacial tractions be equal to + Sy, where
sliding occurs, and that it be strictly between —S, and Sy where
sliding does not occur. This is thus equivalent to introducing a per-
fectly plastic behavior at the interface. Furthermore the dissipation
is also proportional to the volume of the inclusion so that the re-
sults will not depend on the size of the inclusion, and there is no
characteristic size involved in the minimization process. This is due
to the fact that perfect plasticity has been considered at the inter-
face. Adding a hardening behavior would have yielded a certain
optimum size for the appearing inclusion.

In practice, a Matlab (The MathWorks Inc.) function that com-
putes the energy and the dissipation at the interface when given
a certain sliding function has been programmed. Then a minimiza-
tion algorithm is applied on a finite dimensional space. To do that,

g(0) is expanded into a Fourier series and E[g(6)] is minimized
with respect to the Fourier coefficients. Three things should be
noted in order to make the calculations much faster. First, ma-
trix G can be computed easily from matrix I (both introduced in
Appendix A) by integrating by parts. Computing integrals is in-
deed the most time consuming part of the algorithm. Secondly,
the small sliding approximation enables one to linearize matrix I,
which may then be computed explicitly from the Fourier coeffi-
cients of function g(6), which makes calculations even faster. Fi-
nally, to speed up even further the minimization process one can
use the symmetries of the problem: the symmetry with respect to
the Ox axis makes the sliding an odd function, so that there are
no cosines in the expansion in Fourier series of the sliding, and
the symmetry with respect to the Oy axis eliminates the terms of
the type sin ((2n + 1)@). Only linear combinations of sin(2nf) may
then be considered.

In order to minimize the total energy, the “fminunc” Matlab
function was used. This function is able to solve nonlinear opti-
mization problems such as those involved in this paper. The quasi-
newton method was chosen to solve this minimization problem.
Starting from a randomly chosen initial guess of the Fourier coef-
ficients of the slip, minimization is performed until the solver at-
tempts to take a step smaller than a given value, called the step
tolerance. The Fourier coefficients of the slip have typical values
of the order of 1076, and the absolute tolerance on the step of
the algorithm was set to 10-'2 in order to have a relative error
on the solution of order 10-6, The random initial guess was taken
to be of relatively small amplitude, since the framework proposed
only deals with such slips, but it was still set rather higher than
the typical values of 10-¢ so as to check that the minimization
process is robust. The initial Fourier coefficients thus range from
—0.5x 1072 to 0.5 x 1072, Running the program several times al-
lows to check that the same solution is obtained, independent of
the initial guess.

4. Results

In what follows, all stresses are expressed in GPa and energies
per unit of volume are given in J/mm3. Indeed, it was shown ear-
lier that the total energy is proportional to eR?, so that the size of
the inclusion does not impact the minimization in any way, it is
thus simpler to present energies per unit of volume without spec-
ifying the inclusion size. The numerical values chosen to test our
program were taken so as to match the properties of pure iron
where a ferrite inclusion appears in an austenite matrix. Elastic
constants were obtained from the calculations of the atomic model
in Miiller et al. (2007), and a typical value of the shear strength of
steel was taken as the yield strength at the interface. Values are
listed in Table 1. In addition, let us note that the numerical val-
ues resulting from calculations that are given below were obtained
without linearization of matrix I for accuracy purposes, although
the linearized algorithm gives energies that agree with the stan-
dard algorithm within 0.001% and is much faster.

The method described previously was tested on a first loading
case that purposely does not present the symmetries of the partic-
ular problem investigated here, so as to show the proper function-
ing of the Matlab program that was written. No eigenstrain was
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Table 2 ) ) The program was then used to solve different problems with a
Energies computed by our semi-analytical method and Abaqus. non-zero yield strength in order to confirm the intuition on how it
Semi-analytical method  Abaqus should perform depending on the eigenstrain applied and the yield
Elastic energy in the inclusion (Jfmm3) 02412 0.2340 strength at the 1n§erface. To do so, a yield strength Qf OZSGPa is
Elastic energy in the matrix (J/mm?) 0.1456 01376 chosen, corresponding to the shear strength of a material like steel
Total elastic energy (J/mm?) 0.3871 0.3716 with a tensile strength of 1GPa and obeying a Von Mises yield cri-

