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This paper extends the double-Hertz model of Greenwood and Johnson (1998) to the plane strain prob-
lem of adhesive contact between a wavy surface and a flat surface, named as the double-Westergaard
model. The adhesive force within the cohesive zone near contact edge is described by the difference
between two Westergaard pressure distribution functions with different contact widths. Closed-form an-

Keywords: alytical solutions are obtained for different equilibrium states during loading and unloading stages. The
Contact mechanics proposed model captures a transition between Westergaard and JKR contact models through a dimen-
Adhesion sionless transition parameter. Depending on two dimensionless parameters, transitions between partial
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and full contact during loading/unloading are characterized by one or more jump instabilities. Decreasing
waviness size by decreasing both the amplitude and period with a fixed curvature is found to enhance ad-
hesion both by increasing the magnitude of the pull-off force and by inducing more energy loss through

adhesion hysteresis.
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1. Introduction

Recent developments in micro-fabrication techniques have led
to a variety of methods to create well-defined surfaces at smaller
and smaller scales with more and more controlled topographical
features (Etsion, 2005). Compared with a smooth surface, surfaces
with controlled topography are often favored in such applications
as mechanical seals (Etsion and Halperin, 2002), microelectrome-
chanical systems (MEMS) (Komvopoulos, 2003) and biomimetic de-
signs (Hui et al., 2004). As the characteristic length scale of devices
is reduced to micro- and nano-scales, interfacial adhesion becomes
more prevalent as a result of molecular forces. These developments
are calling for theoretical models that can be used to guide the de-
sign of topographical surfaces with controlled adhesion.

The effects of surface roughness on adhesion have been of in-
terest for several decades. Experiments performed by Fuller and
Roberts (1981) and later by Kim and Russell (2001) demonstrated
that, with rising surface roughness, the adhesion increases initially
and then decreases beyond certain threshold. The common sense
of poor adhesion between stiff materials has been explained by
a number of random multi-asperity contact models based on the
classical Greenwood-Williamson theory, including JKR (Fuller and
Tabor, 1975), Maugis-Dugdale (Morrow et al., 2003) and double-
Hertz types (Zhang et al., 2014) of rough surface adhesion mod-
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els. In these studies, a rough surface was considered as an ensem-
ble of non-interacting asperities with height following a Gaussian
distribution and with contact behavior of each individual asper-
ity obeying a chosen model in adhesive contact mechanics. In this
approach, multi-asperity roughness was found to induce adhesion
hysteresis in different loading/unloading paths, resulting in an ir-
reversible energy loss (Wei et al., 2010; Zhang et al., 2014). Due to
the inherent assumption of negligible interaction between asperi-
ties, these models are only applicable for surfaces with sufficiently
large roughness.

For surfaces with relatively small roughness, on the other hand,
the interaction between asperities is expected to play an important
to dominant role in determining the interaction between two con-
tacting surfaces, which is known to result in roughness enhanced
adhesion (Briggs and Briscoe, 1977; Santos et al., 2005). A one-
dimensional sinusoidal wavy surface is one of the simplest models
of periodic and continuous surface roughness, which lends itself to
exact analytical solutions and has been employed in several pre-
vious studies (Johnson, 1995; Hui et al., 2001). For an axisymmet-
ric wavy surface in contact with a spherical indenter, a JKR-type
model was established by Guduru (2007), who found surface wavi-
ness tends to render the detachment process oscillatory with in-
trinsic instabilities, leading to a higher pull-off force and interfacial
toughening through irreversible energy loss. Based on Guduru’s so-
lution, Kesari and Lew (2011) revealed an increase in energy loss
due to adhesion hysteresis associated with surface waviness. Sim-
ilar conclusion was also proposed for power-law graded elastic
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solids with small (Jin and Guo, 2013) and large (Jin et al., 2016)
surface roughness. Jin et al. (2011) carried out a systematic exper-
imental study on a rippled surface with varying amplitudes, and
reported different transition behaviors from partial to full contact
depending on the waviness-amplitude.

For the plane strain problem of wavy surface adhesion, Johnson
(1995) developed a JKR-type model for a sinusoidal wavy sur-
face, combining the non-adhesive contact solution of Westergaard
(1939) with that of an array of collinear cracks, and determined
a critical value of the contact pressure for the wavy surface to
come into full contact with a flat surface. Hui et al. (2001) ex-
tended this model to a Maugis-Dugdale type adhesion, so that the
adhesive forces are no longer confined to a small region near the
edge of the contact zone. They also derived a closed-form analyt-
ical solution but ignored the case of adhesion force acting along
the whole interface. A similar Maugis-Dugdale type analysis of
a wavy surface was also performed using potential functions by
Adams (2004) who, based on three possible types of solutions,
showed that the applied pressure versus contact size curves are
characterized by discontinuities and hysteresis with jump instabil-
ities during loading/unloading. Recently, this problem was recon-
sidered by Wu (2012) using a self-consistent numerical simula-
tion based on the Lennard-Jones potential, which can cover the
whole range of adhesive contact behaviors ranging from JKR to
rigid contact. A transition between partial and full contact was
demonstrated also for other periodic surfaces, including a sinu-
soidal wavy surface in symmetric (Zilberman and Persson, 2002)
and non-symmetric (Carbone and Mangialardi, 2004) forms, as
well as a periodic grooved surface (Chumak, 2016).

