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We use the Stroh formalism to study analytically generalized plane strain deformations of
a linear elastic anisotropic layer bonded to a rigid substrate, and indented by a rigid cylin-
drical indenter. The mixed boundary-value problem is challenging since the a priori
unknown deformed indented surface of the layer contacting the rigid cylinder is to be
determined as a part of the solution of the problem. For a rigid parabolic prismatic indenter
contacting either an isotropic layer or an orthotropic layer and a flat rigid punch indenting
a half space, the computed solutions are found to agree well with those available in the lit-
erature. Parametric studies have been conducted to delimit the length and the thickness of
the layer for which the derived relation between the axial load and the indentation depth
caused by the rigid cylinder is valid. The indentation of a face centered cubic crystal with
the plane of indentation oriented differently from the principal planes of symmetry has
also been studied to illustrate the applicability of the technique to general layers made
of anisotropic materials. Results presented herein can serve as benchmarks with which
to compare solutions obtained by other methods.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Thin films are used in numerous applications such as protective surfaces in artificial joints, underfills in flip chip technol-
ogy, and coatings on optical equipment and turbine blades. Mechanical properties of thin films and nanosize objects are usu-
ally measured with an indentation test, and the value of the elastic modulus in the indentation direction is extracted from
the slope of the load versus indentation depth curve. These tests are also used to determine elastic moduli of articular car-
tilage (Töyräs et al., 2001) which can provide useful information about the health of the tissue especially when these tests are
done in vivo. At the other extreme, similar mechanics issues arise in contact problems of bearings with rubber linings, pho-
tocopying machines, and in the textile and paper machinery where a cylinder coated with a layer of rubberlike material
either contacts a steel cylinder or another steel cylinder coated with a rubberlike material. Depending upon dimensions
of the indenter, the layer, and the contact zone, the problem may be analyzed as either plane stress, plane strain or as
three-dimensional (3D). A 3D problem is usually studied numerically.

In many applications Young’s modulus of the indenter material is significantly higher than that of the material of the elas-
tic layer being indented, and the indenter can be regarded as rigid. This is certainly true for the indentation of a soft tissue,
and for rollers used in the paper and the textile industries. Furthermore, the deformable layer is usually bonded to a material
that may also be regarded as rigid. When indentation depth is small in comparison to the thickness of the deformable layer,
the radius of the indenter, and the width of the layer, the response of the material of the layer may be regarded as linear
. All rights reserved.
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elastic. Contact problems for even linear elastic materials are challenging because, in general, the shape of the contact area
and the pressure distribution on it are unknown a priori. The problem formulation usually involves mixed boundary condi-
tions of normal displacements prescribed on the contact area and null surface tractions on the free boundary surface close to
the indenter but not contacting it. The complexity of the problem increases with an increase in the degree of anisotropy of
the material of the indented layer. Analytical solutions of linear problems for isotropic materials with different approxima-
tions have been summarized by Johnson (1985) and several references are cited therein. Whereas two elastic moduli char-
acterize a linear elastic isotropic material, the number of elastic moduli for a face centered cubic, a transversely isotropic, and
an orthotropic material equal 3, 5 and 9, respectively. Both the analysis of the contact problem and the identification of
material moduli from test results become more challenging when the layer material is anisotropic.

Contact problems for transversely isotropic materials have been investigated by Green and Zerna (1954) and Turner
(1966). Willis (1966) employed the double Fourier transform technique to analyze the Hertz contact problem for a trans-
versely isotropic half space. Swanson (2004) used Willis’s method of double Fourier transforms to reduce governing coupled
partial differential equations for the three displacement components to ordinary differential equations which involve deriv-
atives with respect to the coordinate in the indentation direction. Assuming that each displacement component has the same
exponential variation in the indentation direction, the problem is reduced to solving a system of three simultaneous alge-
braic equations. By assuming that edges of the indented layer are simply supported, which is usually not the case for a layer
bonded to a rigid substrate, Swanson (2004) found displacement and stress distributions within the layer by using an ap-
proach similar to that of Srinivas and Rao (1970). Swanson (2004) compared the computed solution with that of Turner
(1966) for transversely isotropic materials, and also provided solutions for orthotropic materials. Swanson (2004) asserted
that the solution technique can not be adopted for general anisotropic materials because Srinivas and Rao (1970) gave
Green’s function only for orthotropic materials.

Swadener and Pharr (2001) simplified Willis’s (1966) method by using the surface Green function derived earlier by Barnett
and Lothe (1975), and studied the indentation of an anisotropic half-space by rigid frictionless parabolic and conical indenters.
Fan and Hwu (1996), Hwu and Fan (1998), Ning et al. (2003), and Lin and Ovaert (2004) have combined Stroh’s formalism with
the analytical continuation (Muskhelishvili, 1954) and the conjugate gradient methods to study indentation of an anisotropic
half space by rough indenters of arbitrary profiles. Aboussaleh and Boukhili (1998) have analyzed the contact between a com-
posite laminate and a rigid indenter by assuming that the laminate has a plane of elastic symmetry parallel to its mid-surface
and the variation of stresses through the laminate thickness in known. Wu and Yen (1994) employed Green’s function to inves-
tigate the contact between a simply supported orthotropic plate and a rigid sphere. Based on experimental results, Yang and Sun
(1982) and Tan and Sun (1985) modified the Hertz contact law for an orthotropic layer by assuming that the pressure distribu-
tion on the contact surface and the width of the contact area for an anisotropic layer can be derived from those for an isotropic
layer by replacing Young’s modulus by the elastic modulus of the anisotropic layer in the indentation direction. It seems that the
indentation of an anisotropic layer of finite width and thickness has not been studied analytically.

Kuo and Keer (1992) analyzed the contact of a rigid spherical indenter with a half space comprised of several perfectly
bonded layers of transversely isotropic materials. By employing Hankel transforms, the mixed boundary-value problem
was reduced to an integral equation that was solved numerically for tractions and displacements on the contact region. Lov-
ell and Morrow (2006) have used the finite element method to analyze 3D deformations of a spherical indenter normally
loaded between two flat layers made of transversely isotropic materials. They synthesized results for numerous case studies
to provide empirical relations between the contact stress and the indentation depth.

