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This paper presents a theoretical method to investigate the multiple scattering of electro-
elastic waves and the dynamic stress around a buried cavity in a functionally graded
piezoelectric material layer bonded to a homogeneous piezoelectric material. The analyti-
cal solutions of wave fields are expressed by employing wave function expansion method,
and the expanded mode coefficients are determined by satisfying the boundary conditions
around the cavity. The image method is used to satisfy the mechanical and electrically
short conditions at the free surface of the structure. According to the analytical expression
of this problem, the numerical solutions of the dynamic stress concentration factor around
the cavity are presented. The effects of the piezoelectric property, the position of the cavity
in the layer, the incident wave number and the material properties on the dynamic stress
around the cavity are analyzed. Analyses show that the piezoelectric property has great

Image method effect on the dynamic stress in the region of higher frequencies, and the effect increases
with the decrease of the thickness of FGPM layer. If the material properties of the homoge-
neous piezoelectric material are greater than those at the surface of the structure, the
dynamic stress resulting from the piezoelectric property is greater. The effect material
properties at the two boundaries of FGPM layer on the distribution of dynamic stress
around the cavity is also examined.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Functionally graded piezoelectric materials (FGPMs) are the new generation of composites and important area of mate-
rials science research. In recent years, FGPMs are widely applied in smart materials and structures, so the theoretical inves-
tigation on FGPMs has received considerable attention in the literatures. The study of elastic wave propagation through
FGPMs has many important applications. Through analysis, we can predict the response of composite materials to various
types of loading, and obtain the high strength and toughness of materials. The problem is also a theoretical background
of the non-destructive analysis of FGPM microstructures by using ultrasonic technique.

During the serving of composite structures, many failures induced by various loading have been found in these materials.
The discontinuities, such as holes, cracks and inclusions in composite structures, are the major reason for these failures. If the
discontinuities exist in composite structures, it is definitely vital to determine them and analyze their effects. With the ad-
vent of FGPMs, the fracture mechanics under various loading conditions in piezoelectric materials has received much atten-
tion in recent years. In the past decade, considerable amounts of analytical, numerical and experimental work about the
stress in piezoelectric materials have been done to improve the reliability of structures.
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Up to present time, analyses about the stress problem in FGPMs mainly focus on the behavior under the static loading.
Soh et al. (2000) analyzed the behavior of a bi-piezoelectric ceramic layer with a central interfacial crack subjected to anti-
plane shear and in-plane electric loading. Using integral transform method, Wang and Noda (2001) discussed the fracture
behavior of a cracked smart actuator made of piezoelectric materials with functionally grade material properties. By means
of singular integral equation technique, Wang (2003) investigated the mode III crack problem in FGPMs, and both a single
crack and a series of collinear cracks were considered. Li and Weng (2002) studied the problem of a finite crack in a strip of
FGPMs under an anti-plane mechanical loading and in-plane electric loading. The non-local theory was also applied to obtain
the behavior of two collinear cracks in FGPMs under anti-plane shear loading for permeable electric boundary conditions
(Zhou and Wu, 2006). By making using of the Gauss-Chebyshev integration technique, Chue and Ou (2005) investigated
the singular electromechanical field near the crack tips of an internal crack in FGPMs.

Due to the increasing demand of an understanding of dynamic processes in piezoelectric composites, it is highly desirable
to study the stress in FGPMs in a fully dynamic framework. However, considering the complexity of wave scattering resulting
from the non-homogeneous property of FGPMs and the complexity of multiple scattering from the scatterer and the bound-
ary, relatively little work has been done regarding on the wave propagation in FGPMs. Recently, Chen et al. (2003) have con-
sidered the electromechanical impact response of FGPMs with a crack using integral transform technique. Ma et al. (2004)
have investigated the stress and electric displacement intensity factors of two collinear cracks subjected to anti-plane shear
waves in FGPMs. Most recently, Fang et al. (2007) studied the dynamic stress from a circular cavity buried in a semi-infinite
functionally graded piezoelectric material, and both the displacement field and the piezoelectric field were considered. To
the author’s knowledge, the multiple scattering of electro-elastic waves and dynamic stress around a cavity in a functionally
graded piezoelectric material layer are still unavailable in the literatures.

