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The equilibrium and buckling equations are derived for the lateral buckling of a prismatic straight beam.
A consistent finite strain constitutive law is used, which is based on a hyperelastic model for an isotropic
material. The kinematics of the cross-sectional deformations are based on a Timoshenko type beam dis-
placement of the cross-sectional plane using Euler angles and two shear finite rotations coupled with
warping taken normal to the displaced plane. Also derived are the second order approximations to the

IF(,ey,WOTdS" . displacements, curvatures, twist and internal actions. The constitutive relationships for the internal
Bl:;;f:tram actions reveal new coupling terms between the bending moments, torsion and bimoment, which are
Elastica functions of the cross-sectional warping and shear deformations. New Wagner type nonlinear torsion

terms are derived which are functions of the warping of the cross-sectional plane, and are coupled to
the twisting and shear deformations of the cross-section. Solutions are determined for the lateral buck-
ling of a prismatic monosymmetric beam under pure bending and the flexural-torsional buckling under
axial compression. For the flexural-torsional buckling problem it is found that the Euler type column
buckling formula is consistent with Haringx’s column buckling formula while the torsional buckling for-
mula is different to conventional equations. The second variation of the total potential is also derived. The
effects of shear deformations are explored by examining the non-dimensional lateral buckling equation
for a simply supported beam.
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1. Introduction

Thin-walled structural components are widely used in many
industries including aerospace, building, aircraft and shipbuilding.
It important that the nonlinear and stability response of these
structural components, be accurately modelled and estimated by
Mohareb and Dabbas (2003) and later Emre Erkmen and Mohareb
(2008) showed that shear deformations can be very important
when estimating the lateral buckling of a long column supporting
a short wide flange cantilever. The inclusion of shear deformations
in the buckling analysis of axially loaded columns and sandwich
type columns with a soft shear core has received attention in the
literature. The major issue of contention involves the definition
of the constitutive relationship for the axial force and shear force
for one-dimensional beam theory. Two distinct methods for col-
umn buckling with shear have been presented, one essentially by
Engesser (1891) and the other by Haringx (1942). The controversy
has been discussed extensively by Zielger (1982), Reissner (1982),
Kardomateas and Dancila (1997), Bazant (2003), BaZant and
Beghini (2004, 2006), BaZant and Cedolin (1991), Beghini et al.
(2008), Aristizabal-Ochoa (2008), Blaauwendraad (2008). Attard
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(2003a,b) and Attard and Hunt (2008a,b) applied a finite strain
constitutive model derived from a hyperelastic formulation to
the problem of column and sandwich column buckling and was
shown to be consistent with Haringx’s approach and Reissner’s
proposal for beam actions Reissner (1972).

Several authors have extended the theory of lateral buckling and
nonlinear analysis of thin-walled beams to include shear deforma-
tions, including Chang et al. (1996), Lee et al. (submitted for publi-
cation), Machado (2008), Machado and Cortinez (2005a,b), Reissner
(1989), Sapountzakis and Mokos (2008) and Simo et al. (1984). Lee
et al. (submitted for publication) provided spatial stability theory
for shear-flexible thin-walled beams using both the Engesser’s
and the Haringx’s buckling approach and compared the predictions.
Analytical solutions in dimensionless form were presented for the
spatial lateral buckling of simply supported thin-walled beams
having monosymmetric and non-symmetric cross-sections, and a
parametric study undertaken to compare the prediction using the
different approaches.

An outline of the contents of this paper is as follows. In Section
2, the kinematics for the lateral buckling problem are developed
using the Timoshenko beam analogy coupled with warping taken
to occur in a normal direction to the displaced cross-sectional
plane. The cross-sectional displacements without warping are first
defined using three finite Euler angles and two shear finite
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rotations. Many nonlinear and stability analyses for the lateral tor-
sional behaviour of beams are often based on assuming a Hookean
constitutive relationship between Green’s strain tensor and its con-
jugate stress, the second Piola-Kirchhoff stress tensor. Attard
(2003a) showed that such a finite strain constitutive relationship
is incorrect when including shear deformations for an isotropic
material and that the constitutive relationship should be derived
from a consistent finite strain hyperelastic formulation. In Section
3, the hyperelastic constitutive relations for stresses and internal
actions are developed using the strain energy density for a com-
pressible isotropic neo-Hookean material proposed in Attard and
Hunt (2004). The constitutive relationships are developed using
Lagrangian physical stresses defined with respect to the unwarped
displaced cross-sectional plane. Section 4 details the derivation of
the equations of equilibrium for elastic initially straight isotropic
prismatic beams under conservative loads, taking into account
the nonlinear effects of changes in geometry and bending shear.
The equilibrium equations derived are consistent with the equa-
tions presented by Reissner (1989) and the well-known vector rep-
resentation of the beam equilibrium equations. Terms normally
associated with the Wagner effect emerge from a consideration
of warping, and are coupled to the twisting and shear deformations
of the cross-section. The nonlinear theory presented can be used to
predict the static and stability response of thin-walled beams
when displacements are considered to be finite. Warping shear is
ignored here. A closed form solution for the problem of the lateral
buckling of a prismatic monosymmetric beam under pure bending
is presented in Section 5. Section 6 details the derivation for the
flexural-torsional buckling of a simply supported prismatic beam
under axial compression. Expressions for the second variation of
the total potential are developed in Section 7. Generalised non-
dimensional lateral buckling equations for a simply supported
beam are developed in Section 8. Shear deformations are shown
to be important for short spans and beams with soft flexible shear
rigidity. Finally, Section 9 provides a summary of the work in this
paper. Further detailed derivations needed to support the work in
this paper are presented in Appendices A,B,C,D,EF.

2. Kinematics

Consider a straight prismatic beam with the materials lines
aligned with a Cartesian rectangular coordinate system with origin
at the centroid. Since the initial axis system is a Cartesian rectangu-
lar system there is no distinction between covariant and contravari-
ant tensor components. The longitudinal axis of centroids of the
undeformed beam is taken as the x or 1 axis. The cross-sectional
centroidal principal axes are taken as the y or 2 axis and the z or

x1

C x1

w about 1, @ about b, ¢ about i

b-i=0 ixb=n

z3

Fig. 1. Tangent base vectors at the shear centre.

3 axis (refer to Fig. 1). Unit vectors in the direction of the coordinate
axes x, y & z are denoted by iy, i & i3. Under bending, axial, shear
and torsion deformations excluding warping, it is assumed that
the cross-sectional shape remains unchanged (undergoes no strain
within the cross-sectional plane). The Timoshenko beam hypothe-
sis is adopted with two shear angles of rotation.

We will firstly consider the case of no warping. The directions of
the tangent base vectors in the deformed state can be described
using Euler angles defined as i, 0 & ¢ as shown in Fig. 1. The Euler
angles are taken as functions of x only. The angle ¥/ is related to the
tortuosity of the deformed beam axis, see Love (1944). The angle 0
is a bending rotation while ¢ is a twisting angle taken here about
the shear centre with coordinates (y;,zs) and identified in Fig. 1.
The covariant tangent base vectors in the deformed state denoted
by g; are defined by:

&= (7 +v)g (1)

Here, i and j are indices which take values of 1, 2 or 3 and are associ-
ated with the x-, y- and z-axes, respectively, a{ is the Kronecker delta,
g;j are the covariant initial tangent base vectors in the undeformed
state (g, =1i1,8, = i» & g; =i3) and u’l represents the derivatives of
the 1 displacement vector components with respect to the coordi-
nate corresponding to the index i. The convention is adopted where
arepeated index is used to imply summation. A bracketed index indi-
cates that the summation convention is suppressed. A scalar quantity
is denoted by a lowercase italic light symbol such as c or ¢. A bold
lower case symbol such as uis used to represent a vector while a bold
capital symbol such as R is used to distinguish a second order tensor.