Here, we adopt Stroh’s formalism (1958, 1962) to study infinitesimal deformations of an anisotropic layer of finite width
and thickness perfectly bonded to a rigid substrate and indented by an indenter of arbitrary profile with the goal of deriving a
relation between the axial load and the indentation depth. The analytical function in Stroh’s formalism is expressed as Fou-
rier’s sine and cosine series with their coefficients decaying exponentially in the thickness direction; e.g. see Vel and Batra
(2000) who used this technique to analyze deformations of an anisotropic plate under different boundary conditions. The
unknown constants in the Fourier series are determined by satisfying boundary conditions in an average sense. The conver-
gence of the series solution is established by solving two contact problems; one for an isotropic and the other for an ortho-
tropic layer and comparing their solutions with results available in the literature. Subsequently, parametric studies are
performed to delineate the effect of various material and geometric parameters upon the load required to indent an ortho-
tropic layer by a prescribed amount. Finally, the indentation of a linear elastic anisotropic layer by a flat indenter is studied.
2. Problem formulation

The problem studied, shown schematically in Fig. 1, involves a linear elastic, homogeneous and anisotropic layer bonded
to a rigid substrate and indented by a rigid circular cylinder. It is assumed that the length of the cylinder and of the layer in
the x2-direction (perpendicular to the plane of the paper) is very large as compared to dimensions of the layer within the
plane of the paper (i.e., the length L, and the thickness h of the layer). We assume that the indentation depth is such as
to induce infinitesimal deformations of the layer. As the cylinder is pressed statically into the linear elastic layer, points
of the layer underneath the cylinder move vertically down, those not on the axis of the cylinder also move axially outwards
while those near the free surface of the layer and adjacent to the rigid cylinder move upwards. We denote indentation of the
cylinder into the layer by u0, and the semi-contact width by c; u0 and c are depicted in Fig. 1.
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Fig. 1. Schematic sketch of the problem studied.
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We use rectangular Cartesian coordinates to describe infinitesimal deformations of the layer, and assume that the dis-
placement field u and hence stresses and strains induced in the layer are functions of x1 and x3 only. Thus the state of defor-
mation of the layer corresponds to that of generalized plane strain. In the absence of body forces, equations governing
deformations of the layer are
rij;j ¼ 0; i ¼ 1;2;3; ð1Þ
rij ¼ Cijklekl; Cijkl ¼ Cjikl ¼ Cklij; ð2Þ

ekl ¼
1
2
ðuk;l þ ul;kÞ; ð3Þ
where rij = rji is the Cauchy stress tensor, rij,j = orij/oxj, a repeated index implies summation over the range of the in-
dex, ekl is the infinitesimal strain tensor, ui is the displacement of a point in the xi-direction, and Cijkl is an elastic con-
stant of the material of the linear elastic layer. Symmetries indicated in Eq. (2) imply that, for a 3D problem, Cijkl can be
written as a symmetric 6 � 6 matrix, and rij and ekl as 6 � 1 matrices. Henceforth, we assume that Cijkl is positive-def-
inite which is equivalent to presuming that the strain energy density is positive for every non-rigid deformation of the
body.

Substitution from Eq. (3) into Eq. (2), and the result into Eq. (1) yields the following second-order coupled partial differ-
ential equations for u1, u2 and u3:
Cijklul;kj ¼ 0; i ¼ 1;2;3: ð4Þ
Pertinent boundary conditions are:
r11 ¼ r31 ¼ 0 on x1 ¼ 0; L; ð5aÞ
u1 ¼ u3 ¼ 0 on x3 ¼ 0; ð5bÞ
r13 ¼ r33 ¼ 0 on x3 ¼ h and jx1 � L=2j > c; ð5cÞ

ðl sin2 hþ sin h cos hÞr11 � ðl sin 2hþ cos 2hÞr31 þ ðl cos2 h� sin h cos hÞr33 ¼ 0;

u3 ¼ gðx1Þ on x3 ¼ h and jx1 � L=2j 6 c: ð5dÞ
Here, h = arcsin((x1 � L/2)/R), l is the coefficient of friction between the rigid indenter and the deformable layer, and
the function g(x1) depends upon the shape of the indenter. In cylindrical coordinates, the left-hand side of Eq. (5d)1

equals (rrh � lrrr), where rrh and rrr are, respectively, the tangential and the normal tractions at a point on the con-
tact surface. When the contact surface between the indenter and the deformable layer can be regarded as smooth,
l = 0. Points of the contact surface where rrr P 0 do not contact the indenter. We assume that there is no separation
between the indenter and the deformable layer; thus the contact surface is contiguous. For a rigid circular cylinder of
radius R,
gðx1Þ ¼ R� u0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � ðx1 � L=2Þ2

q
; ð6Þ
where u0 is the indentation (e.g. see Fig. 1). In a 3D problem, boundary conditions on end faces parallel to the x1x3-plane also
need to be specified.

We study infinitesimal deformations of the layer, hence c/R� 1. Disregarding the curvature of the cylinder, we write the
axial load P per unit length of the cylinder as
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P ¼ �
Z L=2þc

L=2�c
r33 dx3: ð7aÞ
If curvature of the cylinder is considered, then
P ¼ �
Z L=2þc

L=2�c
ðr33 � r13 tan hÞdx3: ð7bÞ
Out of three variables P, c and u0 characterizing the indentation of the cylinder into the layer, only one can be specified, and
the other two are determined as a part of the solution of the problem. Here, we prescribe c and find corresponding values of P
and u0.
3. Analytical solution of the problem

