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The mechanics of double-lap joints with unidirectional ([01¢]) and quasi-isotropic ([0/90/—45/45],s) com-
posite adherends under tensile loading are investigated experimentally using moiré interferometry,
numerically with a finite element method and analytically through a one-dimensional closed-form solu-
tion. Full-field moiré interferometry was employed to determine in-plane deformations of the edge sur-
face of the joint overlaps. A linear-elastic two-dimensional finite element model was developed for
comparison with the experimental results and to provide deformation and stress distributions for the
joints. Shear-lag solutions, with and without the inclusion of shear deformations of the adherend, were
applied to the prediction of the adhesive shear stress distributions. These stress distributions and
mechanics of the joints are discussed in detail using the results obtained from experimental, numerical

Crown Copyright © 2010 Published by Elsevier Ltd. All rights reserved.

1. Introduction

Adhesively bonded joints have the potential to replace conven-
tional fastener and rivet joints, especially in laminated composite
structures. Adhesive bonding has merits over other jointing meth-
ods through the avoidance of drilled holes and the reduction of stress
concentrations (Tong and Soutis, 2003). The double-lap adhesive
joint is a simple configuration with relatively low peel stresses, so
it is often used in determining the adhesive properties for stress
analyses and material quality assurance (such as the ASTM D3528
test standard), and in structural bonding configurations.

The most widely-used stress analysis of double-lap joints is the
classical Volkersen/de Bruyne solution which was developed by de
Bruyne (1944) using Volkersen’s single-lap theory (Volkersen,
1938). This solution is a shear-lag approach based on modelling
the adherends as bars (without shear deformation) and the adhe-
sive layer as a shear spring carrying only the shear stresses needed
to transfer the longitudinal forces from the inner to the outer adh-
erends. Later, Tsai et al. (1998) proposed an improved solution by
including shear deformations in the adherend. For the design of
double-lap joints with composite laminates, a method based on
two stress-singularity parameters has been proposed for predicting
the fatigue strengths of adhesively bonded single-step double-lap
joints (Ishii et al., 1999). New designs of double-lap joints have
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been proposed for adhesively bonding thick composite laminates
by selecting ratios of the shear to normal stresses in the adhesive
layers. The stress concentrations in the adherend surface plies
and the adhesive layer at the leading edges of the doublers can
be significantly reduced (Bahei-El-Din and Dvorak, 2001). A modi-
fication of Hashin’s variational method for orthogonally cracked
composite laminates has been applied in the stress analysis of a
double-strap joint to obtain a simple analytical expression and
an equivalent spring constant for the joint (Chalkley and Rose,
2001). More recently, a semi-analytical solution, including linearly
elastic and bilinear adhesive behaviour, was developed for a
geometrically nonlinear three-dimensional analysis of single- and
double-lap tapered composite joints (Oterkus et al., 2006).

Finite element analysis has been used to evaluate the stress dis-
tributions and the residual strength under tensile loading of a sin-
gle- and double-lap repaired composite plate. Key parameters,
such as the specimen geometry, stacking sequence and patch
thickness, were identified for achieving the optimum performance
of the repair (Campilho et al., 2005). In terms of experimental mea-
surement, double-lap joints with both aluminum and steel were
investigated experimentally using neutron diffraction and moiré
interferometry, and numerically with 2- and 3-dimensional finite
element methods (Ruiz et al., 2006). Furthermore, a B-Spline anal-
ysis method has been used to evaluate moiré interferometry mea-
surement results of laminated composite joints. It was concluded
that, in regions away from the bond line, the through-thickness
interlaminar normal strain can be amplified by the presence of
the resin used in replicating the grating (Mollenhauer et al., 2008).
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From this study of the literature, it is concluded that the funda-
mental mechanics of laminated composite double-lap joints are
not well understood, and there is a lack of full-field experimental
data. However, an understanding of the mechanics of the double-
lap joint is crucial in the application of this jointing technique to
laminated composite structures. In the present study, double-lap
joints with unidirectional ([0];¢) and quasi-isotropic ([0/90/—45/
45],5s) composite adherends and corresponding, ([0]s) and ([0/90/
—45/45]s), straps, under tensile loading, are investigated experi-
mentally, numerically and analytically.