The objective of this paper is to investigate the analytical solutions of the electro-elastic field and dynamic stress around a
cavity embedded in a functionally graded piezoelectric material layer bonded to a homogeneous piezoelectric material. The
incidence of anti-plane shear waves at the surface of the structure is applied, and both the displacement field and piezoelec-
tric field in functionally graded piezoelectric materials are presented. The mechanical and electrically short conditions at the
free surface are considered, and the image method is used to satisfy the free boundary conditions of the structure. The wave
fields and electric potentials are expanded by using wave function expansion method (Pao and Mow, 1973). The expanded
mode coefficients are determined by satisfying the boundary conditions around the cavity. Addition theorem for Bessel func-
tions is used to accomplish the translation between different coordinate systems. The analytical solution of the dynamic
stress concentration factor around the cavity is presented, and the numerical solutions are graphically illustrated. The effects
of the piezoelectric property, the incident wave number and the position of the cavity in the FGPM layer on the dynamic
stress concentration factors around the cavity are also analyzed.

2. Wave motion equations in FGPMs and their solutions

Consider a FGPM layer bonded to a homogeneous piezoelectric material, as depicted in Fig. 1. The mechanical and elec-
trically short conditions at the free surface are considered. c},,els, ¢!, p! are the elastic stiffness, piezoelectric constant,
dielectric constant and density of materials at the surface of FGPM layer, and c3,, €2, ¢2,, p? those of the homogeneous pie-
zoelectric material. The material properties in the FGPM layer vary smoothly along the x-direction. Let a circular cavity lie in
the functionally graded piezoelectric material layer. The distance between the center of the cavity and the upper edge of the
layer is hq, and that between the center of the cavity and the lower edge of the FGPM layer is h,.
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Fig. 1. Schematic of the buried cavity and the incident elastic waves in a functionally graded piezoelectric material layer.
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All materials exhibit transversely isotropic behavior and are polarized in the z-direction. Let an anti-plane shear wave
with frequency w hit the surface of the FGPM layer in the positive x-direction. In this case, the mechanically and electrically
coupled constitutive equations can be written as

ou 0o ou 0

On = CaaX) o +eis(X) 50 Oy :C44(X)@+€15(X)@7 (1)
ou 0 ou 0

Dx:€15(X)a—811(X)&, Dy:e15(x)@_sll(x)@7 (2)

where 64, u, D; and ¢(j = x,y) are the shear stress, anti-plane displacement, in-plane electric displacement and electric po-

tential, respectively; c44(x) is the elastic stiffness of graded materials measured in a constant electric field, &;1(x) is the dielec-

tric constant of graded materials measured in constant strain and e;s(x) is the piezoelectric constant of graded materials.
The anti-plane governing equation and Maxwell’s equation in FGPMs are described as

00 00, aiu
™ Ty T p(x) o2’ 3)
oD, oD,
x oy O @
Substituting Eqs. (1) and (2) into Eqgs. (3) and (4), the following equations can be obtained:
0Caa(x) Qu Fu_ deis(x) 0 T Fu To_ oY
X X + C44(X) X2 X X elS(X) X2 + C44(X) ayz + e]S(X) ayz - p(X) atz ) (5)
T S )
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For convenience, it is assumed that all material properties vary continuously and have the same exponential function distri-
bution along the x-direction in the layer, i.e.

Cas(X) = €44 €XP(26x),  e15(X) = €15 eXP(2fx), en(X) = &, €XP(2x),  p(X) = p° exp(2px), ()

According to the continuous condition of the material properties in the layer and at the position of x = h,, the constants
B, %, €%, &2, and p° can be calculated as

o' <L> ®)
T2+ hy) \c,)
S, =ciexp(2phy), €l =elsexp(2phy), &, = el exp(2hy), p° = p'exp(2phy). 9)

In the above formulations, it is assumed that the ratio cZ,/c}, is equal to €5 /els, €, /¢l,, and p?/p'. Though the variations are
unrealistic, it would allow us to comprehend the effect of material properties of FGPMs on the dynamic stress around the
cavity and can provide references for the non-destruction detection in FGPMs.