Following Fan and Hwu (1996), Hwu and Fan (1998), and Vel and Batra (2000) we use the Stroh formalism to find a
general solution of the above formulated mixed boundary-value problem. Accordingly, we divide the deformable layer
into three regions I, II and III as exhibited in Fig. 1. The region I extends from the left edge x1 = 0 of the layer to the
vertical surface x1 = (L/2) � c that passes through the left-most contact point, the region II of width 2c is directly under
the contact surface, and region III extends from x1 = (L/2) + c to the right edge x1 = L of the layer. We require that dis-
placements and surface tractions be continuous across the interface between regions I and II, and the interface between
regions II and III. That is, i = 1,2,3,
uiððL=2� cÞ�; x3Þ � uiððL=2� cÞþ; x3Þ ¼ 0; ð8aÞ
uiððL=2þ cÞ�; x3Þ � uiððL=2þ cÞþ; x3Þ ¼ 0; ð8bÞ
ri1ððL=2� cÞ�; x3Þ � ri1ððL=2� cÞþ; x3Þ ¼ 0; ð8cÞ
ri1ððL=2þ cÞ�; x3Þ � ri1ððL=2þ cÞþ; x3Þ ¼ 0: ð8dÞ
While finding a general solution of the governing equations, we assume that
ui ¼ aif ðzÞ; z ¼ x1 þ px3; i ¼ 1;2;3; ð9Þ
where f is an arbitrary analytic function of z, and a1, a2, a3 and p are complex numbers to be determined. Substitution for ui

from Eq. (9) into Eq. (4) yields
½Ci11l þ pðCi13l þ Ci31lÞ þ p2Ci33l�al ¼ 0; ð10Þ
where we have assumed that f00(z) = d2f/dz2 6¼ 0. We define 3 � 3 matrices Q, R and T as follows:
Q il ¼ Ci11l; Ril ¼ Ci13l; Til ¼ Ci33l: ð11Þ
Using symmetries of the elasticity matrix Cijkl indicated in Eq. (2), we write the eigenvalue problem defined by Eq. (10) in
direct notation as
½Q þ pðR þ RTÞ þ p2T�a ¼ 0: ð12Þ
The positive-definiteness of C implies that Q and T are positive-definite matrices. With the definition
b ¼ �1
p
ðQ þ pRÞa ¼ ðRT þ pTÞa; ð13Þ
the eigenvalue problem defined by Eq. (12) can be written as
Nf ¼ pf; ð14Þ
where
N ¼ �T�1RT T�1

RT�1RT � Q �RT�1

" #
; f ¼

a
b

� �
; ð15Þ
p is the eigen-value and f the eigen-vector. For the strain energy density to be positive definite, p must be complex (Eshelby
et al., 1953). Let (pa,aa), a = 1,2, . . . ,6 be eigensolutions of Eq. (12) such that
ImðpaÞ > 0; paþ3 ¼ �pa; aaþ3 ¼ �aa; a ¼ 1;2;3; ð16Þ
where �pa is the complex conjugate of pa. Assuming that all p’s are distinct, a general solution of Eqs. (1)–(3) can be written as
u ¼
X3

a¼1

½aafaðzaÞ þ �aafaþ3ð�zaÞ�; ð17Þ
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where fa (a = 1,2, . . . ,6) are arbitrary analytic functions of za. The general solution (17) holds even when the six eigenvalues
are not distinct but there exist six linearly independent eigenvectors. Ting (1996) has discussed how to modify the general
solution when the eigenvalue problem defined by Eq. (12) does not have six linearly independent eigenvectors.

Substitution for u from Eq. (17) into Eq. (3) and the result into Eq. (2) gives
r1 ¼ �
X3

a¼1

½pabaf 0aðzaÞ þ �pa
�baf 0aþ3ð�zaÞ�; ð18Þ

r3 ¼ �
X3

a¼1

½baf 0aðzaÞ þ �baf 0aþ3ð�zaÞ�; ð19Þ
where
ðr1Þi ¼ ri1; ðr3Þi ¼ ri3: ð20Þ
We note that r given by Eq. (18) satisfies the equilibrium equation (1) for all choices of the analytic function fa(z). In order to sat-
isfy boundary conditions (5) and continuity conditions (8) we assume the following series solution for the nth (n = 1,2,3) region:
f ðnÞa ðzðnÞa Þ ¼ dðnÞa þ zðnÞa vðnÞa þ ðzðnÞa Þ
2wðnÞa þ

X1
k¼1

qðnÞka expðkðnÞka zðnÞa Þ þ rðnÞka expðkðnÞka ðp
ðnÞ
a h� zðnÞa ÞÞ

n o

þ
X1
m¼1

sðnÞma expðgðnÞmazðnÞa Þ þ tðnÞma expðgðnÞmaðl
ðnÞ � zðnÞa ÞÞ

n o
; 0 6 xðnÞ1 6 lðnÞ; ð21Þ
where
zðnÞa ¼ xðnÞ1 þ pðnÞa xðnÞ3 ; kðnÞka ¼
kpi

lðnÞ
; gðnÞma ¼ �

mpi

pðnÞa h
; i ¼

ffiffiffiffiffiffiffi
�1
p

: ð22Þ
The unknowns dðnÞa and wðnÞa are assumed to be real while vðnÞa , qðnÞka , rðnÞka , sðnÞma and tðnÞma are complex; these will be determined from
boundary conditions, and continuity conditions at the interfaces. In Eqs. (21) and (22), l(n) (n = 1,2,3) is the width of the nth

segment, and xðnÞ1 is the x1-coordinate of a point in the nth segment measured from the left edge of the segment. Note that
each term in series (21) is an analytical function of zðnÞa . The choice (21) for fa(z) is dictated by shapes of segments.

Substituting for fa(za) from Eq. (21) into Eqs. (17)–(19), we get the following for the displacements u(n) and stresses r
ðnÞ
1

and r
ðnÞ
3 in the nth segment:
uðnÞ ¼ A dðnÞ þ zðnÞ�
� �

vðnÞ þ ðzðnÞ� Þ
2

D E
wðnÞ þ

X1
k¼1

expðbðnÞk� Þ
D E

qðnÞk þ expðcðnÞk� Þ
D E

rðnÞk

h i(

þ
X1
m¼1

expðdðnÞm�Þ
D E

sðnÞm þ expðnðnÞm�Þ
D E

tðnÞk

h i)
þ conjugate; ð23Þ

r
ðnÞ
1 ¼ B � pðnÞ�

� �
vðnÞ � 2pðnÞ� zðnÞ�

� �
wðnÞ þ

X1
k¼1

� kðnÞk� pðnÞ� expðbðnÞk� Þ
D E

qðnÞk þ kðnÞk� pðnÞ� expðcðnÞk� Þ
D E

rðnÞk

h i(

þ
X1
m¼1

� gðnÞm�p
ðnÞ
� expðdðnÞm�Þ

D E
sðnÞm þ gðnÞm�p

ðnÞ
� expðnðnÞm�Þ

D E
tðnÞk

h i)
þ conjugate; ð24Þ

r
ðnÞ
3 ¼ B vðnÞ þ 2zðnÞ�

� �
wðnÞ þ

X1
k¼1

kðnÞk� expðbðnÞk� Þ
D E

qðnÞk � kðnÞk� expðcðnÞk� Þ
D E

rðnÞk

h i(

þ
X1
m¼1

gðnÞm� expðdðnÞm�Þ
D E

sðnÞm � gðnÞm� expðnðnÞm�Þ
D E

tðnÞk

h i)
þ conjugate; ð25Þ
where
A ¼ ½a1 a2 a3�; B ¼ ½b1 b2 b3�;
bðnÞka ¼ kðnÞka zðnÞa ; cðnÞka ¼ kðnÞka pðnÞa h� zðnÞa