The classical adhesive contact theories for single spheres laid
a solid foundation for the study of adhesion on wavy surfaces. In
parallel with the Maugis-Dugdale model, Greenwood and Johnson
(1998) proposed an alternative cohesive zone model, known as the
double-Hertz model, which is applicable to arbitrary values of Ta-
bor’s parameter (Tabor, 1977). In this model, the adhesive force
within the cohesive zone is described by the difference between
two Hertzian pressure distribution functions with different con-
tact radii. It was found that results obtained from the double-Hertz
model are very close to those from the Maugis-Dugdale model,
while the double-Hertz model is analytically more tractable than
the Maugis-Dugdale model since the corresponding analysis re-
lies solely on the classical Hertzian solutions. For this reason, the
double-Hertz model is often adopted to study adhesion of com-
plex contact systems involving rough contact surfaces (Zhang et
al., 2014), cylindrical contact (Jin et al., 2014), viscoelastic mate-
rials (Haiat et al., 2003) and functionally graded elastic solids (Jin
et al,, 2013).

The present study is aimed to extend the double-Hertz model
to the plane strain adhesive contact problem of a wavy surface,
named as the double-Westergaard model, with emphasis on estab-
lishing a set of analytical solutions which are applicable for a full
range of Tabor parameters. These solutions are analogous to the
Maugis-Dugdale model and capable of describing a full range of
behaviors from Westergaard to JKR, as well as different transitions
between partial and full contact during loading/unloading. The rest
of the paper is organized as follows. Section 2 establishes the ana-
lytical model for a wavy surface. Section 3 shows that both West-
ergaard and JKR solutions can be recovered as limiting cases asso-
ciated with a dimensionless transition parameter. Based on these
results, various loading/unloading curves and critical forces are ex-
amined in Sections 4, and 5 concludes the study.

2. The model

Fig. 1 shows the plane strain problem of adhesive contact be-
tween two dissimilar elastic bodies, one of which is flat and the
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Fig. 1. Schematics of adhesive contact between an elastic flat surface and an elastic
wavy surface with period L subjected to a remotely applied traction p (negative
when tensile).

other has a wavy profile with a small waviness amplitude. The
contact bodies have Young’s moduli E;, E; and Poisson’s ratios vy,
vy, and are pressed together by a uniform remote traction p (neg-
ative when tensile), resulting in a contact half-width a within each
period. Prior to loading, the surface of the upper body has a si-
nusoidal profile with amplitude A and wavelength L in the form

fx) = (1 — cos (272)()) = 2Asin <7er> (2.1a)
the curvature at a wave crest being
1 4m2A
R- 2 (2.1b)

Alternatively, the wavy surface can be expressed in terms of R
as

L? TX

fx) = sm ( L ) (2.1¢)

Note that for small x,

x? d
A 2.1

foo~ o (21d)

which is the usual parabolic approximation for a cylinder of radius
R.

Within each period (Fig. 2), the distribution of surface traction
consists of two terms: the Westergaard pressure py, acting on a
contact region of width 2a and the adhesive tension p, acting on
an interaction zone of width 2c. The noncontact regions a < |x| <
¢, z=0 are known as the cohesive zones.

The relative normal surface displacement u,(x) can be related to
the surface traction p(x) through surface Green’s function as (Hui
et al., 2001; Block and Keer, 2008):

du(x)  df(x) 2 & mlra p(s)
T 9x  ~  dx T wEr m;wm{,ax—sds
a X —t
= g J PO cot <Tn)dt (2.2a)
where
1/E* = (1= v2)/Ey + (1 - v3)/Ey (2.2b)

2.1. Westergaard solution

In the absence of adhesive interactions, the corresponding Hertz
type contact solution for a sinusoidal wavy surface, known as the
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Fig. 2. Adhesive contact of a periodic wavy surface within one period. The distribu-
tion of surface traction consists of two terms: the Westergaard pressure py acting
on the contact zone of width 2a and an adhesive traction p, acting on the interac-
tion zone of width 2c.

Westergaard solution (Westergaard, 1939; Johnson, 1985), gives the
contact pressure distribution as

p(x) = % cos Yry/sin®y, —sin?yy, mL—a<x<mL+a (23a)

where

Y =mnx/L, Ys=ma/L (2.3b)
Averaging (2.3a) over one period gives the applied pressure as

_  EL .,

p= msm Yq (2.4)
The contact force per unit depth and per period (with unit N/m)

is

P=pL= Eizsinzx// (2.5)
47 R ! ’
Due to the periodic symmetry, we only need to consider one
period of the surface. Consider the central period (m=0), where
the contact is symmetric with respect to the z-axis, and focus on
the half period 0 < x < L/2. The surface normal displacement is
(Johnson, 1985):
L2
Uz (x) = mcos(2g[r)+C, O<x=<a

2
u(x) = 47[;72R €os (2y) + 2sinyry/sin*y — sin®1r,

. ) .2
- siny + 4/sin“y — sin“y, L
—2sin“y, In sin v, +C, a<x< 5

(2.6b)

where C is a constant determined by the chosen datum for dis-
placement. Consequently, the derivative of the surface normal dis-
placement with respect to x are

(2.6a)

ou, :_Lsm(zw), O<x<a

Bx = 7R (2.72)
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Fig. 3. The difference between two Westergaard solutions with contact half-width
a and c for surface pressure within a period. Here, po=E*L/27R.

