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1. Introduction

In the present paper we discuss the connection between two
approaches that can be applied to calculate effective elastic
properties of heterogeneous materials: (1) the multipole expansion
and (2) the property contribution tensors. It can be considered as
extension of the work of the present authors (Kushch and
Sevostianov, 2014), where conductive properties were discussed,
to the case of effective elastic properties.

Connection between the compliance contribution tensors and
far-field asymptotes received some attention in literature. Jasiuk
et al. (1994) and Jasiuk (1995) considering 2-D polygonal holes,
made an observation that the far-field asymptotic of the hole-gen-
erated fields fully determines the compliance contribution of the
hole.

Actually, sufficiency of the far-fields for proper description of
the contributions of the inhomogeneities to effective properties
extends to the general 3-D case as shown by Sevostianov and
Kachanov (2011). The extra overall strain due to the presence of
an inhomogeneity in reference volume V is given by the
well-known expression in terms of an integral over the boundary
aV (Hill, 1963):

Ag (Aun + nAu)ds, (1.1)

T2V v
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where Au are extra displacements due to the inhomogeneity and n;
is the outward unit normal to V. Volume V can be arbitrarily large,
hence the far-field asymptotics of Au is sufficient for determination
of the compliance contribution of an inhomogeneity. Formula (1.1)
gives the compliance contribution of an inhomogeneity in terms of
experimentally measurable quantities - displacements of the
specimen boundaries; in this context, volume V must be large to
neglect the inhomogeneity-boundary interaction thus making the
far-field asymptotic necessary.

The far-field asymptotics of elastic field is shape-dependent,
even in cases when the inhomogeneity compliance contribution
is isotropic (for example, when the inhomogeneity shape has the
symmetry of any equilateral polygon, except square).This is in con-
trast with shape independence of the inhomogeneity contributions
to the physical properties characterized by second-rank tensors
(see Kushch and Sevostianov, 2014), such as the conductive or
dielectric ones: for them, the isotropic case is characterized by
only one constant, hence any isotropic - in regard to these
properties - shape (such as any equilateral polygon including
square) can be replaced by a circle of appropriate radius.

The structure of the far-field and its shape dependence can
be clarified using the multipole expansions (Kushch, 2013).
Batchelor (1974) suggested to calculate average stress — and thus
the effective stiffness of composite - in terms of the induced dipole
moments of particles populating the representative volume
element (RVE). The elastic dipole moment is formally defined (see,
for example, Vakulenko and Kosheleva, 1980; Kosheleva, 1983)
as the coefficient in the multipole series expansion of displacement
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disturbance field associated with the dipole term. Multipole expan-
sions can be illustrated on a system of forces distributed in volume
V. At distance r that is much larger than linear dimensions of V, elas-
tic fields can be represented as a sum of terms: the first one is gener-
ated by the principal vector of forces (it decreases as r—2 for stresses
and r! for displacements); the second one - by dipoles, i.e. pairs of
equal and opposite point forces applied at closely spaced points (it
decreases as r—3 and r—2); the third one - by quadrupoles - closely
spaced dipoles of opposite signs (it decreases as r~# and r—3), etc.
The first term (generated by the principal vector) is a dominant
one. Such expansions can be extended from a discrete system of
forces to a distribution of stresses (or strains) in V: the role of the
principal vector is played then by the integral f, o;dV and higher
order moments take the form [, x,0;dV, [, xix,0;dV, etc. We refer
to the book of Lur'e (1964) for the case of discrete system of forces
and the book of Kanaun and Levin (2008) for a more general form
of distributions.

The connection between the property contribution tensors and
multipole expansion method is not yet well recognized and
understood. This work aims at establishing the connection between
two different approaches to the problem of homogenization
and to identify and discuss the key microstructural parameters
affecting overall elastic properties of heterogeneous materials. It
follows the idea proposed by the present authors (Kushch and
Sevostianov, 2014) for overall conductivity (thermal or electric)
of heterogeneous materials.

2. Background material

For readers convenience, in this section we briefly outline the
concepts of (1) property contribution tensors and (2) the multipole
expansion. These topics, being known for several decades, are not
widely used in the problems of homogenization.

2.1. Compliance and stiffness contribution tensors

Compliance contribution tensors have been first introduced by
Horii and Nemat-Nasser (1983) for pores of ellipsoidal shape
(explicit formulas connecting compliance contribution tensor and
Eshelby tensor for an ellipsoidal pore are given in the appendix
of the mentioned paper). Components of this tensor for two-
dimensional pores of arbitrary shape were given by Kachanov
et al. (1994) and for ellipsoidal inhomogeneities — by Sevostianov
and Kachanov (1999). Connection between compliance and stiff-
ness contribution tensors has been discussed by Sevostianov and
Kachanov (2007b). The significance of these tensors for the homog-
enization theory is that their sum is the proper microstructural
parameter in whose terms the considered effective property has
to be expressed. In other words, it is these tensors that have to
be summed up, or averaged over a RVE to calculate overall elastic
properties.

In the context of linear elastic properties, the average, over rep-
resentative volume V strain can be represented as a sum

(€) =S : 6 + A€, 2.1)

where S, is the compliance tensor of the matrix and 6> represents
the homogeneous boundary conditions (tractions on 9V have the
form t|,, = 6> - n where ¢* is a constant tensor); 6> can be viewed
as a far-field, or remotely applied, stress. The material is assumed to
be linear elastic, hence the extra strain Ag due to inhomogeneity of
volume V; is proportional to applied stress and compliance contri-
bution tensor is the proportionality factor in this relation:

Ag = (Vi/V)H : 6. (2.2)

In the case of multiple inhomogeneities, Ag = (1/V)>,V;iH? :
6> so that the extra compliance due to inhomogeneities is given
by

AS = (1/V)> VH". (2.3)

Alternatively, one can consider the extra average stress Ac due
to an inhomogeneity under given applied displacement homoge-
neous boundary conditions (displacements on oV have the form
ul,, = €~ -x where &€~ is a constant tensor). This defines the
stiffness contribution tensor of an inhomogeneity:

A6 = (Vi/V)N: £, (2.4)

In the case of multiple inhomogeneities, the extra stiffness due
to inhomogeneities is given by

AC=(1/V)> ViN©. (2.5)

The property contribution tensors, obviously, have the same
rank and symmetry as the tensors characterizing the property: H
and N are fourth-rank tensors with ijkl components symmetric
with respect to i < j, k « [ and ij < kl.

The H- and N-tensors are determined by the shape of the
inhomogeneity, as well as properties of the matrix and of the
inhomogeneity material.