� �
;

dðnÞma ¼ gðnÞmazðnÞa ; nðnÞma ¼ gðnÞma lðnÞ � zðnÞa

	 

;

h/�w�v�i ¼ diag½/1w1v1;/2w2v2;/3w3v3�;
ðdðnÞÞa ¼ dðnÞa ; a ¼ 1;2;3: ð26Þ
The unknowns d(n) and w(n) are assumed to be real while v(n), qðnÞk , rðnÞk , sðnÞm , tðnÞm are complex and defined in a way similar to
d(n), and conjugate stands for the complex conjugate of the explicitly stated terms.

In terms of the 3 � 3 diagonal matrices Il
u, Il

r, Ir
u, Ir

r, It
u, It

r, Ib
u, Ib

r whose elements are constants, and
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Il
u þ Il

r ¼ Ir
u þ Ir

r ¼ It
u þ It

r ¼ Ib
u þ Ib

r ¼ I; ð27Þ
where I is the 3 � 3 identity matrix, boundary conditions (5) with l = 0 can be written as
Il
uuþ Il

rr1 ¼ 0 on x1 ¼ 0; ð28aÞ
Ir

uuþ Ir
rr1 ¼ 0 on x1 ¼ L; ð28bÞ

Ib
uuþ Ib

rr3 ¼ 0 on x3 ¼ 0; ð28cÞ
It

uuþ It
rr3 ¼ 0 on x3 ¼ h; jx1 � L=2j > c; ð28dÞ

It
uuþ It

rr03 ¼ 0 0 gðx1Þ½ �T on x3 ¼ h; jx1 � L=2j 6 c; ð28eÞ
where ðr03Þ1 ¼ ðl sin2 hþ sin h cos hÞr11 þ ðl cos2 h� sin h cos hÞr33 � ðl sin 2hþ cos 2hÞr31. Instead of satisfying pointwise
boundary conditions (28) and continuity conditions (8), we enforce them in an average (or Fourier’s) sense as detailed below:
Z lðnÞ

�lðnÞ
Int

u uðnÞðxðnÞ1 ;hÞ þ Int
r r
ðnÞ
3 ðx

ðnÞ
1 ;hÞ � gntðxðnÞ1 Þ

n o
exp j

ipxðnÞ1

lðnÞ

 !
dxðnÞ1 ¼ 0; ð29aÞ

Z lðnÞ

�lðnÞ
Inb

u uðnÞðxðnÞ1 ;0Þ þ Inb
r r

ðnÞ
3 ðx

ðnÞ
1 ; 0Þ � gnbðxðnÞ1 Þ

n o
exp j

ipxðnÞ1

lðnÞ

 !
dxðnÞ1 ¼ 0; j ¼ 0;1;2 . . . ; n ¼ 1;2;3; ð29bÞ

Z h

�h
Il

uuð1Þð0; x3Þ þ Il
rr
ð1Þ
1 ð0; x3Þ � glðx3Þ

n o
exp j

ipx3

h

� �
dx3 ¼ 0; ð29cÞ

Z h

�h
Ir

uuð3Þð0; x3Þ þ Ir
rr
ð3Þ
1 ð0; x3Þ � grðx3Þ

n o
exp j

ipx3

h

� �
dx3 ¼ 0; j ¼ 0;1;2 . . . ; ð29dÞ

Z h

�h
uðnÞðlðnÞ; x3Þ � uðnþ1Þð0; x3Þ
n o

exp j
ipx3

h

� �
dx3 ¼ 0; ð30aÞ

Z h

�h
r
ðnÞ
1 ðl

ðnÞ
; x3Þ � r

ðnþ1Þ
1 ð0; x3Þ

n o
exp j

ipx3

h

� �
dx3 ¼ 0; j ¼ 0;1;2 . . . ; n ¼ 1;2: ð30bÞ
Here, l(1) = l(3) = (L/2) � c, l(2) = 2c; I1t
u ¼ I3t

u ¼ diag½0;1;0�, I1t
r ¼ I3t

r ¼ diag½1;0;1�, I2t
u ¼ diag½0;1;1�, I2t

r ¼ diag½1;0;0�;
Il

u ¼ Ir
u ¼ diag½0;1;0�, Il

r ¼ Ir
r ¼ diag½1; 0;1�; I1b

r ¼ I2b
r ¼ I3b

r ¼ diag½0;0;0�, I1b
u ¼ I2b

u ¼ I3b
u ¼ diag½1;1;1�; g2tðxðnÞ1 Þ ¼

diag½0;0; gðx1Þ�, g1tðxðnÞ1 Þ ¼ g3tðxðnÞ1 Þ ¼ g1bðxðnÞ1 Þ ¼ g2bðxðnÞ1 Þ ¼ g3bðxðnÞ1 Þ ¼ glðx3Þ ¼ grðx3Þ ¼ diag½0;0;0�.