applied at this stage, and the loading case that was chosen was
g:0— 0.1sin™(0), where sin™(9) is the positive part of sin(0).
This means that for 6 between 0 and 7 the sliding is equal to
0.1sin(0), and for € between m and 27 it is equal to zero. It is
readily seen that this loading case does not possess the symmetry
with respect to either the Ox or the Oy axis. Furthermore, it is in-
teresting because of the discontinuity of the derivative for 6 =
and € =27 when considering g as a function of period 2. This
problem was solved with 30 Fourier coefficients in the expansion
of the sliding. The displacements at the interface obtained with
the solution presented in this contribution were then set on the
nodes of a 2D Abaqus model using quadrangles of 0.1mm edges,
and the elastic energies in the inclusion and in the matrix were
computed. The total energy computed in Abaqus agrees with our
results within 4%, as can be seen from Table 2, and the Abaqus
energies are slightly lower than the energies obtained with the
present solution, which was to be expected for the matrix since it
is of finite extent in the Abaqus model, but can only be attributed
to both our approximation (a finite number of Fourier coefficients)
and that of Abaqus (inherent to the finite elements method) for
the inclusion.

The second loading case used to test the program was a case of
eigenstrain with a zero yield strength at the interface. The compo-
nents of the eigenstrain were also taken so as to be proportional
to the eigenstrain experienced by austenite when changing into
ferrite through the Bain path (see Miiller et al., 2007), and were
calculated from Miiller et al. (2007). The proportionality factor is
denoted by Eg and is taken between 0 and 1, and the eigenstrain
is thus given by:

. (012 o0
€ _EB< 0 0.21) (28)

This problem was solved for Eg = 1 and taking advantage of the
symmetries as mentioned in Section 3, and using 10 functions of
the type sin(2nf) in the expansion of g(@). Then the same eigen-
strain was applied in a 2D Abaqus model similar to the one de-
scribed before, with no friction between the inclusion and the ma-
trix, and the sliding occurring in that simulation has been calcu-
lated for comparison. This calculation was made by linearly inter-
polating the initial positions of the points of the matrix coinciding
with the nodes of the inclusion in the current configuration of the
simulation. Given the size of the elements used, the fact that a lin-
ear interpolation was used, and the fact that in the Abaqus model
the matrix is of finite extent, the results shown in Fig. 1 coincide
nicely. Note that in the Abaqus model stress free boundary condi-
tions were applied to the edge of the matrix instead of the zero
displacement condition applied at infinity in the semi-analytical
solution. These boundary conditions combined with the finiteness
of the matrix makes it structurally more compliant, and a sliding
of greater amplitude is thus expected, which is indeed the case.
Zero displacement boundary conditions in the Abaqus model could
have been used instead, but they would have made the matrix
structurally stiffer, so that neither case is perfectly fitting. Since the
Abaqus model is inherently imperfect due to discretization of the
circles that slide against each other, the authors did not study any
further the influence of the boundary conditions or the size of the
domain considered.

terion, and Eg varies between 0 and 1. For each case, the sliding
obtained from the minimization is plotted along with the tangen-
tial component of the interfacial traction denoted by T, for com-
parison. Three main types of curves were obtained: for low enough
eigenstrains (Eg < 0.05), no sliding occurs (what is plotted is due
to the finite precision of the calculation and is random noise) and
[Ty| is strictly below Sy (see Fig. 2); around Eg = 0.05 sliding starts
to occur locally, and where is does the criterion is saturated (i.e.,
|Ty| = Sy) as shown in Fig. 3; finally for Eg > 0.15 sliding occurs
along the whole edge and the criterion is saturated everywhere
on the edge as shown in Fig. 4. In addition, note that on Fig. 3 are
shown the results for 10 and 25 functions in the expansion of g(d),
and it is clear that for 10 functions the presented method has al-
ready converged.

On Figs. 2 and 4, the solid line shows the sliding obtained di-
rectly from the Fourier coefficients obtained at the end of the mini-
mization procedure, while the stars show the sliding deduced from
the displacements of the inclusion and the matrix at the interface
known from (12) and (17), where P, and D, are calculated from
the Fourier coefficients of the sliding via (A.30) and (A.21) respec-
tively. The sliding may indeed be deduced from the displacements
by calculating the position x in the current configuration of a point
X!'(R,0) = Re;(6) of the inclusion via (12), and then by determin-
ing ¢ such that the point XM(R, ¢) = Re;(¢) of the matrix coin-
cides with x in the current configuration via (17). Since this re-
quires to calculate ¢ as a function of XM + uM, for which we do
not have an analytical formula, this calculation was performed nu-
merically by minimizing the function ||x — XM(R, ¢) —uM (R, ¢)||
with respect to ¢ for several values of 6. The perfect agreement
between the curve and the stars shows the consistency of the pro-
gram when calculating the displacements from a prescribed slid-
ing, since said sliding can be recovered from the displacements.
Even though the program converges quickly with the number of
functions in the expansion of g(#), 20 functions were used to be
as precise as possible and reduce fluctuations while keeping the
running time relatively low. With 20 functions, the appearance of
a Gibbs phenomenon due to the discontinuity of T, is clear on
Fig. 4. Analysis of the Von Mises equivalent stress shows that for
Eg > 0.03, plasticity should occur in the medium, which means
that the method presented here should only apply for relatively
small eigenstrains, since it does not take plasticity into account.
The maximum Von Mises equivalent stress indeed reaches 1GPa in
the matrix for Eg = 0.03.