N =~

o, L[ JSiny st
ax_—m|:51n(21//)—2cosl/f sin“y —sin“Yq |, a <x <

(2.7b)

2.2. Double-Westergaard model

To account for adhesive interactions, the double-Hertz model
of Greenwood and Johnson (1998) can be adopted for the present
study following the basic idea of representing the adhesive tensile
traction as the difference of two Hertz type pressure distributions.
Here, the difference of two Westergaard pressure distribution func-
tions with contact half-widths a and c¢ can be found from Eq. (2.3)
as

p(x) = BL o5 W) [\/sinzwc —sin®y — \/sinzxﬁa - sinzxﬁi|
27R
0<x<a, (2.8a)
E*L . . L

P(X) = 5 cos Vy/sin®ye —sin*y, a<x<c< 5 (2.8b)

with the corresponding derivative of the surface normal displace-
ment,

%:O, O0<x<a (2.9a)
du, L . 2 . 2 L
W_—ﬁcosw,/sm Y —sin“g, a<xs<c<y (2.9b)

where Y.=mc/L.

Defining po=E*L/2mR as a reference pressure, Fig. 3 plots the
distributions of the normalized pressures p/po resulting from the
difference between two Westergaard solutions with contact half-
widths a and ¢, as shown in Eq. (2.8). It can be observed that the
resulting pressure distribution steadily increases from the center
of the contact region to a peak value at x=a and then decreases
to zero at x=c. In the following, the pressure in Eq. (2.8) scaled by
an arbitrary factor A( > 0) will be employed to model the adhesive
tensile traction, resulting in the final distribution of surface trac-
tion when combined with an original Westergaard pressure. Under
this treatment, the adhesive tensile traction for 0 < x < ¢ can be



E Jin et al./International Journal of Solids and Structures 102-103 (2016) 66-76 69

written as

Pa(®) = —A5 I;? |:\/sin21ﬁc —sin®y — \/sinzwa - sinzw:|
0<x<a, (2.10a)

.2 .2 L
pa(X) = —A \/Sin“Ye —sin“y, a<x<c< 5 (2.10b)
The maximum magnitude is
0p=A El €08 Yay/ sin’ e — sin®y, (2.11)
0= m a c a .

Alternatively, the adhesive traction can be expressed in terms
of o as

cos ¥ [\/sin2 Ve —sin?y — /sin’r — sinzw]

pa(x) = — — —
€0 Yav/sin Y, — sin’ Yrq
O<x<a, (2.12a)
\/ﬁ
pa(x) = —op SV VSiWe sy L a0
0sVa \/fsin®y. — sin’yr, 2
which corresponds to a normal force per period:
P= 7E*L2 sinzw A sinzw sinzw (2.13)
= 2SI Ve = A(sin e - a)] .

The derivative of the surface normal displacement within the
cohesive zone is

du;  (1+A)L [ . 2
- 7R cos ¥4/ sin®yr — sin®yr, —

a<x<c<lL/2,

sm 2y),
(2.14)

and the resulting separation between the contact bodies is ob-

tained from the geometric relation as
h=-8+f(x)+u,, a<x<c<L/2 (2.15a)

and accordingly

dh 1+A)L / . . L
Foi (rr ) cos Y/ sin®yr — sin®vr,, asxsc<s (2.15b)

In Eq. (2.15a), § denotes the indentation depth at the contact
center and f{x) has been defined in Eq. (2.1c). Recalling the bound-
ary condition h(a)=0, the separation within the cohesive zone can
be derived from Eq. (2.15b) as

h(x) = A+ M +)\)L2 smt/f|:,/sin2w — sin*Yq
_sinyln sinyr + /sin®y — sinzl//a:|

sin Y,

a<x<c<L/2 (2.16)

The adhesion energy is defined as the work needed to separate
a unit area of two adhered surfaces to infinity. Since the separation
vanishes for 0 < x < a and the traction vanishes for ¢ < x < L/2
within each period, we have

/ pa(hydh = / pa () o dx (217)
Inserting Egs. (2.10b) and (2.15b) into Eq. (2.17) leads to
Ay =211 +A) I(a 0) (2.18a)

T2R2

where
Cc
I(a,c) = / coszw\/sinzwc - sinzw\/sinztp — sin®y,dx (2.18b)

To determine A, a transition parameter is introduced as (Baney
and Hui, 1997; Jin et al., 2014)

1/3 1/3
4 RAy? R
He T:4<n25*228> N“"(nZE*ZAy) =

where pr denotes the classical Tabor parameter representing the
ratio of the elastic displacement of the surfaces at pull-off to the
effective range of surface forces characterized by zq (Tabor, 1977).
Under this condition, a relationship between A and w can be es-
tablished by combining Eqs. (2.11) and (2.19) as follows

L ma c wa E* 13
—_— —_ —_— 1 2 —_— p— 1 2 R S —
M—Z)»]Tcos(L)\/sm(L) sm(L)(ﬂZRZAy)

(2.20)

