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1. Introduction

The present is motivated by the need for a better understanding
of the role of interfaces on the elastic behavior of multi-layered
inclusions-matrix type composites with imperfect interfaces. At a
perfect interface the displacement vector and the stress vector is
classically considered as continuous. When these vectors are no
longer continuous across the interface, these interfaces are called
imperfect. In literature, the “behavior” of these imperfect interfaces
have been described by either interface models which directly give
the discontinuity of the displacement vectors or of the stress vector
present at the interface or, by asymptotic methods which trans-
form thin interphases in an interface-model. It is the purpose of
Benveniste and Miloh (2001) who have studied the influence of a
constant-thicknessed layer between two elastic isotropic media
and have used an asymptotic expansion for the elastic field in this
interphase to exhibit seven distinct regimes of interface conditions.
All theses seven different regimes have not been yet introduced in
a Generalized Self Consistent framework. However the Spring-type
interface has been studied by Hashin (1991) who established the
link between the parameters of a spring-type interface model
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and the properties of an isotropic soft and thin interphase between
two media. In addition, Hashin (2002) has considered thin inter-
phases but with no more restriction on the magnitude of the prop-
erties of this interphase regarding the properties of the two
abutting phases and only plane and cylindrical interfaces have
been analyzed as special cases (no spherical interfaces have been
studied). Wang et al. (2005) and Benveniste (2006) have shown
that a thin and stiff interphase is equivalent to an interface which
displacement/stress discontinuities are described by the so-called
generalized Young-Laplace equations (Povstenko, 1993; Le
Quang and He, 2008). Gurtin and Murdoch’s model (Gurtin and
Murdoch, 1975; Kushch et al., 2011), compared to this generalized
Young-Laplace model, considers an extra term in the interface
stress which depends on the surface gradient of displacement. This
model has not been considered in this paper. In Le Quang and He
(2008), Le Quang and He provide first-order upper and lower
bounds for the effective elastic moduli of such composite materials
and, Brisard et al. (2010a) and Brisard et al. (2010b) Hashin-
Shtrikman bounds.

Wang et al. (2005) and Duan et al. (2005a) have determined the
effective elastic behavior of solids containing inclusions with
discontinuity in the tractions across the interface between their
inclusions and the matrix around but no extension have been
carried out for n-layered inclusion-based composites. For that pur-
pose they have used three micromechanicals models (Duan et al.,
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2005c), Hashin’s Composite Spheres Assemblage (CSA), the
Mori-Tanaka method (MTM) and the Generalized Self-Consistent
Method (GSCM) and have predicted size-dependent effective
behavior of nano-composites.

Marcadon et al. (2007) and Zaoui et al. (2006) have in the mean-
time improved micromechanicals models derived from the so-called
“"Morphological Representative Pattern (MRP) approach (Bornert
et al., 1996) to predict size effects in nanoparticle-reinforced. For
that purpose, they have considered that either the distance
between the nearest inclusion decreases leading to the stiffening
of a part of the matrix (confined matrix) or, for a fixed volume
fraction of the inclusion the particle diameter can change while
the thickness of a disturbed matrix around the inclusion is almost
unchanged.

The aim of this paper is to present a method that can predict the
effective elastic constants of composites containing multi-layer
coated particles with imperfect bonding conditions. For this pur-
pose, the (n+1)-phase model of Hervé and Zaoui (1993) is
extended to the case of imperfect interfaces where the imperfect
bonding conditions are expressed thanks to “discontinuity matri-
ces” and where transfert matrices are still used.

This paper is organized as follows. The main result is the deriva-
tion of the elastic stress and strain fields in an infinite medium con-
stituted of an n-layered isotropic spherical inclusion embedded in
a matrix subjected to uniform stress or strain conditions at infinity
and where the behavior of the imperfect interfaces are described
by two “discontinuity matrices”. This derivation is presented in
Section 2. These “discontinuity matrices” characterizing the bond-
ing conditions fulfilled at a given interface are expressed in the
case of the linear spring model, the dislocation-like model and in
the case of the presence of a thin interphase replaced by an
interface. It is shown that in the case of a very thin interphase
the explicit forms of these “discontinuity matrices” can emerge
equivalently from two asymptotic methods: one using transfert
matrices and another one using Hashin’s procedure. In Section 3
a link is made between the problem of predicting the effective
behavior of composites containing n-layered spherical inclusions
with imperfect interfaces and a n-layered spherical problem as
the one presented in Section 2. This is an extension of the work
of Marcadon et al. (2007) to n-layered spherical inclusion-rein-
forced composites with imperfect interfaces. The two “discontinu-
ity matrices” attached to very thin soft interphases or rigid ones
are given and compared for the latter case to the ones attached
to generalized Young Laplace Conditions. Section 4 shows that
the classical self-consistent energy condition given first by
Christensen (1979) is still valid in this particular context of imper-
fect interfaces. Finally, in Section 5 some illustrative examples are
given.

2. n-layered spherical inclusion with imperfect interfaces,
embedded in an infinite matrix

This section is concerned with the derivation of the elastic
strain and stress fields in an infinite medium constituted of a
n-layered spherical inclusion, embedded in a matrix subjected to
uniform stress conditions (T° = 6°fi) or strain conditions
(ii° = &%) at infinity, where 6° and &° denote constant tensors, X
is the position vector and 7i denotes the unit normal of the consid-
ered surface oriented from the inside of the inhomogeneous inclu-
sion towards its outside.

Each phase is assumed to be homogeneous and linearly elastic.
The interfaces between the different phases can be perfect or not.
In this last case, abutting phases are imperfectly bonded and the
interface energy is no more negligible compared to the bulk

energy. Different cases of imperfect interfaces are dealt with in this
paper: the traction vector across the interfaces can be assumed to
be continuous while the displacement vector at the same place can
suffer a jump, or the displacement vector across the interfaces can
be assumed to be continuous while the traction vector is discontin-
uous. In order to solve all these problems, a general procedure is
proposed. This procedure uses “discontinuity matrices” to repre-
sent the interface models attached to imperfect interfaces.

Throughout the following a second-order tensor will be denoted
by bold letters and a fourth-order one by calligraphic letters. More-
over, Einstein’s convention of summation over repeated indices
will not be adopted. Let ¢ and & be respectively the Cauchy stress
tensor and infinitesimal strain tensors. The letter (i) will be use
to denote a generic phase of the n-layered spherical inclusion.

Let phase (1) constitute the central core and phase (i) lie
within the shell limited by the spheres with the radii R;_; and
Ri (ie[1,n+1], Riy1 — oo) (Fig. 1(a)). The phase, referred to as
phase (n+ 1) denotes here the matrix and will represent in the
next section the unknown equivalent homogeneous medium
(EHM).

The linear elastic behavior of each phase (i) is characterized by
Hooke’s law:

o =20 . e or b= p® :O'(i), (1)

where 6, g® are respectively the Cauchy stress tensor and infini-
tesimal strain tensors of phase (i), £ and M® stand for the elastic
stiffness and compliance tensors of phase (i) and the summation
over two indices is denoted by two points (:).