Remark. The property contribution tensors defined via Eqs. (2.2)
and (2.5) do not depend on the size of inhomogeneity. This
definition is different from those used, for example, by Sevostianov
and Kachanov, 2002, where multiplier (V,/V) was absorbed by the
tensors. The present definition has a number of advantages. For
example, the problem of distinction between infinite cylinder and
a needle is irrelevant. The difference between these two shapes is
in the multiplier (V¢/V) only.

The compliance and stiffness contribution tensors are
also affected by elastic interactions. In the non-interaction
approximation, they are taken by treating the inhomogeneities as
isolated ones. These tensors for a given inhomogeneity are
interrelated, as follows. The overall compliance of certain
volume containing one inhomogeneity Sp + H is an inverse of its
stiffness tensor Co + N, i.e. their product equals the fourth-rank
unit tensor implying that N=-Co:H:Cy—N:H:C,. The
H- and N-tensors scale as the ratio P/V that can be made
arbitrarily small by enlarging V. Hence the second term can be
neglected so that

N=-C:H:( (2.6)
or, in the case of the isotropic matrix,
~Nija = ZgHmmnni0k + WEHija + 2o to (0iHmmi + SxtHmmi), (2.7)

where /o and y, are Lame constants of the matrix.

For an ellipsoidal inhomogeneity, compliance and stiffness

contribution tensors can be explicitly expressed in terms of Hill's
tensors Q and P (Walpole, 1966) or in terms of Eshelby’s tensor s
(given for example in book of Mura, 1987) and, therefore, in terms
of ellipsoid geometry. For compliance contribution tensor, one can
write (Sevostianov and Kachanov, 1999):
H=((S ~S0) "' +Q .
where S; is compliance of the inhomogeneity material. In the case
of a pore, H=Q . Similarly, the stiffness contribution tensor is
obtained as

(2.8)

N=[C—Co) ' +P . (2.9)
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with C; being inhomogeneity stiffness. For a perfectly rigid inhomo-
geneity, N =P

We now consider a spheroidal inhomogeneity with the rotation
axis i3, semi-axes a; = a, = a and a; and aspect ratio y = as/a. The
Eshelby tensor and all the property contribution tensors are
elementary functions of y. To express the H and N-tensors in terms
of y, we represent them as linear combinations of six tensors

T, ..., T® that form a tensor basis for transversely-isotropic
fourth-rank tensors (see Appendix C):
6 6
H=> h,T"; N=> n,T" (2.10)
m=1 m=1

This reduces the problem to calculation of scalar coefficients h,
and ny, as functions of y and material constants.

Although various applications require quantitative character-
ization of inhomogeneities of irregular shape, most of the existing
results are based on Eshelby (1957, 1961) solution for the ellipsoi-
dal inhomogeneity. While for 2-D non-elliptical inhomogeneities
many analytical and numerical results have been obtained, only
a limited number of numerical results and approximate estimates
are available for more complex 3-D shapes (see literature review of
Sevostianov and Giraud, 2012).

2.2. Multipole expansion for displacement disturbance field

The local stress equilibrium equations in the constituents of
composite are

V.6 =0, ¢0=¢:e? 2e0=vudva?) (2.11)

Here, u® is the displacement vector, € is the strain tensor, ¢® is
the stress tensor and C; is the elastic stiffness tensor of ith phase:
i=0 for matrix and i =1 for inhomogeneities. Both the matrix
and inhomogeneities are assumed to be anisotropic. Due to linearity
of the considered problem, the displacement field in the matrix
domain u© in a vicinity of inhomogeneity can be splitted as

u® = ug 4+ ug, (2.12)

where ug, is an incident field and ug; is a disturbance field due to
this inhomogeneity. From the physical reasonings, ugs — 0 for
||X|| — oo that enables its series expansion over the multipoles. For
our study, the dipole moment t of ug, multipole expansion is of
particular interest. In order to avoid possible ambiguities in the ter-
minology and interpretation of results, we start with the definitions.

In the conductivity theory, the induced dipole moment of
inclusion is commonly defined as a vector governing asymptotic
behavior of the disturbance field (Landau and Lifshitz, 1951). This
quantity was de-facto employed by Maxwell to derive his famous
formula for the effective conductivity of a composite containing
spherical particles. Its counterpart, an elastic dipole moment
tensor draws more attention of mathematicians (Ammari et al.,
2007; Nazarov, 2009) and physicists (e.g., Puls, 1985; Pfeiffer and
Mahan, 1993; Balluffi, 2012). In the theory of multipoles, the dipole
moment is understood as a series coefficient, associated with the
dipole term. The formal multipole expansion of the displacement
field around the inclusion (Vakulenko and Kosheleva, 1980;
Kosheleva, 1983) is written in our notations as
g (X) = ;vv . vc(x)g-f-jk, (2.13)

k (k+1)

where x = x;i; is the position vector and G(x) is Green’s tensor
(Kelvin, 1848). The (k + 1)-rank tensors T* are defined as

k-1
=D [ wx . x(€ = Co) - g(x)dx.

(=11 Jy, B (2.14)

So the dipole approximation is given by the first term of series in
Eq. (2.14), namely,

VG(x): T, (2.15)

where the elastic dipole moment

T' = (C; - Co) : / g(x')dX. (2.16)
Vi

An alternative less formal definition has been suggested by
Batchelor (1974) who introduced the induced dipole moment t of
a single inhomogeneity as “a measure of the net additional dipole
strength ... resulting from the replacement of matrix material there
by particle material”. In the elasticity theory framework, t is the
second rank tensor written as

0 — / (6 Co: €)dx,
V.

(2.17)

where V; is the volume of ith inhomogeneity with stiffness C;.
As easy to see, t is consistent with T' defined by Eq. (2.14).
Sometimes, this tensor is also referred as the “average elastic
polarization” (Lipton, 1993). In what follows, we call t the induced
elastic dipole moment tensor or, briefly, the dipole moment.

It has been shown (Kushch, 2013) that for any finite domain V
with surface S,

t=const, V,CV,

GCo: -VuOx —u@n)dS = )
0 /g(n uPx—utn) {0, otherwise.

(2.18)
Alternatively, Eq. (2.18) can be viewed as a definition of the dipole
moment. The advantage of such definition is that, in contrast to
Egs. (2.16) and (2.16), it does not require the knowledge of the field
inside the inhomogeneity. As a consequence, Eq. (2.18) is valid for
any (not necessarily linear) far field, general type anisotropy of
matrix material and arbitrary (in terms of shape, structure,
properties, interface bonding conditions, etc.) inhomogeneities
including the cavities and cracks. It appears that integral in
Eq. (2.18) equals zero for any (not necessarily linear) regular field
ug, and only the disturbance field ug, contributes to the dipole
moment: t(u®) = t(uy;).