2.3. Non-dimensional results

The above results can be summarized in a dimensionless form.
By introducing the following non-dimensional parameters:
47 RP

2Ay
=— > a=4nR,/*=L
Ex[2 " E* 3

the dimensionless normal load can be obtained from Eq. (2.13) as

* %

(2.21)

P* = sin’(a*) — A[sin® (7w ¢*) — sin® (a")] (2.22)
and the relationship between a and c defined in Eq. (2.18) can be
normalized as

1=2(1+ A)%I* (2.23a)
where
c
:/\/1 —X2/C7 —x2/X? — Adx (2.23b)
A
with
A =sin (ra*), C=sin (mwc*) (2.23c)

In Eq. (2.23a), A is related to the transition parameter through

-1/3
n= ZJT—)Lcos (ma* )\/sm (rc*) —sin (na*)(%i) (2.24)

To eliminate A, combining Eqs. (2.22), (2.23a) and (2.24) results
in
c2_

2 _
pr=A4 2 l—A2

(2.25a)

16
)WI (2.25b)

Eo Eo
= 1+
2J1 - AZJCZ —A2 ( 2V1 - A2/ A2

where

az 1/3
Zo= ”“(32)

For comparison, the Westergaard (Johnson, 1985) and JKR types
(Johnson, 1995) solutions for wavy contact are summarized as

By, = sin®(a*), Pkr =Ry —oy/tan (wa*) (2.26a)

(2.25¢)
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The corresponding Maugis-Dugdale solutions (Hui et al., 2001)
for a < ¢ < L/2 can be described in terms of the present notation a

) 0.5 T T T T T T T T T T
as (Appendix A)
2 2 . cos (mc*)
Mp = sin” (a*) — X |:1 — 5 arcsin cos (a) (2.27a) 04
with
03 -
1 a4 13 *
Xi1sin (we*) — Pypx2 + XoWe(c*, a*) = M<2> (2.27b) S
02
where
a=0.3, ¢*<1/2
. . sin (¢
X1 = \/Sln2 (er) — sin’ (mra*), x2=In |:()1—X]i| 01 double-Westergaard model|
sin (7 a-) - - - - Maugis-Dugdale model
(2.27¢) (Hui et al,, 2001)
0.0 1 1 L 1 L 1 L
02 0.0 02 04 0.6 0.8 1.0
P*
o
X3(¢) + x3(0) sin’ (a*)
W (c*, a* =—/1n Lo 22 2ide, xs() =1 - ———F
«(ea=-] ‘m(c*) “ay |4 s’y b
05
(2.27d) ' ' ' '

Based on Eq. (2.25a-c), Figs. 4a and b display the equilibrium
P*—a* curves with a < ¢ < L/2 predicted by the present double-
Westergaard (D-W) model under different values of p for o =0.3
and o =0.6, respectively. The corresponding Westergaard, JKR and
Maugis-Dugdale (M-D) types of solutions are also included for
comparison. From this figure, both the D-W curve and the M-D *
curve are expected to approach the JKR curve as p increases. Be-
sides, it can be seen that both the D-W and M-D curves nearly
agree with each other for smaller a* but differ appreciably from
each other for larger a*. It is different from the case involving
only a single cylindrical asperity where both D-W and M-D curves
nearly coincide for the full range of a* (Jin et al., 2014). This can
be attributed to the effect of periodical boundary, which confines
a* and becomes evident as a* approaches to the period boundary.

In order to compare the theoretical solutions of D-W
and M-D models with the numerical results based on the

Westergaard

a=0.6, ¢*<1/2

double-Westergaard model
- - - - Maugis-Dugdale model
(Hui et al,, 2001)

0.2 0.4 0.6 0.8

1.0

Lennard-Jones (L-J) potential (Wu, 2012), the normalized half-
width b*(=a*+0.4(c*—a*)) is adopted according to Lantz et al.,

Fig. 4. The equilibrium P*—a* curves with a < ¢ < L/2 under different values
of u for (a) «=0.3 and (b) «=0.6. The corresponding Westergaard, JKR-type and
Maugis-Dugdale solutions are also included for comparison.

(1997) and Wu (2012). Fig. 5 shows the comparison of the P* —b*
curves of these three models for different values of @ and . From
this figure, it can be observed that the similar trend shared by

the D-W and M-D curves almost agrees with that of L-] curves for 0.5 — : T T 7
small « and large u, but differs appreciably from that of L-J curves J i i
for large « and small w. This implies that the equilibrium state I ,” 4 pRGY -
for a < ¢ < LJ2 is sensitive to the adhesive traction form when 0.4 /s ,’/ ~C
the effect of periodical boundary becomes evident. Compared with - '
the M-D results, in fact, the present D-W curves seems to be more 'S I
easily affected by the effect of periodical boundary, this is because N o3t ,
the interaction zone of the D-W model is larger than that of M-D g
model for the same oy and Ay, and hence it saturates at a period a I N a=02, 1=1.48
more quickly with increasing load. IT 0.2 0.93 -
5 L 0.71
2.4. Special cases ;
01 - double-Westergaard model | 7
The analysis thus far has implicitly assumed that the interaction LY - - - - Maugis-Dugdale model
zone is strictly confined within a single period, i.e., ¢ < L/2, which oo I'\_‘ e —-—-I— Lennall“d-lonesl model .

need not always be the case. Solutions can also be obtained for
c=L/2, corresponding to the limiting case with the adhesion force
acting along the whole interface. Under this circumstance, the di-
mensionless normal load is given by

Fig. 5. Comparison of the P*—b*

0.2 0.4
P*

Maugis-Dugdale and Lennard-Jones models for different values of o and .