Finally, the confidence gained through these tests allowed us to
study the evolution of the energy needed for the transformation
to occur, see the introduction to Section 2, as a function of Sy. For
Eg = 0.05, several values have been considered for S, and the to-
tal energy needed for the transformation to occur is presented in
Fig. 5. For Sy = 0, the inclusion can slide perfectly against the ma-
trix and Ty = 0 at the interface. For Sy — +oo we return to the case
of perfect adherence, and imperfect adherence indeed reduces the
total energy needed up to 12%.

5. Conclusion

In the present work, a semi-analytical solution to the problem
of a sliding circular inclusion subjected to an eigenstrain and sur-
rounded by an infinite matrix has been derived and applied to nu-
merically evaluate the energy needed for a phase transition to oc-
cur. A yield criterion of the interface is introduced, and numerical
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Fig. 1. Sliding calculated with our semi-analytical method and sliding calculated with Abaqus.

From series expansion
* * * From displacements

1

calculations show that for small eigenstrains, it has a very simple
interpretation: the absolute value of the tangential component of
the interfacial tractions is equal to the yield strength where sliding
occurs, and it is strictly below it where sliding does not occur. The
sliding, due to localized plasticity (associated to a dissipation po-
tential) has been evaluated within the framework of an energetic
approach. The argument could be made that the elastic constants
of steel at room temperature were used, when the austenite-ferrite
phase transition occurs around 912 °C, at which point the elastic
constants are greatly reduced. However, since the yield strength of
the material also drops in a similar fashion, the conclusions re-
main valid. Performing calculations for different eigenstrain ampli-
tudes, three regimes are essentially found: when the eigenstrain
is sufficiently low no slip occurs at the interface, then for a cer-

3 4 5 6
6 (rad)

Fig. 2. Sliding and tangential component of the interfacial tractions obtained with S, = 0.5GPa, Ez = 0.03 and 20 functions in the expansion of g(f).

tain amplitude slip starts to occur locally and the tangential com-
ponent of the interfacial tractions is found to be consistent with
the yield criterion, and finally for large enough amplitude slip oc-
curs on the whole interface so that the criterion is met at all of its
points. The relevance of taking into account the plastic dissipation
at the interface was eventually showed: for an eigenstrain of only
5% the amplitude of that experienced during the phase change of
austenite into ferrite, the energy difference between a free slip and
a no slip interface condition amounts to 12% of the total mechan-
ical energy needed for the transformation to occur without slip.
For eigenstrains closer to the actual value, plastic dissipation at the
interface and inside the inclusion and its surroundings can be as-
sumed to have an even greater importance, however the frame-
work developed here is unable to deal with strains as high as 20%.
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Fig. 3. Sliding and tangential component of the interfacial tractions obtained with S, = 0.5GPa, Eg = 0.05 and respectively 10 and 25 functions in the expansion of g(6).
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Fig. 4. Sliding and tangential component of the interfacial tractions obtained with S, = 0.5GPa, Eg = 0.15 and 20 functions in the expansion of g(6).

This contribution is part of a more general framework that con-
sists in modeling phase nucleation considering both the energy
gain at the atomic scale when the crystal lattice is modified and
elastic and dissipated energies at the scale of continuum mechan-
ics. Thus a global energy can be minimized in order to determine
phase nucleation allowing for discontinuities (i.e., that the prod-
uct phase can appear with a certain size). Most attempts in this
direction rely on Eshelby’s theory or perfectly sliding inclusions.

Taking into account the plastic dissipation at the boundary of the
inclusion, this contribution extends in 2D these previous inclusion
methods while confirming the result that sliding does decrease the
total energy needed for phase transition to occur. However, the
presented results show that for realistic eigenstrains involved in
phase transition, plasticity should be be taken into account in the
matrix and possibly in the inclusion. Furthermore an extension in
3D is also needed.
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Fig. 5. Total energy calculated for Ez = 0.05 and Sy from 0 to 0.7GPa using 20 func-
tions in the expansion of g(6).