Due to linearity of the problem, the induced dipole moment is
proportional to the far-field strain, so t = (C; — Co)W : €~, where
(C; — Co)W is referred as the elastic polarization tensor (Lipton,
1993) and W is known as Wu strain tensor (see Wu, 1966). What
important in the context of our study, is that the integral in
Eq. (2.14) over RVE containing a number of inhomogeneities equals
to the sum of induced dipole moments of each separate inhomoge-
neity. It will be clear from the analysis to follow that the elastic
polarization tensor quite closely relate the stiffness contribution
tensor, so this summation rule is consistent with the above
mentioned observation that these tensors contribute to the overall
elastic properties additively.

3. Isotropic matrix

3.1. Compliance and stiffness contribution tensors for a spheroidal
inhomogeneity

We assume here that both the matrix and the inhomogeneity
are isotropic. Results can be extended to cases when the inhomo-
geneities — but not the matrix - possess an arbitrary anisotropy
since the latter would only affect the field of the fictitious body
force. Components of tensors P and Q for a spheroidal inhomoge-
neity have been first given by Walpole (1966). They can be written
in terms of the tensor basis TV ..., T as follows (Sevostianov and
Kachanov, 1999):
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6
Q=) q,T"; 3.1

m=1
where factors p,, and q,, are given by:

1 1
D1 :ﬂ[(l —K)fo+Kf1], Dy :ﬂ[(z_K)f0+Kfl]7
K 1

D3 =D4= —th Ds :ﬁ(l —fo —4xfy),

Ps = [(1 = K)(1 = 2f,) + 2xf4] (32)

1
H
and

g = pA4rx—1-203K - 1)fy - 2kf],

q =2u[1 = 2 -x)fo —Kf1], G5 =qq = 2u[(2K — 1)f + 2Kf4],
qs = 4u(fo +4xfq), qg =8ur(fo —f1). (33)

In Egs. (3.2) and (3.3), k = 1/[2(1 — vo)] and the following shape
functions are introduced:

1-g
= o fr= 2+7%)g - 3% 34
\/;%—zjarctan\/yz — 1, oblate spheroid, y > 1;

&) = , (35)
y 1+4/1-92 .
W=D lnlim, prolate spheroid, y < 1.

Representing tensors of the isotropic elastic constants in the
same basis and doing inversions in formulas (2.8) and (2.9) using
(C.4), we arrive at the following results (see Sevostianov and
Kachanov, 1999).

(A) Coefficients h,, of the compliance contribution tensor:

1 4 -
hy :ﬂ<'€+§ﬂ*+q6>’ "o
4 1 2
b= g g (K-S e )
2 1
hG:K<K*+§“*+q1>’ (36)

where K is a bulk modulus, p is a shear modulus, factors g; are given
by (3.3) and the following notations for elastic constants are used:

K. =KiKo/(Ko — K1), p, = py flo/ (Mo — H1):
A =2BuK. +K(q; + 96 — 2q3) + (1./3)(441 + g6 + 4q3)
+ (0195 — 3)]-

(3.7

(B) Coefficients n,, of the stiffness contribution tensor are:

h_ L[ ditop )

VT2A [6p(307+20p) PO P T T4 2py0u’
O L P PO 10 L

M3 =M4=—% [‘ 20u(357 1 20/1) +p3}" =T roups C%)
1 04+ 20u )

o= oo+ 2+ )

where the p; factors are given by (3.2) and the following notations
are used:

U=y — Uy, 04i=71—lo,
_ 14 (044 2500)ps + 4(92 + 3u)p; +492ps L
Sl 25u(307.+ 25}1) +2p1Ps — 2p5.

(3.9)

In the case of a pore (K; = p; = 0), formulas for h; simplified as:

ds 1 as
hh =—5 —: h=—; hy=h=—-—""——;
! 4(q,9s — 43) 2 a; ’ ‘ 2(q,9s — G3)
4 q
hs=—; hg=—"1. 3.10
T 41— 43 519

For a perfectly rigid inhomogeneity (54 — oo, 6t — oo) formulas for
coefficients n; simplified as

Ds 1 D3
n =7, Mh=—; M3=M=—"""75;
! 4(p,ps — p3) 2 D ’ ‘ 2(p1ps — p3)
4 D1
ns=—; Ng=—""—. 3.11
> Ds ° P1Ps — P3 ( )

For the spheroidal geometry, the H - tensor reduces, after some
algebra, to three groups of terms: isotropic terms expressed in unit
tensors of the second and fourth ranks, I and J, terms containing
the dyad nn and a term containing nnnn:

H= |W I+ W,]J+W;3(Inn+nnl) + W,(J-nn+nn-J)+Wsnnnn |,
—
isotropic terms

(3.12)
where scalar factors W; are expressed in terms of coefficients h;:

Wi =h17h2/2; W2=h2; W3=2h3+h2*2h1;

Wy = hs —2hy; Ws = hg + hy + hy /2 — 2hs — hs. (313)

Similarly, for the N -tensor we have

N= |Uill + UJ+Us(Inn + nnl) + Us(J - nn + nn - J) + Usnnnn | ,
| U
isotropic terms

(3.14)

where factors U; are expressed in terms of coefficients n; by formu-

las similar to (3.13):
U, :nl—nz/Z; Uzinz; U3:2n3+n2—2n1; (3 _15)
Ug =ns —2ny; Us =ng+ny +ny/2 — 2n3 — ns. '

3.2. Induced dipole moments

3.2.1. General form for isotropic matrix

We denote R, the radius of minimal sphere fully encompassing
the inhomogeneity. For r = ||x|| > R, the multipole expansion of
the disturbance displacement field uy; caused by this inhomogene-
ity is given by the series

3 x . ”
ue(x) =Y aful (x),

i=1 t=0 |s|<t

(3.16)

where UY are the irregular vector solutions of Lame equation
defined in Appendix B and ag) are the expansion coefficients, or
multipole moments. The Cartesian components of the displacement

vector are real numbers, hence u =u. Since U = (-1)’UY, the

ts
series expansion coefficients a’ obey the similar relations, i.e.,
a, = (=1)°a?). For r — oo, the leading, O(r-2) asymptotic term is
the dipole sum
3
(3.17)

i=1 |s|<i-1

Although integration in Eq. (2.18) can be done over any surface
S encompassing the inclusion, the spherical surface of radius r > R,
is the most convenient choice. It has been shown by Kushch (2013)
that only the terms entering Eq. (3.17) contribute to t in Eq. (2.18).
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Omitting the details, we write the final formulas for the compo-
nents of the dipole moment tensor t of inhomogeneity in terms
of the multipole expansion coefficients:

Ho(1 = Vo) @
by + 1t +t3 = 247'57(2 “2v) ay:
55—ty — b = —3275(1 — Vo)asy; (3.18)
t“ — t22 — 2it12 = 7647[,[10(1 — Vo)a(;z);
ti3 — it23 = *]67'5/10(1 — Vo)a(;l);
where i* = —1. As expected, two representations of the asymptotic
(dipole) term, by Egs. (3.17) and (2.15), are equivalent:
3 -
x):t=Y" Y a’ u (3.19)

i—1 |s|<i-1

Egs. (3.17) and (2.15) are general and valid for an arbitrary
inhomogeneity, in terms of shape, structure, properties and
interface bonding. On the contrary, the constants a\) and t; are
case-dependent. In a few particular cases, the explicit expressions
for them can be obtained in closed form. Below, we consider two of
them.

