Accepted Manuscript

Dislocation-based fracture mechanics within nonlocal and gradient ST R U CTU R ES
elasticity of bi-Helmholtz type - Part I: Antiplane analysis

S.Mahmoud Mousavi

Pll:
DOI:
Reference:

To appear in:

Received date:
Revised date:
Accepted date:

FLSEVIER
INTERNATIONAL JOURNAL OF

SOLIDS AND

S0020-7683(16)00056-1

10.1016/j.ijsolstr.2015.10.033
SAS 9047

International Journal of Solids and Structures

19 May 2015
29 September 2015
18 October 2015

Please cite this article as: S.Mahmoud Mousavi, Dislocation-based fracture mechanics within nonlocal
and gradient elasticity of bi-Helmholtz type - Part |: Antiplane analysis, International Journal of Solids
and Structures (2016), doi: 10.1016/j.ijsolstr.2015.10.033

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service
to our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form. Please
note that during the production process errors may be discovered which could affect the content, and
all legal disclaimers that apply to the journal pertain.


http://dx.doi.org/10.1016/j.ijsolstr.2015.10.033
http://dx.doi.org/10.1016/j.ijsolstr.2015.10.033

ACCEPTED MANUSCRIPT

Highlights

e Dislocation-based fracture is successfully applied to nonlocal and gradient elasticity of bi-Helmholtz
type.

e Gradient elasticity of bi-Helmholtz type results in a full nonsingular fracture theory.

e Nonlocal elasticity of bi-Helmholtz type results in a nonsingular nonlocal stress field for plane weakened

Q&

e Crack tip plasticity is captured without any ad hoc assumption.
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Abstract

In the present paper, the dislocation-based antiplane fracture mechanics is employed.for the analysis of
Mode IIT crack within nonlocal and (strain) gradient elasticity of bi-Helmholtz typey These frameworks are
appropriate candidates of generalized continua for regularization of classical singularities of defects such as
dislocations. Within nonlocal elasticity of bi-Helmholtz type, nonlocal stressis,regularized, while the strain
field remain singular. Interestingly, gradient elasticity of bi-Helmholtz®type (second gradient elasticity)
eliminates all physical singularities of discrete dislocation including stress.and strain fields and dislocation
density while the so-called total stress tensor still contains singularity at)the dislocation core. Based on the
distribution of dislocations, a fracture theory with nonsingularsstress-field is formulated in these nonlocal
and gradient theories. Strain and displacement fields within"nonlecal fracture theory are identical to the
classical ones. In contrast, gradient elasticity of bi-Helmholtz type leads to a full nonsingular fracture
theory in which stress, strain and dislocation density are regularized. However, the singular total stress of a
discrete dislocation results in singular total stress of‘the plane ‘weakened by a crack. Within classical fracture
mechanics, Barenblatt’s cohesive fracture theory assumes that cohesive forces is distributed ahead of the
crack tip to model crack tip plasticity and remove,the stress singularity. Here, considering the dislocations
as the carriers of plasticity, the crack tip plasticity is captured without any assumption. Once the crack
is modelled by distributing the dislocationstalong ‘its surface, due to the gradient theory, the distribution
function gives rise to a non-zero plastieydistortion ahead of the crack. Consequently, regularized solutions
of crack are developed incorporating crackitip plasticity.

Keywords: crack, antiplane, diSlocations/nonlocal elasticity of bi-Helmholtz type, gradient elasticity of
bi-Helmholtz type, nonsingular.

1. Introduction

Dislocations play a key role in fracture and plasticity of crystalline materials. In line with this observation,
within continuumimechanics of crystalline materials, the dislocations are interpreted as the building blocks
of cracks in fractiire mechanics and also are known as the carriers of plasticity. In this regard, a unified
dislocation-based theory for plasticity and fracture is an ambitious long-standing goal.

The equivalence of a crack and a continuous distribution of translational dislocations was already recog-
nized in{the 1970s and earlier (e.g., Bilby and Eshelby [1]). The stress field of cracks may be calculated as
a convolution of the stress of dislocations with a so-called dislocation density function which was proposed
by Weertman [2] as dislocation-based fracture mechanics and by Hills et al. [3] as distributed dislocation
technique (DDT) for crack problems in classical elasticity.
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In the framework of classical elasticity, stress at the tip of a crack is singular and behaves as O(r~1/?),
where r is the distance from the crack tip. In reality and as confirmed by atomistic simulations, there is
no stress singularity at the crack tip. A remedy for this shortcoming of classical elasticity can be achieved
through the assumption of a plastic zone at the crack tip. A model incorporating crack tip plasticity was
initially introduced by Dugdale [4] for cracks in metal sheet specimens pulled in tension (Mode I) under
plane stress conditions. Later, in order to resolve the paradox of stress singularity, Barenblatt [5] introduced
a cohesive fracture theory. He considered a nonlinear region in which cohesive stresses are active. This
theory is based on the idea that cohesive forces must be distributed in such a way to close the.crack faces
smoothly and remove the stress singularity at the crack tip. Later, the theory for the crack tip, plastic zone
was developed by Bilby, Cottrell and Swinden [6]. Weertman [2] gave a dislocation-based approach for the
analysis of this plastic zone. Therein, a friction stress is defined in the plastic zone, and accordingly, the
dislocation density is determined beyond the crack tip. A sound physical fractureheory. should lead to
regularized solution for crack as well as crack tip plasticity without any assumption of the cohesive zone.

Generalized continua extend the classical continuum mechanics towards mete realistic frameworks via
building bridges between continuum and atomic physics. The founders of generalized continuum mechanics
(Cosserat, Krner, Toupin, Rivlin, Mindlin, Eringen and others) introduced various extensions of classical
elasticity to capture the corresponding physical phenomena [7]. Amongathose, nonlocal elasticity and gra-
dient elasticity are able to give regularized fields of defects such as dislocation. Nonlocal theory considers
the inner structure of materials and takes into account long-range{nonlocal) interactions [8]. Within this
framework, various nonlocal kernels have been proposed. Employing a ‘Green function of bi-Helmholtz op-
erator as the nonlocal kernel in Eringen’s model of nonlocal elasticity, sionsingular stress fields are derived
for dislocations [9]. This continuum model of nonlocal elagticity involves two material length scales. How-
ever, within Eringen’s theory of nonlocal elasticity, no nonlecal strain appears. Thus, the strain and the
displacement fields are identical to the classical ones immEringen’s theory of nonlocal elasticity. It is to be
noted that a refined nonlocal theory can be developed based on nonlocal strain [10]. It is depicted that a
nonlocal elastic material is featured by a strain energy depending on both local and nonlocal strain [11],
which is in contrast to gradient elasticity where,the strain energy depends on strain and its gradient.