Substituting Eq. (7) into Egs. (5) and (6), the following equations are obtained:

o U ) 0 &%

0

Zﬁc44&+c24V2u+2/3e?5&+e?5V2¢ =260° 7 (10)
ou 0¢p

Zﬂe‘fSaJre?SVzu = 2ﬁs‘;]&+gg’lv2¢. (11)

Here, V2 = 9%/ox? + 9%/0 y? is the two-dimensional Laplace operator in the variables x and y.
Assume that another electro-elastic field y/ is expressed as

V=, (12)

where 4; = %5 /¢9,.
From Egs. (10) and (11), the following equations can be obtained:

) ou 1 du
W o,
2ﬁ&+v Y =0, (14)

where csy = /170 with ue = c3, + [(€%)?/¢%,] being the wave speed of electro-elastic waves.
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The steady solution of this problem is investigated. Assuming that u = ugUe %, Eq. (13) can be changed into
ou
V2U+2ﬁ&+k2U:0, (15)

where o is the frequency of the incident waves and k = w/csy is the wave number of incident waves.
To solve Eq. (15), the solution can be proposed as

U = exp(—px)w(x,), (16)

where w(x,y) is the function introduced for derivation.
Substituting Eq. (16) into Eq. (15), one can see that the function w(x,y) should satisfy the following equation:

V2w + KK?w = 0, (17)

Here, 1 = 1/ (K* — §?).

According to Egs. (15)-(17), one can see that there exist elastic waves with the form of u = ugUe ! = ugexp(— px)e!™* ~ @0,
which denotes the propagating wave with its amplitude of vibration attenuating in the x-direction.

Similarly, the solution of i in Eq. (14) has the following form:

¥ = o exp(—px)el e, (18)

Note that all field quantities have the same time variation e ', which is suppressed in all subsequent representations for
notational convenience.
According to Egs. (14) and (17), the general solutions of the scattered field of electro-elastic waves resulting from the cav-

ity in FGPMs can be described, using wave function expansion method (Pao and Mow, 1973), as

U = exp(—preos0) > a,Hy (kr)e™, (19)
W’ =exp(—preos) > b,H(ipr)e™, (20)

where (r,6) is the corresponding cylindrical coordinate system shown in Fig. 1, H\(.) is the nth Hankel function of
the first kind, and a, and b, determined by satisfying the boundary conditions are the mode coefficients of the scat-
tered waves. Note that Hankel function H("(-) denotes the outgoing wave and satisfies the radiation condition at
infinity. The solution of the scattered-reflected waves has the same form as that of the scattered waves (Fang
et al.,, 2006).

3. The multiple scattering of electro-elastic waves and the total wave field

Consider the electro-elastic waves propagating along the positive x-direction in the FGPM structure. In the local coordi-
nate system (r,0) of the real cavity, the incident waves can be expanded as Pao and Mow (1973)

ul) = ug exp[—px + hy (i — B)]e"* = ug exp[—pr cos 0 + hy (i — )] f: i, (kr)em’ (21)

n=-o0

where ug is the amplitude of the incident waves, k is the wave number of the propagating waves and J,,(-) is the nth Bessel
function of the first kind. A
Similarly, the incident field /) is expressed as

Y = Jqug exp(—px — 2phy e = Jyug exp(—prcos 0 — 2phy) Z i"J. (ipryem. (22)

In the local coordinate system (r,0) of the real cavity, the scattered field can be described as

00

uf) = exp(—preos )y Z AL HOD (rer)eln (23)
=1 n=—c
¥\ = 21 exp(—prcos 0) Z Z Bl H (ipr)ei. (24)
I=1 n=—oc
where [ denotes the scattering time between the real and image cavities, and A; and Bﬁl (1=1,2,...,00) determined by sat-

isfying the boundary conditions are the mode coefficients of the Ith scattering resulting from the real cavity.

When the electro-elastic wave propagates in the FGPM layer, it is scattered by the circular cavity at first. Then, the out-
going scattered wave from the cavity is reflected on the straight surface (x = —h;), and the reflected waves arise. The reflected
waves are scattered by the cavity again. This complex phenomenon is shown in Fig. 1.
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To satisfy the mechanical and electrically short conditions at the free surface, the image method is applied. The reflected
waves at the edge of FGPM layer are described by the scattered waves resulting from the virtual image cavity. The distance
between the virtual image cavity and the straight boundary is also h,. The magnitudes of the incident waves and scattered
waves of the real and image cavities are the same, however, the directions of them are opposite. So, the boundary conditions
at the free surface can be satisfied.