Eq. (29a) can be directly applied to the indentation problem for a flat punch. However, in order to avoid the appearance of
the unknown indentation depth u0 in boundary conditions for cylindrical or parabolic indenters, we differentiate both sides
of Eq. (5d)2 with respect to x1, and use
u0ð2Þ3 ðx1;hÞ ¼ g0ðx1Þ ð31Þ
as the boundary condition in region II where a prime indicates differentiation with respect to x1. Thus, in segment II, we
enforce
Z lð2Þ

�lð2Þ
I2t

u0u
0ð2Þðxð2Þ1 ;hÞ þ I2t

r r
ð2Þ
3 ðx

ð2Þ
1 ;hÞ � g02tðxð2Þ1 Þ

n o
exp j

ipxð2Þ1

lð2Þ

 !
dxð2Þ1 ¼ 0; ð29a�Þ
where I2t
u0 ¼ diag½0;0;1� and g02tðxð2Þ1 Þ ¼ diag½0;0; g0ðx1Þ�. Once the problem has been solved, the indentation u0 can be found

from Eq. (29a).
By substituting from Eq. (25) into Eqs. (29) and (30), we determine the unknown parameters d(n), v(n), w(n), qðnÞk ,

rðnÞk , sðnÞm and tðnÞm (n = 1,2,3; k = 0,1,2, . . .; m = 0,1,2, . . .). The polynomial and the exponential functions corresponding to
each unknown parameter, and the prescribed function g0(x1) are extended as even functions over the interval
(�l(n),0). By truncating m to M in Eqs. (29) and (30), and equating the real and the imaginary parts on both sides
of those equations, we obtain the number of real equations equal to the number of real unknowns. To maintain
approximately the same period of the largest harmonic on all interfaces and boundaries, we truncate k to K(n) for
the nth segment with
KðnÞ ¼ Ceil M
lðnÞ

h

 !
; ð32Þ
where Ceil(*) gives the smallest integer greater than or equal to *.
Based on the afore-stated equations, we have developed a computer code in MATLAB to solve the problem. As described

in the following section, the code has been verified by comparing computed results for three problems with those available
in the literature.
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4. Verification of the algorithm

We determine the number of terms to be retained in the series solution (cf. Eq. (23)) and verify our algorithm as follows.
We first obtain a converged solution for a layer made of an orthotropic material with principal material axes coincident with
the rectangular Cartesian coordinate axes exhibited in Fig. 1, and compare presently computed results with those available in
the literature. Subsequently, we verify the code for an isotropic layer. In Section 6, results for a flat rigid punch contacting a
linear elastic layer are compared with those available in the literature.

4.1. Indentation of an orthotropic half space by a smooth rigid parabolic indenter

We compare our results with the analytical solution of Hwu and Fan (1998) for the indentation of an orthotropic half-
space by the smooth rigid parabolic indenter, x3 ¼ ½ðx1 � L=2Þ2�=2R where R is the radius of curvature of the indenter at
the point (L/2,0).

For plane strain deformations in the x1x3-plane, Hooke’s law for an orthotropic material can be written as
r11

r33

r13

8><
>:

9>=
>; ¼

C11 C13 0
C13 C33 0
0 0 C55

2
64

3
75

e11

e33

2e13

8><
>:

9>=
>;; ð33Þ
where
C11 ¼
1� m23m32

D
E1; C33 ¼

1� m12m21

D
E3;

C13 ¼
m31 þ m21m32

D
E1 ¼

m13 þ m12m23

D
E3; C55 ¼ G31;

D ¼ 1� m12m21 � m23m32 � m31m13 � 2m21m32m13: ð34Þ
Here, Ei is Young’s modulus in the xi-direction, G31 is the shear modulus in the x3x1-plane, and
mij ¼ �
normal strain in the xj-direction
normal strain in the xi-direction

ð35Þ
for a uniaxial stress applied along the xi-direction. According to Hwu and Fan (1998), the normal stress, r33, between the
indenter and the half space with the material principal axes coincident with the rectangular Cartesian coordinate axes is gi-
ven by
r33 ¼ �
1
bR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � ðx1 � L=2Þ2

q
; jx1 � L=2j < c; ð36Þ
where
1
b
¼ a2j2E3; ð37aÞ

a2 ¼ ð1� m23m32Þ�1=2
; ð37bÞ

j2 ¼ E3=G31 þ 2g1

ffiffiffiffiffiffiffiffiffiffiffiffi
E3=E1

p	 
�1=2
; ð37cÞ

g1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� m12m21Þð1� m23m32Þ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm31 þ m21m32Þðm13 þ m23m12Þ

p
: ð37dÞ
In order to compute numerical results we assign following values to various material and geometric parameters:
E1 ¼ 25:0 GPa; E2 ¼ E3 ¼ 1:0 GPa; G23 ¼ 0:2 GPa;

G12 ¼ G31 ¼ 0:5 GPa; m12 ¼ m23 ¼ m13 ¼ 0:25;

L ¼ 1:0 m; h ¼ 0:4 m; R ¼ 0:5 m; 2c ¼ 0:1 m: ð38Þ
Then m21 = m31 = 0.01 and m32 = 0.25 can be calculated from values of parameters listed in Eq. (38) and the relations Ei/
mij = Ej/mji (no sum on i and j). Since 2c/L = 0.1, it is reasonable to assume that null tractions applied on the left and
the right vertical surfaces do not influence the solution in the vicinity of the contact region. The computed value of
u0 was found to be less than 0.1h signifying thereby the applicability of the analytical solution for the half space to
the present problem. We have compared in Fig. 2 the pressure distribution on the contact surface for the analytical solu-
tion of Hwu and Fan (1998) with the presently computed one by setting K = 500 in the series solution represented by
Eqs. (23)–(25). It is clear that the two pressure distributions agree well with each other, and the maximum error in the
computed pressure for (x1 � L/2) < 0.9c is 2.7%.
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4.2. Indentation of an isotropic elastic layer by a smooth rigid cylinder

For c/h < 1, Meijers (1968) has derived the following expression for the pressure on the contact surface between a smooth
rigid circular cylinder of radius R and an isotropic elastic layer perfectly bonded to a rigid base:
r33 ¼ �
E

2ð1� m2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � ðx1 � L=2Þ2

q
R

1þ 1
8
a1

c
h

	 
2
þ 1

64
ða2

1 þ 5a2 þ 4a2ðx1 � L=2Þ2=c2Þ c
h

	 
4

 �

; jx1 � L=2j < c; ð39Þ
where E equals Young’s modulus, and for Poisson’s ratio m = 0.3, a1 = 5.7278 and a2 = � 7.8479. Values of parameters a1 and
a2 depend upon the value of Poisson’s ratio, and have been computed by Meijers (1968) for m = 0.0, 0.3, 0.4, 0.45, 0.48 and 0.5.
For values of c/h between 0 and 0.7, Meijers (1968) has shown that Eq. (39) gives converged values of the pressure distribu-
tion on the contact surface.