The rotation tensor denoted by the symbol R, rotates a given
vector v about an axis parallel to a normalised axis vector u
(u-u=1) through an angle 0 < w < 2r as depicted in Fig. 2. The
angle is defined as positive using the right hand screw rule where
the thumb of the right hand is extended in the direction of the axis
vector u and the closing fingers define a positive rotation. The rota-
tion vector R is given by:

R = cos wl + [1 — cos w]u ® u + sin wux (2)

To describe the displacement of the cross-section, first consider a
rotation of ¥ about the unit vector i, in the 1 or x-axis, such that

R, = cosyl + [1 — cos it ® i1 + sinyiq x (3)
Applying this rotation to the y- and z-axis gives:
b= R,i; = —sinyi, + cos yi;

h= R,i; = cosyi, + sinyis

Fig. 2. Rotation tensor R.
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Here, h is orthonormal to b and both are in the original {i, i3} plane.
The vectors {fl,f)} are the {i, i3} vectors rotated about the i,

through an angle of . Consider next a bending rotation ¢ about
the vector b such that

Ry = cos 0 + [1 — cos 6]b @ b + sin 6bx (5)

The unit vector i, is rotated to fi and the unit vector i, rotated to t,
such that

il = Ryi; = cos 0i; +sinoh t=R,h = —sini; + cos 0h (6)

Finally, a twist rotation ¢ about the vector n taken through the
shear centre is applied, defined by:

R, = cos ¢I + [1 — cos ¢Jn @ A + sin PR x (7)

so that the tangent base vectors within the displaced cross-sec-
tional plane (g, & g3) are expressed by:

& =Ryt =singb + cos ¢t & = R,;b = cos ¢b — sin ¢t (8)

The vectors A1, t & b form a moving orthonormal triad frame. The
beam shear deformations can be characterised by two rotations of
the normal vector fi about the vectors t & b that lie within the
plane of the cross-section. We select the first shear rotation as ¢,
about the vector b and then a rotation —o, about the vector t. The
shear rotation tensors are then:

R, = cos @ I+ [1 —cos goo]ls @b +sin (pOBx 9)
R_,, = cos ol + [1 — cos o]t ® t — sin o, tx (10)

Applying the shear rotations, the tangent base vector g;s taken at
the shear centre (y = y;,z = z;) is:

gls = ;LlsR—zuR(pDﬁ
= Ais (cos @, COS 0N + Sin (pof + sin ¢, cos q)of)>
= P10+ 28 + 7383 (11)

Here /1 is the stretch of the shear centre axis and J1, J,, J5 are de-
fined by

71 = 415 COS (9, COS Oy
Y2 = J15 SIN o, COS ¢ + A5 SIN &L, COS (P, SIN ¢ (12)
Y3 = —A15 SIN @, Sin ¢ + 445 Sin &, COS (@, COS ¢

The term j; represents the axial stretch component in the normal
direction n, while }, & )3 are measures of the shear deformation
components taken in the tangent base vector directions in the de-
formed state, g, & g3, respectively. At the shear centre axis, the
direction cosines (I;, L, I5, my, my, ms, nq, ny and n3) and the deriv-
atives of the displacement functions, can be derived from the fol-
lowing equations:

Gis i =1+ u_"l = M5l = A45(cos O cos ¢, cos o, — sinfsin @,)
15 -1z = U4 = Jigmy = Jis(sin 0 cos ¥ cos @, €os ot

+Cos  cos 0'sin ¢, — siny cos ¢, sin o)
815 i3 = u?l = A5 = 45(Sin @ siny cos ¢, cos a,

+ siny cos 0sin ¢, + cosy cos ¢, Sin o)

(13)

g iy =ul=hL=—sindcos¢
g2~i2:1+u? =My, = —siny sin ¢ + cos cos ¢ cos 0 (14)
8 i3 = U, =y = cosy sin ¢ + siny cos ¢ cos 0

g -ih=ul =1 =sinfdsing
g3~i2:u?3:m3:—sinxpcos¢—coswsin¢cose (15)
g -iz=1 +u?3 = N3 = COS Y COS ¢ — Siny sin ¢ cos 0
In the above, u', u? & u? are displacement functions in the x-, y- and
z-directions, respectively. The comma notion symbolises differenti-
ation with respect to the proceeding variable. In Egs. (13)-(15), the
displacement components are taken at the shear centre
(¥ =¥sz=2). Eq. (13) leads to the following:
1+ us, = J15(cos 0 cos @, cos o, — sindsin @)
Usx = J15(SIN 0 COS Y €OS @, €COS 0l

+ cosy cos 0sin ¢, — siny cos ¢, sin o) (16)
W, = A15(SIn 0 siny cos ¢, €oS o,

+ siny cos 6sin @, + €OS Y COS @, Sind,)
where uy(x) is the axial displacement of the shear centre and, z(x)
and wy(x) are the displacements of the shear centre in the y- and z

-directions, respectively. The stretch of the shear centre axis 4;5; can
be written as:

o= w4 2 4w, =P+ G2+ G2 (7)
Eq. (16) can be rearranged thus

/15 €OS (0, COS 0ty = (1 + U, ) COS O + (Vs COS Y + Wi, SINY) SIn O
A1sSin @, = —(1 4 Us,) SiN 0 + (Vsx COS Y + Wy, SINY) COS O

215 COS 9, SIN 0Ly = — Vsx SINY + Wsx COS Y
(18)
with the shear angles defined by
sing, = —(1 4 us,) SIn 0 + (s, COS Y + Wi, Siny) cos 0
VA + )+ o2+ w2, 9)
tano, — — Usx SINY + W, COS

(1+us,) COS O+ (s, COSY + Wi, SINY) sin O

Expressions (18) and (19) give the normal and shear components of
the longitudinal stretch of the shear centre axis A5, and the shear
angles in terms of the displacement derivatives ugy, vsx & Wsy and
the Euler angles. The vector components in the x-, y- and z-direc-
tions, of the tangent base vector taken without shear deformations
(taken normal to the plane of the cross-section, see Eq. (6)) can also
be used to characterise the shear deformations by noting that

14Uy =14 Usy — Py = 415COS O
Vsx = Usx — V5 = As SINOCOS YWy = Wsx — P53 = 15 SInOsiny

(20)
where Uy, Vsx & W5y are the deflection derivatives taken without

shear deformations, 71, 7, & 73 are shear deformations and /s is a
modified stretch defined by:

Tas =\ (14 1,)" + 22, + W2, 21

Eq. (20) leads to the following equations, which relate the bending
angle and tortuosity angle at the shear centre:

_ 12 72 _
1+u . Wix + Vsx w.
cosf = f X osinf=Y———" tany = —= (22)
Als s Us x

The geometric torsion or tortuosity of the shear centre axis is re-
lated to the derivative of the angle iy with respect to x, and can
be derived from the above equations, hence:

d!ﬁ d -1 Wi x i/s,st,xx - Ws.x Ds.xx
SX SX X
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Also from Eq. (22) we have for the curvature:

do = d tan’! [ X—_— " T %
dx dx 1+ Uy

(Ds.x 775.xx + Ws,st,xx)(l + as,x) - aS‘XX (ng + ij?,x) (24)

72 )2 72
Ms \/ WsAx + ys,x

Integrating Eqs. (14) and (15) leads to expressions for the displace-
ment functions, that is:

W' =u(x)+ (Y -y )b+ (z -2k
u? = 0s(%) + (¥ = Yo (M2 = 1) + (2 — z)ms (25)
U =ws(X) + (Y —y)na + (2 —z5)(n3 — 1)
The displacement function in vector form is:
u=us+ Y —y) (8 —i2) + (2—2) (8 — i3)
=g+ (y — y,)(sin ¢pb + cos ¢t —ip) + (2 — z,)
x (cos ¢b — sin gt —iz) = ug + 2b + yt — (y — y,) (i2) — (2 — 2:)(i3)

(26)
in which,
Z=y -y, sin¢ + (z—z;)cos ¢
Y= -Yy5)cos¢—(z—z)sin¢ (27)

In the above, ug is the displacement of the shear centre axis in space,
given by:

Us = Uiy + sy + Wiis (28)

2.1. Curvatures and torsion

The curvatures will be calculated with respect to the moving
triad orthonormal vector system f, t & b defined at the shear cen-
tre, as well as, the orthonormal frame f, g, & g3. The moving triad
orthonormal frame f, t & b is analogous to a Darboux frame used
in the differential geometry of surfaces. The deformation curva-
tures with respect to the unit normal n at the shear centre are
given by:

K:ﬁ,x-gzz%cosdﬂr%sin@sind) (29)
K =N, & :% sin ¢ —Z—ﬁ sin 0 cos ¢ (30)

The deformation torsion about the unit normal to the cross-section
with respect to the triad vectors i, g, & g3 is defined by:
.. do dy
T=—-83x 8 = +——Cosl 31
Bx 8 = gy Tk (1)
The curvatures can also be written with respect to the triad vectors
n, t & b. That is, the normal curvature is given by:

K

ﬁ,x-f:Kcos¢+K’sin¢=% (32)

While the geodesic curvature is:

:ﬁ7x-l5:icsin¢—;c/cos¢:sin0fi—£ (33)

With respect to the triad vectors 11, t & b, the relative or geodesic
torsion is defined by

7l

K

S d

b""t:-c_(Ti (34)
Eqgs. (31)-(33) produce for the rate of change of the Euler angles:
ao . dy K dp K’

=" @ Tsing dx " tano (35)