Note that all the considered phases are assumed to be isotropic
and thus all these elastic stiffness and compliance can be written in
the following form:

LY =3kJ +2u,K and MY =3lkij+2iﬂi/c 2)
where (y;, k;) are respectively the shear modulus and bulk modulus
of phase (i).

Let v; be the Poisson’s ratio of phase (i),i € [1,n+ 1], Ry;1 — o0
(Fig. 1(a)). 7 =3I®I, K =7 — 7 with I and Z being respectively
the second-order and fourth-order identity tensor.

It is worth noting that the imposed conditions at infinity
(T° = 6°ii) or (ii° = &°%) can be written as:

T = (J +K) : 6% = (LTre® + so)7i
or 3)
0= (T +K):8% = (1Tre? + eg)x

where s, and e, denote respectively the deviatoric parts of 6° and
&°. Consequently, the general solution of such an n-layered spheri-
cal inclusion embedded in an infinite matrix and subjected to uni-
form conditions may be obtained from the solution of two
elementary problems: hydrostatic pressure and simple shear
applied at infinity (Hervé and Zaoui, 1993).

The interface bonding conditions between phase (i) and phase
(i+1) (interface denoted as I'”) for r = R;) corresponding to a cho-
sen interface model are assumed to be described by a “discontinu-
ity matrix” defined from the solutions of the equilibrium
equations.

We shall use a spherical (r, 0, ¢) coordinate system with the ori-
gin at the center of the above-mentioned n-layered sphere. Let [/]
denote the interfacial jump in the quantity under consideration.

The interface energy E™(R;) at the I interface is defined as:

3 Jr,ule]fids, (jump of the traction vector) } @

.l JrlilenidS, (jump of the displacement vector)
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(a)

Fig. 1. (a) The n-layered spherical inclusion and its interfaces. (b) Thin interphase between phase (i) and phase (i +1).

2.1. Hydrostatic pressure

One of the two following uniform conditions is applied at
infinity:

o2,
or (3)
i —rlog g,

where o and 0, are constant and €, is the first vector of the spher-
ical coordinate system.

The solution for the non-zero displacement component u,, of
the single equilibrium equation is given in phase (i) Love (1944) by,

where F; and G; are constants.
The corresponding stresses in phase (i) are found to be (Hervé
and Zaoui, 1993):

o (r) =3k
an(r) = aw( ) = 3kF +25G; (7)
oy =0l =0y, =0

Let us introduce the (2 x 1) following matrices:
£(r) = [ur(r), an(r)]

0 = MMﬂMﬂ}

expressed in a canonical base (&;,&,). ®(r) is then given in phase (i)
by:

t(r) = KF,T +%> (3I<iFi — %G,ﬂ i IRIGAZ 9)

(8)

where V; = (F;, G|" and where J (r) is the following matrix:

. r .

D(ry = " 10
J(){%i4Q (10)

We now consider all the interface bonding conditions which can be
written in the following manner:

Gt E(R) = AJR:) Vi = (a)(R) IO (R)) Vi

where [t] denotes the interfacial jump of { at r = R; (surface T7).

=tH(R) - (11)

Perfect interface T,

Interphase Phasei+1

k}’ I‘L[ly Vll

i g SR R
WAL, By, Cp, Dy

Phasei
Perfect interface I'y

(b)

SJ(R;) is called the “pressure discontinuity matrix” on I';.
The interface conditions, taking into account the interface
bonding conditions (9) and then (11) can be written as:

1) ) [J ')(r) ‘71 + [E}Rl_]
1) DI R) + A1 (R) ]V

( z+
1+1 ( a
1+1 (

NS i

+AN(R )v (12)
V:+1 ‘7 (HNSU )V _ QS(i>\71
j=i
with:
N = (1Y) RO R)
AN(R) = (J(i+1))71(Ri) IV (R) JO(Ry)
(13)

NSO — (N(i’ + AN(Ri)>

1
o _ [ TINSO
(1)

oJ9(R;) and consequently AJ”(R;) depend on the chosen interface
model (see different expressions of §J”(R;) for several interface
models in Section 2.3).

All the coefficients (F;, G;) can be determined by using (12) and
by taking into account, on the one hand that the coefficient G,
must vanish in order to avoid a singularity at the origin and, on
the other hand, that the constant F,, is determined by the applied
state of hydrostatic pressure at infinity (as in Hervé and Zaoui
(1993)) and expressed as:

Fog = 91?,10}1 in the stress approach 14
Fpi1 =% in the displacement approach
The coefficients (F;, G;) are then given by:
Q (i-1)
Fi = Qf(ln Fn+1
ie[ln (15)

Q-1
Gi = stl(n‘) Fn+l
11

The interface energy E™(R;) at the T'; interface can be expressed as:
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E™(R;) = 2mR? V; AE V; (16)
with
E— [ALR) = 17 (R) + A (R) 1§ (R) (17)

and where ATP(RJ and ﬁ(Ri) denote respectively the (2 x 1) matri-
ces made of the pth row of AJ(R;) and of J¥(R;). It is worth noting
that either AJ; (R;) = 0 ([ii] = 3) or A}, (R;) = 0 ([a] i = &)

2.2. Simple shear

Following Hervé and Zaoui (1993), the boundary conditions
imposed at infinity and written in the spherical coordinate system
(r,0,¢) are in the displacement approach expressed as:

u® = yrsin’ 0 cos 2¢

u§ = yrsin 6 cos 0 cos2¢ (18)
u) = —yrsinfsin2¢

and in the stress approach as:

T° = tsin* 0 cos 2¢

TS = tsin 6 cos 6 cos2¢ (19)
T} = Tsin0sin2¢

In phase (i), the components of displacement field ii in the spherical

coordinate system has the following form Love (1944) after the res-
olution of the equilibrium equations:

1-2v; 12

ul(r,0,¢) = (Air — SSLBr + Xy 3 2) sin’ 0 cos 20

uy(r,0,¢) = (Ar—74‘*B,r3 2;?+2r7f>sm()cos()c052<l>

ul)(r,0,¢) =

(Ar—7 4213,31,3 2%4_2%) sinfsin20®

(20)

The corresponding stresses in phase (i) are found to be:

o (r,0,¢) :ui(A,—+ 2 Bir? — 5o D)

052(r70,¢)=u,~(, 7*5;‘Br2+ L AL r;)Zsianosf)cosztl)

i 7 12 231
0.6) = g (A~ 2B 554 2130

5 )2 sin? 0 cos 2@

B )2 sin0sin2®
(21)

where (A;, B;, C;, C;) are constants.
The key tool to solve easily the problem of simple shear is to
introduce these quantities into the two following (4 x 1) matrices:

1(1,0,0) = [r(r,0,9). us(r.0,9), 0(r,0,0), Tu(r, 0.¢)"
101,0,6) = [u? (r,0,6), u (r.0,9), 0.0.9), 0)(r.0,6)]
(22)

exEressed in a canonical base (€, €5, €3,€4). Let 1 denote the value
of I(r) in phase (i). In order to deal separately with the dependence
over 0 and ¢, let us denote by g(0, ¢) the following vector:

8(0,¢) = sin 0 cos 2¢|sin 0€; + cos 0, + 2 sin 0€; + 2 cos 084] (23)

For the sake of simplicity of the expression of the bonding condi-
tions over the interface I';, and using Eqs. (20) and (21), I19(r, 6, ¢)
is written in the following manner:

0(r,0, ¢)

where W; = [Ai, Bi, Ci, D,»]T andH @A g denotes for any (4 x 1) matrix
H=[H:, Hy, Hs, H3]":

=LO(rW; B E(0, ¢) (24)

H B g = sin0cos 2¢[H, sin0, H, cos 0, 2Hs sin 0, 2H4 cos H}T (25)

where the matrix L7 (r) (already defined in Hervé and Zaoui (1993))
is given by:

—6v; ..3 3 5-4v; 1
r =2y | = T2, 72
7-4v; .3 2 2
r A r P =
(i) _ T 12y rd 2
L (r) - 3‘, : 12 2(v; )“ (26)
B 1y wrt - En T e
7+2‘ 2 8 2(1+
Hi IlLtlr r_Slui 1- 2t r3’
It is worth noting that:
ucb (r.0,¢)=

( )WsmHst(I) } 27)

ol (r,0,¢) = —2L£; (r).W; sin 0sin 2®

where LY (r) denotes the (4 x 1) matrix made of the pth row of
LO(r).

We consider now all the interface bonding conditions (over the
interface I';) which can be written in the following manner:

[, (Ri,0.9) = [0 (R,, 0, ¢) — [/(R., 0, ¢) = ALR)WiEE(0. ¢)

m g (R0 ¢) = SL(R)L” (R)W; & &(0, )
(28)
where [T]R(Ri797 ¢) denotes the interfacial jump of I at r=R;

(surface T7).

The different displacement and stress discontinuities at the
interface I'; are taken into account thanks to the “shear discontinu-
ity matrix” SL(R;) which depends on the chosen interface models.
To respect the spherical symmetry, we also assume that:

[ufl?}Ri = *Ez (Ri)-Wj sin0sin 2@
0 T T (29)
{%} o = ~2AL4(R).W;sin 0sin 20

where EP(RI-) denotes the (4 x 1) matrix made of the pth row of
AL(R)).

The interface conditions, taking into account the interface
bonding conditions (28) and using the definition (24) yield:

10 (R, 0, 9) = T0(R:, 0, 9) + [] L (R.0.9)
TR, 0,4) = (LY(R)) + AL(R) ) Wi B £(0, ¢) (30)
LD (R W1 BE(0,9) = (L(R) + ALR) ) W, B E(0, 9)
It follows that:

Wit = (L(””) “R) [L“)(Ri) + AL(Ri)} W,

Wi = (M@ + AM(R) )W,

(31)
A (HMS“>W _pow,
with j
MO (L“*”)A(Ri) LO(R)
AM(R) = (L“‘*”)A(R,-) LY (R)) LY (Ry)
(32)

M0 = (MY + AM(R))

psi) — (ﬁwm)

=
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SLY(R;) and consequently AL”(R;) depend on the chosen interface
model (see different expressions of SL”(R;) for several interface
models in Section 2.3).

In order to avoid singularity, C;,D, and B,,; vanish leading by
using (31) (See Hervé and Zaoui, 1993) to:

Py (33)

with V1 — P, — P, and:
Ani1 = g5~ in the stress approach 34)
An.1 =7 in the displacement approach

Using Eqs. (4), (22), (24), and (28), it can been shown that the inter-
face energy E™(R;) at the I; interface, due to this simple shear sol-
licitation, can be expressed as:

E™(R;) = ?—ZR,-Z W; Ae W; (35)

with Ae given by:

—

2L, (R)® AL, (R) + 3L (R)® AL, (R) interface displacement jumps }
2E3 R)® fl (Ri)+ 3ﬁ)4 (Ri)® L»(R;) interface traction jJumps

(36)
The replacement of W; by Eq. (33) in E™ provides:
8n RizAgH

Eim(R,) V;)")f[)s(i’1>AePS(i’])\71(,”) (37)

It is worth noting that applications will be carried out only to

ir1_tgrface _}models which consider that either
AL (R;) = AL, (R;) = 0 (jump of the normal and tangential compo-

nents of tractio_r} across I'; with a continuous displacement vector)
or AL;(R;) = AL4(R;) = O (jump of the normal and tangential com-
ponents of displacement across I'; with a continuous traction
vector).

2.3. Expression of the discontinuity matrices for several interface
models

The aim of this section is to give for several classical interface
models the two discontinuity matrices 5J” (R;) and 5SL” (R;) (defined
in Sections 2.1 and 2.2) which will characterize the displacement/
stress discontinuities over the interfaces I'; (i € [1,n— 1]). These
results will be used in Section 4 to get the effective behavior of
multi-layered inclusion reinforced composites having such imper-
fect interfaces.

2.3.1. Linear spring models
The interface conditions over I'; can then be written as:

ol.i=0
Poii=( P i, (38)

iio i = iii], A

LT

1

where Ci and 1t denote the interface parameters of the interface T
in the tangential and normal directions and where P =1 — i ® fi.

For an applied hydrostatic pressure, the “pressure discontinuity
matrix” 8J*(R;) attached to this “linear spring” over I'; may be
found by substituting Eqs. (8) and (9) in Eq. (38) and taking into
account Egs. (10) and (11):

[E]R,- = [[E’::jﬁl = {""IER,?Q] T {35 OR@} {2} (39)

which takes the form:

o]0 o1 V= @2 R (40)
S

For a simple shear sollicitation, the shear discontinuity matrix

SL® (R))) attached to this "linear spring” may be found by substitut-

ing Eqgs. (22) and (24) in Eq. (38) and taking into account Eqgs. (26)
and (28).