For the image cavity, the waves propagate in the negative x'-direction and can be expressed as

o0

uf) = g exp[BY + hy (ixc — )le ™ = g explr' cos 0+ h (i — )] S i7", (kr)e, @)
Y = Jqug exp(Bx — 2phy)e’ = Jyug exp(Br cos 0 — 2phy) Z i, (ipr)en” . (26)

Likewise, in the local coordinate system (r,¢’), the scattered fields resulting from the image cavity can be described as

uf) = exp(prcos0) " Y ALHY (er')e™, (27)
I=1 n=-c
W5 = 21 exp(pr' cos 0') Z Z BLH! (ipr)en” (28)
=1 n=—c0
where ALZ and B;z (1=1,2,...,00) determined by satisfying the boundary conditions are the mode coefficients of the Ithscat-

tering resulting from the image cavity.
Thus, the total field of elastic waves in the material is taken to be the superposition of the incident field, the scattered field
and the reflected field at the surface of materials, namely,

_ (s) (s)
ut=uy +uy +uy. (29)
So, the total electric potential in the material is expressed as

¢ = dqut +y) )yl (30)

In the cavity, the elastic wave field vanishes and only the electric field exists. The electric potential in the real cavity is the
standing wave and is expressed as

P=in > 3 Cuipren. 31)

=1 n=-—o0c

Similarly, the electric potential in the image cavity is written as

¢y =1 Z Z ChoJ(ipren”. (32)

I=1 n=-oc

To make computation tractable, the expression of elastic fields and electric fields in the local coordinate system (r,0’) can be
translated into another local coordinate system (r,0). According to addition theorem for Bessel functions (Stratton, 1941), the
following relation can be derived:

o0

HY (pr')e" = >~ (=1)""H\)) ,(2ph,)],(pr)e™. (33)
m=—oco
Similarly,
H" (pr)e™ Z HY,(2phy)], (pr')e™. (34)

So, the following translation of coordinate systems can be obtained:

0 00

exp(pr' cos ) i HY (pr)e™ = exp[p(2hy +1cos0)] x > >~ (=1)""H), (2ph,)],,(pr)e™, (35)

n=-o0 n=-o00 M=-00

where ' = \/r2 +4h? + 4rh, cos 0 and cos 0’ = ((r')* + 4h? — r?) /4h,r".

exp(—prcos 6) Z H(prye™ = exp[p(2h; — 1 cos §)] Z Z HY (2ph, ), (pr)e™ (36)

n=-—o0 n=—-00 M=—

where r = \/(r')2 +4h? — 4r'hy cos @, and cos 0 = — (12 + 4h> — (")) /4hyr.




X.-Q. Fang/International Journal of Solids and Structures 45 (2008) 5716-5729 5721
4. Boundary conditions around the cavity
Without loss of generality, the case that the cavity is free of traction is investigated. For the cavity, the boundary condi-

tions around it are that the radial shear stress is equal to zero, and the electric potential and normal electric displacement are
continuous. They can be expressed as

out o9
Ortlycg=—==| +dor =0, (37)
i or r=a or r=a
BT I ¢! oY +yi +ysh|  o¢!
Pra=esg] =], = ™% > o | T G8)
r=a —a r=a r=a
Wla = ¢ (39)

Here, 7, = €95/c9, and /3 = 2, /. Note that & = 8.85 x 102 F/m is the dielectric constant of vacuum.

5. Determination of scattering mode coefficients and dynamic stress concentration factor

Multiple scattering of waves takes place between the real and image cavities. By satisfying the boundary conditions
around the cavities, the mode coefficients of electro-elastic waves are determined. Substituting Egs. (29)-(32) into Egs.
(37)-(39), multiplying by e~ at both sides of Eqs. (37)-(39), and then integrating from —x to =, the following recurrence
formulae can be obtained.