The evolution of the Darboux type triad sets n, t & b and
n, g & g3 along the axis of the beam is governed by the equations:

n,

it ih t,— —ich+ (r 7i’)6

f do\ (36)
by,=-xn- <‘E—a>t

Ny=K& —K'€ &x=—-KN+183 &3x=KN—1TE

These are associated with rotation vectors given by:

(T _ %ﬁ)ﬁ —Kt+ kb Th+ K8 + K3 37)

2.2. Covariant tangent base vectors

Using Eqs. (1) and (26), the covariant tangent base vector g; can
now be written in terms of the curvatures and torsion of the shear
centre axis as:

81 = [A15,C0S 9, COS 0ty — (¥ — Ys)K + (z — Z,)K' R
+ (J1sSin @, — T2)t + (A4 Sin oty COS @, + T)b

=1 = V=YK + (2 - z)K M+ [} — (2~ 2)]8:

+ [+ - y,)8s (38)
It is convenient to split the longitudinal stretch into its normal and

shear components. These components of longitudinal stretch can be
derived from Eq. (38) and are:

81N =/ = A15C08 P, COS 0, — (¥ — Y5)K + (2 — Z5)K' (39)

31 -E:/"LS[:)qSSiDQDO -1z g1 'B:ASb
= A5 Sin o, COS @, + TY (40)

where /, is the normal component of longitudinal stretch while /g
& A are the tangential components of the longitudinal stretch, ta-
ken in t & b directions, respectively. The covariant tangent base
vectors within the plane of the displaced cross-section were defined
in Eq. (8). Because we have assumed the cross-sectional shape does
not change during deformation, the following holds:

S -&5=1 8 -&B=1 8 -8=0 (41)
The first invariant I; and the Jacobian J of the system are therefore:

I, -2= (in)2 + (s Sing, — 12)2 + (415 Sin o, cos @, + 15/)2
J="Ia (42)

The Jacobian J is related to the ratio of the volume change. Here the
Jacobian is a function of the normal component of the longitudinal
stretch only.

2.3. Warping

Here we assume that warping of the cross-sectional plane is a
function of cross-sectional geometry, proportional to the deforma-
tion torsion and occurs about the unit normal to the cross-sectional
plane. Thus, we augment Eq. (26) to give the displacement vector
as:

u=u,—(y —ys)(iz — sin¢b — cos d)f)

—(z—12) (i3 — cos ¢b + sin d)i) —T(y,2)i (43)
where (y,z) is a cross-sectional warping function. Note in the
above, ug is now the displacement of the shear centre axis only if

the warping function is zero at the shear centre (the displacement
of the shear centre is us — Tw(y,,z)n). In Appendix A, expressions
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for the displacements are truncated to second order so that compar-
isons can be made to other lateral buckling formulations which are
based on second order approximations. The covariant tangent base
vectors, which include warping, can now be derived from Eq. (43)
and are given by:

$10 = (I — OT A2 — T(Z — Z + WK)|§,

+ 3 + T —ys + 0K))gs (44)
820 = Sin ¢b + cos ¢t — Tw, A = g — T, A (45)
&3, = C0S pb — sin ¢t — Tw A = g5 — T A (46)

The contravariant base vectors are:

Jg' = 4 T@yt + T@sb = N + T, & + TW &3 (47)

182 = (=2 + 1z = 2))R + (70 — OT4)&2
+ (P3T+ (v — ¥ + OK)TH) 20,

+ (92T + (2 -z + 0K)T) G300, (48)

JE = (=93 =1y = Y))R + (7 — 0T )83

+ (2T = (2 -z, + wK)T) 300,

+ (=93t — (Y = ¥s + 0K)T?) B0, (49)
in which J is the volume invariant or Jacobian. The stretch of the

beam and the shear deformations are thus calculated as:

ghu . ng = ()»1 )2 = (;Ln — (JJT‘X)Z + ['5)2 — 'C(Z —Zs + (JJK)]Z

+ 93+ Ty — s + o) (50)

gZo) . g3w = Tzwyw,z
(51)

gZ(J) 'ng =1 + (-Ea),y)2 g3w 'g3w =1 + (TCU,Z)2

The cross-section no-longer remains planar because of warping. The
first invariant I, and the volume invariant J are updated to including
warping and are related to the deformations by:

I, =2 = (jn— OT)? + [J2 — T(z — s + 0K)]*

+ 3 + T — Y, + 0K + T2 (wzy + cu?z) (52)
J=In— 0T+ T(J20y + J30;) + 120 (53)
in which
0=,y —Ys +OK) - 0y(z — 2z + WK) (54)

3. Hyperelastic constitutive relations for stresses and internal
actions

The strain energy density function U for a compressible isotro-
pic neo-Hookean material (see Attard and Hunt, 2004) is given by:
1 1
U=5G(tr(C~1) - 2InJ) + iA(lnj)2 (55)
Here, tr symbolizes the trace of a tensor and C is right Cauchy-
Green deformation tensor. The constitutive relationship for a hyper-
elastic material can be established for the second Piola-Kirchhoff
stress tensor I by (see Attard and Hunt, 2004):
ou
nm=2_—_~-=0Gl-
oC
In the above, py, represents a hydrostatic stress.
A physical Lagrangian stress system is used here, defined with
respect to the cross-sectional plane before warping and directions

pC' py=G-AlnJ (56)

defined by the moving orthonormal triad frame f, t & b. The
transformation between the second Piola-Kirchhoff stress tensor
components and the Lagrangian physical stresses can be estab-
lished using vector transformation. The normal stresses S™" are ta-
ken normal to the cross-sectional plane (in the direction i) while
the tangential shear stresses S & S™ are taken within the cross-
sectional plane in the directions t & b, respectively. The transfor-
mation between the second Piola-Kirchhoff stress tensor compo-
nents and Lagrangian stresses are therefore:

Vg1 + 111285, + 1P, — S™ + S™t + S™b (57)

= (S””fl +SMt 4+ S"bl3> g2 (58)

13— (S””ﬁ + St + S"”B) .gie (59)
and hence:

Sn” = Hngl(u . ﬁ + Hung : ﬁ +H13g3u) : ﬁ
="y — 01x) — M%100, — T310,

Snt = Hnglu) 'E+H12g2w 'f+H13g3w E

= IT"" (Jssin @, — 12) + ' cos ¢ — I17 sin ¢ (60)
S™ — Mg, - b+ 128y, - b+ 11°3, - b

= IT"" (M5 sin o, €OS @, + Ty) + IT'? sin ¢ + 11" cos ¢
in which:
y=y-ok Z=zZ+wk (61)

Incorporating the constitutive relations given in Eq. (56), expanding
to second order in terms of the deformations, we can write the con-
stitutive relations as:

S™ =E(Jn —0Tx—1)+ (G + A)( (j}zw,y +P30;) + T20)
S? =G()2 — (2 — 2+ 0y — WK))S” (62)
:G(?3+T(y7ys z+U)K))

where G = 2(1“]) is the shear modulus, E =2G+ 4, A = 12(;2"”) is the
Lamé constant, E is the elastic modulus and # is the Poisson’s ratio.
The material parameter governing the normal stress is not the elas-
tic modulus E as would be expected for a uniaxial stress state, as the
displacements assumed restrain the dilation of the cross-section
shape (see Attard, 2003a; Attard and Hunt, 2008b). An approxima-
tion in beam theory is to replace E by E. The alternate shear stresses
S"2 & S™ are taken in the g, & §; directions, respectively, as indi-
cated in Fig. 4. The 2@ term in Eq. (62) gives rise to terms which
are analogous to the Wagner effect although unlike conventional
beam theory, the Wagner effect here is related to the warping of
the section (see Alwis and Wang, 1996; Attard, 1986).