3.2.2. Spherical inhomogeneity

Consider an unbounded domain containing a single spherical
inhomogeneity of radius R. At the interface S, the perfect mechan-
ical contact between the constituents is assumed:

[ufs=0; [Ta]s=0;

where [f]; = (f© — fV)|; means a jump of quantity f across the
interface S and T, = ¢ - n is the normal traction vector. Due to reg-
ularity of ug, in a vicinity of inhomogeneity, its local expansion is

3 00
ufar Z Z Z Cts uts
i=1

=1 t=0 [s|<t

(3.20)

(3.21)

where u? are the regular vector solutions of Lame equation defined
in Appendix B. We consider the particular case of linear
displacement ug,, = £ - X, where £~ = {8;;;‘ is the uniform far-field
strain tensor. In this case,

2
_ (3) (1) 4,(1)
U = Cop U + Z Cos Uyg's

& (3.22)
§s=-2
where
@ _(Ententes) o (285 e — &)
00 Z(ZVQ _ 1) ’ 20 3 ’
(1) _ o F 000, (1) _ a0 0 oo . i _ s ()
Gy =& —1es; Gy =87 — 85 —21ey; 6 = (-1)cy
(3.23)

are the only non-zero series expansion coefficients in Eq. (3.21).
Moreover, in the case of linear ug, the disturbance ugy; in
Eq. (3.16) reduces to Eq. (3.17). Le., an asymptotic field coincides
with the actual field in a whole matrix domain.
Analytical solution for this problem is straightforward and
yields
Ay _ (3ki —3ko) 2(2v0— 1) (3.
R (ki +4u,) 3 00>
3 1
a(Zs) MC;S)

R 2+2-s)"

_ 15(py — 1) .
(14, (8 = 10V0) + f1o(7 — 5V0)]
(3.24)
Comparison with Eq. (3.18) gives us an explicit formula for the elas-

tic dipole moment of spherical inhomogeneity of volume V; = ‘3—‘7'LR3
in terms of remote strain field g>:

(E11 + b2 + t33) _ 3 (3k; — 3ko)
2ps(1=vo)Vi (1 —2vo) (3ki +4u,)

233 —t1 —tn o oo a0,
201 —vo)V; M(2e3; — &f7 — €3);

(75 + &5 +&53);

tys — it (3-25)
13— 13 s ipcon.
Tig(T = o)V, ~ M —1e);
tiy — ty — 2it; o ‘oo
20,1 —volVy M(er; — &5, — 2iep;).
Or, in compact form,
3ko + 414)

TH(E) = 3(ky — ko) oK0+ 2Ho) oo Vi

(1) =3(k 0)(3k1+4ﬂo) (&*)\V4 (3.26)

Dev(t) = 21,(1 — vo)MDev(e>*)V;.

3.2.3. Spheroidal inhomogeneity

Consider now an unbounded domain containing a single
spheroidal inhomogeneity with the inter-foci distance 2d and
boundary defined by ¢ =&, where &, relates the aspect ratio
y=as/a; by y = ¢&/& > 1 for prolate spheroid and y = &,/& < 1

for oblate one. Here, &, = \/5(2, — 1; for the spheroidal coordinates

and other notations, see Appendix A.
The displacement field outside the inhomogeneity is taken in
the form of Eq. (2.12), with

3 0
U (r) = Y % S bV (r.d)

i—1 =0 |s|<t

(3.27)

V() are the spheroidal vector solutions of Lame equation and b are
For the

explicit form of VI, see Kushch (1996). In the case of uniform
remotely applied field uy, = €~ -X, only a few first terms of the
series in Eq. (3.26) contribute to the solution:

3 .
ugs(r) =y Y b, Vi

i-1 s|<i-1

the unknown multipole strengths: b{’ = (—1)**'p{.

(3.28)

To determine an asymptotic behavior of the disturbance filed
of the spheroid, we observe that, at some distance from inhomoge-
neity, ugs can be also expanded over the spherical solutions Ug).
This is readily done by applying the re-expansion formula

(-1) -3

j=1 k=t

r), ([r]>d); (3.29)

k+j 15(

(explicit expressions for constants K}’ are given in the book of
Kushch (2013)). It follows from Eq. (3.28) that, for r = ||x|| — oo,

d*
VY (rd) ~ (-1) §Uf-',)1_s(l'), (3.30)
so we get
ah = d_z(_1)s+1b(i) (3.31)
i-1s 3 i-15° .

By substitution of Eq. (3.30) into Eq. (3.24), we obtain the desired
expression of elastic dipole moment in terms of b.:

3k
2(1— 2vy)
= 4kbé3z); f13 — it23 = —kb(ﬁ);

tin+tn 4tz = by  2ts3 — by — ty = 2kb3);

tiy — ty — 2it1s (3.32)

where k = 16 td® 11,(1 — vo) -

Again, these formulas are valid for the disturbance caused by
the spheroid due to any (not necessarily uniform) far ﬁeld To
evaluate the elastic dipole moment t, one has to know b\”, .. For
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a single inhomogeneity under uniform remote load, this task is
ready. In particular, the explicit expressions for the multipole
strengths of rigid prolate spheroidal inclusion are

2
bRy — 2653 2003 + 3 (1 - 2018 | = dioss
5—4y —
by} + 05 (-0} + 2570 ) — da(er + 3
b5 (1= v0) (17852 + Q7)) - 260Q3] = —déo (&5 — ie3);
by (7 - 8V)Q} - &Q3] = —dE(ex; — &5 — 2ier):

(3.33)

where Q; = Q;(&) are the associated Legendre functions of second
kind (Hobson, 1931). The multipole strengths for the oblate shape
is also given by Eq. (3.32) where ¢ is replaced with i&, and Q}(i¢)
are the real-valued functions of imaginary argument (Kushch,
2013).

4. Transversely-isotropic matrix

In the Cartesian coordinate system Ox;x,x3 with Ox; axis
aligned with the anisotropy axis of transversely isotropic material,
the generalized Hooke’s law is written in explicit form as
011 = Cniénn + Craéan + Crzéss;
022 = C12811 + C11822 + Ci3833;
033 = C13&11 + C13822 + C33833;

013 = 2C44813;
023 = 2C4483; (4.1)
012 = 2Ces812.