For that purpose, let us write the expression of mR which is

given by [T]Ri = [%O’,—,(Ri), éo-r()(Ri), o, O]T or:

21 6v; 2 24 2(vi=5) K
T AN Tl Taan R | [A
2 742y 2 16 4(1+v) Wi | | B;
i gg(lfzvi)Z'uin ;;Rf'ui d(1-2v) R Cl B0, ) (41)
0 0 0 0 Dl
0 0 0 0 i
We can also write m as:
0020
[ =]0 0 0 2 |LORW: EE0.9) = oL™ RIL"(R)W; BE(0, )
" \oooo
(42)

The two discontinuity matrices (5] (R;) and sL™ (R;)) attached to
this “linear spring” interface model can then be written as follows:
JPR) =18 06

i
Is

43
LR = 2(l, 8 +1 ez®e4)} 43)

2.3.2. Dislocation-like model

In the Dislocation-like interface model (Yu, 1998; Duan et al.,
2005a) the following conditions prevail across the interface
I';which separates the two phases (i) and (i+ 1):

GHD(R) = (;11TP + i ® Tl) D(Ry) } (44)

leading to:

g, = AV (R) — 19 (R) = (1 = P+ (1 — V)i @ AAO(R) |

(45)

The two discontinuity matrices attached to this interface “dislo-
cation-like model” can easily be written using the tools presented
in the present paper and can be immediately derived as follows:

AP R) = (y—1)é1 & }
(46)
LRy = (ny - 1)é10é + (N —1)E @&,

2.3.3. Asymptotic method to deal with thin elastic interphase

An asymptotic approach can be used to exhibit the (imperfect
or not) interfacial bonding as the effect of a thin elastic interphase.
Hashin (2002) has already derived such an interface model by a
Taylor expansion method in terms of interface displacement and
traction jumps.

The purpose of this section is to use the previous developed
approach using transfert matrices to deal with n-layered isotropic
spherical inclusions with thin elastic interphases and to exhibit the
two discontinuity matrices attached to a thin elastic interphase.

Let us consider that in the n-layered isotropic spherical inclu-
sion presented in Fig. 1(a), flexible bond layer of a thickness oiR;
is introduced between phase (i) and phase (i + 1) (Fig. 1(b)). The
two interfaces (I'; and I7) delimiting these three phases are

assumed perfect (T = aii and ii are continuous on I'; and T}"). Let
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(,u;', K., v;’) be respectively the shear modulus, bulk modulus and
Poisson’s ration of this interphase.

2.3.3.1. Method using the above-described procedure. When an
hydrostatic pressure is applied at infinity (boundary conditions
(5)), the solution ") (r) inside this thin interphase is given by:

€)= )" )V (47)
with Vi = [F}, G}] and where J™(r) has the same definition as (10)
except that (y;, k;) are respectively replaced by (,u;', ch). Conse-

quently, the interface bonding conditions can be written in the fol-
lowing manner:

[flg, = I R(1+ ) ~J" (R} (48)
Since I'; is a perfect interface it follows that:

JOR)V; =) (R Vi or Vi = 3™ (R)J (R) Vi (49)
[£];, becomes then:

[Elg, = P R (1 +20)™ " R) ~ 130 RV, (50)

It is worth noting that using a taylor expansion in terms of o :

int ; ) aj(iﬂf)
IO (Ri(1 4 ) =™ (Ry) + 4R =5~ (51)
R;

Finally

8] (int) O i .
[Ty, = iR =5 ™ RO)V (R)V; (52)
and

mt
<Ry =R g ) (53)
R;
Using the expressions of ™' (R;) (Eq. (A.1)) and of 2 (Eq. (A.2)),
it follows that:
) o 4ui -6k 3R

VR) = | g ,. (54)

3k + 44 = -12u
or

o -4 R(1-24)
o

NP (R) =5 , , (55)

2001 =) \ B2 0)  aga - )

In the asymptotic limit (of — 0) several interface models can be
derived depending on the functions pi(o) and kj(od).

The same procedure can be used when a simple shear is applied
at infinity (boundary conditions (19) or (18)), the solution T“”“(r)
inside this thin interphase is given by:

[0 (r) = L™ (Wi 8 g (56)

with Wi = |Al Bl C., D;} and where L™ (r) has the same definition
as (26) except that (u;, v;) are respectively replaced by (ui, vi).

Mg, = L™ (Ri(1 + o)) —

Since I'; is a perfect interface it follows that:

L™ (Ry)|W} 8 8 (57)

LYR)W,; = L™ R)W! or Wi = L™ (R)LY (R)W; (58)

Consequently, by using Eq. (58) in Eq. (57), the interface bonding
conditions can be written in the following manner:

mR = L™ Ry (1 + o) )L™ R) ~ (L R)W B & (59)
It is worth noting that using a taylor expansion in terms of o :
3 8[4 mt
L™ (Ri(1 + o)) = L™ (Ry) + R = (60)
R;
Finally
m g 2 g L (R)W; B & (61)
R,- - TN ar . ( 1) 1 g
and
) (int) o
SL(R)) = oiR; agr L (Ry) (62)
R;
Using the expressions of L ( ) (Eq. (A.3)) and of "L(;—':“ (Eq.
(A.4)), SL®(R;) is then given by the following matrix: &
2y _3y h@i) 0
H
. . . 2R;(vi-1
g | 2001 (-1 o et
vi—1 i(yi iy ) )
VImD) ) 60 ey 1) 301-1)
2;4(;;%1) B ;4(1;55) ZV} 3 (V; B 1)
(63)

2.3.3.2. Method using Hashin’s procedure. Hashin’s method Hashin
(2002) can also be used and we check here that it leads to the same
discontinuity matrices.

It should be pointed out here that Hashin’s model is equivalent
to take into account the solution of the field equations in the thin
interphase which lays between phase (i) and phase (i + 1) and to
consider the asymptotic limit when the thickness of the interphase
(here ¢iR;) — 0.

Following Hashin, it is necessary to express all the jumps of the
displacement and the traction vectors by C.I quantities (continuous
across the interfaces I'; and I'}). Because of the form of the dis-
placement and tractions vector in each phase (Egs. (8), (9), (18),
(22), (25) and (24)), and considering that ur,uy, Uy, 0y, Grg and oy,
are C.], it follows that their tangential derivatives with respect to
0 and ¢ are also C.I and also &, & and &,. Using Hooke’s law (1)
and (2), it is easy to show that ¢, and g, are also C.L

Moreover, following Hashin’s procedure, it is a long way to get
the two discontinuity matrices attached to this method.

We can express the jump of the displacement vector as:

[r]g, = oRittrr (Ri) = ctjRigr (Ri)

i T Ri)—uro(Ri

ol = Rt (Ry) = oRy [0 s )] (64)
i b(R; in6 uy (Ry) -ty (R;)

[u(/)hl = oiRiUy(R;) = oiR; [—#R + 5 ugm HR:J : ]

where commas denote partial differentiation.
The jump of the traction vector is expressed by using the equi-
librium equations:

[Onlg, = % [~Tr0 — ‘Z{;”j," —cotan 0 6,y —
[O-r()}Rl. =9 [700”-0 sm(}

[O-rr/)]Rl. =0 [—O'mp.o smH - 30 —

20'rr -+ (0'00 -+ O'¢¢)}
— 30,y —cotan 0 (Ggy — 4y)]

2cotan 0 6]
(65)

After tedious calculations and using the definitions presented in
Section 2, we obtain the following results:
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e Hydrostatic pressure:

g, = BW[ (204 - 3K) 6 (R) — 3Rt (Ry)|

o (66)
[0l = 5557 36kt (Ro) — 12141t (Ry)|
e Simple shear:
.2 i _1)\R: . .
g = S0 20% o) - v R+ P DR
1 1
) . TO RN
[us]y, = cos 0sin 0.cos 2¢ o} {—213(1” (R) + LY (R) + M} W
1
mﬂﬂzzgﬁﬁfﬁz¢”[*”m}fv”ﬂ%&>+ﬂﬂ%ilﬁﬂw&>
1 i i
o =20 - DIVR) +3(v - 1)E§,"(R,->} W,
25sin0cos 0cos2¢ o [20i(1 + V1)
[Gm]gi = s C3i57C]OS ¢a’[ H’(R‘+ V'>L§)(Ri)
| i
~HOLESE R) 4~ 240 (R) - 30 - DIV RO Wi (67)

This comparison shows obviously that Hashin’s procedure leads
(with tedious calculations) to the same discontinuity matrices
oJ*(R;) and SL*(R;) (Egs. (55) and (63)) already easily obtained
thanks to the method presented in Section 2.1 and in Section 2.2.