Pr=A%—-%/2 (2.28a)

0.6

curves predicted by the double-Westergaard,
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in which case the ¢ ~ a relationship (2.25b) is replaced by the fol-
lowing inequality constraint in terms of q,

Xo 2 6
2(1-42) [”2(1 —AZ):|7wﬂIA 1<0 (2.28b)
where
1
i 0w
A

Furthermore, full contact occurs (a=c=L/2) if the pressure ex-
ceeds the maximum value of the right hand side of Eq. (2.28a), i.e.,

Pr>1-30/2 (2.29)

In summary, three different types of solutions are possible. In
the first case, ¢ < L/2 and there exists a gap region (c < |x| <
L[2) without adhesive interactions. In the second case, a < c=L/2
and the adhesion force acts along the whole interface. The third
case corresponds to full contact (a=c=L/2) between the wavy and
flat surfaces. Up to this point, the main equations of the double-
Westergaard model for wavy contact have been established.

3. Reduction

According to the classical cohesive zone models of axisymmet-
ric spheres (Maugis, 1992; Greenwood and Johnson, 1998) and of
two-dimensional cylinders (Johnson and Greenwood, 2008; Jin et
al,, 2014), a large cohesive zone holds for small and rigid solids
with a small Tabor number, while a small cohesive zone applies
to relatively large and soft bodies corresponding to a large Tabor
parameter. This also holds true for the wavy contact case, where
the transition parameter u defined in Eq. (2.19) is similar to the
Tabor parameter. Both Westergaard and JKR types of solutions can
be recovered from the present double-Westergaard model by tak-
ing opposite limiting values of .

3.1. Westergaard limit

Since both the contact region and interaction zone are con-
fined within a single period, a large cohesive zone corresponds to
small a with c=L/2. For a smaller transition parameter u (1 <« 1),
¥y— 0 and Eq. (2.28a) becomes

P* = sin’ (a*) (3.1)

which coincides perfectly with the Westergaard solution
(Westergaard, 1939). Under this condition, the inequality con-
straint of a* in Eq. (2.28b) is automatically satisfied.

3.2. JKR-type limit

For a small cohesive zone (c— a) with a large transition pa-
rameter 1 (n > 1), the factor A becomes large (A > 1) as sug-
gested by Eq. (2.20). Under this circumstance, the applied load in
Eq. (2.22) and the ¢ ~ a relation in Eq. (2.23a) reduce to

P* = sin’(ra*) — 2 sin (;ra*)[sin (7w ¢*) — sin (;wa*)] (3.2a)
16

1= AZWIS (3.2b)

with

C
Iy = }in/}/ V1 -Xx2/c2 —x2/x2 — A2dx
A

C
2A/1 —AZ/\/C—X\/X—AdX
A

= % sin (ra*) cos (7wa*)[sin (mc*) — sin (ma*)]? (3.2¢)
Inserting Eq. (3.2c) back into Eq. (3.2b) yields
Alsin (T¢*) — sin (ra*)] = d (3.3)
2\/sin (rra*) cos (wax)
Substituting Eq. (3.3) into (3.2a) leads to
P* = sin’(mwa*) — a\/m (3.4)

which is precisely the JKR solution for wavy contact (Johnson,
1995).

Under this circumstance, the state of full contact (a=c=L/2) is
achieved when P* — —oo, as indicated by Eq. (2.29). This singularity
in the equilibrium curve is attributed to the assumption that a per-
fect joint exhibits the theoretical strength of the interface (Johnson,
1995).

4. Results and discussions
4.1. Loading/unloading curves

Different values of the non-dimensional parameter « defined in
Eq. (2.21) lead to different adhesive contact behaviors during load-
ing and unloading. As pointed by Johnson (1995), a? represents the
ratio of the surface energy in one wavelength to the elastic strain
energy when the wavy surface is flattened. Figs. 6-8 plot the half-
widths of contact and interaction zones versus the applied load per
period for small, moderate and large values of « (0.3, 0.6 and 1),
respectively.

Fig. 6a-e correspond to o=0.3 with various values of u. We
first discuss the case in Fig. 6b with pu=1. At zero load, adhe-
sion causes the surfaces to jump into contact with a finite value
of contact half-width (A— B), which is found by the intersection
of a vertical line at P*=0 with the red solid line. The correspond-
ing values of c* versus load are shown by the black solid line. In
the loading stag, a* increases until full contact (B— D), while c*
increases to 1/2 and then remains constant. Full contact persists
under further load increase. During the unloading stage, full con-
tact continues until point D, a further decrease in load causes a* to
decrease following the path D— B. Then a tensile load is needed to
separate the adhered surfaces with a* shrinking to zero (B— E). At
the point B the loading and unloading stages begin to differ, giv-
ing rise to a hysteresis loop whose area quantifies the energy loss
during the deformation process. As i becomes small enough (e.g.
u=0.1), as shown in Fig. 6a, the equilibrium P* —a* curve prevails
only for ¢*=1/2 and approaches the Westergaard solution with re-
duced hysteresis loop. When i becomes large enough, e.g. (=5,
as shown in Fig. 6e, the equilibrium P*—a* curve nearly prevails
for ¢* < 1/2 and approaches the JKR solution. Larger hysteresis loop
arises due to additional jump instabilities, including a sudden jump
into full contact (snapping contact) (C— D) and a sudden jump
completely out of contact (snapping detachment) (F— G). Note that
if the contact bodies are unloaded from a point between points
B and C, then pull-off occurs at the lower inflection point of the
red solid curve. These two opposite limits have been examined in
Section 3.