Integrating over the cross-sectional plane gives for the internal
actions:

N— / S™AA = EA(1 + yyk — 2K — 1) + (G + AAT(25T5 — y.75)
+(G+ A)(Ipo — J)T? (63)

Q,= /S"‘ dA=GAlyssing, Q,= / S™ dA = GAJss Sin o, cos @,
A A

Q,=GAy; Q3=GA)s
(64)
M; = / —yS™dA
A
= EL; (K — ;7%) = (G + A)T(CyyP2 + Cy2P3) (65)

M, — / 2™ dA = El,y (' — f57%) + (G + A)T(Cofz + CaPs)  (66)

A
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M, = / [5"3(y — Y-+ oK) -SSPz -z +wy — a)K)} dA
A
= GJ,T 4 2GT(Co K + ConK) + Gl T((K)? + K2)
(67)
My = / —wS™dA = El, (‘C.x - U:)Tz) -(G+ A)T(CU’J’“)A)Z + C“’Z%)
A
(68)

where I, and I, are the second moment of areas about the y and z
axes, respectively, and I, is the polar second moment of area about
the shear centre, such that

I, = /yZdA Ly, = /zsz Ipo
JA JA
_ / (=9, +(z—2)]dA (69)

In the above equations, M3 and M, are the resultant bending
moments about the deformed g; & g, axes passing through the
centroid, respectively; M, is the Saint Venant twisting moment
component about the unit normal to the cross-section; M,, is the
bimoment;J; is the Saint Venant torsion constant, defined by:

Jo= [[(@y 220"+ (@2 -y y ) dA (70)
JA

N is the axial force acting at the centroid and normal to the de-

formed cross-sectional plane in the direction n, while Q; and Q,

are the shear force resultants acting at the shear centre in the direc-

tions t & B, respectively. The shear forces Q; & Qs act in the direc-
tions, g, & g3, respectively. Hence

8Q; =Qccos¢ +Qpsing Q3 = —Q;sin¢ +Q,cos ¢ (71)
The warping related geometric parameters are defined by:
Cy = /yw‘y dA C,, = / yw,dA G = /zw_y dA

A A A

CZZ:/zw‘sz C[Uy:/wwydA C(uzz/ww,sz (72)
A A A

Using the de Saint-Venant (1855) theory of torsion as detailed in
Love (1944), the following integral can be evaluated as (see also
Appendix B):

Joda= [0y - 0z - 2] dA =1 -, (73)
A A

The other parameters are defined by:

5 _fAchdA N _fA —zdA U _fA —wodA o E

17 Fl, T El, ©~  EI, TG+ 4
(74)

/a)_ydA:zsA/wvsz:—ysA/wdA:O/ywdA:O/zwdA:O

A A A A A

(75)

Appendix B examines the expressions for the parameters in
Eq. (74) for thin-walled open beams. The geometric parameters
in Eq. (72) also appear in Chapter 10 of Vlasov (1959). We can give
physical meaning to these warping related geometric parameters
by considering the expressions for the shear stresses in Eq. (62)
and restricting our attention to torsion only, hence we have for
"2 & S™3:

S? = _Gr(z—z+wy —wK)S® =GT(y -y, — W, +wK')  (76)

The following resultants of the product of the shear stresses S™
with the coordinates y, z, w are then

n2 .
M = / Z2(z—z,+wy — wK)dA =1, + Cyy (77)
— ‘C Ja
g n2
M: /y(z—zs + o, — oK) dA=C, (78)
n2
w = / W(Z -2+ w0y — wK)dA = Cyy — Ik (79)
- A

We see that the warping related geometrical parameters are related
to the distribution of the shear stresses due to torsion. By examining
a state of loading which consists of only an axial force and bending
moment internal actions (no twisting moment), the following
expressions are derived in Appendix C:

cyy:/yw,ydAzo cyzz/yw,szﬂzz

A A

Cy = / 20,dA = -1, Cy— / 200,dA=0 (80)
JA JA

For a loading state that only involves torsion, the nonlinear consti-
tutive equations, (63)-(68) and a consideration of equilibrium, indi-
cate that there would be nonlinear axial shortening and bending
curvature under torsion (see Attard, 1986). Appendix D contains
the derivation of the nonlinear axial shortening and bending curva-
ture effects under a loading of only torsion.

4. Virtual work

The virtual work W in terms of the second Piola-Kirchhoff
stress tensor is given by:

oW = / %tr(H&C)dV + oW (81)
v

with V being the volume in the undeformed state, kinematically
admissible variations denoted by the symbol § and the variation
of the external work denoted by éWg. In component form, the trace
term in Eq. (81) is
1 1 i in on
jtl‘(H(SC) = jﬂyégﬁ = H”gi . (3gj
= (H”glw + Hung + HBng) : 5g]w

+ (H21g1w + szng + H23g3w) . (Sng

+ (P g1 + 820 + 11 8300) - 0830 (82)
For beam theory, we ignore the terms associated with 1?2, [1*> &
1733, incorporating Egs. (57)-(59) and taking account of the symme-
try of the stress tensor gives:
1 . . . .
itr(néc) = (H“glm + H]Zme + H13g3w) : 5g1w

+ H]zglw : 522w + HBglu) : 5g3w

_ (Snnfl—&-smf-i-snbf)) . 5g1w

+[(S"h+5"t+S5"b) - £2°]&10 - 92

n [(s"”ﬁ L S"E 4 s"bB) . g3w] 8100 - 08300 (83)
Substituting Egs. (44), (45), (46), (47), (48), (49) and (53), taking the
variations, assuming that Hi) ~ 1, integrating over the area,
incorporating Eqgs. (63)-(68) and using the condition that
S™ 45 sin oty cOS ¢, = S™ s sin @, (84)
reduces the virtual work equation to:

/L [Né(% + YK — ZK') 4+ Q2692 + Q3673
0

X ) o |dx + oW
+M0K' + M30K + (M + Mwagner)0T + M, 0T «

(85)
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with
Mwagner = / [Snn ()A)Zw.y + ’)}30\)1 + T(D)}dA (86)
A

where Myagner denotes what has been traditionally been associated
with the Wagner effect although here there are added shear terms
and the physical derivations have depended on the presence of
cross-section warping. Eq. (85) results in the following equilibrium
equations:

Q15 SIN 0, COS @, = QplisSIN @, (87)
dN _ .
T~ QR = Qi +p, =0 (88)
de+NK Qb<t—Z—¢) +p, =0 (89)
de+NK +Qt<tf(;—¢> +p,=0 (90)
dM; -
d—xl—sz M3’ +m, =0 (91)
dMs d
d—+M1K +M2<‘L'—d—¢> +m,
= Ny sin ¢, — Q /15 COS o, COS @,
—(1 + us, ) (Py cosy + P, Siny) + Py(¥sx COS Y + Wy SINY)

(92)

dM

Yy d¢

W+M1K—M3<t—a> +m

= —Nly,5in o, €os @, + Qp A1 €OS &4, COS @,

{(1 4+ us, ) (—Py siny + P, €S ) + Py(— Vs SINY + Wsx cOSYr) } secd
93)

in which

dMm,,
Tdx
The terms Py, Py & P, are internal force results taken in the x, y & z,
respectively. Eq. (87) is always zero if the constitutive relation (64)
is used. There are, therefore six equations of equilibrium. Eqgs. (88)-
(90) represent the equilibrium of the rate change of the forces along
the member while Egs. (91)-(93) represent the moment increment
equilibrium equations.

The internal action force vector p and resultant moment vector
m are defined with components given in Eq. (63)-(68) and are

Ml = Mr + Mwagner - (94)

=Ni+ Q8 + Q8 =M+ Mg + Mg ©2)
in which
1?2 = M, cos ¢ — M5 sin ¢ — Nz, (96)
M3 = M, sin ¢ + M3 cos ¢ + Ny
where
Z;=Yy,Sin¢ +2;C0S¢p Y5 =Y,COS P — Zs Sin ¢ (97)

The distributed force and moment intensity vectors are depicted by
dp and dm, respectively, with components:

dm = m,f + m,t + myb
= M0 + M8z + M3g;3

dp =p,n+pt+p,b
=P+ D,82 + D383

The well-known vector representation of the beam equilibrium
equations are:

(98)

p,+dp=0

. (99)
my + 81, (Y, 2z) x p+dm =0

The equilibrium equations developed in Egs. (88)-(93) are consis-
tent with Eq. (99) and the equations presented by Reissner
(1989). In Eq. (99), 816 (Vs,2s) is taken at the shear centre and the
warping of the shear centre has been assumed to be zero. The equi-
librium equations (87)-(93) can also be recast, in terms of the inter-
nal force and bending moment components taken about the
g, & &3, hence:

Q293 = Q32 (100)

Z—N7Q2K+Q3K’+pn:0 (101)
X

dfz +NKk—-Q3T+p, =0 (102)

%wwmzwm —0 (103)
X

% — (M, — Nzo)k + (M5 + Ny,£)K’ + 1y = 0 (104)

dMs +Ny,) - ) )

A M) Wt o My~ Nz bmy =N, —Qu (105)

dM, —Nz;)  — . )

% + Mk — (Ms +Ny,)T+ms = —Nj5 + Q591 (106)

5. Lateral buckling of a simply supported prismatic
monosymmetric beam under pure bending

Consider a simply supported statically determinate beam of
length L under pure bending denoted by M3 taken about the z-axis.
The initial conditions are that N, Q. Qy,=0, the bending curvature is
constant given by x° = E,3, the initial stress state is S™ = =% and
the initial stretch of the shear centre axis derived from Eq. (63)
/1 =1 —y,k°. The buckling load can be established by looking at
the equilibrium equations (88)-(93) under small perturbations or
variations about the initial loaded state. The variation symbol ¢
will be used to indicate small perturbations. Firstly, since there
are no resultant internal forces at any cross-section under pure
bending if the problem is statically determinate, then under per-
turbations we have