3. n-layered spherical inclusion-reinforced composites

In order to predict the behavior of n-layered spherical inclu-
sion-reinforced composites with imperfect interfaces a link must
be made between this composite and a n-layered spherical prob-
lem as the one presented in Section 2 (cf Fig. 1(a)). It is worth notic-
ing that this n-layered spherical problem is an auxilliary problem
that will be used to determine in Section 4 the effective properties
of the studied composites by the generalized self-consistent
scheme (GSCS). For this purpose, we consider that the volume frac-
tion of each phase is the same in the composite as in the attached
auxilliary n-layered spherical problem. This is a generalization of
Eq. (20), Marcadon et al. (2007) to n-layered spherical inclusion-
reinforced composites and this equivalence is also justified by
Benveniste (2008). This equivalence of volume fractions is applied
in the interphase between phase i and phase i + 1 and leads to:

R, —R _ (Ri+t) —Ry

i+1 i

R R,

1

(68)

and, in the case of thin interphase with R, = R;i(1 + o) (o — 0) to:

. t;
o = — 69

1 ROi ( )
where Ry; denotes the external radius of the inhomogeneous inclu-
sions, part of the n-phase inclusions where such an interface model
is used, and t; the thickness of the interphase laying between phase
i and phase i+ 1.

Eq. (69) can be used to clarify the discontinuity matrices

attached to soft or rigid interphases:

1. In the case of rigid thin interphase the shear modulus of the thin
interphase between phase i and phase i+1, ,u§ is deﬁned by

ui = uiti leading, thanks to Eq. (69), to ui = [, = ,RU A (Ri)
(Eq. (55)) becomes then )& (R,):
i 4pi(1+vi)t; [0 0

5 AsRigid R) = 1 LVt |: :| 70

Jo R RuRi(1-vi) [1 0 70

and SL%(R;) (Eq. (63)) becomes SL*F€(R;):

0 0 00
SLARiEd Ry Hit] 0 _ 0 ) 00
VT RaRi(Vi—1) [ -2(1+v)) 3(1+v) 0 0
2(1+v)) —(5+v) 0 0

(71)

2. In the case of soft thin interphase (u} = pitl, with g denoting
the shear modulus of the interface in this case), it is well known
that this thin interphase is equivalent to a linear spring inter-
face model and, 8] (R;) and SL*(R;) write like the discontinuity
matrices attached to the linear spring interface model (see Eq.
(43)) with:

= H
S oR;

i 2u(1)
s o/.;'R,»(l—Zv;')

(72)

It is worth mentioning here that interface effects have been
intensively used to study size effects in composites reinforced by
nano-sized particles. In this case, a stress discontinuity is assumed
on an interface I'; (i € [1,n— 1]) and the displacement vector is
continuous across I';. The interface conditions across each I, as
given by Povstenko (1993), taking into account the jump of the
traction vector on I'; and resulting from the analysis of the
mechanical equilibrium of the interface between two different
media are also called generalized Young-Laplace equations
(Duan et al., 2005c). These interface conditions have been used
by several authors like for instance (Brisard et al., 2010a; Brisard
et al., 2010b; Kushch et al., 2011; Le Quang and He, 2008; Wang
et al., 2005; Duan et al., 2005b; Duan et al., 2005a; Duan et al.,
2007; Duan et al., 2008) and are written as:

i) = 0
fi.o].i = —0°: K, (73)
P[o).ii = —vys.0°

where x is the curvature tensor, /5.7 denotes the surface diver-
gence of the so-called surface stress tensor ¢°. This surface stress
tensor is linked to the surface strain tensor & by the shuttleworth
equation and will be written here as in Brisard et al. (2010b):

6 =C:¢ (74)

where C° denotes the stiffness surface tensor of the interface which
only operates on the tangential components of the bulk strain ten-
Sor &.

In the case of the generalized Young-Laplace conditions, we
will used as in Wang et al. (2005), Brisard et al. (2010a) and
Brisard et al. (2010b) the following constitutive equations at the
interfaces I';:

Ty = (ﬁ; - Mé) (€00 (Ri) + &99 (Ri)) + 21len(R;),
05 = (B = 1) (En(R) + 20 (R)) + 211600 (R), (75)
Thy = 2M5809(Ry)

where the components of the tangential strain in the abutting bulk
materials are taking into account.

. and gi denote the elastic coefficients of the interface I';. They
have been determined for a three-dimensional problem by Wang
et al. (2005) thanks to a connection between a thin stiff interphase
and Young-Laplace interface model and are here given by:

_ w0
fi= (1-) (76)
1= pi
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The same convention has been chosen as Brisard et al. (2010a) and
Brisard et al. (2010b) (/5; =k and p = 1) and Le Quang and He
(2008) (B =kyq and pi = p;) but a different convention as Duan
et al. (2005¢) (B =ks;/2 and pi = p). It is worth noting that
[0,0.5].

The bonding conditions over I'; are expressed as:

i .
1<% <3 whenvje
S

— 1
[onlr, = 7 (0% + 05
(Grlr, = — - (2 1 %0 4 (63, - 0%,) cot 0 (77)
r0lr; — TRy \"90 T sino 0¢ 00 (23

09

_ 1 0¢p ¢
[O'rﬂ]r,- ~ " Ru ( 20 T smo smH mp“ + 2‘7 COt 9)

In the case of an hydrostatic pressure applied to the boundary of
the configuration presented in Fig. 1(a) the bonding conditions
over I'; may be found by performing the calculation of ¢ from Eq.
(6), substituting ¢ in Eq. (75) and then ¢ (Eq. (7)) and ¢° in (Eq.

(77)). 0 .
In this simple case: £y(R;) = oo (R;) = “’,gf‘) = ]Ri( )V,
{uﬁ”} =0
hi (78)

(lr, = 2 Tt (R).V
leading to the same discontinuity matrix as Eq. (70)

5J(YL) (Rz) _ 5J(A5Rig1'd)(Ri) (79)

In the case of a simple shear applied to the boundary of the con-
figuration presented in Fig. 1(a), the bonding conditions over I;
may be found in that case by performing the calculation of & from
Eq. (20), substituting € in Eq. (75) and then ¢ (Eq. (21)) and ¢* in
(Eq. (77)).