Strain gradient elasticity is another extension of‘the classical theory of elasticity [12]. In first strain
gradient elasticity, the potential energy funetion is assumed to be a quadratic function in terms of strain and
gradients of strain. Mindlin [13] formulated a second strain gradient elasticity theory in which the potential
energy function is assumed to be a quadratic function in terms of strain, second-order gradient displacement
(first-order gradient strain) and third-order gradient displacement (second-order gradient strain). Using a
variational approach, Mindlin also foermulated the higher order boundary conditions. This general form of
second strain gradient elasticityswas later simplified to a so-called gradient elasticity of bi-Helmholtz type
by Lazar et al. [14]. In that paper, the nonsingular stress and strain fields as well as nonsingular dislocation
density were derived for dislocations. The gradient elasticity of bi-Helmholtz type can be simplified to a
so-called gradient elasticity of Helmholtz type [15] which is a special case of first strain gradient elasticity.
Recently, Polizzotto [16] formulated a second strain gradient elasticity theory with second velocity gradient
inertia for which the non=standard boundary conditions were also determined.

Generalized continuum theories are candidates for improving the classical elasticity towards more realis-
tic frameworks. Considering the interesting aspects of the generalized continua, it is motivated to investigate
the dislocation-based fracture mechanics within these frameworks. However, a proper higher-order or higher-
grade,theoryshould be carefully validated with the results from experimental observations of real materials
behaviour."An extension of the dislocation-based fracture or distributed dislocation technique (DDT) to-
wards couple stress elasticity was given by Gourgiotis and Georgiadis [18]. The calculated stress fields for
cracks of Mode I, Mode II and Mode III in couple-stress elasticity were more singular than in classical
elasticity while the rotation field was bounded.

Other candidates for the generalization and extension of DDT towards generalized elasticity are gradient
elasticity and nonlocal elasticity. Within nonlocal elasticity, Eringen [8, 19] found a nonsingular stress of a
Mode IIT crack. Recently, Mousavi and Lazar [20] formulated distributed dislocation technique for cracks
based on nonsingular dislocations in nonlocal elasticity of Helmholtz type. Later, Mousavi and Korsun-
sky [21] presented the dislocation-based nonsingular fracture theory within nonlocal anisotropic elasticity.

3



Without using the distributed dislocation technique, gradient elasticity theory has been applied to study
the antiplane [22] and inplane [23, 24, 25] crack problems. Mousavi et al. [26] generalized the classical DDT
to the framework of (first and second) gradient elasticity. They reported nonsingular stress fields of single
crack as well as multiple cracks of Mode III. Later Mousavi and Aifantis [27] generalized this work consid-
ering the non-standard boundary conditions of gradient elasticity of Helmholtz type. A limitation of the
dislocation-based approach is the fact that it requires an analytical solution to the problem of dislocation.
Within gradient and nonlocal elasticity of bi-Helmholtz type, such analytical solutions are available, and
the crack problem can be solved based on the analytical expressions of dislocation field.

The purpose of this paper is to formulate a dislocation-based fracture mechanics for which all the physical
singularities are regularized. It is also intended to capture the crack tip plasticity without.any assumption
of cohesive zone. To achieve these goals, among generalized continua, two frameworks‘including nonlocal
and gradient elasticity of bi-Helmholtz type will be employed. In order to implement{the dislocation-based
fracture within the generalized continua, the generalized dislocation solutions together with the generalized
boundary conditions will be used. Within the framework of nonlocal elasticity’ of bi-Helmholtz type, the
nonsingular stress fields of cracks based on nonsingular stress fields of straight dislocations are derived.
Since the strain and the displacement fields are identical to the classical (ones in nonlocal elasticity, this
framework does not improve the classical singularity of dislocation density and strain field. In contrast, the
gradient elasticity of bi-Helmholtz type eliminates both stress and strain-singularities of classical fracture
mechanics. Moreover, nonsingular expressions are derived for double and triple stresses as well as dislocation
density. Within gradient elasticity of bi-Helmholtz type, the crack tip\plasticity is also captured without
any assumption of classical Barenblatt’s cohesive fracture theory.

The paper is organized as follows. Fundamentals of nonlocal and gradient elasticity of bi-Helmholtz
type are reviewed in section 2. Section 3 summarizes the solution to the screw dislocation within nonlocal
and gradient elasticity of bi-Helmholtz type. Sections 4rand 5 present the generalization of the dislocation-
based fracture to nonlocal and gradient elasticity of bi-Helmholtz type, respectively. The effective dislocation
density of the crack, crack opening displacement, plastic distortion, strain field and stress field of the cracked
plane are derived. Numerical examples are provided\in section 6 in which the results are compared to those
from classical elasticity and nonlocal and gradient elasticity of Helmholtz type. Finally, the conclusion is
given in section 7.

2. Generalized Continua

In this section, the fundamentalstef/generalized continua including nonlocal elasticity of bi-Helmholtz
type and gradient elasticity of bi=Helmholtz type are reviewed from the literature. The boundary conditions
for nonlocal as well as gradient elasticity will also be summarized.

2.1. Nonlocal elasticity of bi-Helmholtz type

For an isotropic- medium and in the absence of body forces, the fundamental static field equations of
nonlocal elasticity reads/(e.g., [8, 28])

6'jtij = 0, (1)
by () = /V al|z — yl)oi () AV (y) @)

0 = Cijrier, (3)

Cijrt = N0ijOrr + p(0indj1 + 051041), (4)
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eij =

(Bij + Bji) » (5)

DO =

where Cjjp; is the tensor of elastic moduli, A, ¢ are the Lamé constants, d;; is the Kronecker delta and
e;; denotes the classical elastic strain tensor, which is the symmetric part of the classical elastic distortion
tensor. t;; and o;; are the stress tensor of nonlocal and classical elasticity, respectively.

Within nonlocal elasticity of bi-Helmholtz type, the a(|J& —y|) is a nonlocal kernel being a Green function
of the linear differential operator of bi-Helmholtz type

L=1-EA+7'AA = (1-3A)(1-AEA), (6)

where A is the Laplacian, AA is the bi-Laplacian and e and  are parameters of nomlocality. It can be

shown that
2 4 2 4
2 _ ¢ 4N 2 (114
01—2(1—&—\/1 464),02 2(1 W1 464). (7)

Consequently, the integral equation (2) reduces to the inhomogeneous bi-Helmholtz ‘equation
Ltij = 0ij, (8)

where the classical stress is the source for the nonlocal stress. The traction (natural) boundary conditions
read

ti = tijnj = t_z % (9)

where n; and t; represent the normal to the external\boumndary and the prescribed boundary tractions,
respectively. In Eringen’s nonlocal elasticity, no nonlocal strain appears.