Appendix A. Coefficient determination

Substituting (10) and (14) in the second line of (22) one gets:

N-1 N-1
Z Dkei(k—l)ez(p/(e) Z Pkei(k—l)ga(e)

k=—N+1 k=—N+1

(A1)

Multiplying by ,L-e={"~1¢ for n from 1~ N to N -1 and inte-
grating from O to 2 yields:

N-1 1 27 ( )
_ 1 (kD@ -6
Di= Y P /go ©)e a6,
k=—N+1 0
~-N+1<n<N-1 (A.2)

Equation (A.2) can be written as an equation between matri-
ces by introducing D and P the column matrices whose elements
are D, and Py, and G the square matrix whose elements are G, , =

2w .
= f qo’(G)el((k_l)(p(g)_("_l)g)dé’. The equation is then:
0

D =GP
The displacement due to the eigenstrain is:
2(u; — i) = (e — £5,)Re” + (g5 + &5, )Re 7 (A4)

so that the left side of (22), denoted s(8), may be written:

(A3)

S(0) = 2+ £ + £, — I3 (1))Re™ + L (kihg — Yo — D_1R)
. N-1 .
+(ep —€5)Re? +R Y (AD)elk-17
k=—N+1

(A.5)
where the column matrix D has been used again and where has

been introduced the diagonal matrix A whose diagonal elements
are:

K
—K’#’(TLU, —1N+1 <n<-2
X on=—
21’
Ann = (,(2",1)’ n—=0 (A.6)
Mll
TCEE 2<n<N-1

A4,1 may be arbitrarily set since D; =0, so it will be set to
zero. Multiplying by 5-e~i"=D? for n from —N + 1 to N — 1 and in-
tegrating from 0 to 27 yields 2N — 1 equations that can be written

as a matrix equation by introducing S the column matrix whose

2w i
elements are 5L [ s(6)e~i(*-Ddp:
0

S=-RA+RAD (A7)
where A is a column matrix whose elements are:
0, -N+1<n<-1
—Q2+ete)+ i"'ﬂf 3(¢1), n=0
An = —g; (kKigo — Yo —D_1R), n=1 (A.8)
Ejy — Exxs N =2
0,3<n<N-1
The right side, denoted t(¢(6)), can be written:
N-1
t(@(F)) =2Re™ @ LR Y (IP) k-1 (A9)
k=—N+1
where I is the diagonal matrix whose diagonal elements are:
1
(=) —-N+1<n<-2
_L’ n=-1
Ipn= 2iam (A10)
' ——,n=0
Me  p<n<N-1
Ty 2 =M=N

I'; 1 may also be set arbitrarily since P; =0, so it will be set
to zero. Multiplying by ;L e~"=D¢ for n from —-N+1 to N—1 and
integrating from O to 27 yields once again 2N — 1 equations that
can be written as a matrix equation by introducing T the column

2 .
matrix whose elements are - Of t(p(0))e (=10 dg:

N-1 2
_ 1 [ o190 -(-1)0)
T, = RBy + RL ZN:H(FP)kZ” / e do| (a1
== 0

21 .

where B, whose elements are B, = 5 [ 2e~i¢@+(-10)dg has
0

been introduced. Introducing the square matrix I whose elements

2w
are I = 5= 0/ el((k=1)p®)~(1-1)0)dg one can write:

T=RB+RITP (A12)

The first line of (22) may then be written, after simplifying by
R:

AD=A+B+ITP (A13)

Before going any further, let us recall briefly the dependencies
of each term:

+ A depends on the elastic constants of the inclusion

« T depends on the elastic constants of the matrix

+ A depends on the eigenstrain and the rigid body motion of the
inclusion

* B, G and I depend on the sliding

The problem that has to be solved is thus the following:

D =GP
{AD:A—i—B—HI‘P (A14)
without forgetting that D; = 0, P; = 0 and Dg € R. System (A.14) is
a linear system of complex equations, but it cannot be inverted di-
rectly because of the fact that Dy € R. Instead, we need to separate
between the real and imaginary parts of these equations to solve
the system. To do so, let us write column matrices D and P as fol-
lows:

{D=d+id’