S ON=0 0Q,=0=3p,=0 0Q,=

0= 60, =0 (107)

An important conclusion here is that there are no shear deforma-
tions and no shear forces, involved with the pure bending buckling
problem. Using the constitutive relations in Eqs. (66) and (67), Egs.
(91) and (93) become:

d‘;’::’ "~ (Elyk® — M3)oK’ (108)
Elyyd(‘;—fwﬂlxo—mgar:o (109)
where
_ " TM
oM = GJ,0T — El,0T xy — / {—3 (yd))} dAsT
Ja LIz
— (GJ, — M3E"B;)3T — El,6T x (110)

Differentiating Eq. (108) with respect to x and substituting into Eq.
(109) gives:
El,  d’6M; M;

(52— 1)ms ax PR M-

=0 Provided El, # El,

M3ot

(111)



2832 M.M. Attard, M.-Y. Kim/ International Journal of Solids and Structures 47 (2010) 2825-2840

Using Eq. (110) we have the following uncoupled fourth order dif-
ferential equation:

[

Ely El. (MzE*ﬁl %) Elw]

_ gl> M\ Elz  EL 3EL,
< El,,El, 0 Gy MIE' BT\
+ 0T xowx (1 Elyy)Mo oTM5( 1 — EL, + EL =0 (112)
T, )'V'3
The associated equation for the lateral curvature is:
5K = (M3E ﬁl - G][)O’E_X +EI(/)OT.XXX (113)

(-5

Elz

The solution to the standard differential equation Eq. (112), is then:

0T = C; sin(k1x) + C; cos(kix) 4+ Cs sinh(kyx) + C4 cosh(k,x)

(114)
5K’ = [Cy cos(kix) — Cy sin(kix)]k; (—fk: + €) + [C3 cosh(k,x)
+ Cy sinh(kyx)]ky (K5 + €) (115)
, b+ Vb —4dac , —b+Vb*—4ac
ki) =——F—— (k) =——F —— (116)
2c 2c
o2 f G eEB
a— (M) { pemyli
El, EI Ep, G 2 El,
b= yyLlzz Mo 1 [ Mo
(1 _gi) { 3 ElL, EIZZ} (M) ElL, (117)
El, El, M3E*B; — G, El,
- Elyy e= Elyy 0 Elyy
(1 Elzz> M3( E’zz) M (1 - E’zz)

The boundary conditions for the simply supported beam are that &
K'=0 & 6t4=0 at x=0 & L. Using these boundary conditions, the
determinant of the system of resulting equations is then:

2
sinh(koL) sin(kiL)f2 (kr )% (k,)? [(kl)2 + (kzt)z] =0 (118)
The solutions to the above equation are:
k1:$ k2:¥ b —dac=0 k=0 k=0 (119)

where n is an integer. The appropriate equation for the buckling
moment (El,, # El,) is therefore:

o PR () () o
o 4 G *

gy () 0 )
El,El JEB G ov2 El, 2

B {@wgﬁ){% Ellil _ﬁ]r} B (M3)251;} (7) =o

(120)

Eq. (120) is a cubic equation for the buckling moment and is inde-
pendent of any shear rigidity. Standard solutions are available for
the cubic problem. For the case of a cross-section with g; =0, Eq.
(120) reduces to a quadratic equation with the classical solution.

oty (B +6) By <L o
o 1 G — o () (e + Elo (19)*) < EL:

(121)

For the case El,, = El,, the relevant equations are again Eqgs. (109)
and (108) which reduce to:

dox’ M;

0 —
Elyy +5M1EIZZ M5t =0 (122)
di{f L= (GJ, — MSE" ;) 0T x — Ely0T e = 0 (123)

Applying the boundary conditions and looking at the determinate of
the system of equations, non-trivial buckling moment solutions ex-
ist only for monosymmetric sections and are:

Mcr = Cji[* 3 G][ : fIZZ ’ Gjt * €1Lf (%)2 Ely}’ = EIzz

Ep EpB E*p;
The first two solutions in the above equation are independent of the
beam length and hence would indicate localised buckling at the sec-
tion where the moment reaches these critical values. Further dis-
cussion about localised torsional buckling can be found in Attard
and Lawther (1989). In the lateral buckling analysis of beams, sec-
ondary warping or thickness warping is usually ignored. For angle
and tee beams where the contour warping is zero, the secondary
warping is, however, small but finite. Secondary warping was
shown in Attard and Lawther (1989), to have a significant effect
on the lateral buckling load of simply supported beams under mo-
ment gradient.

(124)

6. Flexural-torsional buckling of a simply supported prismatic
beam under axial compression

Consider a simply supported beam of length L, whose ends are
prevented from twisting but are free to warp and bend. The beam
is loaded with an axial force N° applied at each end of the beam at
the position of the centroid causing only an axial initial stress

St = ”7”. There is therefore an initial axial deformation given by:
0

. N
SN=14 g

A (125)

=EA()7 - 1)
The boundary conditions are:
0Kk(0) =0K(L) =0 OK'(0)=0K'(L) =0 014(0)=0T4(L)=0
(126)
Applying variations to the force equilibrium equations (101)-(103)
and incorporating the constitutive relationships (63) and (64) we
conclude the following:

doN . . -,
=0 (5/1_X+y3a;<‘x —zsarcvx> =0 (127)
4sQ, ., N

dx +N ok =0 . 5'))2.)( = H@K (128)
déQ3 0G / _ . 3 _ NO /

G~ NOOK =0 87 = pon (129)

Now turning to the variations of the equilibrium equations (104)-
(106), substituting the constitutive relations (65)-(68), incorporat-
ing Eqgs. (86) and (94) and the above results, Egs. (127)-(129), we
derive:

dilMl + N°z0K + N°y,0K' = 0
0
0T — ElydT e + N0 U0 =00 Jf) 5T +N"zs<1 2’ A) K (130)

o N°
+Ny5<1 GA)&K 0
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d(6Ms + ON; - s
d(oM; + oNy;) 3dx Vs) _ N°z:6T = N°69, — 6Q,79 .
E (131)
o ELSK o + <(N°)2 <E - 1> - N")(SK = N°z,67
ﬂﬂy%féﬁél—N%@%::—N%?3+5Qﬁﬁ
x (132)

;E%@wm+<w%%%71)7Nﬂmd:Nw@u

Egs. (130)-(132) are differential equations in the three variables Jx,
ox’ & 61. These equations are uncoupled if the shear centre coin-
cides with the centroid. Adopting here a similar technique used
by Vlasov (1959), we first select the following eigenfunctions:

nmx nmx nmx

0K = Asin (—) 0K’ = Bsin (—) 0T, = Csin (—)

I I I (133)

which satisfy the boundary conditions (126) and where A, B and C
are scalar coefficients, and n is an arbitrary positive integer. Assum-
ing axial compression with N° = —P, substituting Eq. (133) into the
three Eqgs. (130)-(132), the determinate of the resulting system of
equations is

El.+ (P (E-1) +P) 0 Pz,
0 Elyy+ (P*(E-1)+P) —Py, =0

Py (148) Gl () —ple)

(134)

—Pz,(1+5)

This leads to a fifth order polynomial in P, which can be solved for
the critical buckling load. When the shear centre coincides with the
centroid, the buckling load is uncoupled and consists of either the
modified Haringx column buckling load Py, about either of the
principal axis y or z (see Attard and Hunt, 2008a), or the torsional
buckling load P, defined below:

7. Second variation of total potential/work

Closed form solutions for beams with moment gradient can only
be derived using approximate methods. Approximate solutions to
the buckling problem can be obtained by exploiting numerical
methods such as the Rayleigh-Ritz method or the finite element
method. These methods can be used to determine the buckling load
by either manipulating the variation of the equilibrium differential
equations or by using the second variation of the total potential.
Appendix F contains the linearized lateral buckling equations for
a prismatic monosymmetric beam under transverse loading. A sta-
tic equilibrium configuration is considered stable if the second var-
iation of the total potential with respect to all kinematically
admissible variations is positive definite. An analogous approach
based on the second variation of work was proposed by BaZant
and Cedolin (1991). The second variation of the total potential/work
is analogous to taking a variation of the equilibrium equations and
then applying the principle of virtual displacements transforming
the equilibrium equations into variational form, see Vlasov (1959).