When [ =1, the relations among every mode coefficient of the scattered waves are written as

(1 + 2122)AL {pacos 0HV (ka) — [sH" (ka) — kaH'Y, (ka)]}
+ J172BL {pacos 0H" (ipa) — [sH" (ipa) — ipaH.)), (ifa)]}
—(1 4 Z122)" exp[hy (i — B)]{pacos 0];(ka) — [s]s(ka) — KaJ,; (ka)]}
— JaZat’ exp(—2phy){pacos 0] (ipa) — [s];(ipa) — ifal (ipa)l}. (40)

(14 21/2)AL{pacos e’H“>( ka) + [sH (ka) — kaH.Y, (ka)]}
+ J12BL{pacos OHV (ipa) + [sH' (ipa) — ipaH Y, (ifa)]}
=—(14+ i)l exp[fh (i — p)l{pacos 0] (ka) + [s],(ka) — KaJ,, (ka)]}
— J1/ai exp(=2phi){Bacos 0],(ifa) + [s]s(ifa) — KaJ,,1 (iBa)]}. (41)

J123BL {pacos OH" (ipa) — [sH" (ipa) — ipaH Y, (ifa)]}
— J1Cyy{Bacos 0](ipa) — [s],(ipa) — ifaJ;., (ifa)]}
= —/1/3f’ exp(=2phy){pacos 0],(ipa) — [s];(ipa) — iBaJ;., (ifa)]}. (42)

iniaBy{pacos OH (ifa) + [sH{" (ifa) — ipaH (ifa)]}
— I1Ch{pacos 0(ipa) + [s],(ipa) — ifdl, . (ifa)]}

= — 131 exp(~2phy){pacos 0] (ipa) + [s)(ifa) — ipd];,, (iBa)]}- (43)
ALHY (ica) + B HV (ipa) — CLyJ(iBa) = i exp(—2phy) [ (ka) + J,(ifa)). (44)
ALHY (kka) + BLH (ipa) — CHJ (iBa) = —i~° exp(—2phy)[J;(Ka) + J(ipa)). (45)

When [=2,3,...,00, the relations among every mode coefficient of the scattered waves are written as
AL (1 + 4122) exp(—pacos ){—pa cos 6H' (ica) + [sH'" (ka) — kaH'), (rca)]}
+ BL, 1122 exp(—pacos 0){—pacos 0H." (ipa) + [sH" (ia) — ipaH.", (ifa)]}
= —ALY(1 4 2142) exp[B(2hy + acos 0) {[ia cos 0 Z Y "HY (2Kkhy)(Ka)

00

+ Y (1) 7HE, 2xch)[s)(ka) — Ka]m(m)]}

m=—oc
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— J1/2B5" exp[B(2hy + acos 0)] {ﬁacosO z Y "HUY (2iphy)](ipa)

+ i S mHl Zlﬁh1)[$_]5(lﬁa) iﬁa.]sﬂ (1/ia)]}7
(1:2,3,...,00).

(1 4 /172)AL, exp(pacos 0'){pacos O H" (ka) + [sH" (ka) — kaH.!, (ka)]}
+ J1/2BL, exp(pacos 0'){ pacos 'H\" (ipa) + [sH." (ipa) — ipaH'"), (ifa)]}

—(1 4 J142)AL " exp[p(2h; acose/)]{ pacos & Z HY (2Kkhy) (ka)

m=—oc

+ Z HY (2Khy)[s),(ka) — ;cajm(;ca)]}

m=—o0

— J1/2BL " exp[B(2h; — acos 0’)]{ﬁa cos ¢’ Z H (2iphy)](ipa)

00

+ > HE,Qiph)| SJs(iﬁa)—i/fﬂ]s+1(iﬁa)]}7

m=—oo

(1=2.3,...,00)
J173B.; exp(—pacos 0){—pacos OH" (ifa) + [sH\" (ipa) — ipaH.Y, (ifa)]}
— 2y [s)y(ipa) — ifal, (ipa)]

= —J1/3B" exp[f(2h; + acos ())]{ﬁa cos0 Y (=1)""H{, (2iphy ) (ipa)

00

+ Y (1)7HE, (2iph)[s)(ipa) - i/fafm(iﬁa)]}

(1=2,3,...,00).