It is worth noting that, with the above-introduced notation we
have:

— —
g (Ry) = C052¢<L<>(R)sm 0+ LY (R,-)cosZ@).Wi

Epo(Ri) = w;”’(L“(R)sm 0+ LY (Ri)(cosZ()—z))Wi (80)
tup(R) = — 2L (R, W7,

leading to:

mr] _— {ﬁs(ZL (R)—3L”(Ri)>.\/\7,-(§3—€4>+---2ugfg)(Ri).W,-E4}Bﬂg
(81)

Consequently, using the definition of 6L(R;) given in Eq. (28), we
can get the value of SL""(R;) from Eq. (81) and show that the dis-
continuity matrix sSLY (R;) = SL4RE9 (R,

The displacement and stress fields in configuration Fig. 1(a)
with imperfect interfaces can be found easily thanks to the present
method based on discontinuity matrices when this configuration is
submitted at infinity to an hydrostatic pressure or to a simple
shear sollicitation. More precisely, this problem needs no more to
use a replacement procedure as the one presented in Duan et al.
(2007) in the case of generalized Young Laplace condition.

It is also worth noting that, each time it will be possible to char-
acterize the imperfect interface models by discontinuity matrices
such as ¢J and JL, it will be easy to solve such auxilliary problems.

These solutions will be used in the following section to
determine the effective elastic behavior of composites containing
n-layered spherical inclusions with imperfect interfaces.

4. (n + 1)-phase model with imperfect interfaces

The expression of the energy balance has to be revised in the
context of imperfect interfaces. The well-known work of
Christensen (1979) derives the calculation of strain energy in sys-
tems containing inhomogeneities with perfect interfaces.

Let us consider now the previous defined n-layered spherical
inclusion (delimited by the I', interface) embedded in an homoge-
neous elastic matrix whose elastic stiffness tensor is
£ = 3ky 1 T + 244, K. where (f,,, kny1) are respectively the
shear modulus and bulk modulus of phase (n + 1) (Cf Fig. 1(a)).

All the T'; interface (i € [1,n — 1]) can be imperfect or not except
the I', one which is supposed to be perfect.

Let us denote by TI'. the external surface. This homogeneous
matrix is subjected to uniform stress (T° = ¢%f) or strain condi-
tions (1i® = &°X) on its external surface.

The elastic strain energy in the heterogeneous body presented
in Fig. 1(a) is defined by:

1
:i/vo-.sdv (82)

where @, ¢ are respectively the stress and strain tensor in configura-
tion Fig. 1(a) and the elastic strain energy in the homogeneous
configuration made only of phase (n + 1) is defined by:

Uo _1 / 6 &dv (83)
2y

where 6, &% are respectively the stress and strain tensor in this
configuration. V denotes the volume of the region inside the surface
Texe. EqQ. (82) can also be written as:

U=Up+1 [, (6:6—0%:&"dv
U=Uy+1 [, (o:gradii— o : gradii®)dv (84)
U=Uy+W, -1 J,0°:gradii’dv

with W, =1 [, (o : gradii)dv
4.1. Interface with jump of the stress vector

It is worth noticing that ¢ and ¢° in Eq. (84) satisfy both the
equilibrium equation which can be respectively expressed as

dive = 0 and dive® = 0 but where dive denotes the divergence
with distribution derivatives meaning respecting:

dive = {dive} + [a]iisr, (85)

_
where {dive ; denotes the divergence with function derivatives
meaning and” Jr, the Dirac distribution over the interface TI7.

{m o-} can then be replaced by —[a] i dr,.
W, = / o : gradii)d /{dlv oii }dv——/ {ﬁ/a}ﬁdv
2 v

(86)

Taking into account the jump of the stress vector over all the imper-
fect interfaces I'; (sum over i with i € Sip):

W, = % (ien)d / i fo]
Dext i€Simp
©(d or,
_ Z / _ (U [o-]zn rn) dZ) (87)
i€Simy 7V
With [, (ii [6]fior,)dv = [ Ui [6]fids, W, becomes:
w, = 1 (oti)ds (88)
2 l_ext
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Consequently by taking into account that dive® — 0 and by substi-
tuting Eq. (88) in Eq. (84), the energy U can be written in the follow-
ing form:

U=Uo +1/ fi(oii - 6%i%)ds (89)
Text

Using Eshelby’s procedure which consists in replacing the effect of
the inclusion by a particular distribution of body forces, Christensen
(1979), it can be easily shown that the following relation is still
valid when there may be a jump of the stress vector on the I
interfaces:

— 1 TO 37 _ T 1j0
U_U0+§/"<T i~ T)ds (90)

where uniform stress has been applied to the external surface. It is
worth noting that I', can be replaced, in Eq. (90), by any I'; interface
providing there is no jump of stress vector outside this interface (as
already pointed out by Benveniste (1985)). The corresponding
result when uniform displacement has been applied to the external
surface can be written as:

U=U, —% / (To.ﬁ - T.ﬁo)ds (91)

n

4.2. Interface with jump of the displacement vector

The previous energy approach have already been generalized by
Benveniste (1985) to the case in which there may be a jump in the
displacements at the interfaces. It is still valid when we consider a
composite material with n-layered inclusions.

Uz Uyt / (10— 7.°)ds (92)
2 Jr,
The sign in front of the integral in Eq. (92) depends on the fact that
uniform stress or uniform strain conditions are applied to the exter-
nal surface. It is worth noting that in the case of jump of the dis-
placement vector the possible interpenetration has to be prevented.

The hereabove presented generalization of the Generalized Self
Consistent Scheme (GSCS) to n-layered inclusions with imperfect
conditions can account for several type of interfaces with for some
of them undergoing a jump of the traction vector, for some others
undergoing a jump of the displacement vector and for some others
being perfect, all this in the same n-layered inclusion.

4.3. (n + 1)-phase model with imperfect interfaces

We can use the solution, presented in Section 2, of the n-phases
inclusion with imperfect interfaces embedded in an infinite matrix
when the bulk and shear modulus of this matrix named respec-
tively K?ﬁf)f and u(s,‘j{f denote the effective bulk and shear modulus
of the n-layered inclusion based composite (£ =
3K T + 2007 K).

Our criterion for determining the effective properties is to use
the Christensen-Lo’s energy condition U = Uy. As already shown
by Hervé and Zaoui (1993), this energy condition, which can be
here, thanks to Egs. ()()()(90)-(92), still replaced by:

/F (To-ﬁ—Tﬂ")dS:O (93)

reduces to G, =0 in the case of an applied hydrostatic pressure and
to D,.1 = 0 in the case of an applied simple shear sollicitation when
the proper stress and displacement expressions are used from
Section 2.