The limit from nonlocal elasticity of bi-Helmholtz type to nonlocal elasticity of Helmholtz type is obtained
once v — 0 (leading to ¢? — € and c3 — 0).”Fufthermore, in the classical limit ¢ — 0 and v — 0 (¢} — 0
and c2 — 0), the classical elasticity is recovered.\ The nonlocal elasticity of Helmholtz type and classical
elasticity can be recovered from the formulation hereafter by applying these limits.

The isotropic two-dimensional nonloeal kernel of (2) reads [9]

1 1
oz~ z|) = ———— ( Ko(|r — Ko(|r ), 10
ol ¥ =5 (Kolirlfer) — Kollrl/e2) (10)
where r = x — x'.
Dislocations are the source of incompatibility. Consequently, in order to study the dislocations, an
incompatible elasticity is.employed in which the total distortion (ﬁg) (i.e. the gradient of the displacement
u;) is given as a sum of elastic (8;;) and plastic parts ﬁf; [9, 29]

L= 0ju; = Bij + B, (11)
for which the dislocation density tensor reads
i = €jriBite = —€iriBil g - (12)

2.2. Gradient elasticity of bi-Helmholtz type

Gradient elasticity is a generalization of linear elasticity which includes higher-grade terms to account
for microstructural effects. Within strain gradient elasticity, the strain energy depends on the elastic strain,
and higher order strain tensors defined as spatial gradients either of the displacement field, or of the strain
field [12]. Here we consider a second strain gradient theory in which the strain energy depends on the elastic
strain, first-order strain gradient and second-order strain gradient [13, 14, 16]. Due to the gradient terms,
the strain energy contains additional gradient coefficients with the dimension of length.
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For an isotropic medium, the strain energy density within the second strain gradient elasticity (or gradient
elasticity of bi-Helmholtz type) reads [14, 16],

1 1 1
W= gTijeij + 5TijkCijh + 5 TijkiCijihl- (13)
It should be noted that the strain energy density assumed by Mindlin [13] was written in a different form
as a function of the strain and of the second and third gradients of the displacement field.
The stress, double stress and triple stress tensors are

T = {Tij} = {Cijklek:l}u (143)
W = {7} = {70}, (14b)
7-(2) = {Tijkl} = {747—7,'j,k:l}7 (14C)

while the expressions for the tensors of elastic moduli (Cjjx1), elastic strain (ey;), total distortion (ﬂZTJ ) and
dislocation density (a;;) are identical to those in nonlocal elasticity and are given by (4), (5), (11), (12),
respectively. Here, ¢ and ~ are the gradient coefficients which, in line. with nonlocal elasticity, are also
denoted as parameters of nonlocality. In our notation, it is reminded that o,; (3) is the classical stress
tensor, while 7;; (14) is the stress field within gradient elasticity:\, We notice that the elastic strain in
gradient theory is different from the one in classical (or nonlocal)€lasticity. In gradient elasticity, the elastic
strain is proportional to 7;;, while in classical and nonlocal elasticity, the elastic strain is proportional to
the classical stress, i.e. 0.
The equilibrium equations of the gradient elasticity of bi=Helmholtz type read [14],

0;(Tij — Tijhhet Tojgikt) = 0. (15)

Using a different index rule for stress tensors (14), Polizzotto [16] also derived equilibrium equations of
the second strain gradient elasticity. Following a variational approach, the natural boundary conditions were
also derived for second strain gradient elasticity [13, 16]. Considering the assumption for the strain energy
density (13), we employ those boundaryyconditions derived in [16]. Adapting the index rule used here, the
traction (natural) boundary conditions areigiven as [16]

t=t (16a)
t® = (16b)
t(2) — i(2)7 (16¢)

where £, Y ang#? are the prescribed generalized traction vectors. The generalized tractions ¢, ¢! and
t®? in (16) read [16]

t=n-T—(V(in +Hn) X (17a)
tD —p.2— (V(iny+ Hn) - »® (17b)
t? =n.xW0, (17¢)

Here 6( wn) is the surface gradient (which denotes the tangential gradient over a plane of normal n), i.e.
V(in) = P(n) -V, while the projection operator is P(n) = I — nn and I represents the unit dyadic.
The symbol V denotes the spatial gradient operator, i.e. V& = {0;7;} and H = —V () - n. In (17), the
so-called total stress T' is defined as

T = {7ij — Tijik + Tijhtht} = {Tij — € Tijohk + YATijki ) s (18)



and the surface stresses 3 and ") are

S=8+K- (nn:1?), (19a)
W = nn 73, (19b)

while K = —V | ,yn is the Weingarten curvature tensor and
S:n~(7'(1)—V-T(Q))—(ﬁu_n)—|—Hn)-(n~7'(2)). (20)

The non-standard boundary conditions (16) are an important aspect of the gradient theory which should
be taken into account, in particular, for crack problems. The boundary conditions (l6)vare reduced to
t = n -7 =t within classical elasticity. In the case of first strain gradient theory (or gradient elasticity of
Helmbholtz type), the generalized tractions (17), in the index notation, reduce to [31]

ti = (Tij — Tijrk)ny — 05 (Tijen) + 1Ol (Tijeneny), (21a)
tgl) = TijkN;jNk. (21b)

Similar to nonlocal elasticity, in the limit v — 0, the equilibrium”equations (15) and the boundary
conditions (16) are reduced to those in first strain gradient elasticity:

3. Screw dislocation

In this section, the solution to a screw dislocation withinwelassical, nonlocal and gradient frameworks
will be reviewed from the literature.

3.1. Screw dislocation within nonlocal elasticity of 4i-Helmholtz type

We consider a straight screw dislocation whose line coincides with the z-axis of a Cartesian coordinate
system in an infinitely extended medium. In the*framework of nonlocal elasticity of bi-Helmholtz type, the
nonlocal stress reads [9]

b, 1
e =~ g (it — i) =
ub 1
toy = P~ {1 - H(Cﬂ"KﬂT/Q) - CQT‘Kl(T/CQ)>} ) (22b)

where b, is the Burgers vector of the screw dislocation, r = /22 + y2 and K is the modified Bessel function
of order 1. The modified Be$sel functions in (22) regularize the classical 1/r-singularity of the dislocation.
In fact, the nonlocal stress, of”a screw dislocation is zero at the dislocation core and possesses extremum
values (maximum/andiminimum) near the dislocation core.
Within Eringen’s nonlocal elasticity, no nonlocal strain appears. Considering (3), the strain field in
nonlocal elasticity is identical to the classical strain, i.e.
b, y bz

€yp = €y = — — .
dm r2’ Y A2

(23)

In the classical limit ¢2 — 0 and c3 — 0, the nonlocal stresses (22) reduce to the classical stresses [33]

b y _pbx

_#b-y = ‘ 24
o2 r2’ T T on 2 (24)

Oz =

Similar to the strain field in nonlocal elasticity (23), the displacement field of the screw dislocation within
nonlocal elasticity is identical to the one in classical elasticity, i.e.,

b
wy = g(arctan% - g) (25)



for which the branch cut is considered to be y < 0. For y — 0, the displacement field (25) is simplified to

b
wo(z,0) = —Zzsgn(x). (26)
In classical as well as nonlocal elasticity, the dislocation density tensor of screw dislocation reads

Here, § denotes the Dirac delta function.