The virtual work expression derived in Eq. (85) is rewritten
here:

L
ow - [
0

Consider a prismatic beam with conservative loads, which in the
unbuckled state has initial internal actions N°, Q3, Q3, M3 & M;

e e . . MO
and an initial longitudinal stress S;" = % — 7*

ity. The loading causes no torsion prior to buckling. The initial axial
deformation, bending curvature and shear deformations prior to
instability are not taken into account in this paper but are left for
future examination. Taking a variation of Eq. (138) and incorporat-
ing the initial conditions gives for the second variation of work. That
is:

No(1 +ysk —zK') + Q2092 + Q3093

A X dx + oW
+M30K' + M30K + (M + Mwagner) 0T + My, 0T £

(138)

4 Mz prior to instabil-
Iy

LONO(P1 + Y5k — zK') +15Q,692 +36Q3093 + 1 M2’ + 1 6Msoxc

L
ywz/
0

+10M0T +10My,0T x + N°0* (1 + Yk — z:K') + Q56°(2) + M36°K dxf//q-ézuds
S

(139)

+Q50%(93) + M3 K +1 [, Sa"0td (P20 + P302) + Sa"d(7)° dA

Pyar _ 1 4nzpeuler E
I:‘A_2(1—E)<1i\/1EA<1G (135)
22 242
Pmﬂznnf& ”ifw (136)
O N (7
P, = rlzm rpo = A (137)

In the above, q is the vector of conservative surface tractions acting
on the boundary surface defined by the domain S. Incorporating the
constitutive law from Egs. (63)-(68), and using Egs. 73, 74, 75 and
(80), we have:

LEA(S(D1 + Y5k — 2K))” +1GA(692)° +1GA(693)° + LEly(5K)?

+3EL(0K)” + 1 GJ(0T) + 3El(9T)° + N6 (1)

L
#wz/
0

(M3 4+ Ny, {02k — 30(35)0t} + (M — N°zy) {02’ —Lo(im)ot) | ¥

(140)

—//q-ézuds
S

Q30 (72) + Q30 (33) + § (N — MSBE" — MSBSE") o)’

The expression for the torsional buckling load P,, is different to con-
ventional equations with the polar second moment of area replaced
by Ip, — Ji. As shown in Attard (2003a) torsional buckling is impos-
sible for a cross-section which does not warp such as circular sec-
tions with Ip, = J.

Using Egs. (160), (161) and (158), we can write for the first variation
of the deformation terms to first order:

0K = 03 x
5?1 = 5“5‘,(

0T = 01«
073 = 0y3

0K = 0T x = 01 xx

. 141
02 = 07, (141)
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The second variation deformation terms are required to second or-
der for consistency, that is:

0K = =810 — 330U xx — O35 OUs x
0K = 3183, — Sy SUsxx — 2Ol x

%9, = 5a)léy3 33 = — 60,67, (142)
. C 1.
8%, = (awz) + 8,875 + dw30Y, +§(bw3)2
U = (y — y,)0w1 003 + (Z — Z5)dw1 03
- jw(éwz,xéwg — 07203 )
1 . 1 .
o2 gj(Z*Zg)éO)2b(})3 fi(yfys)(()aﬁ + 6w3) (143)

+ WOW1 xO
1
o = 5 L~ y5)oenies; - 5 (2= 2)) (600} + 6033)
— WO x0W3

The load potential expression is then:

G4 (Y — Y5) 01002 + G4 (Z — Z5) 01603 — 344

/ / q- duds = / / #3002 2) + 05y~ Jowadon —Jasly — ¥y 03 + 603) ds
+ (@03 — q3Wm3)d1 «

13(z — z5) (52 + 6w3) +

Here, we consider conservative tractions, which produce only bend-
ing and shear (no bimoments or torsion prior to buckling), and are
applied either at the member ends or are uniformly distributed
along the length of the beam. Incorporating Eqs. (141) and (142)
into Eq. (140), and evaluating Eq. (144) at the boundaries gives:

+N"{(5w2)2 + 287307 + 28,03 + (5603)2}

] L
fwz—/
2 Jo

+(M3
(Wl - MO~ MYE) (01
+q%y (6093 + 5023) + qe. (3% + 503)

where ¢) & g3 are transverse uniformly distributed loads acting
through the shear centre in the y- and z-directions, respectively,
and act at a distance, e, & e,, respectively, from the shear centre.
The terms a, & a, refer to the distance in the y- or z-direction, respec-
tively, of the applied boundary forces whose line of action passes
through the shear centre. We can reduce Eq. (145) further by
restricting ourselves to the case of no initial axial force and ignoring
the axial displacement terms. Hence, Eq. (145) simplifies to:

[EA(0Usx + Y635 — Z:0a)* + GA(8Y,)* + GA(8Y5)* + Ely (500.4)*
+EL, (603x)* + GJ (301 x)* + Ely (501 x)* + 2Q58Y55(;

— (M3 + N°) {26182 x + 263 8Us xx + 25035 Us x + 53514}
— N°2) {250015003x — 25002 5Us xx — 25002 xOUsx —
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8. Generalised non-dimensional lateral buckling equation

We now derive a generalised non-dimensional equation for the
lateral buckling of a prismatic simply supported monosymmetric
beam (B;,z; = 0) under either uniform bending or transverse load-
ing. The method adopted here follows that in Attard (1990). The
second variation of total potential for this problem is derived from
Eq. (146) and is:

GA(075)* + Elyy (32x)* + GJ (01 x)* + El oy (31 x¢)

"L

’w :% +2Q5(3y3 — dm2)d1 + M3 (2501 x503 — Fy3014) | dx
~M3BE" (5014)° + ghe, 00}

+ ZP;ayéaﬁ (147)

with P} being a transverse force applied in the y-direction at mid-
span and @ being the twist at the mid-span. The following substi-
tutions are firstly made:

X

X=1I

3 = 73h(X)

McrmX
L (148)
sy = @af (X)

M; =Msm(X) Q) =—

0wy = m18(X)

(3724003 — 0203 x)

(144)

where m(X) is a function describing the bending moment distribu-
tion; @, is the variation of the lateral bending rotation of a charac-
teristic point along the beam; y; is the variation of the shear
rotation evaluated at a characteristic point; f{X), g(X) & h(X) are
functions describing the distribution of the deformations which

—2Q567,0m4

(M3 + N°y,) 16, — (M3 — N°zg) 601 603

dx + .
+1Q3a, (03 + 6w3) +3Q3a, (6w + 6w3) |

57,0014}

(145)

satisfy the kinematic boundary conditions. The term M., refers to
the critical buckling moment. Substituting Eq. (148) into (147),
we have for the second variation of the total potential

GA(97,)" + GA(673)” + Elyy (62.x)° + El2(503)" + G (d001)°

+EL, (601x)* +2Q5 (875
—2Q5(3y, + 53)d1 — M3(28001 53 + 675501 4)

1 L
:i/o

— 3(02) 31 4+ M3 (2801 x5y — 8551 x)

. B ey 0 MCs | [ @2
L@ 3 ]| 0 GALG -MaC || s (149)
MuCs —MCy C of
1 1 '
dx -+ ngay(écuf +603) +ngaZ(5w$ +803) (146)

0

—(M3BE" + M3BE") (bwnx)* + qoey (03 + 6w3) + qle, (dw? + 5w3)
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in which
C:%Q+%%rj%mﬁg+@@+%@a

1 1
Ci= [ (exdXC: = [ (g dXC:
0 0
1 1 1 1
= / m(g x)* dXCs = / mxghdX + / 5 mhg dX (150)
0 0 0
1 1
G :/ (f.,x)deCs:/ —(mg) o f dXC;
0 0
1 1
:/ g2 dXCg :/ hz dx
0 0

Setting the determinant of (149) to zero gives for the critical load:

A]n{gpi VP 41+ KA (1 +SA6)}

ML
= 151
VEL, G 2(1+ SAs) (151)
with the following defined parameters:
- mwEl, . TELy
GJL? GAL*
. o |T2El
Y= (ﬁlE As —a,A; — eyAg) TL;" (152)
B VCyCs _ G [Cs _ Ci
f="6 PTG\ MR
_ GiGs 4 G5,  8C; [Cs
SSmae Voae\e Mo\ (153)
n2Elyy

The non-dimensional shear parameter S = -3 was introduced by

Lee et al. (submitted for publication) to study parametrically the
influence of the shear stiffness on the lateral buckling load. For most
beam sections made of an isotropic homogenous material, the shear
parameter will be very small, varying between about 0.0001-0.1.
For example, the S parameter for a rectangular section with a Pois-
son’s ratio of 0.3 would be 2.14(b/L)> where “b” is the width of the
section. The buckling coefficients Ay,...,Ag can be approximated by
solving the buckling problem numerically and integrating using the
derived eigenmode shape. Table 1 lists the buckling coefficients
estimated using trigonometric functions, which satisfy the bound-
ary conditions and the Rayleigh-Ritz approach for three loading
conditions.