The two conditions G,,; =0 and D,,; = 0 lead to the expression
of the effective bulk modulus I(f,iff and the effective shear modulus
1o as shown in Hervé and Zaoui (1993).

These effective moduli are here determined from Egs. (45) and
(51) of Hervé and Zaoui (1993) where the matrix N™ (respectively
the matrix M™) has to be replaced by the matrix N°™ (respectively
the matrix M°™) defined in the present paper (see Appendix B,
where Eq. (45) and (51) of Hervé and Zaoui (1993) have become
respectively Egs. (B.3) and (B.4) in the case of imperfect interfaces).

5. Applications to interface models leading to size effects in
nano-composites or mismatch in composites

Before considering some new applications with n > 3, we have
first verified that, in the particular case where n = 2 our extended
theory provides the same results as the numerical results available
in the literature.

o In the case of the considered interface model between phase 1
and phase 2 is a linear spring model, we have compared our
predictions of the effective stiffness of composite with such
interface, with Sangani and Mo’s results (Sangani and Mo,
1997). For that purpose, the discontinuity matrices given by
Eq. (43) have been used with 1} =“2% and ¢ = 2%, where
D, and D; are non-dimensional coefficients introduced by the
authors to characterize the interface behavior. This application
provides exactly the same results as for example, their Figs. 3
(Dp — o0) and 4 (D; — o).

In the case of the considered interface model between phase 1
and phase 2 is a Young-Laplace model, we have compared
our predictions of effective stiffness of porous solids with Duan
et al.’s results Duan et al. (2005c) who have considered two sets
of surface moduli (ks, i) (referred as cases A and B) taken from
the paper of Miller and Shenoy (2000). For this purpose the two
discontinuity matrices given in Eqgs. (70) and (71) have been
used using Eq. (76) where (u!, v})are determined from the
two sets of moduli by the link: g} = "75, ul = . This application
provides exactly the same results as for example, their Figs. 1
(effective bulk modulus function of void radius) and 4 (effective
shear modulus function of void radius). it is worth noting that
Kushch et al. (2013) have made comparison between these
results and the predictions of the effective behavior of periodic
particulate nanocomposites with the same interface model in
the case of the two sets A and B. They have found a very good
agreement for porosity lower than 0.4.

For n > 3 the following Illustrative examples correspond to differ-
ent n-layered spherical inhomogeneities represented in Fig. 2. The
considered imperfect interfaces correspond either to Asymptotic
Rigid interface (named here I'4z; and characterized by the two dis-
continuity matrices (70) and (71)) or to Asymptotic Soft interface
(named here I'ss5, and characterized by the discontinuity matrices
(43) with (72)).

The first application is devoted to the study of size effects in a
particle-reinforced composite where the inclusions are surrounded
by an interphase which thickness is named t;, (Cf Fig. 2(a)). Let f be
the volume fraction of inclusions, (Kic, Uinc, Vine), (Kint, Hine, Vine)s
(Kimat s lnges Vmae) be respectively the bulk modulus, the shear modu-
lus and the Poisson’s ratio of the inclusions, the interphase and the
matrix and R;,c be the radius of the inclusions.

Let us define the normalized effective shear modulus by u¢ / u?
where 2P is the effective shear modulus given by the GSCM con-
sidering only two phases in the composite (inclusions + matrix)
and let us report in Fig. 3 some normalized effective shear moduli
versus the ratio Riuc/tint-
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Fig. 2. Applications to different n-layered inhomogeneities.

The normalized effective shear moduli obtained by an asymp-
totic approach (corresponding to a thin and rigid interface),
WAR /2P are compared in Fig. 3 on the one hand with the normal-
ized ones given by the GSCM considering the three phases of the
composite (inclusions + interphase + matrix) without an asymp-
totic approximation (u3"/u?), and, on the other hand, with the
normalized ones given by the GSCM considering that the inclusions
and the interphase are rigid * /2P . Similar results, valid for the
bulk moduli are not presented here.

Fig. 4 shows an application to composite with coated inclusions
and an interphase is present around these coated inclusions
(Fig. 2(b)). Let f be now the volume fraction of coated inclusions
and Keoat, Heogrs Veoats toat D€ TESPECtively the bulk modulus, the shear
modulus, the Poisson’s ratio and the thickness of the coated phase.
Moreover we have considered that the thicknesses of the coating
phase and of the interphase are linked by tcoq/tinr =5. The
approach consisting in performing first the calculation of the effec-
tive behavior of the coated inclusion and then to replace these
coated inclusions by their effective behavior for determining the
effective behavior of the whole composite (kK**”° and u2's) has
been compared in Fig. 4 to the correct homogeneization approach
(k* and 14) consisting in considering all the phases together in
the n-layered spherical inhomogeneity with n = 4. R;,c denotes in
Fig. 2(b) the radius of the coated inclusions. These results show
as already known, that this replacement works only for the deter-
mination of the effective bulk modulus (k4p /Kasteps = 1, cf the recur-
rence relation Eq. (46) (Hervé and Zaoui, 1993)). It is worth
noticing that the coated inclusions are homogeneous when
Rinc — teoar (the coated inclusions are made only of the coating

phase) and for R;,c — oo (the coated inclusions are only made of
the inclusion phase) leading, for these two particular values of
Rinc , to the same results for the two approaches also regarding
the effective shear modulus, % /u?ts = 1. The approach consist-
ing of replacing the interphase by a thin rigid interface (effective
behavior: ¥* and ') has also been compared in Fig. 4 to the cor-
rect homogeneization approach (k* and 14). We can see that this
approach is a good approximation for Ric/tine > 100.

In Fig. 6 we have considered a composite containing inclusions
embedded in an accommodating coating phase with linearly vari-
able behavior discretized into various steps (here 100 steps) (cf
Fig. 5 for the normalized value k/knq of the bulk modulus of the
different phases) and we account for a mismatch occuring at the
T'4s, interface located in the coating phase, at the distance ar from
the center of the inclusions. (cf FigS. 2(c) and 5). (K*°, u#%) and
(k" 149) represent respectively the effective bulk and shear mod-
ulus of the composite with the presence of the I'4s, interface or
not (undamaged material in this last case). The fully damaged
material is represented by a composite where all the domain inside
the I'ys, interface has become porous.