3.2. Screw dislocation within gradient elasticity of bi-Helmholtz type

Once again, consider a straight screw dislocation whose line coincides with the z-axis,of a Cartesian co-
ordinate system in an infinitely extended medium. The stress field within gradient elasticity of bi-Helmholtz
type [14] is

pb: y 1
Top = — 5 12 {1 — m(clrlﬁ(r/cl) — cerl(r/cQ))} , (28a)
_ Kb

Tey = 2 12

{1 - ﬁ(clrlﬁ(r/cl) - cerl(r/02)>} ) (28b)

which are identical to those in nonlocal elasticity of bi-Helmholtz type, (22). The double and triple stress
tensors can be derived by substituting (28) into (14) [14]. It is observed that the stress, double stress and
triple stress components are nonsingular. Having the stress field (28), the total stress tensor is derived using
(18). In contrast to stress, double and triple stress tensors,\the total stress tensor of gradient elasticity of
bi-Helmholtz type behaves as O(1/r3) and contains singularitysat the dislocation core.

The gradient elasticity also provides nonsingular strainfields and non-classical displacement field for
a screw dislocation. Considering the constitutive equations (14) and elastic module (4), the elastic strain
tensor reads

b, 1
€1y = 7@% {1 — m(cHKl(r/cl) — CQTKl(r/CQ))} , (29a)
b, x 1
Coy = 375 {1 N2 -2 (cHKl(r/cl) - cerl(r/cQ)>} . (29b)
The displacement field of ascrew dislocation within gradient elasticity of bi-Helmholtz type reads [32]
b, 1 R ey 1 c? 3 )
= - V. & — — k-x)dk; dk
Y w0+47r26?—05 /_oo/_ookg(k%r% k%r%>e}{p(Z w) dhy dbs, (30)
€1 €3

while k% = k3 + k3 k="(ki) k2) and = = (z,y). When y — 0, the displacement (30) is simplified to
2 2

b, c ¢
w(z,0) = —ngn(az) {1 — ﬁ exp(—|z|/e1) + 2 f 2
1 2 1 2

emHW@} (31)

The dislocation density tensor of the screw dislocation within gradient elasticity of bi-Helmholtz type
readsy32]

an = 22 L (Ky(rfer) - Kolr/e2)) (2)

T
which is nonsingular. This is an important aspect of second gradient elasticity comparing to lower order
gradient theory. In the limit for gradient theory of Helmholtz type, i.e. ¢ — €2 and ¢ — 0, the dislocation
density reads

1

b.
= 5 Holr/e) (33)

aZZ
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which is singular. In the classical limit ¢ — 0 and ¢3 — 0, the expressions for stress (28), strain (29),
displacement (30) and dislocation density (32) reduce to those of classical elasticity [33]. Within gradient
elasticity of Helmholtz type [15], the stress tensor is nonsingular while the double stress tensor is still
singular. Interestingly, within gradient elasticity of bi-Helmholtz type, all the stress tensors (14) including
stress, double stress and triple stress are nonsingular [14]. Such full nonsingular framework for dislocation
promises a full nonsingular dislocation-based fracture theory.

Within gradient elasticity of bi-Helmholtz type, the plastic distortion along y = 0 is given by [32]

P (2,0) = mlgwwm@mmnﬂMWFMkM» (34)

4 % —
while within gradient elasticity of Helmholtz type (c3 — 0), the plastic distortion (34) reduces to

" (0.0) = =% exp(—alfer). (35)

In the limit for classical elasticity, the plastic distortion reads

D (z,y) = —b.6(x)H(—y) (36)

where H(y) is the Heaviside step function

0, y<O0,
H@={1y>0 (37)

It is understood that nonlocal and gradient theories share common features, but it should be emphasized
that they differ in some aspects, in particular, regarding\the displacement field, elastic strain, plastic dis-
tortion and dislocation density. Moreover, the.matural beundary conditions within gradient elasticity differ
from those of nonlocal elasticity.

Once the plane is assumed to contain a.screw dislocation situated at a point with coordinates (7, ¢), the
stress fields of the plane may be deduced by transforming (z,y) to (x — n,y — ().

4. Dislocation-based antiplane\fracture mechanics within nonlocal elasticity of bi-Helmholtz
type

Dislocation is an eleméntary defect in solids which is able to build composite defects (Weertman [2]).
Using the distributed dislocation technique (DDT), the arbitrary configuration of cracks can be modelled
(Hills et al. [3]). Thebasic idearof DDT is that a crack can be represented by a distribution of dislocations. In
other words, the field tensor of cracks is determined by the convolution of the field tensor of a dislocation with
a distribution function. This distribution function is determined using the crack face boundary conditions.
In general, DDT.is capable of the analysis of multiple curved cracks. Here, for simplicity, we consider one
straight crack. Employing this analysis for multiple inclined cracks is straight forward.

Consider a plane weakened by one straight crack of length 2a along z-axis (Fig. 1). The parametric form
of theperack is

x = a(s) = as, -l<s<1 (38a)
y=0 (38b)

Within nonlocal elasticity, the traction boundary conditions are simply given by (9). Consequently, the
antiplane traction (t.) on the surface of the crack (for which n, =0, n, =1, Fig. 1) is

t, =ty =t,, (39)



2a

Figure 1: Plane weakened by one crack

The crack is modelled by the convolution of screw dislocation with a distribution fanetionyB™ () [2] while
superscript ‘n’ denotes nonlocal elasticity. A so-called dislocation density B?(€) cam be written in terms of
the distribution function B™(&) as [3]

BI(§) =b:B"(§) —1<¢&<1 (40)

which depicts the density of the dislocations along the crack surfaces”Employing the principle of super-
position, the antiplane traction on the surface of the crack due to the"presence of the above-mentioned
distribution of dislocations is

1
(o) = [ ak"(. B2 3, (41)
in which the kernel of the integral is
1 1 1
K"(s,6) = -ty (a(s), a0) = 55 {1 - 2o (MR (X er) - cQ|XK1(|X|/c2))} L (2

where X = a(s — £). In comparison with classical\elasticity, due to the presence of Bessel functions, the
integral equation of nonlocal elasticity of bi-Hehnholtz type (41) is nonsingular.