We solve the problem by the Stroh formalism given above and compare our solution with that of Meijers (1968). For an
isotropic linear elastic material, eigenvalues and eigenvectors of the eigenvalue problem defined by Eq. (14) are
p1 ¼ p2 ¼ p3 ¼ i; p4 ¼ p5 ¼ p6 ¼ �i; ð40aÞ
1 i 0
i �1 0
0 0 0

2
64

3
75a ¼ 0; ð40bÞ

ba ¼ ðRT þ pTÞaa: ð40cÞ
That is, there are only two independent eigenvectors for isotropic materials, and the parameter b in Eq. (37) is given by
b ¼ ½2ð1� m2Þ�=E. Ting (1982) has discussed modifications needed to get general solutions for an isotropic material. However,
in stead of following this rather lengthy procedure, we alter values of elastic constants by ±1% to get unequal eigenvalues of
the eigenvalue problem defined by Eq. (14).

As shown in Fig. 3, the presently computed pressure distribution on the contact surface matches well with that
given by Meijers (1968), and the maximum deviation between the two pressure distributions for (x1 � L/2) < 0.9c is
6.0%.

4.3. Effect of number of terms in the series solution

The effect of the number of terms in the series solution given by Eq. (23) is investigated by comparing, for the above two
problems, the total axial load (cf. Eq. (7a)) from the analytical solution with that obtained from the numerical solution. For an
orthotropic half space indented by a smooth parabolic indenter, Eqs. (7a) and (36) give
Portho ¼
pc2

2bR
: ð41Þ
For an isotropic linear elastic layer bonded to a rigid substrate, we conclude from Eqs. (7a) and (39) that
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Numbe

400
600
800

1000
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Piso ¼
pEc2

4ð1� m2ÞR 1þ 1
8
a1

c
h

	 
2
þ 1

64
ða2

1 þ 6a2Þ
c
h

	 
4

 �

: ð42Þ
Upon substitution of b = 2(1 � m2)/E in Eq. (41), we see that Eqs. (41) and (42) give the same indentation load for an isotropic
half space only when c/h� 1 so that the term in brackets on the right-hand side of Eq. (42) equals 1.

For different values of K ¼
P3

n¼1KðnÞ, we have listed in Table 2.1 the percentage error between the axial loads computed
from Eqs. (22) and (23) and their values obtained from the solution of the corresponding problems with the present method.
It is clear that the retention of 400 terms in the series solution for an orthotropic layer gives an error in the axial load of about
1.9%. However, for an isotropic layer, one needs to retain more terms because of the occurrence of nearly equal eigenvalues.
Of course, errors listed in Table 1 in the total axial load do not provide any information about the error in the local stresses,
strains and displacements. In keeping with the goal of finding a relation between the axial load and the indentation, we ac-
cept 1.9% error in the axial load, and compute results presented herein with K = 400.

5. Parametric studies

For an orthotropic layer bonded to a rigid substrate and indented by a smooth parabolic rigid indenter, we first delineate
the effect of varying geometric parameters and then material parameters. When studying the effect of geometric parameters,
we assign values to material parameters listed in Eq. (38); thus b = 1.49 GPa�1. We also have studied the influence of the
coefficient of friction between the two contacting surfaces on the axial load and the depth of indentation.

5.1. Geometric parameters

There are four geometric parameters, namely, the radius R of the indenter, the half contact width c, the length L and the
thickness h of the deformable layer. Recall that the indentation u0 is computed after the contact problem has been solved.
Eqs. (36) and (39) suggest that lengths should be non-dimensionalized with the semi-contact width c. We thus need to study
the effect of varying L/c, h/c and R/c.
f number of terms in the series solution on the percentage error in the axial loads for the contact problems involving layers made of orthotropic and
c materials

opic layer (c/h = 0.125, c/L = 0.05; parabolic indenter) Isotropic layer (c/h = 1/3, c/L = 0.05, m = 0.3; circular cylindrical indenter)

r, K, of terms in the series solution %Error = 100 � jP � Porthoj/Portho Number, K, of terms in the series solution %Error = 100 � jP � Pisoj/Piso

1.9 400 7.0
1.3 800 5.0
1.0 1200 4.1
0.8 1600 3.5
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5.1.1. Effect of changing c/h
With c, L and R kept fixed so that c/L = 0.05 and c/R = 0.05, and varying the layer thickness h, we have plotted in Fig. 4 the

variation with c/h of the non-dimensional axial load, P, and the non-dimensional indentation u0/h. It is clear that for c/h > 0.6,
P for the finite thickness layer deviates from that for the half-space by at least 5%. Both the non-dimensional indentation and
the non-dimensional axial load increase monotonically with an increase in c/h. Whereas the slope of the P vs. c/h curve con-
tinues to increase with an increase in the value of c/h, that of u0/h vs. c/h monotonically decreases at least in the range of
values of c/h studied herein. For u0/h < 0.1, the difference between the current value of P and that derived from the half-space
solution can be neglected. Thus the indented sample can be regarded as a half space if the indentation depth is less than 10%
of the sample thickness.

The least squares fit to the computed values of bP/2c vs. c/h is
bP
2c
¼ 0:0393� 0:0003

c
h

	 

� 0:007

c
h

	 
2
þ 0:0344

c
h

	 
3
� 0:0182

c
h

	 
4
: ð43Þ
It is evident from the plot of Eq. (43) included in Fig. 4 that it provides a very good fit to the computed values. For c/h 6 0.1,
one can take bP/2c = 0.0393.

5.1.2. Effect of changing c/R
We now set c/L = 0.05 and c/h = 0.5, and vary c/R; the corresponding axial load, P, is plotted in Fig. 5. Since c/R can reach

0.5 in this case, we calculate the axial load P by both Eqs. (7a) and (7b). Recall that for the half space P is a linear function of c/
R with slope equal to p/4; cf. Eq. (41). For the finite thickness of the orthotropic layer, the slope of the P vs. c/R curve with P
computed by using Eq. (7b) is higher than p/4; the axial load P given by Eq. (7a) is not a linear function of c/R for large values
of c/R.