Hereafter two-indices notation Cj; is adopted for components of the
fourth rank stiffness tensor C and 2Css = (C11 — C12).

4.1. Compliance- and stiffness contribution tensors

The explicit results in elementary functions can be obtained
only in the case of a transversely isotropic matrix with symmetry
axis x3, containing a spheroidal inhomogeneity provided the
spheroid axis is parallel to xs. In this case, Hill’s tensor P has the
following coefficients in representation (3.1) (Sevostianov et al.,
2005):

3
b = gZ(bq -

ny @ _ 24 1@
P3:p4:_jch(11 —V7Ad; )§
, " (4.2)

Ps = Ty [12(2bg — Agaq s — cq (I = *AJSY ) + ol

q=1
3
Ps = znquyzj(zq)?
q=1

where coefficients a;, b, ¢, and d; depend on elastic stuffiness as
follows:

1
a = & [(CGG = Ci1)(Co3 = AiCag) + (Ci3 + C44)2];
1
by = g [(C44 = AiC11)(Cs3 — AlCaa) + Ai(Cis + C44)2];
1
Q= EI(CB + Caa)(Caa — AiCop); (4.3)

1
di = o (Caa — AiC11)(Cas — AiCes);

3
& = 47'EC11C44C55 H (Aj 7A1);
=101

A1 = C44/Ces, and A, and A; are roots of

C11Caa® + {(03)2 +2C13Cy4 — C11C33] ¢+ C33C4 =0. (4.4)

The shape factors jE‘” (functions of the aspect ratio y) are given by
@ (1-u?)du

J] :Aq 5 3/2

[T+ (7?2 = Dw?][Ag + (1 - Ag)u?]

2q+1
=22 {2 —1?Ag2qln <q—>} ;

Jg—1
1 2 N
Jéq) :Aq/ wdu 3/2:’13 {iqln<?q+1> *2},
Ja 1+ (2 =12 [Ag+ (1 -Ag ] 2q—1

(4.5)
where 1, =1/y/1-Ag)? .

Calculations of property contribution tensors are simplified in
the cases of strongly oblate and strongly prolate inhomogeneities,
especially in the cases of perfectly rigid inhomogeneities and
pores. We consider these cases below. Note that unlike the case
of the isotropic matrix, spherical shape (y = 1) does not offer drastic
simplifications.

For a perfectly rigid disk, N-tensor is given by

N=(mTV +n,T?), (4.6)
where
4 VRA(E £ VR) (ch +Ch+2ck)

'3 MC?M + C(3)3 7
nz:32{ Caa 2 VA oy + Gy .

P VG VA (VA + V) (O + Gy + 2C)
(4.7)

In the case of a crack-like pore, H-tensor is given by
H = (hsT® + heT®), (4.8)

where
2
8 Cos + 2 <C?3) +Cs (Cgl +Cot ZCgG)
5=50 0
3¢5, |V, V2C, (VA3 +VA3) \/cgg (Cﬁ’1 +C,+ 2C26)
8 (VA; +VA3) (C(1)1 + C(l)z +2Cgﬁ>

) % (C?1 +C, +2Cg6> -2 (C?3)2 .

5=3

(4.9)

Perfectly rigid cylindrical fiber is described by the following n; coeffi-
cients of representation (2.10):

1, 4 o 0 4C%(CY, +C5, +2C%)
m==C%+C)+C%; n,= ;
=gl )+ €O + €T, +4Ceg

Ng — o0.

(4.10)

0 0 0
N3 =MNy = Cl3 + C44; N5 = 8C44,

Note that ng — oo implies that the presence of the fiber makes the
RVE perfectly rigid in the axial direction. The h; factors of tensor
H in Eq. (2.10) for a cylindrical pore are:

2
b A G a2 1
2 ) 0 0 0
4C55(2(Ch5)” — C54(CY, +Chy)) G +C  Cos
CO

hs = hy = 0 \2 013 0 0.

2(C5) —G(Gy +Cyy)

hs 2 hg = G+

Cas’ (Ch +C1y)C35 — 2(C(1)3)2 .

(4.11)



V.I. Kushch, I. Sevostianov / International Journal of Solids and Structures 53 (2015) 1-11 7

4.2. Induced dipole moments

Eq. (2.15) holds for a solid of any elastic anisotropy. Le., an
asymptotic of the disturbance field of arbitrary inclusion is given
by the formula

Ugis —
[X]| =00

VG(X) : t, (4.12)
where t is the dipole moment defined by Eq. (2.18). An explicit
form of the elastostatic Green’s function can be obtained for a
transversely-isotropic material only (Lifshitz and Rosentsweig,
1947).

In this case, we introduce the vector functions

; ki
WY (x) =Yy (x)en — YiT (x)es +—=Yi(x)es (= 1,2);
ts t ) ) \/A; )
WO x) =Y (x3)e; + Vi (x3)e; (6=0,1,2,...;]s| <t+1).

(4.13)

Here, Y{ are the scalar solid spherical harmonics (Appendix A),
e, = (i; +iiy)/2, e; =€, and e; =i; are the complex Cartesian
basis vectors, A; are roots of Eq. (4.4), and

Vj(Ci3 + Cya)

ki = j=1,2). 4.14
1= ey (=12 (4.14)
Also, X; = x;i; and x; are the scaled Cartesian variables

X=X, Xyj=X», Xy=Xx3/\[A; 17 =(x;). (4.15)

It is straightforward to show that the functions WY (x) obey
the equilibrium equation (2.11). Moreover, it appears that the
identity

VG(X): t= 23: ZAQ‘QWQ‘Q (X)

i—1 [s|<2

(4.16)

analogous to Eq. (3.19) takes place provided the dipole moments t;
and the expansion coefficients A\ are related by

2 .
b1+t = 2C112\/IX;‘A%
=1

3
. 1+k;
t11 — by — 2ty = —2Cuy § ( i)

= VA
2

ti3 — ifzg = 7C44 |:Z(1 + 2’(1)/'\%]{ Aﬁ):| .

=

k; a0,

t33 7C33Z\/— 105

AY). (4.17)

Noteworthy, Egs. (4.16) and (4.17) enable an efficient way of
VG(x) evaluation. To illustrate this, we take t;; = d;30;3. The left
side of Eq. (4.16) simplifies to u; = 9Gj3/9xs. Also, we find form
Eq. (4.17) that

AL _ 1 42 - VA
10 — T N 10 —
C33\/A1 (kz — k1) VAZ

= 0. Then, Eq. (4.16) yields

ALY (4.18)

where k; = k;/A;; all other A"

oG
%o A - AW
0X3

1 (~ X1 7 X32>
=7 <=~ k —a k —
C33 (kz — k]) ! r% ? rg

and two analogous expressions for 9G35 /dx; and 9G,3/0x3. By taking
appropriate values of t;g, all the derivatives 9G;/dx, can be
expressed in terms of W . Obtained here for the first time, these

(4.19)

formulas are remarkably simple and transparent as compared to
those available in literature (e.g., Lee, 2009).