To examine the importance of shear deformations during lateral
buckling, consider Eq. (151) but with the parameter ¥ set to zero,
hence

ML (1+K?Ay)
— Ay | 154
JELG T\ T+ sAg) (154)

We see that the shear parameter decreases the buckling capacity.
For a stiff shear rigidity GA or a long span the S parameter would
be much less than unity and shear deformations would have little
impact on the capacity. Only for very short spans with flexible shear
rigidity would shear deformations have an impact on the buckling
capacity.

9. Summary

A consistent finite strain hyperelastic constitutive model for a
linearly elastic isotropic material was used to develop the equilib-
rium and buckling equations for the lateral buckling of a prismatic
straight beam which included shear deformations. Several assump-
tions were made and are summarised here.

e The cross-sectional shape was assumed to be maintained during
deformation.

e The stresses associated with maintaining the cross-sectional
shape 11?% 123 & [1°3 were ignored.

e The assumed cross-sectional displacements were based on
three finite Euler angles and two shear finite rotations.

e Warping was taken normal to the displaced cross-section plane.

e The constitutive relations were derived assuming the volume
invariant J was close to unity.

e The constitutive relations were expanded to second order in
terms of the curvatures, torsion, shear rotations and stretch.

e The material parameter2G + A was replaced by the elastic mod-
ulus E.

e The deformation measure (”]& was taken as close to unity.

Second order approximations to the displacements, curvatures
and twist were also derived. Lagrangian physical stresses were de-
fined with respect to the unwarped displaced cross-sectional
plane. Because warping was taken normal to the displaced cross-
sectional plane, the constitutive relationships for the bending mo-
ments, torsion and bimoment revealed new coupling terms which
are functions of the cross-sectional warping and shear deforma-
tions. Terms normally associated with the Wagner effect were
derived from a consideration of warping and were coupled to the
twisting and shear deformations of the cross-section. A closed form

Table 1
Buckling coefficients.
Mer Aq Az Ay As Ay Ag Loading
Mee 1 1 1 = = = M, M,
@ 1.13 0.53 1 0.66 - 0.92 q°
" y
HHHHLHHHHHHI
E\
[ |
? 1.36 0.65 1 1.06 1.11 - lp

[ If‘
r A
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solution for the lateral buckling load for a prismatic monosymmet-
ric beam under pure bending was presented. An important conclu-
sion was that the lateral buckling load under pure bending for
simply supported boundary conditions, involves no shear. The flex-
ural-torsional buckling problem under axial compression was also
solved. The Euler type column buckling formulas were consistent
with Haringx’s column buckling formula which included shear.
The torsional buckling formula was different to conventional equa-
tions with the polar second moment of area replaced by I,,, — J. The
torsional buckling formula agrees with Attard (2003a) where it
was shown that torsional buckling is impossible for a cross-section
which does not warp such as for a circular section. The second var-
iation of the total potential was also derived. The effects of shear
deformations were explored by examining the non-dimensional
lateral buckling equation for a simply supported beam. The lateral
buckling capacity of most isotropic prismatic straight beams are
unaffected by shear deformations. Shear deformations do become
important for short spans and soft flexible shear rigidity. The effect
of pre-buckling deformations, warping shear and buckling under
torsional loading have not been examined in this paper but are
subjects for future work.

Appendix A. Second order approximation for displacement
components and internal actions

Here the expressions for the displacements and internal actions
will be truncated to second order so that comparisons can be made
to other lateral buckling formulations which are based on second
order approximations. Truncated expressions for the displace-
ments are also useful for finite element buckling formulations.
Consider Eqgs. (20)-(22). The angles 0 & iy can be written as:

\/ W2, + V2 A
0= tan"! (#) Y =tan"! <Vﬁ> (155)
S.X

SX

For small rotations (s, Wsx) we also assert that the twist about the
1 axis is denoted by w; such that approximately:

0r=¢+y (156)
Also, we set:

Uy = Usy W3 = @s,x Wy = *Ws,x S0 Yy = Usxy — 3

V3 = Wsx + 2 (157)

Which for small rotations (7s,, Ws,) represent rotations about the
z- and y-axes, respectively (see Fig. 3). The displacement compo-

xl

Fig. 3. Rotations at the shear centre.

¥.2

Snr
g 2 Smr

x, 1
)

S nh
S n3
z,3

Fig. 4. Direction of physical Lagrangian stresses.

nents to second order in the 1, 2 & 3 directions are then obtained
from Eq. (43), that is:

ul = Us — (y 7ys)(a)3(‘1 - us,x) - 0)10)2)
+ (2 — z5)(02(1 — Usx) + W13)

1
—wy,2) |:w1‘x + 3 (0 x03 — w2w3‘x):|

=I\J
11

1
Vs — (zfzs)<w1 *jwzw3> (158)

1
- i(y 73’5)(0)% + CO%) + CU(y.,Z)O)LxCOz
3 1
w 2w+ (Y —Y) W1+ 5 W23

1
2z 2)(@} + 03) - 0. 201 0;

The shear angles ¢, & «, and shear deformations , & }5 can also be
approximated using Egs. (18) and (19), by:

V203 — Y302 ~ 1202 17303 (159)

Qo & Oy
V(@2)* + (ws)? V (@2)% + (3)°

A 1 2 1 2
P1 = A15COS 0, COS Ol =2 1 + Uy +§(w2) + W2Y5 + W37, +§(w3)

Y2 = 45 SIN (0, COS P + 15 SIN 0y COS P, SIN P = P, + P31
V3 = —1s SiN @, SiN ¢ + Ay Sin 0ty COS P, COS P =2 Y3 — P,
(160)

Likewise, the curvature and torsion defined above in Egs. (29)-(31),
can also be approximated.

K 0)3_)((1 — us,x) — 012, — W3Usxx

K/ = wz_x(l - us.x) + a)3‘xw1 — M Us xx (]61)

1
T Wix +§((U3602X — 3,,)

The constitutive relationships (63)-(68) can be simplified to second
order terms as:

(1 = Y535 + ZsWx)Usx — W2x (V51 + Z5)
N~ EA| —ws3x(z,01 — Y;) + 1 (03 + @3)
+02()3 + ZsUsxe) + D3(Y5 — YslUs )
H(G + DA(zsy, = Ysy3)W1x + (G + A)(Ipo _]t)w%,x

(162)
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c >

z

Fig. 5. Cross-section of a thin-walled beam showing curvilinear profile coordinate
system.

Q2 = GA(); +7301) Qs = GA(y;3 — 7,001) (163)
M3 = EIzz ((1 - us,x)w3,x — W2 x(W1 — W3Usxx — K; w%x)

= (G + A)01x(Cyyy, + Cyzy3) (164)
M2 = EIyy ((] - us‘x)wZ.x + W3 xW1 — WoUs xx — ﬁ;w%x>

+ (G + )1 x(Cyy, + Cz)5)

1

Me = Gl (14 5 (0202, — 0209,)) + 26(Coa1 .02,

+ Cwywl,xw3,x) (165)

] *

Mg = El, <w1,xx + 5 (w33, — wrws,,) — Uy, w1 X) —(G

+ A)(U],X(Cwyy2 + sz’y3) (166)

The expression for the Wagner component of the twisting moment
Myagner, EQ. (86), can be reduced to second order using Egs. (160),
(161), (72), (75) and (80), as well as the expression for the normal
stress in Eq. (188). Hence:

Muwagner = (E*{—M3[}’{ - M5+ MoU, } + N ][>

1
X (wl.x + 5 {U)SCUZ.X - w2w3,x})

M(HC(U
+ I—y> (V2 + ®1))

_ <M3 +Nys +MU)C(DZ
I(D

— (Mz — Nz,

)<v3 — o) (167)

Appendix B. Monosymmetric parameters for a thin-walled open
beam

Consider a thin-walled open profile as shown in Fig. 5. The mid-
dle surface of the cross-section denotes the contour of the cross-
section. A curvilinear coordinate system p, n is shown, where p is
the profile coordinate measured from a pole D on the middle sur-
face and n is the normal thickness coordinate. The wall thickness is
t(p). The angle between the tangent at the contour and the positive

z-axis is denoted by o. The magnitude of the perpendicular distance
from the tangent at the contour, to the shear centre (see Fig. 5) is
represented by:

h(n,p) =n+h(0,p) = (168)

The magnitude of the perpendicular distance from the normal at the
contour to shear centre is given by:

rp) = (169)

From Eqs. (168) and (169) the rectangular coordinates can be ex-
pressed in terms of the curvilinear coordinates as:

(y —y,)cosa — (z — z;) sina
—Y)sino + (z — zg) cos o

(y —y,) = h(n,p)coso+r(p)sina

(z—2z5) = —h(n,p) sina + r(p) cos « (170)

The radial distance R from the shear centre to the any point within
the cross-section can be written in either the curvilinear coordinate
system or the rectangular system, that is:

R =1(p)* +h(n,p)* = (v —y,)*(z - 2)° (171)
The warping function for a thin-walled open member (Attard, 1984)
is given by

P
on.p) = [ hO.pdp—nr(p) (172)
Consisting of a contour warping term [} h(0,p)dp and a thickness
warping term nr(p). The function @ defined in Eq. (54) can be sim-

plified using Egs. (170) and (171), and assuming that the thin-
walled cross-section is composed of straight elements so that

¢ =0, we can write:

0=y —Y5) — 0y(Z—Z)
= h(n,p)(w;coso+ w, sina) + r(p)(w, sino — w, cos o)
=h(n,p)w, —1(p)wn

— h(n,p) (h(O,p) (1 - ng%) - n) +1(p)?