For the composite studied in Fig. 6, we have represented in Fig. 7
the jump of displacement at the I'ys, interface (3[u;]yp/(0oRinc))
obtained from (Eq. (11)) when the composite material is subjected
to an hydrostatic pressure (displacement condition Eq. (5)) and
the jump of displacement at the I'ss, interface [U,]s/(yRinc) Obtained
from (28) where a simple shear is applied (Eq. (18)), where
u(r, 6, ¢) = U,(r) sin® 6 cos 2®, with still fixed 30% volume fraction
of inclusions and 21.8 % of coated phase and Vi = Veoar = Vine =
Vmar = 0.3, Kinc /kmar = 100 and for different values of ki,.

ueff/p}p

— u3p /ulp |

-=== ARy 2

0.9

|
100 120

Rind/tint

Fig. 3. Comparison between the normalized shear moduli for different values of kiny.. (f = 0.3, Kinc = 10 Kmar, Vinc = Vine = Vinar = 0.3).
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Kint /Kimar = 5.
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Fig. 5. Bulk modulus inside the basic morphological pattern where a I'ss, interface is located in the coating phase, at the distance ar from the center of the inclusions.
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Fig. 6. Effect, on the effective bulk modulus of the composite (left) and on the effective shear modulus (right), of the normalized distance (ar/Ri,c) of a partially damaged
interface, for different values of the k;,, bulk modulus of the thin soft interphase/interface I'ss, with fixed 30% volume fraction of inclusions and 21.8 % of coated phase,

Vine = Veoat = Vint = Vmat = 0.3, Kinc /Kmac = 100.
6. Conclusion

The approach developed in this paper gives a general procedure
to study the elastic behavior of composite materials reinforced by
n-layered inclusions with imperfect bonding conditions between
their different phases. The main point of this procedure is to use

transfert matrices to express the bonding conditions between the
different phases. In the case of imperfect interfaces “two disconti-
nuity matrices” are attached to the interface model characterizing
the imperfect interfaces. The "discontinuity matrices” attached to
classical imperfect interfaces (linear spring, dislocation-like
models, generalized Young Laplace conditions) have been derived.
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Fig. 7. Normalized jump of displacement in the basic morphological pattern at the I'ss, interface, (3[u,],;»/(0oRirnc) when an hydrostatic pressure is applied or [U,]s/(7Rinc)
where a simple shear is applied, with still fixed 30% volume fraction of inclusions and 21.8 % of coated phase and Vinc = Veoat = Vint = Vmat = 0.3, Kinc/Kkmar = 100, for different

values of k.

Section 3 shows in an easy way that we obtain the same “discon-
tinuity matrices” for the interface model based on the generalized
Young-Laplace interface conditions for solids as for the interface
model obtained by an asymptotic method considering a thin stiff
interphase present in a spherical inhomogeneity inside which the
volume fraction of each phase is the same as the one in the com-
posite. The homogeneization method developed by Marcadon
et al. (2007) when a single Morphological Representative Pattern
is used appears to be a generalization of the one developed by
Wang et al. (2005) and Duan et al. (2005a). It is also possible,
thanks to the present approach to introduce not yet studied inter-
face models in micromechanicals models and to use the resolution
of the n-layered spherical inclusion with imperfect interfaces prob-
lem in an approach using several Morphological Representative
Patterns (Bornert et al., 1996; Marcadon et al., 2007).

Moreover the problem of size effect due to the presence of a
constant-thicknessed interphase around inclusions embedded in
a matrix has been solved and some results have been presented.
The influence of the distance between the center of the inclusions
and the place where a mismatch inside a functionally gradient
coating occurs has also been presented.

The same procedure, using “discontinuity matrices” can also be
used in the case of multiply coated fiber reinforced composites
(work in progress).
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Appendix A. Useful matrices

. “ho
R = | R (A1)
3k; + 4, \ 3KIR? R}
. 1 _2
ajlnt Rl3
or| o (A2)
R; R

L™ (R,) is given by the following matrix:

[ 2(vi-5) (vi+1) (4v1-5) (2vi-1)
3R, K, 34 It
4(2vi-1) 4(2vi-1) (2vi-1) (2vi-1)
1 7R? R 7iR? TR (A3)
5(vi—1) VRER(247) 2R (avi-7)RS :
T 14 T T4
R@i-) K@) _REE) R
L 3 2 31 24
'1 ~18vi 2 12 2(5-4v) ]
T2y i TR (2R
3(7-4vi) o
LI - (va’)Ri B
= ' A4
or 0 Gﬂ’\l R 60! Gu,(v; 5) (A4)
Ri 2 N (T
0 Z;L,(7+ZVD ) 404 6;1,(1+‘ )
A UL

Appendix B. (n + 1)-phase model

From Hervé and Zaoui (1993), the matrix N defined as

(1) RN (Ry) s given by:

4
i _ 1 Bki + 4lui+] E (lul'Jr] - lu“l) (B 1)
3kivt + A \ 3(kiy — k)RS 3kir + 4L, '
. . -1 -
and the matrix M? = (L“*”) (R)LY(R;) can be expressed as:
G R (3b;-7c))
3 5(1-2v;)
(1-2v3,4)b;
MO~ 1 0 T
T 5(1 — i) Ry R! (2a;+1470;)
2 T 70(1-2v)
5 3 7(1-2v, )R
=2 (1 =2vi 1) ouR; TE]V,)
12 4(f—27%)
R 15(1-2v)R?
_20((1-2v341)2% _ 12%(01-2viy)
7R 7(1-2)R? (B2)
4 RZ[105(1-v;,1)+1204(7-10v;,4)-7¢;] ’
7 35(1-2v)
ei(1-2vi.q)
0 3(1721;?)1
with
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G = (7+5%)(7 = 10Vi1) o — (7= 10,)(7 + 5vi.1)
bi = 47 —10v) + (7 +5vi) ;*

G o= (7—5Via) +2(4 - 5vi0) A

di = (7+45Vi1) +4(7 — 10v;)

e = 2(4-5v)+(7—5v) L

fi = (4=5v)(7 = 5Vi1) — (4= 5i1)(7 = 5v;) i
o = ﬁ’] -1

Let us define Z;, by Z3, = P/ VP
and € [1,4].
The effective behavior (ki , ;1;), respectively the bulk modu-

lus and the shear modulus, of such materials are given by:

o 3kiR2 S gy

— PP with o € [1,4]

= B.3
YR Q) o
and u(s,‘j{f is the positive root of the following second order equation:
2
A(ﬁ)) ¥ B(ﬁ)) +C=0 (B4)
Hin Hin
with:

A=4R°(1-2v,)(7—10v,)Z5, +20R%(7 — 12v, 4+ 8v2)(7 — 10v,)Z5,
- 12R3(1 = 2v,)(Z5, — 7255) +20R3 (1 — 2v,)°Z5,
+16(4—5v,)(1=2vn)Z35
B=3R\°(1-2v,)(15v, — 7)Z}, + 60R], (v, — 3)vuZy, +
o= 24R3(1 = 2v,)(Z5, — 7Z55) —40R3 (1 - 2v,,)°Z3,
—8(1=5v,)(1-2vn)Z35
C=—RI°(1=2v,)(7+5v,)Z5, +10R) (7 —Vv2)Z5, +
+-12R3 (1= 2Va)(Z34 — 7Z33) + 20R3(1 - 2v) Z§3
—8(7—5vn)(1-2vn)Z35

Appendix C. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at http://dx.doi.org/10.1016/j.ijsolstr.2014.
04.008.
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