The behaviors exhibited in Figs. 6¢c and d are similar to Fig. 6b
except for more jump instabilities and larger hysteresis loop. For
(. =2.5 in Fig. 6¢, jump instabilities are observed during both load-
ing and unloading stages between the red solid line (a* < ¢* <
1/2) and the red dash-dot line (a* < c*=1/2), labeled by C—D
and F— G, respectively. For u=3 in Fig. 6d, full contact is achieved
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Fig. 6. The half-widths of contact and interaction zones versus the normal load with & =0.3 for (a) ;£=0.1, (b) u=1, (c) ©=2.5, (d) w=3 and (e) u=5.

upon an immediate jump from the red solid line. As seen from
both Fig. 5¢ and d, separation occurs at a critical tensile force cor-
responding to a jump out of contact, i.e., the pull-off force per pe-
riod (H—I). Note that the red solid curves have unstable regions in
most cases, this is due to loading/unloading stages are both under
a load controlled mode. Under this condition, the portions of the

curve with a positive slope allow stable attachment/detachment,
whereas the portions with a negative slop are unstable.

For a moderate value of «, e.g., «=0.6, Fig. 7a-e correspond
to Fig. 6a-e with the same value of w, respectively. This implies
that the wavy surface becomes smoother with increasing o with
fixed w. It can be seen that the red dash-dot line (a* < c¢*=1/2)
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tends to be more pronounced than that in Figs 6a-e. Interestingly,
snapping adhesive contact occurs at a greater value of a* and even
full contact is available in the absence of an applied load for larger
values of u, as shown in Figs. 7d-e.

For a large value of «, e.g., @ =1, Fig. 8a and b show two typi-
cal behaviors with =1 and u=3, respectively. As expected, the
red dash-dot line (a* < c¢*=1/2) prevails over the whole range
for =1, whereas jump-off instabilities occurs immediately from
the red dash-dot line for ;=3. Moreover, hysteresis loop becomes
more pronounced with greater resulting energy loss compared
with the cases of lower o with the same . This implies decreasing
waviness size by decreasing both the amplitude and period with a
fixed curvature can induce more energy loss due to adhesion hys-
teresis.

From the above figures, different transition processes between
partial and full contact involving jump instabilities can be observed
during loading/unloading, which was also demonstrated in the the-
oretical study based on the Maugis-Dugdale model (Adams, 2004)
and the numerical simulation based on the Lennard-Jones poten-
tial (Wu, 2012). These adhesive behaviors depend on both material
properties and surface topography through two non-dimensional
parameters « and u. In the contact experiment between a rippled
surface and a rigid spherical indenter, Jin et al. (2011) also found
different transition modes from partial to full contact on samples
with different waviness-amplitudes but the same wavelength.
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Fig. 10. Pull-off force within a period as a function of the transition parameter for
different values of «.

4.2. Critical forces

As a measure of the interfacial strength of a wavy surface, it
is helpful to examine the critical compressive force for full contact
and the critical pull-off force for detachment (pull-off force), which
can be identified from the P*—a* curves shown in Figs. 6-8.

Fig. 9 plots the normalized critical compressive force P within
a period to achieve full contact versus the transition parameter «.
It can be seen that P initially decreases from the Westergaard
value at =0 and finally attains the JKR value at a finite . The
dash-dot lines correspond to the case when the contact size grad-
ually increases to fill out the whole period resulting in full contact,
whilst the solid lines correspond to the case when full contact oc-
curs due to a jump-in instability. It is noted that the JKR value for
o < 0.57 depends on the value of « and vanishes for o > 0.57 (Hui
et al., 2001).

The variation of the normalized pull-off force P;f within a pe-
riod as a function of the transition parameter is shown in Fig. 10.
It can be observed that the magnitude of Psf initially increases
from the Westergaard value at ;=0 and finally approaches the JKR
value with increasing p. The dash-dot lines correspond to the case
when the contact size gradually shrinks to zero, whilst the solid
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and dash lines correspond to the case when detachment occurs
due to pull-off instability for c¢* < 1/2 and c*=1/2, respectively. The
pull-off force predicted by the Westergaard model vanishes in the
absence of adhesion, but becomes infinity in the JKR model due to
an assumption of the interface theoretical strength (Johnson, 1995).
For a prescribed value of u, in addition, larger o leads to greater
magnitude of the pull-off force. This implies that decreasing wavi-
ness size by decreasing both the amplitude and period with a fixed
curvature can cause interface strengthening.

A common feature of Figs. 9 and 10 is that a transition from the
Westergaard to JKR values is captured with increasing . As two
opposite limiting cases, the Westergaard and JKR models for wavy
contact are unified in the present double-Westergaard model.