J173B., exp(pacos 0'){pacos ¢H" (ifa) + [sH\" (ipa) — ipaH.", (ifa)]}
— 1 Calsy(ipa) — ifals,, (ipa)]

— J1/3BL " exp[B(2h; — acos 0’)}{ﬁa cos (' Z H (2iph1)],(ipa)

Mz

+

—m

Hgl) 2iphy) 8] (ipa)—ipafs. 1 (ifa)) }7

m

00

1=2,3,...,00),

|
—

exp(—pacos 0){AH" (ka) + By H" (ipa)} - CyyJ, (iBa)
= —exp[p(2hy + acos )]

x{Ai; S (1 mHY, ik ka) + B ST (<1 HY) (21/5/11)5(1!30)}

m=—oc m=—oo

(1=2,3,...,00).

exp(pacos 0’){A U (ka) + BLH" (ipa)} — Cszls(iﬁa)
= —exp[B(2h; —acos )]

{Agl1 Z H (2Khy)Js(ka) + B’ Z HY(2iphy)J( lﬂa)}

m=—oo m=—oo

(1=2,3,...,00).
Bl

1 !
An27 Bnl? n2>

Eqgs. (40)-(51) are the algebra equations determining the mode coefficients A'
and refracted waves.

nl>

(46)

(47)

(48)

(49)

(50)

(51)

C!, and C', of the scattered
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According to the definition of the dynamic stress concentration factor (DSCF), the DSCF is the ratio of the hoop shear stress
around the cavity and the maximum stress result in from the incident waves (Pao and Mow, 1973). Thus, the DSCF around
the circular cavity in FGPMs is expressed as

DSCF = 7, = |T4/7ol. (52)

Here,

1 oul, 0¢p
Toz = {C44 %0 Z 4 e 60} (53)

It should be noted that 7 = upu°k denotes the maximum stress resulting from the incident waves.
Thus, the DSCF around the circular cavity in FGPMs is expressed as

DSCF_eZﬂ“‘”“{a(u§+u§?+u§§> o WY oW aw“}

ka a0 430 Mo Moo

eﬂucosﬂ+h1(ilc—[i) 1
i e pasin 6 Z il (ka)e™ + z i"'nJ, (ka)e™

n=—oc n=—oc
+ ﬁasinez > ALHY (ka ‘""+Z > inAfﬂH,ﬂ”(Ka)e‘"”}}
I=1 n=—-o0 =1 n=—o00
e/i(2b+3ac050) 00 m o
+————— < —pasinf> " Z Z ALHY (2Kb)],, (1ca)el™
=1 n=—o0c M=—oc
+>2 > (1>’""imALZHﬁ,Pn<2Kb>Jm<rca>ei'""} (54)
=1 n=—oc M=—o0
eﬁacos() 2phy 1
—C24— pasin 6 Z i, (ipa)e™ + Z i"'nJ, (ipa)e™
n=—oo n=—oc
/)’asm()z Z B! H\" (ipa) ‘"”—s—z Z inBl H'"( 1ﬁa)ei”“]}
I=1 n=—o0 1=1 n=—c0

pasingd" S0 S0 (<1)""BLHY 2ib), (ifa)e™

I=1 n=—oc M=—oc

B(2b+3 0
0 ef(2b+3acos0)
—Cyy—

+§: i i )™ ™imBL,HY (2ipb)], (i/}a)ei’""}.

=1 n=—oc M=—oc

6. Numerical examples and discussion

Fatigue failures often occur in regions with high stress concentrations, so an understanding of the distribution of the dy-
namic stress is very useful in structural design. According to the expression of DSCF, the DSCFs around the circular cavity are
computed. It is found that the truncations after /=10 and n=m =12 give practically adequate results at any desired fre-
quency. It is noted that the truncations of I, n and m are only related to the incident wave frequency, and the smaller trun-
cated numbers of them can be adopted when the wave frequency is smaller.

In the following analysis, it is convenient to make the variables dimensionless. To accomplish this step, we may intro-
duce a characteristic length a, where a is the radius of the cavity. The following dimensionless variables and quantities
have been chosen for computation: the incident wave number is ka = 0.1-3.0, the position of the cavity beneath the sur-
face of FGPM structure is hi/a=1.1-5.0 and hp/a=1.1-5.0, and the ratio of the material properties of the FGPMs is
p=ci/ci, =0.2-50.