= h(n,p)* +r(p)* — 2nh(n,p)

= R* — 2nh(n,p) (173)
Integrating over the area gives:
/wdA / —2nh(n,p)|dA =1Ip, — ], (174)

Note for a thin-walled open section the torsion constant is defined
by J, = [,2nhdA.

The parameters defined in Eq. (74) can be determined using Eq.
(173), therefore:

E'L.p; = /A yadA — /A V(R — 2nh)dA

= (/y3+yzsz—ZIzz S)
A

- / 2nh(hcoso + rsino +y,)dA
A

= </ V: +yz2dA - 2122y5>
A

—yslt—/Znh(hcosa+rsino<)dA (175)
A

The term in brackets relates to the conventional definition for the
monosymmetric parameter f;.

By :l/y3+yz2dA—ys (176)
2122 A
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The other parameters in Eq. (74) are:
E'l,p, - (— / 2+ yzdA + 21yyz5) + 24,
A

+/2nh(fhsinoz+rcoso<)dA (177)
A

E'l,U;, = / —wR*dA + / 2nhw dA
JA A

Appendix C. Wagner twisting moment

Eq. (86) for the twisting moment produced by the normal stres-
ses is rewritten here:

Mwagner = /A [Snn (?Zw_y + )73601 + T@)]dA (178)
We can derive certain equations to be satisfied by the warping func-
tion by examining this expression. Consider the case of normal
stresses only involving an axial force N at the centroid and variable
bending about the z-axis at the shear centre, M3 which only causes a
transverse and axial displacement of the shear centre. There will
also be a shear Q, associated with the variable bending moment
M3 and thus, (9, # 03 = 0). Hence, there must be bending about
the centroidal y axis of M, = Nz;. The normal stress is then given by

B H B Msy Nzz

nn
STSATTL T,

(179)

Substituting this into the second order twisting moment defined in
Eq. (178) and assuming that this should be zero, we have:

. [Nz . M
Myagner = 72 (1—3 (Iyy+/zcu~ydA)> —yzf/ywyd/\zo
yy JA z JA

(180)
Using Eq. (75) we can conclude that

/yw_ydA:O /—Za)_ydA:Iyy (181)
A A

Similarly, by considering bending about the y-axis we can conclude:

/zw,sz ~0 /yw,sz —1, (182)
A A

Appendix D. Nonlinear axial shortening and bending under
torsion

Consider the case of a beam under pure torque, where there is
no resultant axial force, bending moments or shear forces, but only
a twisting moment. From Eqgs. (63)-(68), we have:
N = EA(J1s + Yk — ZsK' — 1) + (G + A)(Ipo —][)r2 =0
Ms = EL,(k - p;7%) =0
M, = El, (k' — B37%) =0
Mg = El, (T — U, %)

M =Gt Q=0 Q3=0

(183)

Therefore, there must be nonlinear second order axial shortening
and curvatures induced in the beam given by:

K=p71 K =pT

_ (o —Jo)

s —1= FA — Y1 + 2z, T

(184)

Using the above and Eqgs. (32) and (33) we can relate the torsion to
the deflections in the axial, as well as transverse y- and z-directions,
hence:

dy

Ksing — k' cos ¢ = sin@a

. (Bysing — B cos ¢)T* =

Z)s.xﬁ/s‘xx - Ws,x z)s,xx

/115\ / ngx + @gx

(185)

Kcos¢+x’sin¢:%

(BB + Wea W) (1 4+ Ux) — e (W2, + 22, )

2 a2 172
’115 Ws.x+ys,x

. (B cos ¢+ By sing)t* =

(186)

Appendix E. Expression for normal stress

Using Egs. (62)-(68), we can write the expression for the nor-
mal stress as

_H7M3y+@71wma)
A Iy Iy Iy,

+ (G4 A7 —yi3a) - (G + )2

sm +E(-yB; + 285 — wU;,) T2

G+ Ayt . R G+ A)zT . .
- % (Cyy2 + Cyz¥3) — % (CyP2 + C3)
G+ Aot . .
- % (Cwaz + sz“/z)

+ (G + A) (Thhwy + T30, + T2®) (187)

Using Eqgs. (160), (161), (75), (72) and (80), the expression for the
normal stress can be reduced to second order as:
~ N M3y @ _ Mww

M +
A I Iy I,

e B | e

+E(=yp; +2B; — 0U;,) (01)°

wy

wC WCo;,
+W1x)y | Zs+Z+ Dy — i +W1xY3| —Ys =Y+ DO, — I
® ®
(188)

Appendix F. Linearized lateral buckling equations for a
prismatic monosymmetric beam under transverse loading

The buckling analysis of statically determinate prismatic
monosymmetric beams subjected to transverse loads such as con-
centrated forces, or uniformly distributed load, is analysed here by
developing the linearized governing equations. Firstly, the rela-
tionship between the axial force and shears with the internal force
resultants in the x-, y- and z-direction is determined and linearized.
Thus we have:

N = Pycos 0+ P, sinfcosy + P,sin0siny

=~ Py 4+ Pyws — P,w; (189)

Q, = —Pysinfcos ¢ + P, (cos 0 cos y cos ¢ — siny sin ¢)
+ P,(cos 0 siny cos ¢ + cos i sin ¢)

=~ —Pyw3 + P, — P, (190)

Q3 = Pysinfsin ¢ + Py(— cos @ cosy sin ¢ — siny cos ¢)
+ P,(— cos 0siny sin ¢ + cos y cos ¢)

~ —Pyw,; — Py, + P, (191)
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In some instances, it is more convenient for problems which are
statically determinate to deal with the transverse force resultants
Py, Py, P, rather than the internal actions. The equilibrium equations
(101)-(106) are now linearized to first order in displacements,
hence:

dN
" Quw3x+ Q32 +p, =0 (192)
d
%+Nw3‘x—Q3wl‘x+P2 =0 (193)
d
%waz,ﬁsz]ﬁm =0 (194)
dM
o~ (M2 = Nz)s + (Ms + Ny + my = 0 (195)
w - lez.x + (MZ - st)wl‘x —+ ms

=Ny, — (1 +usx)Qz = Px(y, + w3) = Py(1 + Usx) — P01 (196)
d(M; —Nzg) -~
% + M1w3‘x — (M3 + Nys)(DLX —+ my

= *N'))3 + (1 + us.x)Q3

= —Pu(y3 + 02) + Po(1 + usx) — Pyoon (197)

Let us now consider a monosymmitric beam with transverse loading
P) such that Py, P, = 0 with bending about the z-axis producing M3.
Egs. (189)-(191) reduce to:

Q=P Q3=-Pyw (198)

Perturbations of the linearized equilibrium equations are consid-
ered. Eq. (196) becomes

M
2 =P 199
dx f (199)
Substituting Eq. (198) and the constitutive relationship (163) into
the shear equilibrium equation in the lateral direction, Eq. (194),
becomes

Qs = —Pywq = GAdy4 = ijécol

N =~ wag

(200)

Incorporating the constitutive relationships (165) and (166) into the
twisting moment rate equilibrium equation (195) we have:

G_]téwl.xx - EI(uéwl‘xxxx + M§5wz,x +my
d

= = [E BiMS601 + M56y,]

Substituting the constitutive law, Eq. (164) and making use of Eq.

(199), the lateral bending rate equilibrium equation (197) is then:

Mg&ah
El,,

(201)

El 6@,k — (Mgéa)l)yx =0 . dwyx= +C (202)
where C; is a constant of integration. Eq. (201) is now transformed
using the above equation and (200), resulting in an differential
equation in one displacement unknown:

M25
G601 — Elydo1 oo + M2 [ 220P ¢ ) 4 m,
El,,
d - P°6w1
= g [E BiM3001, — M5 === (203)

This is similar to the classical lateral buckling equation with the

added term —M3 Pygj” due to a consideration of shear. We see that

if there is no transverse load P} = 0 as in the case of pure bending,

this additional term would vanish in agreement with our earlier
derivation. Numerical solutions can be derived to Eq. (203).
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