5. Conclusions

The plane strain adhesive contact between a wavy surface and
a flat surface has been investigated by extending the classical
double-Westergaard model of Greenwood and Johnson (1998). This
is achieved by expressing the adhesive force in terms of the dif-
ference between two Westergaard pressure distribution functions
with different contact widths. When the interaction zone is less
than a period, closed-form analytical solutions are obtained for the
interfacial traction, deformation and equilibrium relation among
applied load, contact half-width and cohesive zone size within a
period. When the adhesion force acts throughout the whole pe-
riod, two additional solutions have also been constructed.

Based on the present results, a complete transition between the
Westergaard and JKR-type contact models is captured by defining a
dimensionless transition parameter, which governs the range of ap-
plicability of different models. Westergaard and JKR-type solutions
are included as two limiting cases of the present model. Loading
and unloading behaviors are characterized by one or more jumps
among three different equilibrium states. Depending on two non-
dimensional parameters « and u, different transition processes be-
tween partial and full contact are identified during loading and
unloading. Decreasing waviness size by decreasing both the am-
plitude and period with a fixed curvature are found to enhance
adhesion both by increasing the magnitude of pull-off force and
through more energy loss due to adhesion hysteresis.
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Appendix A: Maugis-Dugdale solution for adhesive contact of a
wavy surface

For a < ¢ < L/2, according to Hui et al. (2001), the normalized
force predicted by the Maugis-Dugdale model of a wavy surface is

wp = Sin” (77a”) — o [1 - ;arcsin (Egig;;)] (A1)

where P*, a* and c* are defined in Eq. (2.21). Furthermore, c* is
related to a* through

sin’ (7¢*) + Wir (P*, ¢*, @) + ZoWe(C", 0*) = Ao (A2)
where

Wik (P*, ¢*, a*) = —sin? (mc*) + xasin(wc*) — x2Bp (A3)

*

2
\IIC(C*a a*) — _/ln M
a

LZO'()

Xx3(c) + x3(8)

dt, Aco =
X3(¢) = x3(b) ¢

(A4)

X1 = \/sinz(rrc*) —sin?(a*), x2=In [W] (A5)

.2 "
Ky = 1 ST (A6)

sin? (1)

In fact, A.q can be rewritten in terms of the transition pa-
rameter 4 in Eq. (2.19) and the non-dimensional parameter « in
Eq. (2.21) as

1/3
1 (a*
Acod = ﬁ <2) (A7)

Inserting Eqs. (A3) and (A7) back into Eq. (A2) yields

1/3
. 1 4
xasin (1e) = Bipxz + ZoWe(€”. a") = M(";) (A8)

References

Adams, G.G., 2004. Adhesion at the wavy contact interface between two elastic bod-
ies. J. Appl. Mech. 71, 851-856.

Baney, J.M., Hui, C.Y., 1997. A cohesive zone model for the adhesion of cylinders. J.
Adhesion Sci. Technol. 11, 393-406.

Block, J.M., Keer, L.M., 2008. Periodic contact problems in plane elasticity. J. Mech.
Mater. Struct. 3, 1207-1237.

Briggs, G.A.D., Briscoe, B.J., 1977. The effect of surface topography on the adhesion
of elastic solids. J. Phys. D Appl. Phys. 10, 2453-2466.

Carbone, G., Mangialardi, L., 2004. Adhesion and friction of an elastic half-space in
contact with a slightly wavy rigid surface. ]. Mech. Phys. Solids 52, 1267-1287.

Chumak, K., 2016. Adhesive contact between solids with periodically grooved sur-
faces. Int. J. Solids Struct. 78-79, 70-76.

Etsion, I, 2005. State of the art in laser surface texturing. ASME ]. Tribol. 127,
248-253.

Etsion, 1., Halperin, G., 2002. A laser surface textured hydrostatic mechanical seal.
Tribol. Trans. 45, 430-434.

Fuller, K.N.G., Roberts, A.D., 1981. Rubber rolling on rough surfaces. J. Phys. D 14,
100-104.

Fuller, K.N.G., Tabor, D., 1975. The effect of surface roughness on adhesion of elastic
solids. Proc. R. Soc. Lond. A 345, 327-342.

Greenwood, J.A., Johnson, K.L., 1998. An alternative to the Maugis model of adhesion
between elastic spheres. ]. Phys. D 31, 3279-3290.

Guduru, PR., 2007. Detachment of a rigid solid from an elastic wavy surface: theory.
J. Mech. Phys. Solids 55, 445-472.

Haiat, G., Huy, M.C.P,, Barthel, E., 2003. The adhesive contact of viscoelastic spheres.
J. Mech. Phys. Solids 51, 69-99.

Hui, C.Y., Glassmaker, N.J., Tang, T., Jagota, A., 2004. Design of biomimetic fibrillar in-
terfaces: 2. Mechanics of enhanced adhesion. J. R. Soc. Lond. Interface 1, 35-48.

Hui, C.Y., Lin, Y.Y,, Baney, .M., Kramer, E.J., 2001. The mechanics of contact and ad-
hesion of periodically rough surface. J. Polym. Sci. Part B 39, 1195-1214.