The problem about a single inhomogeneity embedded into an
infinite transversely isotropic solid is a particular case of more
general, multiple inclusion model derived by Kushch (2003). The
multipole series expansion of the disturbance field uy; of a single
inhomogeneity is

3 00
udis:ZZ ZBUWU

i=1 t=0 |s|<t+1

(4.20)

The irregular vector solutions wg’> entering Eq. (4.20) are
defined by Eq. (4.13), with replace Yi(x;) to F{(x;,d;), Eq. (A.5) of
Appendix A. The corresponding spheroidal coordinates (&, #;, ¢;)
are given by Egs. (A.1) and (A.2). Eq. (4.20) is valid for arbitrary
spheroidal inclusion (including the strongly oblate and prolate
shapes) whose symmetry axis coincides with the transverse isot-
ropy axis of matrix solid. In the case of spherical inclusion of radius
R the coordinate systems are chosen to get & = &, = const at the
surface r = R (Kushch, 2003):

di=R/&o, Go=/vi/Ivi—1]. (4.21)
The leading, dipole term of the sum Eq. (4.20) is
Z S BIWYY (x), (4.22)

i—1 s|<2

where B%"S).are the problem-related multipole strengths. The magni-
tude of 310; is affected by the inclusion size, properties, orientation
and interface bonding type - but their relation to the dipole
moments t; is always given by Eq. (4.17) where now
- % 2 (i

Al =5 RdB]. (4.23)
This is a direct consequence of the asymptotic formula (Kushch,
2013)

2

Fx.d) — 2Yi(x). (4.24)
Ixjl—cc 3

Provided B%’S) are found by solving the corresponding boundary value

problem, an explicit expression of the dipole moment t can be writ-

ten. For the details of solution, see Kushch (2003) and Kushch and

Sevostianov (2004).

5. Connection between the dipole moments and stiffness
contribution tensors

The connection between the induced dipole moment and stiff-
ness contribution tensor of inhomogeneity is readily found. Direct
comparison of Eqs. (2.4) and (2.5) with the Batchelor’s (1974)
formula

(6) =Co: (&) +n(t), (5.1)

where n is a number density of inhomogeneities, yields an expres-
sion of the dipole moment t for a single inhomogeneity of volume
Vi in terms of the stiffness contribution tensor N and arbitrary
far-field strain g>:

t=VN:g>. (5.2)

In particular, Eq. (5.2) must be valid for the explicit expressions of t
and N derived in the previous sections. Noteworthy, such a compar-
ison is not straightforward due to different notations. We illustrate
their equivalence on the particular case of rigid spheroidal inclusion
in isotropic elastic solid, subject to uniform far load. By combining
Egs. (3.31) and (3.32), we get the following set of equalities:
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[260Q3 +2(1 _sz)Q?] t33 —ioQg(fn +tyn) =dEoKeSs;
2(Q1-&Q3 )3~ [(3-490)Q] — &0Q3 ] (b1 + ta2) = 2Kd o (55 +33);
[(7—8V0)Q} - CfoQ;] (t1 — bt —2it1p) = —4Kd&o (&7 — &5, — 21€5);

[(1 —Vo) (1/?0 +Q?) 7250Q3] (trs —ity3) =Kd&o (635 —i633).
(5:3)
For a perfectly rigid inhomogeneity, N = P~! and Eq. (5.2) is reduced

to t = V;P~! : . Its inversion yields
6
Vig© =P:t=> p,(T™ :t). (5.4)
=
By taking the explicit form of basic tensors T™ from Eq. (C.1) into

account, one finds that

V1€* = [py(t11 + t22) + Dstss](iriy + iaia) +% (t11 — ta2)(iriy — i2i)
+ [p4(t11 + tzz) +p6t33}i3i3 +p2t12(i1i2 + izi])
+%[f13(i1i3 +iziy) + ty3(izis + i3i2)). (5.5)

Next, we compare this formula with the identity

1 | s s
g® :j(,s?1 +&%5) (111 +1ziy) +§(gﬁ —&55) (i —ix1z)

+e3isis + 695 (Iydy + 1oy ) + €55 (s + 1311 ) + €35 (o3 +1312). (5.6)
to get the following, quite similar to Eq. (5.3) set of equalities:

P1(tin +t2) +pstss = (Vi/2)(€5] +&3);
4(t1n 4+ t22) + pelzs = ViE33;

Pyt — oy — 2itp) = Vq(e3] — &5 — 2ie%);

ps(tiz —ity3) = 2Vq(e] —ie5s).

(5.7)

Recall now that p,, are expressed in terms of f, and f;, see Eq.
(3.2). The functions f, and f, are related to the associate Legendre
functions Q; as follows:

1 &o? fon

_ 1. —
fo= 2 (1 - fon?) = *jfoéoQ}% fi= 4(1- Vo)' (5.8)
For example,
1 0y G?éQ
Ds = ‘170[] —fo—4f1]=— (1 +&°Q; ) - Voﬂ (5.9)

In view of V; =% nd3g0go , the last lines of Egs. (5.3) and (5.7) are
identical. It is straightforward to check that the lines 1 to 3 of
Egs. (5.3) and (5.7) coincide as well, that confirms Eq. (5.2).

6. Effective stiffness of a composite

Now, we proceed to the composites and show how the devel-
oped theory applies to evaluation of their effective elastic stiffness.
Homogenization is old and well-known - but still not always cor-
rectly formulated - problem of micromechanics. In what follows,
we discuss some basic concepts of this theory including a consis-
tent way of introducing the macroscopic field parameters.

6.1. Definition of macro parameters: volume vs. surface averaging

The effective elastic stiffness tensor C* = {Cy,} relates the mac-
roscopic strain (€) and stress (o) fields by

(o) =C: (g), (6.1)

The macroscopic strain (€) and stress (6) tensors in Eq. (6.1)
are conventionally defined as the representative volume-averaged
quantities:

defl / edx; cdefl adx. (6.2)

v

For the matrix type composite, V = Zf’: oVi, Vi being the volume of
ith inhomogeneity and V, being the matrix volume inside RVE.
Hence, the total integral is a sum

1N [
=— gidx, 6.3
2% / | (63)

where €0 is the strain in ith inhomogeneity.