The unknown dislocation density BZ (&) or distribution function B™(§) should be determined using the
crack face boundary conditions (39).

In order to study the antiplane shearyproblem (Mode III), consider a plane subjected to the loadings

ty. = ty20, to=0. (43)
According to Bueckner’s supérposition” principle [34], the solution of the crack problem (Fig. 2a) can be
obtained by the superposition of two constituent problems. The first problem deals with an un-cracked
body under remote sheatfield (Fig. 2b). The second problem is an un-cracked body which is subjected to
equal and opposite tractionsypresent along the line of the crack in the first problem, but in the absence of
remote loading (Fig.'2¢). The crack faces must be traction free. The superposition of these two problems
will enforce thesraction-free condition along the crack face. Now by inducing the stress field arising in
the second problem via distribution of dislocations, the equations for determining the unknown dislocation
density can’be derived.

In the first problem, the un-cracked body under loading (43) is in a state of antiplane shear with following
uniform stress,field

tyz (1'7 y) = tyzO s trs (xa y) =0. (44)
Therefore, the traction at the location of the crack in the un-cracked plane reads
ty =tyz0- (45)

Considering the second problem and using the Bueckner’s superposition principle [34], the left-hand side of
the integral equation (41) is identical to the traction in (45) with opposite sign and gives the ‘corrective’
solution .
[ k"5, 0B2(6) dé = ~tyu0. (46)
-1
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Figure 2: Bueckner’s superposition principle

The closure requirement, i.e.,
1
JREGLE ()
—1

should be applied to the integral equation of an embedded crack to reach single-valued displacement field
out of crack surfaces. The unknown dislocation density B (&) and also distribution function B™(&) (40)
can now be obtained by solving the integral equation (46)*tegéther with the closure condition (47). Once
the distribution function is evaluated, we can apply.it to the solution of the screw dislocation to reach all
field quantities of a plane weakened by a crack, i.e. to determine effective dislocation density, crack opening
displacement, and strain and stress fields of the crack.

Within classical elasticity for which the plane‘is subjected to the loading

007 = 0y20, o5 =0, (48)
the integral equations (46) is simplified-to
1
Oy20 1
Lo Tuz0 :/ BE(€) de . 49
. ey (©) (49)

for which the analytical* solution, satisfying the classical closure requirement, is [2]
20 S

c _ c _ yz0

Bz(s)*bZB (S)* o m )

Here, superscript~c’ denotes classical elasticity. In the limit v — 0 (i.e. ¢co — 0 and ¢; — ¢), the integral
equation (46) is simplified to the one for nonlocal elasticity of Helmholtz type [20].

-l<s<l1. (50)

4.1. Effective dislocation density within nonlocal elasticity of bi-Helmholtz type

The'distribution function B™ (&) depicts the proper distribution of single dislocations for representing the
crack (Fig 1). Having determined this distribution function, we can apply it (as a convolution) to various
fields of a single dislocation and determine effective fields of a plane weakened by a crack.

The effective nonlocal dislocation density of the plane weakened by the crack (Bf;;) is defined as the
convolution of the dislocation density of a single dislocation (27) with the nonlocal distribution function

B™(¢), ie.
1

Blysa) =a [ 05008V (€)de, 51

-1
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while X = 2 — a€ and Y = y. Considering = as,y = 0 and using é(ax) = 6(z)/a, the effective dislocation
density of crack reads
B (s,0) = b,B"(s), -l<s<1 (52)

Here, subscript ‘cr’ denotes crack. From physical point of view, the effective dislocation density of crack
demonstrates the effect of the generalized continuum theory on the distribution of dislocations. It is con-
cluded that the effective dislocation density of a crack BZ. is simply the distribution function B"(£) mul-
tiplied by the Burgers vector b,. This result has also been reported for nonlocal elasticity of Helmholtz
type (ca — 0) [20]. Considering (40), it is noticed that the effective dislocation density of a efack (B[.) is
identical to the dislocation density (BY),

B! (s,0) = B7(s), -l<s<l1. (53)

In classical elasticity, the effective dislocation density of crack reads

- 2Uyz0 S
poo/1—3g2’

4.2. Crack opening displacement within nonlocal elasticity of bi-Helmholtz type

B:.(s,0) = B5(s) -1 < s </l (54)

The strain and displacement field within nonlocal elasticity (of Helmholtz and bi-Helmholtz types) are
identical to those in classical elasticity. By convolution of the displacement field of classical discrete dis-
location (25) with the classical distribution function (B¢()), theydisplacement field within nonlocal (and
classical) elasticity reads

1
Y
wtyla,y) = wio) = 5= [ warcting - 7Y B (55)

while X = z—af and Y = y, and B¢ is given in (50): The nonlocal (and classical) crack opening displacement
(COD) is defined as

9" () =9 (%) = 2w, (z,0). (56)
Considering (26), the COD for z = as reduces to

1
0" =g 2oy senls-OBOAE,  1<s<L (57)

-1

In view of classical closure requirement, the COD within nonlocal (and classical) elasticity takes the form

9" (s) = g°(s) = —a/_sl Bi(¢)d¢, -l<s<1. (58)

Therefore, within-nenlocal and classical elasticity, the dislocation density represents the negative of the slope
at any point between the crack faces. Using the classical dislocation density (50), the COD is simplified to

g"(s) = g°(s) = 2a% 1—s2, -l<s<1. (59)

According, to (59), within nonlocal and classical elasticity, the crack opening is limited to the crack surface
(—a <w'< a).

4.8. Plastic distortion within nonlocal elasticity of bi-Helmholtz type

The plastic distortion within nonlocal elasticity of bi-Helmholtz type is identical to the one in classical
elasticity which is given by
57 (@,07) = —Bi(x/a). (60)

zT

The plastic distortion (60) is derived by convolution of the classical plastic distortion of a single dislocation
(36) with the classical distribution function.
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4.4. Strain field within nonlocal elasticity of bi-Helmholtz type

The strain field within Eringen’s nonlocal elasticity is identical to the one in classical elasticity. By
convolution of the strain field of a discrete dislocation (23) with the classical distribution function, the
displacement field within nonlocal (and classical) elasticity reads

1
Y
Gy =5 | @BUOE (61a)
1
e (w,y) = 20 4 L | B, (61h)

2u 4w J_{ R?
while X =x —af and Y =y.