Jin, C, Khare, K., Vajpayee, S., Yang, S., Jagota, A., Hui, C.Y., 2011. Adhesive contact
between a rippled elastic surface and a rigid spherical indenter: from partial to
full contact. Soft Matter 7, 10728-10736.

Jin, E, Guo, X., 2013. Mechanics of axisymmetric adhesive contact of rough surfaces
involving power-law graded materials. Int. J. Solids Struct. 50, 3375-3386.

Jin, E, Guo, X., Gao, H., 2013. Adhesive contact on power-law graded elastic solids:
the JKR-DMT transition using a double-Hertz model. ]J. Mech. Phys. Solids 61,
2473-2492.

Jin, F, Zhang, W., Guo, X., Zhang, S., 2014. Adhesion between elastic cylinders based
on the double-Hertz model. Int. J. Solids Struct. 51, 2706-2712.

Jin, E, Zhang, W., Wan, Q., Guo, X., 2016. Adhesive contact of a power-law graded
elastic half-space with a randomly rough rigid surface. Int. J. Solids Struct. 81,
244-249.

Johnson, K.L., 1985. Contact Mechanics. Cambridge University Press, Cambridge.

Johnson, K.L,, 1995. The adhesion of two elastic bodies with slightly wavy surfaces.
Int. J. Solids Struct. 32, 423-430.

Johnson, K.L, Greenwood, ].A., 2008. A Maugis analysis of adhesive line contact. J.
Phys. D 41, 155315-1-6.

Kesari, H., Lew, A., 2011. Effective macroscopic adhesive contact behavior induced
by small surface roughness. ]. Mech. Phys. Solids 59, 2488-2510.

Kim, H.C., Russell, T.P,, 2001. Contact of elastic solids with rough surfaces. J. Polym.
Sci., Part B, Polym. Phys. 39, 1848-1854.

Komvopoulos, K., 2003. Adhesion and friction forces in microelectromechanical sys-
tems: mechanisms, measurement, surface modification techniques, and adhe-
sion theory. ]. Adhesion Sci. Technol. 17, 477-517.


http://dx.doi.org/10.13039/501100001809
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0001
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0002
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0002
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0002
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0003
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0003
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0003
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0004
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0005
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0006
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0007
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0008
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0008
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0008
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0009
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0009
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0009
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0010
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0010
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0010
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0011
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0011
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0011
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0012
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0012
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0013
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0013
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0013
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0013
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0014
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0014
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0014
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0014
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0014
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0015
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0015
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0015
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0015
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0015
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0016
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0017
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0017
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0017
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0018
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0019
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0020
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0021
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0021
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0022
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0022
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0023
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0023
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0023
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0024
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0025
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0025
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0025
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0026
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0026

76 E Jin et al./International Journal of Solids and Structures 102-103 (2016) 66-76

Lantz, M.A.,, O'Shea, SJ., Welland, M.E., Johnson, K.L., 1997. Atomic-force-microscope
study of contact area and friction on NbSe,. Phys. Rev. B 55, 10776-10785.
Maugis, D., 1992. Adhesion of spheres: the JKR-DMT transition using a Dugdale
model. ]. Colloid Interface Sci. 150, 243-269.

Morrow, C., Lovell, M.R., Ning, X., 2003. A JKR-DMT transition solution for adhesive
rough surface contact. J. Phy. D Appl. Phys. 36, 534-540.

Santos, R., Gorb, S., Jamar, V., Flammang, P., 2005. Adhesion of echinoderm tube feet
to rough surfaces. J. Exp. Biol. 208, 2555-2567.

Tabor, D., 1977. Surface forces and surface interactions. J. Colloid Interf. Sci. 58, 2-13.

Wei, Z., He, M., Zhao, Y.P,, 2010. The effects of roughness on adhesion hysteresis. ].
Adhesion Sci. Tech. 24, 1045-1054.

Westergaard, H.M., 1939. Bearing pressures and cracks. ]. Appl. Mech. 6 A49-A53.

Wau, JJ., 2012. Numerical simulation of the adhesive contact between a slightly wavy
surface and a half-Space. ]. Adhesion. Sci. Technol. 26, 331-351.

Zhang, W, Jin, F,, Guo, X., Zhang, S., 2014. Adhesive contact on randomly rough sur-
faces based on the double-Hertz model. J. Appl. Mech. 81, 051008.

Zilberman, S., Persson, B.N.J., 2002. Adhesion between elastic bodies with rough sur-
faces. Solid State Commun 123, 173-177.


http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0027
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0028
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0028
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0029
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0030
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0031
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0031
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0032
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0032
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0032
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0032
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0033
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0033
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0034
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0034
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0035
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0036
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0036
http://refhub.elsevier.com/S0020-7683(16)30307-9/sbref0036

	A double-Westergaard model for adhesive contact of a wavy surface
	1 Introduction
	2 The model
	2.1 Westergaard solution
	2.2 Double-Westergaard model
	2.3 Non-dimensional results
	2.4 Special cases

	3 Reduction
	3.1 Westergaard limit
	3.2 JKR-type limit

	4 Results and discussions
	4.1 Loading/unloading curves
	4.2 Critical forces

	5 Conclusions
	 Acknowledgments
	 Appendix A: Maugis-Dugdale solution for adhesive contact of a wavy surface
	 References