5.1.3. Effect of changing c/L
It is clear from results depicted in Fig. 6 that for 0.05 < c/L < 0.2, the ratio c/L has virtually no effect on both the non-

dimensional axial load bP/2c and the non-dimensional indentation u0/h. Whereas the non-dimensional axial load equals
0.039 for the half space, it equals 0.042 for the finite thickness layer. However, for c/L > 0.25, the non-dimensional axial load
for the finite thickness layer is much larger than that for the half space.

For 0.05 < c/L < 0.2, u0/h may be taken to be constant and equal 0.023.
Results plotted in Figs. 4–6 suggest that the half space solution can be used when u0/h 6 0.1, c/h 6 0.6, c/L 6 0.2 and c/

R 6 0.15.

5.2. Material parameters

Eq. (36) evinces that the axial load on a parabolic indenter contacting an orthotropic half space depends on the material
elasticities through the parameter b. With parameters assigned values listed in Eq. (38), we vary the value of one parameter
at a time and determine the corresponding change in the value of b. Results of this exercise, listed in Table 2, illustrate that
values of Young’s modulus E3 and of the shear modulus G13 significantly affect the value of b. Accordingly, for c/R = 0.05, c/
0
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Fig. 4. For c/L = 0.05 and c/R = 0.05, variation with c/h of the axial load and the depth of indentation.
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Table 2
Variation in the value of b with a change in the value of one material parameter

j(b0 � b)/b0 j j(b0 � b)/b0 j j(b0 � b)/b0 j

E01 ¼ 10E1 0.056 G012 ¼ 10G12 0.000 m012 ¼ 0:1m12 0.004
E02 ¼ 10E2 0.030 G013 ¼ 10G13 1.050 m013 ¼ 0:1m13 0.004
E03 ¼ 10E3 4.364 G023 ¼ 10G23 0.000 m023 ¼ 0:1m23 0.031
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L = 0.05 and c/h = 0.5, we have plotted in Figs. 7 and 8 variations with E3 and G13 of the axial load P and of the non-dimen-
sional indentation u0; values of other material parameters are the same as those given in Eq. (38). The axial load increases
nearly linearly as E03=E3 is increased from 1 to 5. Subsequently, for the same value of the half contact width, the axial load
increases more rapidly with an increase in E03=E3. For a ten fold increase in E03=E3, the axial load increases by a factor of almost
11. However, the change in the indentation depth is less dramatic as it decreases to nearly one-half of its initial value as E3 is
enhanced by a factor of 10. The increase in G13 does not affect the axial load as much as the increase in E3 does. For example,
for G013=G13 ¼ 10, the axial load for the same semi-contact width increases by a factor of 1.9 and the depth of indentation by a
factor of 1.4.
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5.3. Coefficient of friction

Results plotted in Fig. 9 suggest that the axial load decreases and the indentation depth increases gradually with an in-
crease in the value of the coefficient of friction l. When l is enhanced from 0 to 0.9, the average axial stress bP/2c decreases
by only 2.6% and the depth of indentation, u0/h, increases by just 1.1%. Thus it is reasonable to assume smooth contact be-
tween the indenter and the layer.

6. Indentation with flat punch

We consider the indentation of an orthotropic layer of finite width L and finite thickness h by a smooth rigid flat indenter
with horizontal base of width 2a positioned between x1 = L/2 � a, and x1 = L/2 + a, and denote the indentation depth by d. We
have plotted in Figs. 10 and 11 the x3-displacement and the normal stress r33 acting at points on the top surface of the layer.
These results reveal that
r33ðx1;hÞ � 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL=2þ a� x1Þ=a

p
; x1 ! ðL=2þ aÞ�; ð44Þ

u3ðx1;hÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�L=2� aþ x1Þ=a

p
; x1 ! ðL=2þ aÞþ; ð45Þ
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which agree with the analytical solution of the indentation of a linear elastic anisotropic half space by a flat indenter (Hwu
and Fan, 1998) and the asymptotic solution of the indentation of a linear elastic isotropic layer by a flat indenter (Haider and
Holmes, 1995). Except for points near the indenter periphery, the pressure distribution on the indented surface is uniform.

7. Load vs. indentation depth

In indentation experiments, the load versus the indentation depth curve is used to determine an elastic modulus of mate-
rial of the indented sample. We have plotted these curves for a flat and a cylindrical indenter in Fig. 12 with values of mate-
rial parameters listed in Eq. (38), the layer width L = 1.0 m, the layer thickness h = 0.1 m, width 2a of the flat indenter = 0.4 m,
and the radius R of the cylindrical indenter = 1 m. Whereas for a flat indenter, the load is a linear function of the indentation
depth, for a cylindrical indenter the load P is proportional to u3=2

0 . These results agree qualtitatively with Sneddon’s (1965)
solution for the indentation of a linear elastic isotropic half space. Thus the indentation modulus defined as the slope of the
load vs. the indentation depth curve is a constant for the flat punch, and varies as u1=2

0 for the cylindrical indenter.

8. Indentation of a face-centered cubic (FCC) single crystal

Having validated the methodology by favorably comparing computed results with those available in the literature, we
now study indentation of a layer of a FCC single crystal of gold (Au) by a rigid cylindrical indenter. We consider three
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different orientations of the Au crystal with respect to the global coordinated axes. For coordinate axes coincident with the
lattice directions [100], [010] and [001], the matrix of elasticities is given by
C001 ¼

183 159 159 0 0 0
159 183 159 0 0 0
159 159 183 0 0 0

0 0 0 45 0 0
0 0 0 0 45 0
0 0 0 0 0 45

2
666666664

3
777777775

GPa ð46Þ
Thus there are only three independent elastic constants and the form of the matrix looks like that of an orthotropic material
with material principal directions coincident with the global coordinate axes. In this case we assume that the indentation is
along the [001] direction, and we have denoted the matrix of elastic constants by C001. For single crystals, the indentation in
(111) plane is also often studied to observe dislocations (Lilleodden et al., 2003). For this case, the global x1,x2,x3 axes are
consistent with the lattice-directions ½1�21�, ½10�1� and [111], as shown in Fig. 13, where the superimposed bar stands for the
negative of the quantity. Using the tensor transformation rules, (e.g. see Batra (2005)), the matrix of elastic constants is given
by
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0 0.005 0.01 0.015 0.02 0.025 0.03

Flat

Cylindrical

0u (m)

P
(10^9N/m)

Fig. 12. Load vs. indentation depth curves for flat and cylindrical indenters.