2. Experimental analysis

The geometry and materials used in the double-lap test speci-
mens are shown in Fig. 1. The geometry of the test specimen is
similar to that specified in ASTM D3528 for an isotropic adherend.
Prior to the bonding, the bonding surfaces of the panels were
abraded using medium-grit emery papers and then degreased with
acetone. The panels were bonded with a film adhesive of
EA9628NW manufactured by the Dexter Corporation. The regions
of interest (shear area) and extremities of adherend and strap are
identified by a circle and expanded in Fig. 1.

Moiré interferometry (Post et al., 1993) was employed to mea-
sure in-plane surface deformation of the specimen test section. The
high-frequency (1200 lines/mm) cross-diffraction specimen grat-
ing was replicated on the edge surface of the overlap region, shown
in Fig. 2, with a very thin adhesive (less than 25 pm thick). The
specimens were tested in Tinius Olson test machines equipped
with a portable achromatic interferometer. The achromatic inter-
ferometer developed by Czarnek (1990) has a vibration-insensitiv-
ity feature allowing the moiré interferometry experiment to be
performed in a conventional test machine. This system also per-
mits simultaneous measurement of u and » (horizontal and verti-
cal) displacements needed for determining the shear deformation
of the loaded body. The u and » displacements can be given as
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Fig. 1. Geometry and materials of the double-lap test specimens, as per ASTM D-
3528 standard.
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Fig. 2. Moiré grating replication on the edge surface of the double-lap joint and
strain gauges (G1-G4) on the surface of the specimen.
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where fis frequency of a virtual reference grating, 2400 lines/mm in
the present system, which is twice the frequency of the specimen
grating. Ny and N, are fringe orders with respect to u and v displace-
ments, respectively. Thus, one moiré fringe represents 0.417 pm
displacement in the current system. Strain components can be ob-
tained by directly differentiating the displacements with respect
to coordinates x and y as shown:
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Prior to the moiré data recording, back-to-back strain gauges (G1/
G2 and G3/G4 in Fig. 2) remote from the joint were used to monitor
the loading condition, in order to assure load alignment. Typical
strain gauge responses shown in Fig. 3 indicate that the specimens
are properly loaded without significant loading eccentricity. The
moiré displacement fields for these composite double-lap joints
were determined at load levels within which the adhesive still re-
mained linear and elastic.
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Fig. 3. Typical longitudinal strain responses from strain gauges for the test
specimen under tensile loading.
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3. Numerical and theoretical analyses

To confirm the experimental results and thus understand the
mechanics of these laminated composite double-lap joints, two-
dimensional linear-elastic finite element analyses (FEM) were per-
formed. ABAQUS, a commercial finite element code, was used in this
analysis. The geometry, boundary conditions, and element meshes
of the finite element model for the double-lap joint are shown in
Fig. 4. Two material cases were analyzed: unidirectional and qua-
si-isotropic composite joints. Two planes of symmetry exist in this
model so that only one quarter of the joint is modeled. The planes
of symmetry are specified as roller boundary conditions. The plane
strain condition was adopted for simulation of the middle plane or
the interior planes away from the free edge surfaces (which suffer
three-dimensional free-edge effects (Tsai and Morton, 1995)). Con-
stant-strain (stress) elements (linear displacement elements) were
applied to the entire model with two elements across the thickness
of the adhesive and one element for each lamina in the laminated
adherends. In each lamina, the mechanical properties: elastic mod-
uliE{ = 137 GPaand E; = 9.86 GPa, Poisson ratio v, = 0.29,and shear
modulus Gy, =4.83 GPa were applied with 1 and 2 representing
fiber and matrix directions, respectively. For the adhesive, values
E.=2.38 GPa and v, = 0.32 were used, being those from the manu-
facturer’s data for EA9628NW epoxy. It is noted that the 45° and
—45° laminae in the two-dimensional models cannot be differenti-
ated in this analysis. Since the nodal stress (or strain) values were
calculated by averaging the element nodal values from the adjacent
elements, the values of stress (or strain) along the centerline of the
adhesive are approximately equal to the average values across the
thickness of the adhesive.