4.5. Stress field within nonlocal elasticity of bi-Helmholtz type

By convolution of the nonlocal stress field of a discrete dislocation (22)/with the nonlocal distribution
function, the nonlocal stress field reads

1 y) =~ ;; {1 _ Ticg(clRKl(R/cl) — R (RYes) ) } B () de, (62a)
19 (2, y) = tyso + 5 / 2 {1 - g (BRI (/) - 02RK1(R/02))}B§(£) g, (62)

while X =  — af and Y = y. The nonlocal stress components (62) are nonsingular. Within nonlocal
elasticity of Helmholtz type (ca — 0), the stress field (62)yis simplified to the nonsingular stress field
reported by Mousavi and Lazar [20]. In the limit ¢;— 0%and ¢z — 0, the classical singular stress field, i.e.

(LO’ 0
cr Q=0
TZI

d¢, (63a)

(z,y

X
1 R?
a0y, X
(g oy + 10 / B (63b)
is recovered.

5. Dislocation-based antiplane fracture mechanics within gradient elasticity of bi-Helmholtz
type

Within gradient, elasticity of bi-Helmholtz type, the generalized traction boundary conditions are given
by (16). On the surface of crack (Fig.1), the normal vector is n = {0,1,0}. Therefore, for a Mode III crack,
the non-zerosgeneralized tractions (17) of the crack surface are simplified to

by =Ty, — e (Toypp + Toz,zy) + '74(7'zy7ppqq + Toz,zypp + Towzzzy + Toy,zayy) » (64a)
t(l) =é Tzy,y 74 (sz ypp T Tey,axy + Tzw,myy) ) (64b)
t? =4 s (64c)

while p, ¢ € {z,y}. Consequently, the crack face boundary conditions of gradient elasticity of bi-Helmholtz
type read

tz =lz, (65&)
t =) (65b)
t =) (65¢)
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Various models of the crack-tip region lead to different solutions for the crack problem. Here, the crack
face boundary conditions (65) are in terms of generalized tractions and no further explicit condition is
imposed on the displacement field. In general, the crack face model may include additional conditions on
the displacement field ahead of the crack tip [22].

Within gradient elasticity, similar to previous section, a crack is constructed by a continuous distribution
of dislocations along the crack surface with density BY(§) for which [2, 3]

BYe)=b.BY) —l<&<l. (66)

Here, superscript ‘g’ denotes gradient elasticity, and B9(¢) is the distribution function within gradient
elasticity. Employing the principle of superposition, the generalized tractions on the sutface ofithe crack
due to the presence of the distribution of dislocations (66) are

t-(a9).5)) = | 11 Ak (s, €)BI(€) de | (67a)
t0 (a(s), B(s)) = [ 11 aK9' (s, §)BY(£)d¢, (67b)
@ (a().5() = [ K9 (s, ) BLUE) OE° (67c)
in which the kernels of the integrals are -
K9(5,) = -{10e = A (Tayan + Taey) + 7 ey oAty + Tovizzay + Tz} (050)
K7 (5,8) = 34 Tepy = 1 o ey + Torom)} (68b)
K7 (508) 2 8 ey} (65)

Here the stress components (after taking derivatives) are written in terms of (X,Y) where X = a(s — &),
Y =0 and R = |X]|. Considering Y = 0 the kernels (68) are simplified to

1
Kg(s) g) > bi{l - 62831 (aémlrz$ - aimyy)}/ryz ’ (693)
K9%(s,6) =0, (69D)
1
K%(s,¢) = bf{y‘*ajy}fzy. (69c)

The kernels (69), aftér substituting the stress component 7., (28), are simplified to

Kg(s,a:;j({l—czi% (a1 (X1 |)—02|X|K1(j§|))}

1

_%);3{2— 2X22<|X‘ 1(|X|) |XK1(|X|)_|_K2(|X)_K2(|X|)>}

1 — G5 C1 C1 Co C2o C1 C2
1
TH 1 |X| 1 X 3 B2 — . @ . @
T on 332 - 3) X6 {48 (el — ) 24X|X‘6102( of 1 ) — Ko o ))
X X X
—3X3|X|clcg(02Ko(|  — ex, (X 2')) 12X%¢ 102<02K1(| - c1K1(|C—2|)>
RY RY s( 3 (XN g (X
—48Xclc2(clK1(c—1) —cQKl(g)) - X5 (e (2 ) (T ) ¢ (70a)
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K9%'(s,6) =0, (70b)

K92(87£):_W1{2_X22163<K2(|X|) —K2(|X))}. (70¢)

27 X3 i — c1 cy

The unknown dislocation density BY(€) should be determined using the crack face boundary conditions (65).
In order to study the antiplane shear problem (Mode III), consider a plane subjected to the loading

Toe = Tyz0 Too =0, (71a)
& ={mxt=0, TR={5u}=0 (71b)

Similar to the previous section, the crack problem is decomposed into two companion problems (Fig. 2).
The un-cracked body under loading (71) is in a state of pure uniform antiplane shear. Due touniform stress
and strain fields, no gradient of strain exists and the double and triple stress tensors vanish. Consequently
the stress field of the un-cracked body (Fig. 2a) reduces to

Tyz ({E, y) = Tyz20, Txz ({E, y) =0, (723)

W ={rp} =0, 7@ ={mu} 50 (72b)

Therefore, the tractions at the location of the crack in the un-cracked‘plane‘read

t.=T7p0, tW=0, D=0/ (73)

Using the Bueckner’s superposition principle [34], the left-hand side of the integral equations (67) are
identical to the corresponding tractions in (73) with opposite sign, resulting in

1
[ arr(s. 08U ¢ = 1. (74)

/_ KB dE = 0. (74D)

Being the convolution of nonsingulardislecations, the integral equations (74) are nonsingular. The closure
requirement

1
| oo (75)

should also accompany the integral’equations of an embedded crack (74) to reach single-valued displacement
field out of crack surfaces."In other words, the unknown dislocation density BY(&) should be obtained by
solving the integral .équations/(74) together with the closure condition (75). In the limit co — 0, the integral
equations (74) are'simplified to those for gradient elasticity of Helmholtz type [27].

Similar to nonlocal elasticity, once the distribution function is evaluated, all field quantities of the plane
weakened by“the crack can be determined.