To validate the present dynamical model, comparison with the previous literatures is given. Fig. 2 illustrates the angular
distribution of the dynamic stress around the circular cavity with p = 1.0, e;5 = ¢11 =0 and h;/a = 5.0. p = 1.0 means that the
functionally graded materials reduce to the homogeneous materials. e5 = &y; = 0 implies that the piezoelectric effect is not
taken into consideration. When the distance ratio is hi/a = 5.0, the effect of the edge of the structure can be ignored. It can be
seen that the angular distribution of DSCFs is symmetric about both axes when the dimensionless wave number is small. So,
the effect of the boundary disappears. When ka = 0.5, the maximum value of DSCFs is about 2.0, and appears at the positions
of 6 =m/2,3m/2. Through comparison, it is found that the results coincide with those in an infinite homogeneous material
(Datta et al., 1984; Fang et al., 2007; Rice and Sadd, 1984).

Fig. 3 illustrates the angular distribution of the DSCFs around the circular cavity with p=1.0,e;5=¢y; =0and hy/a=1.1.1t
can be seen that when the buried depth is h;/a = 1.1, because of the multiple scattering between the cavity and the edge of
layer, the DSCFs at the illuminated sides of the cavity are greater than those at the shadow sides of the cavity. At the positions
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Fig. 2. Angular distribution of dynamic stress concentration factor around the cavity in an infinite homogeneous material without piezoelectric effects
(p=1.0, e15=¢11 =0, hy/a=5.0).

Fig. 3. Angular distribution of dynamic stress concentration factor around the cavity in a semi-infinite homogeneous material without piezoelectric effects
(p=1.0,e;5=¢11=0, hy/a=1.1).

of 0 =0,m, the DSCFs are the minimum. Comparing the results in Figs. 2 and 3, it is clear that the effect of the edge of the
structure on the dynamic stress in the region of high frequencies is greater than that in the region of low frequency.

Fig. 4 illustrates the angular distribution of the DSCFs around the circular cavity in a homogeneous piezoelectric material
with p =1.0 and h;/a = 1.1. Comparing the results in Figs. 3 and 4, it is clear that the effect of the piezoelectric property on the
dynamic stress in the region of high frequency is greater than that in the region of low frequency. At the illuminated sides of
the cavity, the effect of the piezoelectric property on the dynamic stress is greater.

Figs. 5-7 display the angular distribution of the DSCFs around the circular cavity with p = 2.0 when the values of h;/a and
hy/a are different. From Figs. 3-5, it can be seen that when the buried depth of the cavity and the thickness of the functionally
graded layer are small, the dynamic stress near the boundary increases greatly. The greater the dimensionless wave number,
the greater the increase of the dynamic stress near the boundary is. The maximum dynamic stress has a trend of shifting
towards the illuminated side of the cavity. When the value of h,/a becomes great, the boundary effect decreases. However,
the effect of the value of hy/a is much greater that of the value of h;/a. Comparing the results in Figs. 5 and 6, it is clear that
the increase of the value of h;/a leads to the decrease of the dynamic stress near the boundary. In Figs. 5 and 7, it can be seen
that when the buried depth of the cavity is relatively great, the thickness of the layer expresses little effect on the dynamic
stress around the cavity.

Figs. 8-10 display the angular distribution of the DSCFs around the circular cavity with p = 0.5 when the values of h;/a and
h,/a are different. From Figs. 2, 8 and 9, it can be seen that when the values of h;/a and h,/a are small, the distribution of the
maximum dynamic stress has a trend of shifting towards the shadow side of the cavity, and the greater the dimensionless
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Fig. 4. Angular distribution of dynamic stress concentration factor around the cavity in a homogeneous piezoelectric material (p = 1.0, hy/a =1.1).
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Fig. 5. Angular distribution of dynamic stress concentration factor around the cavity in the FGPM layer (p = 2.0, hy/a = 1.1, hy/a=1.1).
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Fig. 6. Angular distribution of dynamic stress concentration factor around the cavity (p = 2.0, hy/a = 1.1, hy/a = 5.0).
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Fig. 8. Angular distribution of dynamic stress concentration factor around the cavity (p = 0.5, hy/a=1.1, hyJa=1.1).

wave number, the more distinct the shifting trend is. When the value of p is p < 1.0, the variation of the value of hy/a only
expresses effect on the dynamic stress at the shadow side of the cavity.