1x [100]

2x′ [101]

2x [010]
3x′ [111] 

3x [001]
1x′ [1 2 1]

Fig. 13. Axis rotation for (111) plane indentation of gold lattice.

5828 R.C. Batra, W. Jiang / International Journal of Solids and Structures 45 (2008) 5814–5830
C111 ¼

216 148 137 0 15:6 0
148 216 137 0 �15:6 0
137 137 227 0 0 0

0 0 0 23 0 �15:6
15:6 �15:6 0 0 23 0

0 0 0 �15:6 0 34

2
666666664

3
777777775

GPa ð47Þ
whose form is quite different from that for an orthotropic material with material principal directions coincident with the
global coordinate axes. We also consider a crystal orientation for which the global x1,x2,x3 coordinate axes are along the lat-
tice-directions [131], ½1�12� and ½7�1�4�, respectively, and the matrix of elastic constants with respect to the global axes is
C7�1�4 ¼

203:7 145:0 152:3 �2:4 5:3 17:7
145:0 216:0 140:0 13:3 4:9 �8:1
152:3 140:0 208:7 �10:9 �10:2 �9:6
�2:4 13:3 �10:9 26:0 �9:6 4:9
5:3 4:9 �10:2 �9:6 38:3 �2:4

17:7 �8:1 �9:6 4:9 �2:4 31:0

2
666666664

3
777777775

GPa: ð48Þ
The matrix C7�1�4 has all elements non-zero and thus corresponds to that of a general anisotropic material.
In Fig. 14 we have plotted the load-displacement curves for the three cases, i.e., the indentation of the Au crystal in (001),

(111) and ð7�1�4Þ plane by a rigid cylinder of radius 40 Å. The dimensions of the layer are set as L = 204 Å, h = 20 Å. Each prob-
lem is solved by assuming that the Au crystal can be regarded as a continuum and the linear elasticity theory applies. For
indentation along the (111) plane, we also use Yang and Sun’s assumption (1982) to compute the load-indentation curve.
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Fig. 14. Load vs. indentation depth curves for indentation of gold crystal.
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Yang and Sun (1982) proposed that the indentation load for a layer made of an orthotropic material can be deduced from the
expression for an isotropic material by replacing E/(1 � m2) for the isotropic material by Young’s modulus E3 in the indenta-
tion direction of the anisotropic material. For the plane strain problem being studied herein, this is equivalent to replacing 1/
b = E/[2(1 � m2)] in Eq. (42) by E3 of the orthotropic material. Values of a1 and a2 in Eq. (42) are obtained by interpolating
values given in Table 1 of Meijers’ paper with m = 0.465 for gold. The P vs. u0 curve identified in Fig. 14 as the one obtained
with Yang and Sun’s assumption is the plot of values derived from Eq. (42).

From the load vs. indentation curves exhibited in Fig. 14, we conclude that the anisotropy of the material has a noticeable
effect on the load required to cause the same indentation. For indentation equal to 10% of the layer thickness, the error
caused by Yang and Sun’s (1982) is 14% and it increases with an increase in the indentation. We note that for indentation
of an orthotropic material by a spherical indenter, Swanson (2005) showed that the indentation load obtained with the Yang
and Sun approximation can have errors of 22%.

9. Discussion

As illustrated in Vel and Batra (2000, 2001) the present technique can also be used when the indented body is comprised
of several layers made of different anisotropic materials. The body is divided into different regions with continuity of dis-
placements and tractions (e.g. cf. Eqs. (8a)–(8d) satisfied at interfaces between adjoining regions. The technique can also
be used to study problems when there is imperfect bond between adjoining layers provided that the friction law between
adjoining layers is known. Problems involving cracks between adjoining layers can also be studied by simulating crack sur-
faces traction free. These problems become more challenging if a crack closes. Furthermore, various boundary conditions at
the edges can be well simulated; e.g. see Vel and Batra (1999)

Results presented herein can be used as benchmarks to validate solutions obtained by other techniques such as the finite
element method.

The focus here has been to describe and establish the technique, and show that results computed with it agree well with
those available in the literature derived by using different methods. We have also provided results for the indentation of a
FCC crystal with the plane of indentation not coincident with the planes of material symmetry. The elasticity matrix for these
problems is similar to that of a general anisotropic material.

10. Conclusions

We have used the Stroh formalism to study infinitesimal deformations of a linear elastic anisotropic layer perfectly
bonded to a rigid substrate and statically deformed by either a cylindrical or a flat indenter. The problem is formulated in
terms of the a priori unknown semi-contact width c. Boundary conditions on all surfaces are satisfied in the sense of the Fou-
rier solution. Computed axial loads for the indentation of an orthotropic layer by a smooth parabolic cylinder and of an iso-
tropic layer by a smooth circular cylinder are found to compare well with the corresponding solutions for half spaces
available in the literature. The influence on the axial load of various geometric and material parameters has been delineated.
These results have revealed that the non-dimensional axial load is independent of c/L for c/L < 0.2 where 2c equals the con-
tact width and L the width of the layer. For an indenter of radius R, the non-dimensional axial load varies linearly with c/R as
for a half space. However, the slope of the axial load vs. the indentation line for the finite thickness layer is higher than that of
the line for the half space. The coefficient of friction between the layer material and the indenter has very little effect on the
axial load required to indent the layer. Among the material elasticities of the orthotropic layer, the elastic modulus in the
direction of indentation has the most effect on the axial load and that is followed by the shear modulus in the plane of defor-
mation. Values of Poisson’s ratios have negligible effects on the axial load.

The half space solution can be used for indentation depths less than one-tenth the layer thickness h provided that c/
h 6 0.4, c/L 6 0.2 and c/R 6 0.15 where L is the length of the layer and R the indenter radius.

Results for a flat punch indenting a layer comprised of a linear elastic anisotropic material are found to match well with
results available in the literature.

The problem formulation is valid for a general anisotropic material, indenters of different profiles, different boundary con-
ditions at the edges of the indented layer, and the indented body comprised of several perfectly or imperfectly bonded layers.
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