The definition Eq. (6.2) looks self-obvious - but, in fact, is not
always correct. The simple counter-example is a porous material
where € is not defined - and hence Egs. (6.2) and (6.3) do not
apply. The more substantial counter-examples concern the
composites with imperfect interfaces. Citing form Bohm (2013),
“If the displacements show discontinuities, ... correction terms
involving the displacement jumps across imperfect interfaces or cracks
must be introduced”. The opposite case is a nanocomposite with
coherent interface (e.g., Duan et al.,, 2005) where the normal
traction jump across the interface is non-zero due to the surface
stress. It appears that Eq. (6.2) is valid only for composites with
perfectly bonded constituents.

Alternate, surface averaging-based definition of the macro-
scopic strain and stress parameters (Hill, 1963)

def 1

® / (nu + un)ds; (6)2 L / X(6 - n)dS: (6.4)

Vs,

eliminates the problem. In the case of perfect interfaces, this defini-
tion is consistent with the conventional one, Eq. (6.2) but holds true
for the composites with imperfect interfaces.

The definition Eq. (6.4) is advantageous for it involves only the
observable quantities, namely, displacement and stress, at the sur-
face of composite specimen. In essence, we consider RVE as a
“black box” whose interior structure may affect numerical value
of the macro parameters - but not the way they are defined. This
makes the definition general, valid for composites with arbitrary
interior microstructure and arbitrary interface bonding as well as
for porous and cracked materials. What is also important, numer-
ical simulation becomes directly linked to experimental study.

6.2. RVE-averaged stress tensor

The Betti reciprocity theorem written for the matrix domain V,
of RVE states that the equality

[T, (u?) - u - T,(w) - u®

=0 /Sq

Jds=0 (6.5)

is valid for any displacement vector w’ obeying the equilibrium
equation V- (C:Vu)=0. Following Kushch and Sevostianov
(2004), we take it in the form uj = ixx;. After somewhat tedious
algebra (for the details, see Kushch, 2013), we come out with the
formula

(03) = Ci(eu) + Tn u —Ty(up) - u®|dS,  (6.6)

Sq

consistent with the result of Russel and Acrivos (1972). In tensor
form,

1 N
(6) =Co: (&) +; >t
q=1

(6.7)
=Cp: / (m-Vu?x —u®n)ds.
Sq
where the second term in Eq. (6. 7) is entirely due to gth inhomoge-
neity. As seen from Eq. (2.18), t9 is exactly the dipole moment of
the disturbance field of this mhomogenelty.
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Eq. (6.7), together with Eq. (6.1), provides accurate evaluation of
the effective stiffness tensor of composite, with the interactions
between the inclusions taken into account. No restrictions are
imposed on the shape of inclusions, elastic properties of
constituents and interface bonding type. Noteworthy, the integrals
in Eq. (6.7) involve only the matrix phase displacement field, u©®.
These integrals are identically zero for all but dipole term in the
u@ multipole expansion in a vicinity of each inhomogeneity and
represent contribution of these inhomogeneities to the overall
stiffness tensor. In the multipole expansion method, where the
disturbance field is initially written as a series over the multipoles,
analytical integration in Eq. (6.7) is ready and yields the exact,
finite form expressions for the macroscopic strain, stress and
effective elastic moduli.

6.3. Relation to dipole moments and stiffness contribution tensors

In Eq. (6.7) and below, the surface averaging-based definition of
the macro quantities Eq. (6.4) is used, where domain V is a repre-
sentative volume element (RVE) of composite and S is an outer
boundary of V. To determine effective stiffness tensor of compos-
ite, we employ Egs. (5.2) and (6.7). By combining them, we get

1 . Vi .
(6) =Co: (&) + VZt“) =GCo: (8) + ZV'N@ - (g). (6.8)
i i
Then, comparison with Eq. (6.1) yields
C=C+ Z&N(”. (6.9)
i

In the general case, t© and N are affected by interaction
between the inhomogeneities (more specifically, by the superposi-
tion of disturbance fields caused by other inhomogeneities):
N =N(c,...) where c is the volume content of particles. In the
dilute limit c — 0, N — N(0) and can be evaluated from the single
inhomogeneity problem, see the previous Section. Expectedly,
Eq. (6.9) for low c reduces to NIA theory for a dilute composite
(e.g., Sevostianov and Kachanov, 2007). For a finite c, the interac-
tion effects are important and must be taken into account in order
to provide an adequate estimate of the effective conductivity
tensor. This, in turn, necessitates consideration of the multiple
inhomogeneity model with aid of the appropriate analytical
(e.g., Kushch, 2013) or numerical (e.g., Sevostianov et al., 2008)
method.

Egs. (6.8) and (6.9) are the most general formulas for the
average stress and effective elastic moduli, respectively. All we
need in each specific case is to substitute there the appropriate for-
mulas for the dipole moments. So, for the spherical particle com-
posite with isotropic matrix they are given by Eq. (3.18). The
substitution yields

(@) + (02) + (035) = 2110 (“ FY0) () + 3830

1- 2V0)

2(033) — (011) — (022) = 214g[2(E33) — (E11) — (€22)] — 4y
(011) = (022) — 2i(012) = 2p1g[(11) — (€22) — 2i{e2)] — 8BSy
(013) — {023) = 2pu[(€13) — i(3)] — 205}
(6.10)
where
al) = i3 (1 Zats (6.11)

and summation is made over the particles inside RVE. Noteworthy,
Eq. (6.10) is consistent with the results of Kushch (1987) and
Sangani (1987).

Quite analogously, the formulas of Eq. (4.17) are appropriate for
the composite with transversely isotropic matrix containing
transversely isotropic spherical inhomogeneities. By combining
them with Eq. (6.8) we get

(o11) +(022) = <C(1)k +Cgk) &) + 2C 12\/7’4107

2

ki
(033) = () + C 32 \/J—‘A(ljm
(O11) — (022) — 21(012) = —2iCo(€12) 2c24z Agz,

2
(013) — i{023) = Ch4((er3) —i(eas)) — CYy {Z( +2k;)AY ﬁ)}

j=1

(6.12)
where

~o  4m _ "

=550 (A ) RALY. (6.13)

Again, summation is made over all the inclusions populating the
RVE. These formulas are consistent with those derived earlier
(Kushch, 1997; Kushch and Sevostianov, 2004).

It should be clearly understood that the dipole-related
expansion coefficients in Egs. (6.10), (6.11) and other analogous
formulas must be found from the appropriate model of composite.
For dilute composites, the explicit expressions of agQ Eq. (3.23) can
be substituted into Eq. (6.10) to get the formulas of NIA theory
(e.g., Sevostianov and Kachanov, 2007). For composites with
moderate and high volume content of disperse phase, where the
interactions contribute to the effective properties quite
significantly, determination of the dipole moments from the
multiple particle finite cluster or representative unit cell models
is the preferable option. For the comparative numerical study of
particulate composite with transversely isotropic constituents
by means of the NIA, effective field method (Kanaun and Levin,
2008) and RUC-based multipole expansion method, see
Sevostianov et al. (2005).