5.1. Effective dislocation density within gradient elasticity of bi-Helmholtz type

Theveffective dislocation density of the plane (Bgff) is defined as the convolution of the dislocation
density\of a’single dislocation (32) with the distribution function BY(€), resulting in

By (o) = gy | (o(Rfer) = KolR/ew)) B d¢ (10

52 2
2w c] — ¢35

while X =2 —af, Y =y and R? = X2+ Y2 Assuming x = as,y = 0, the effective dislocation density of
crack reads

1
BZ.(,0) = i#2/1{Ko(|X\/01)*Ko(lX\/C2)}B§(§)d£~ (77)

2
2w ¢ — ¢
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Here, subscript ‘cr’ denotes crack. It is noticed that the effective dislocation density of a crack within
nonlocal elasticity B, is simply identical to B (53) and is limited to —a < z < a. In contrast, within
gradient elasticity of bi-Helmholtz type, BY,. is given by (77) and is not limited to the crack faces. Within
gradient elasticity of Helmholtz type, considering co — 0, the effective dislocation density reads

B, (2,) / Ko(R/e1)BI(€) d (78)

5.2. Crack opening displacement within gradient elasticity of bi-Helmholtz type

By convolution of the displacement field of a discrete dislocation (30) with the distribution, function
and using (66), the displacement field within gradient elasticity can be determined. Similarly, using the
displacement field of a discrete dislocation on the z-axis (31), the crack opening displacement (COD) within
second gradient elasticity reads

s =5 [ sm0 {1- TG en-1xla) + 22 epCIxe) b BrO, (0

-1 1

while X = z — a€. Considering the closure requirement (75), the COD_within second gradient elasticity
takes the form

z/a
#(z) = —a / BI(¢) de

-1

z/a 2 5
+3[1 { 20_102 eXP(*|I—af|/Cl)*C%C%c%exp(—mfaﬂ/CQ)Bg(g)}df

2 c] 5

1 2 2
-2 / Nt genle— /g =g ewicle —asl/e) B o (80)

2 1 2

In the limit ¢; — 0, the COD within gradient elasticity of Helmholtz type is given by

a

9'(@) =4~ [1 sgn(X) {1 — exp(—[X|/c1)} BL($). (81)

In contrast to classical and‘nonlocal/elasticity, (80) and (81) inform that within gradient elasticity, the

crack opening is not limited to the crack surface. This interesting feature of the gradient theory is illustrated
in the next section.

5.8. Plastic distortion within gradient elasticity of bi-Helmholtz type

By convolving the plastic distortion of a discrete dislocation (34) with the distribution function BY(¢),

the plastic distortion of the plane weakened by a crack (81:¢") along y = 0 is obtained as

a

P,cr
(r,0) =~ -

zZT

ta [ el - aglfe) ool —al/e)} BAOAE ()

In the limit; for gradient elasticity of Helmholtz type, the plastic distortion along the crack line reads
27w 0) =~ [ el atle) B (53)

and within classical elasticity, it is simplified to (60). According to (60), the classical plastic distortion

vanishes out of the crack line while within gradient elasticity, the plastic distortion (82, 83) appears also
beyond the crack tip, giving rise to crack tip plasticity.
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5.4. Strain field within gradient elasticity of bi-Helmholtz type

By convolution of the strain field of a discrete dislocation (29) with the distribution function, the strain
field within gradient elasticity of bi-Helmholtz type reads

1
o) == [ e {i- ag(arsie) - arrre) | Broe )
or Tyz a [P X 1
e (2,y) = 2M0 o/ {1 e (clRKl(R/cl) - CQRKl(R/CQ)) } BI(€) dé; (84b)

while X =2 — (), Y =y and R? = X2 + Y2,

5.5. Stress field within gradient elasticity of bi-Helmholtz type

Convolution of the stress field of a discrete dislocation (28) with the distributionfunetion gives the stress
field as

1
) =32 [ 5 {1- aralarm@we - ofk@e) o o
a 1
) =na+ it [ {1 atalarm@arkilrem) oo s

while X = 2 — a(£), Y = y and R? = X2 4+ Y2, The double and triple stress components can be derived
by substituting (85) in (14). As mentioned earlier, for a single dislocation, the double stress and triple
stress tensors are nonsingular within gradient elasticity of bi-Helmholtz type. Consequently, the double and
triple stress fields of a plane weakened by a crack,ibeing the convolution of the discrete dislocations, are
nonsingular. On the other hand, the total stress tenser can be determined by substituting (85) in (18).
Since the total stress of a discrete dislocation is\singular, it results in singular total stress at crack tips.

Within gradient elasticity of Helmholtz type (¢a~— 0) the stress field (85) is simplified to those given by
Mousavi and Aifantis [27]. In the following section, numerical results will be presented for a crack of Mode
111

6. Numerical results

In this section, a horizental crack is studied within nonlocal and gradient elasticity of bi-Helmholtz type.
Employing the dislocation=based formulation presented in the previous section, we are able to determine the
stress, strain, crack epening and effective dislocation density of the plane weakened by a crack, and study
results within classicalélasticity and nonlocal and gradient elasticity (of Helmholtz and bi-Helmholtz types).

In the following, theyplane (Fig.1) is assumed to be under uniform antiplane shear loading (48), (43)
or (71) (for classical, nonlocal or gradient elasticity, respectively) for which oy.0 = ty.0 = Ty.0 = p. The
parameterg’of nonloeality (or gradient coefficients) are assumed to be € = 2y = 0.1a, while a is the half-crack
length. In the case of gradient and nonlocal elasticity of Helmholtz type, the parameter of nonlocality is
€ = 0:la.

6.1. Dislocation density

The dislocation densities within classical, nonlocal and gradient elasticity of bi-Helmholtz type (BS, BZ
and BY, respectively) are depicted in Fig. 3. It is observed that the dislocation density is singular for all
three cases including classical, nonlocal and gradient elasticity. The dislocation density of gradient elasticity
approximately coincides with the classical density, while the dislocation density of nonlocal elasticity is
distinctive. This difference between gradient and nonlocal theory stems from the difference of the crack face

boundary conditions.
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8r Classical elasticity H's
''''' Nonlocal elasticity of bi-Helmholtz type: € =2y= 0.1*a 1
6 --| = = = Gradient elasticity of bi—-Helmholtz type: € =2y= 0.1*a W

Figure 3: Dislocation density for classical elasticity and nonlocal and gradient elasticity of bi-Helmholtz type

For completeness, the results are also given for nonlecaland gradient elasticity of Helmholtz type (Fig. 4).
No qualitative difference is observed between“dislocation densities of gradient elasticity of Helmholtz and
bi-Helmholtz types. In contrast, nonlocal elasticity of bi-Helmholtz type predicts dislocation density with
qualitative difference comparing to the oné“in nonlocal elasticity of Helmholtz type. The singularity of the
nonlocal dislocation density of bi-Helmholtz type (which occurs at crack tip) is in the same direction as
the classical elasticity, while the singularity. of the nonlocal dislocation density of Helmholtz type is in the
opposite direction [20].