From Figs. 5-10, it is clear that the maximum dynamic stress around the cavity increases with the increase of the value of
p. The effects of hy/a and hy/a on the dynamic stress around the cavity also increase with the increase of the value of p.

Fig. 11 shows the effect of the value of p on DSCFs at the position of 0 = 1t/2 as a function of the dimensionless wave num-
ber ka with parameters: hy/a=1.1 and hy/a=1.1. It can be seen that if the ratio p < 1.0, the variation of the DSCFs with
dimensionless wave number is little, and the effect of the value of p on the dynamic stress is also little. However, when
the ratio p > 1.0, the fluctuation of the DSCFs is great as the dimensionless wave number varies, and the greater the value
of p, the more evident the fluctuation is. In the region of low frequency, the dynamic stress decreases with the increase
of the value of p. In the region of higher frequencies, the dynamic stress increases with the increase of the value of p. The
effect of wave frequency on the dynamic stress is greater when the ratio p > 1.0. The piezoelectric property in FGPMs makes
the dynamic stress around the cavity become greater. The effect of the piezoelectric property on the dynamic stress is greater
in the case of p > 1.0 than that in the case of p < 1.0. That is to say, when the material properties of the homogeneous pie-
zoelectric material are greater than those at the surface of the structure, the dynamic stress resulting from the piezoelectric
property is greater.

Fig. 12 shows the effect of the value of p on DSCFs at the position of 0 = 1t/2 as a function of the dimensionless wave num-
ber ka with parameters: hy/a = 1.1 and hy/a = 5.0. Comparing with the results in Fig. 11, it is found that with the increase of
the thickness of FGPM layer, the effect of the value of p on the dynamic stress decreases greatly, especially when the value of
p is p > 1.0. The effect of the piezoelectric property on the dynamic stress decreases with the increase of the thickness of the
FGPM layer.
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Fig. 9. Angular distribution of dynamic stress concentration factor around the cavity (p=0.5, h;/a=1.1, h/a=5.0).
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Fig. 10. Angular distribution of dynamic stress concentration factor around the cavity (p = 0.5, hi/a=5.0, hp/a=1.1).

7. Conclusions

The propagation and multiple scattering of electro-elastic waves in a functionally graded piezoelectric material layer with
a circular cavity are investigated theoretically by employing image method and wave functions expansion method. The ana-
lytical solution and numerical solution of this problem are presented. For the homogeneous materials, our results are in good
agreement with the solutions in previous literatures. Comparing with the solution in the static case, analysis shows that the
piezoelectric property has great effect on the dynamic stress in the region of higher frequencies.

In contrast to the homogeneous medium, it is found that the graded property and piezoelectric property of FGPMs have
great influence on the value and distribution of the dynamic stress concentration factors around the cavity. When the buried
depth of the cavity and the thickness of the functionally graded layer are both small, the dynamic stress near the edge of the
structure increases greatly. The greater the dimensionless wave number, the greater the increase of the dynamic stress
around the cavity is. When the buried depth of the cavity is relatively great, the thickness of the layer expresses little effect
on the dynamic stress around the cavity. The maximum dynamic stress around the cavity increases with the increase of the
value of p. When the material properties of the homogeneous piezoelectric material are greater than those at the surface of
the structure, the dynamic stress resulting from the piezoelectric property is greater.

Therefore, to reduce the dynamic stress and avoid fatigue failures of structures, it is proposed that the material properties
of the homogeneous piezoelectric material are less than those at the surface of the structure. If the buried depth of cavity is
smaller, a small value of p should be chosen. When the value of p is small, the thinkness of FGPM layer may be great. When
designing the FGPMs under higher frequencies, the buried depth of cavity should be greater.
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Fig. 11. Effect of material properties of FGM layer on dynamic stress concentration factor with 0 = 1t/2, hy/a=1.1, hyJa=1.1.
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Fig. 12. Effect of material properties of FGM layer on dynamic stress concentration factor with 6 = /2, hy/a=1.1, hp/a=5.0.
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