P_piiy (A15)
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where d, d’, p and p’ are real column matrices. We will write in
an analogous fashion A=a+ia’, B=b+ib', G=g+ig, A=1(A
is already a real matrix) and IT = M = m + im’. Let us now write
the first line of Eq. (A.14) for n = 0:

N-1

D (Sok +igh ) (P +1iD})

k=—N+1

(A16)

and taking the imaginary part of this equation yields:

N-1

> (SokPl + &P

k=—N+1

(A17)

A value of k for which gy  # 0 has to be selected, and it is
assumed that this holds for k = 0 because in practice the sliding
is going to be very small so that gy o = %R(Gp ) ~ 1. Then, one can
write:

Po= L {Z(go,kp;( + 8o.xPx) + go,opo] (A18)

8o.o | ¢ o

so that pj has been determined as a function of the p, and the
other p;. The first line of Eq. (A.14) can now be written, after sep-
arating the real part and the imaginary part:

N-1
di= Y (&nPn—8,Pn), -N+1<k<0and2<k<N-1
nf N+1
d]/c Z (glknpn“'gknpn) -N+1<k=<-1
n=-N+1
and2 <k<N-1
(A19)
Substituting (A.18) in this equation yields:
N-1
d = ZN (e Soge )Pn+ pH Sog n — g )Ph
* (A.20)
d, = bl (8n — 2280 )Pn+ X (8kn — 2280.0) P}y
n=-N+1 n#0

Thus the column matrix obtained by concatenating d, for k #
1 and d;, for k # 0, 1 is expressed as a certain matrix multiplied
by the analogous concatenation for p, and p;{. It is not necessary
to take into account the equations obtained for k = 0 because they
yield 0=0. The concatenations just mentioned will be denoted d
and P, and the matrix linking the two g so that one has:
d=5p (A21)

Writing in the same fashion the second line of Eq. (A.14) yields:

N-1
l ki = ay + by + Z [MinDn — m), 0, ]
- i (A22)

lk kd = Clk + b/ + Z [m;{’npn + mk,np,n]
n=

For k =1 one has:

N-1
O=a+bi+ Y [Minpa—mi,p;]
n=—+1 (A23)
O=aj+by+ ¥ [m),pn+miap,]
n=—N+1

but from (A.8) one has a; = —Rimm(/q%— Yo) + Mild,l and a} =
—%mg(Kl%— Yo) — l%,dq so:

raRago — Yo) = -d_1 + by + ZNH [m1npn =m0}

mrS(kigo — Yo) = —-d_y + by + H}ZNH [M] ,Pn + m1apy]
(A.24)

so that %t (k;¢g — ¥o) and I (kg — Vo) can be calculated as func-
tions of py for k # 1 and pj for k # 0, 1 since d_; and pj are
known as functions of them.

For k = 0 and considering only the imaginary part one has:

N-1
O=ay+by+ Y [monpn+monp}] (A25)
n=—N+1
but from (A.8) one has aj = ’“;;1 3(¢) so:
/< +1 N-1
LoS(@n) = —bp— > [my,pn+ monp)] (A.26)
n=—N+1

so that 3(¢¢) can be calculated as a function of p, for k # 1 and
p;( for k # 0, 1 for the same reason as previously.
Finally, let us substitute (A.18) in (A.22):

lerdi = ag + by + Z (Myen %glo.n)m
n=—N+1 '
+ Z(ﬁ o.n — k.n)p”
(A.27)
lk-kd _ak+b/ + Z (mkn googlon)pn
n=—N+1
+ go(mk n— ago n)pn

Taking the first line for k # 1 and the second line for k # 0, 1,
one can write these equations as was previously done introducing
the analogous concatenations d, @, b and p and the matrices I and

gz

id=da+b+mp (A.28)

The quantities x;¢9 — 1o and I(¢h;) are not part of the system
any more, and substituting (A.21) yields:

Ag-—m)p=d+b (A.29)
and inverting the matrix yields:
p=dg—m)"(@+hb) (A30)

The problem is now completely solved: all the p, for k # 0 and
the p;, for k # 0, 1 are determined, but pj is known from (A.18).
One can then deduce the d; for k # 0 and the dl’< for k # 0, 1 from
(A.20), and then kg — Vo and I(¢p1) from (A.24). From this we get
P and D, so that one can compute the coefficients ¢, and ¥, from
(11), and the coefficients o) and B from (15). The holomorphic
potentials are then obtained everywhere in the inclusion and in
the matrix, and finally the displacement field and the stress field
are obtained in the inclusion and in the matrix.

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at 10.1016/].ijsolstr.2017.05.023
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