It is also interesting to study theneffective dislocation density of a crack. It is emphasized that the
effective dislocation density of the crack, in general, is different from the dislocation density given in Fig. 3.
In particular, as given by (53) and (54), within classical and nonlocal elasticity, the effective dislocation
density of a crack is identieal to the dislocation density. This is not the case in gradient elasticity (77).
Fig. 5 compares theéffective dislocation density of crack within gradient elasticity of bi-Helmholtz type (77)
and Helmholtz type (78) with the classical effective dislocation density (54).

As mentioneéd in the previous sections, classical and gradient elasticity of Helmholtz type give singular
density of diserete dislocation (27 and 33). In contrast, the gradient elasticity of bi-Helmholtz type predicts
nonsinguldr dislocation density (32). Fig. 5 depicts that the classical effective dislocation density of a crack
is singular at _cragk tips. Within gradient elasticity of Helmholtz type, this singularity is regularized, but still
there‘exist a discontinuity of density at crack tips. Interestingly, within gradient elasticity of bi-Helmholtz
type, the'effective dislocation density of the crack is nonsingular and continuous. In this case, in the vicinity
of the crack tip and along the crack surface, there is a peak for the effective dislocation density of the crack.

6.2. Crack opening displacement

The crack opening displacement is demonstrated in Fig. 6. The classical profile of the crack confirms
the classical strain singularity at the crack tip. As expected, this singularity is regularized within gradient
elasticity. A distinctive characteristic for the gradient COD is non-zero opening beyond the crack surface.
This is due to the fact that unlike the jump occurring in the classical displacement field of a discrete screw
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Figure 4: Dislocation density for nonlocal and gradient elasticity  of Helmholtz and bi-Helmholtz types

50 T T
Classical elasticity
40 — — = Gradient elasticity of Helmholtz type: € =0.1*a, y= 0 I b
‘‘‘‘‘ Gradient elasticity of bi-Helmholtz type: e =2y= 0.1*a ]
30 - I ,

-15 -1 -0.5 0 0.5 1 1.5

Figure 5: Effective dislocation density of a crack within classical and gradient elasticity

dislocation, the gradient elasticity lead to a smoothing of the displacement field of the screw dislocation (31).
Accordingly, the convolution of the displacement field of a discrete dislocation within gradient elasticity gives
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Classical elasticity

= = = Gradient elasticity of Helmholtz type: € =0.1*a, y=0
B e Gradient elasticity of bi-Helmholtz type: € =2y= 0.1*a[]

COD

Figure 6: COD within classical and gradient elasticity

rise to crack opening profile which includes displacement jacross the crack plane ahead of the crack tip. In
other words, the crack does not completely closesat'the tip (x/a = 1) of the physical region for which the
traction is specified. This feature has been reported for the first strain gradient elasticity for a different set
of boundary conditions [35]. The conditieni'6f.zero displacement out of crack surface has also been employed
within first gradient theory [22, 36] resulting in the cusp-like closure of the crack faces.

0.3. Plastic distortion

The classical plastic distortion (60)yand plastic distortion within gradient elasticity (82, 83) of the plane
weakened by a crack is shown inFig. 7. In classical fracture mechanics, a model incorporating crack tip
plasticity was initially inttoduced by Dugdale [4] for cracks in metal sheet specimens pulled in tension (Mode
I). Barenblatt [5] proposeda local fracture theory that is known as Barenblatt’s cohesive fracture theory.
This theory is based‘en the idea that cohesive forces must be distributed in such a way as to be able to close
the crack faces smoothly and remove the stress singularity at the crack tip.

Fig. 7 depicts that within gradient elasticity and using a dislocation-based approach, plasticity appears
at the crack’plane aheéad of the crack tip. In other words, without any assumption of cohesive forces, the
crack tip plasticity is captured.

6.4. Stress. field

The(stress component of classical, nonlocal and gradient elasticity of bi-Helmholtz type (oy.,t,. and
Ty- derived in (63), (62) and (85), respectively) are demonstrated in Fig. 8. The classical singularity is
regularized in both nonlocal and gradient theories. As imposed by the nonlocal boundary conditions (9),
the nonlocal stress t,, vanishes at the crack surface, while due to gradient boundary conditions (16), the
stress 7, is non-zero along the crack. In fact, due to the boundary conditions (16), the generalized tractions
t.,t! and ¢? vanish along the crack face.

Finally, Fig. 9 demonstrates the stress fields for nonlocal and gradient elasticity of Helmholtz and bi-
Helmholtz types. For both nonlocal and gradient theories, it is observed that the application of bi-Helmholtz
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Figure 7: Plastic distortion ,BZQCT(QU, 0) within classical and gradient elasticity

type elasticity does not contribute to significant change comparing to Helmholtz type elasticity. Within bi-
Helmholtz type elasticity, the peak value of the'stress field is lower than the peak value within Helmholtz
type elasticity. Moreover, the stress peak positioniis closer to the crack tip in Helmholtz type elasticity.

3 T T T T T T T
Classical elasticity
----- Nonlocal elasticity of bi-Helmholtz type: e =2v= 0.1*a
25 F — = = Gradient elasticity of bi-Helmholtz type: e =2v=0.1*a |
2 - -

o

0.5 ! .

Figure 8: Stress fields for classical, nonlocal and gradient elasticity of bi-Helmholtz type
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Figure 9: Stress fields for nonlocal and gradient elasticity of\Helmholtz and bi-Helmholtz types

7. Conclusion

Employing a dislocation-based approach, nonsingular fracture theory is derived within nonlocal and
gradient elasticity of bi-Helmholtz type. It is concluded that, for a plane weakened by a crack and under
antiplane loading, stress fields (including higher 6rder stresses) are regularized in nonlocal elasticity, while
the strain fields remain singular. Gradient elasticity of bi-Helmholtz type gives rise to nonsingular stress
and strain fields for the plane weakened/by acrack while the total stress is singular.

The boundary conditions within_gradientelasticity include non-standard higher order relations while
boundary conditions in nonlocal elasticity are as simple as in classical elasticity. Consequently, the formula-
tion of the dislocation-based fracturednechanics is much simpler for nonlocal theory than gradient elasticity.
However, gradient elasticity eliminatesithe singularities of the strain and dislocation density tensors while
nonlocal elasticity keeps these tensers singular (identical to those in classical elasticity). Therefore, the crack
opening displacement (COD) within nonlocal elasticity is identical to the classical COD while gradient elas-
ticity leads to a modified COD.

Interestingly, crack #ip plasticity is captured within gradient elasticity. Having distributed the disloca-
tions just along the crack surface (and not ahead of the crack tip), plastic distortion occurs along the crack
and also aheadl of the jcrack tip out of crack plane. Consequently, without any assumption of a cohesive
zone, the classical.singularities are regularized while the crack tip plasticity is modelled.
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