7. Conclusions

We considered the homogenization problem for an elastic
particulate composite with a specific goal to bridge the gap
between the two different approaches to the problem that use
(a) multipole expansion and (b) property contribution tensors.
We also identified the key microstructural parameters affecting
overall stiffness of heterogeneous materials. The basic concepts
of the homogenization theory including a consistent way of intro-
ducing the macroscopic field parameters are discussed and clarified.

The multipole expansions of elastic disturbance fields of inclu-
sion in both isotropic and anisotropic matrix have been obtained.
The dipole moment conservation law has been suggested as an
alternative definition of the dipole moment. The induced dipole
moment tensor of inhomogeneity is written in terms of the
multipole expansion coefficients. The relations between the far
field asymptotic, derivatives of Green function for anisotropic solid
and dipole moment have been established. As a bi-product, the
derivatives of anisotropic Green function are expressed in terms
of the vector solutions for the elastic equilibrium equations.
Obtained for the first time, these formulas are remarkably simple
and transparent as compared to those available in literature. The
explicit expression of the multipole strengths and thus the dipole
moment have been obtained for the inhomogeneities of spheroidal
shape.
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The dipole moments are shown to be closely related to the com-
pliance and stiffness contribution tensors. The significance of these
tensors is that their sum is the proper structural parameter in
whose terms the considered effective property has to be expressed.
In other words, it is these tensors that have to be summed up, or
averaged over a RVE for calculation of effective elastic properties.
It is shown that the mathematical expressions for dipole moments
and the stiffness contribution tensors coincide. In particular, it
allows one to use available results obtained by multipole
expansion method to write formulas for stiffness and compliance
contribution tensors and vice versa. Also, the multipole expansion
method can be used to validate applicability of various
approximate schemes (effective media, differential, effective field
etc.) that use compliance and stiffness contribution tensors as
the basic building block.
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Appendix A. Spherical and spheroidal solid harmonics

The Cartesian (x1,X2,X3), spherical (r,0,¢) and spheroidal
(¢, 7, @) coordinates relate each others by Hobson (1931)

X1 +ixy = rsinfexp(ip) = déijexp(ip), x3 =rcosd =dén, (A1)

where

=1, P=1-1n (1<¢<00,-1<n<1,0< ¢ <2m).
(A2)

In the case Red > 0, the formulas of Egs. (A.1) and (A.2) define a

family of confocal prolate spheroids with rotation axis i3 and
inter-foci distance 2d. In the case of oblate spheroid, one must
replace ¢ with i€ and d with (—id) in all relevant formulas.

The regular y§ and irregular Y; solid spherical harmonics are
defined as

Vi = g 20,0 ¥i0 =2 0.0 (A3)
where
i(0.0) = Pi(cos) explis) (A4)

are the scalar surface harmonics and P; are the associated Legendre
functions of first kind. The regular f; and irregular F; spheroidal
solid harmonics are given by

fix,d) =PP(Oxi(n. @) Fi(x,d) = Q. ()i (n, ¢); (A.5)

Q; being the associated Legendre functions of second kind
(Hobson, 1931).

Appendix B. Vector solutions of Lame’s equation in spherical
coordinates

The regular (finite at r=0) functions u =u?(x)
(X = {X1,X2,X3 }T) satisfying the Lame equation are defined as

a_ !
ul) =
ts (t + 5)'

u(3> = rpr] <ﬁ SU) + Y 5(3))
ts (t +$)' t~ts t~ts )

1 3 2 2
(Sis) + ts§s>); ugs) == S§5)§

where v is Poisson ratlo B = Mi—;{‘ﬁ and 7y, =528 (Kushch,
1987).In Eq. (B.1), S = S (0, ) are the vector spherical harmonics

(Morse and Feshbach, 1953) taken here as in the following form:

1y _ €y J 2 _ € B
S5’ =5 Xt sing o agk S5 = sing 8(/) ap %t~ %o g ’{f ’
S =e; t=01,..s<t (B.2)

The singular (infinite at r=0 and vanishing at infinity)
functions U} are given by Ul =u", , ., where u",, _is defined
by Eq. (B.1) with use Sf(t+1 _Sts and replace 1/(—t—1+5s)! to

(t — s)I. The functions u!’ (x) and U (x) are vectorial counterparts
of the solid spherical harmonics y$(x) and Y;(x), respectively.

Appendix C. Analytic inversion and multiplication of 4th rank
tensors with transversely-isotropic symmetry

In this appendix we outline a convenient technique of analytic
inversion and multiplication of 4th rank tensors with trans-
versely-isotropic symmetry. It is based on expressing tensors in
“standard” tensor bases (Kunin, 1983; Walpole, 1984; Kanaun
and Levin, 2008). In the case of the transversely isotropic elastic
symmetry, the following basis is most convenient:

™ = {10}, m=12,..6
where

lelld 01} Okh Tz(_;kl (OlkOI] + Ollokj - 01]0k1)/2

— 0. — ooy ©) _ m.m:
Tl.].k, = Oymmy, Tl.jk, = Omm;, Tijk, = m;m;mmy, (C.1)

Tlﬁ), = (()ikmlm,— + (),-,mkmj + Ojkm,mi + Oﬂmkm,-)/4,

05 = 65 —mym; and m = myi; + myi, + msi3 is a unit vector along
the axis of transverse symmetry.

These tensors form a closed algebra with respect to the opera-
tion of (non-commutative) multiplication (contraction over two
indices):

(a) . (B) — () T(B)
(T Ty = Tiququkl' (C.2)
Then, the inverse of any fourth rank tensor X, as well as the product
X :Y of two such tensors are readily found in the closed form, as
soon as the representations in the basis

6
X=>XuT™, Y=3"¥,T" (C3)

m=1 m=1

are established. Indeed:
(a) inverse tensor X' defined by X Xpqu = XijpgXpqu =Jijua 1S

given by

_Xeqo , Tqe Xsqe _Xage | 440 2X

X = AT T T T T il (O
(C4)

where A = 2(X1X6 —X3X4).
(b) product of two tensors X :Y (tensor with ijkl components
equal to XijpqYpqu) is

X:Y=02XY: + X3V )TV + X, YoT? 4 (2X,Y5 + X3 Y6) T

+ (2X4Y1 + XsY)T? + %XSYST@

+ (X6Y6 +2XaY3)T®. (C5)

General transversely isotropic fourth-rank tensor, being repre-
sented in this basis
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6
Wik = > VT (C6)
m=1

has the following components:

W] = (Tllll + lPllZZ)/2§ lpz = 2LP]Z]Z; W3 = LPl]BB; (C 7)
V=Y, Ys =4%1313;  Yg = Passs. ’
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