For the theoretical analysis, the improved shear-lag based solu-
tions for double-lap joints proposed by Tsai et al. (1998) were used.
The double-lap joint geometry and material parameters are shown
in Fig. 5. The length of the overlap is 2c. The thicknesses of the out-
er and inner adherends are t, and t;, respectively. E, and G, are the
longitudinal elastic and transverse shear moduli of the outer adh-
erends, while E; and G; are the corresponding properties of the in-
ner adherend. G. and # are the adhesive shear modulus and
thickness, respectively. T is the applied force per unit width. 7gyis
the average adhesive shear stress over the bond line. Thus

T
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where 7, is the adhesive shear stress, given by
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Fig. 5. Geometry and material parameters of the double-lap joint.
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The parameter 8 can be redefined using two parameters / (an elon-
gation parameter) and o (a shear deformation parameter), as

B =22, (11)
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The closed-form solution proposed by Volkersen (1938) and de Bru-
yne (1944) can be recovered by assuming that adherend shear
deformations are zero, or that adherend shear moduli G; and G,
are infinitely large, i.e. o = 1.

The double-lap joints with unidirectional and quasi-isotropic
composite adherends were analyzed using these theoretical solu-
tions. The geometrical parameters are: 2c=12.7 mm, t,=1 mm,
t;=2 mm, and # = 0.15 mm. The relevant material properties are:
for the unidirectional adherends joint, E,=E;=137 GPa, G,=
G;=4.83 GPa; for the quasi-isotropic adherends joint, E, = E; = 50
GPa, G, = G; = 3.80 GPa; and for adhesive G.=0.91 GPa. Noted that

Fig. 4. Boundary conditions and element meshes in the finite element model.
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G, and G; for the quasi-isotropic adherend, were calculated by aver-
aging G, or G; for all laminae. In other words, 0°, 90°, —45° and 45°
layers are determined from the lamina three-dimensional (3-D) con-
stitutive stiffness matrix. The value of the adhesive shear modulus G,
is calculated from E. and 7.

4. Results and discussion

Typical moiré fringe patterns obtained from the experiments for
the unidirectional and quasi-isotropic joints under the similar load
are shown in Figs. 6 and 7, respectively. The u and v fields represent
the horizontal and vertical displacement fields, respectively. In

Fig. 6, it is apparent that the fringe patterns for u and v fields are
smooth and almost symmetrical about the mid-plane of the adher-
end for the unidirectional joint. The u-displacement gradients in
the x direction (i.e. ou/0x), representing strain é&,, in the adherend
are relatively large near the beginning of the joint, but are very
small (close to zero) at the free extremity of the adherend, and cor-
respondingly for the straps of the joint. This is consistent with the
longitudinal force in the adherend being completely transferred to
the two outer straps via the adhesive layers through the adhesive
shear stresses. The adhesive at and near the extremities of the
adherend and strap carry relatively large shear stresses which re-
sult in the large shear strain (the large u fringe gradient in the y
direction). The adhesive shear strains are relatively small at the

{ u field

Fig. 6. Typical moiré fringe patterns for a unidirectional ([0];6) double-lap joint under P = 3478 N (782 Ibs), about 17% load to failure.

e
ol

Pz

Fig. 7. Typical moiré fringe patterns for a quasi-isotropic ([0/90/—45/45],s) double-lap joint under P = 3456 N (777 lbs), about 16% load to failure.
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Fig. 8. Comparisons of moiré-and FEM-determined horizontal (u-) displacement fields for unidirectional and quasi-isotropic double-lap joints. (Note: the fringe pattern for

the quasi-isotropic joint from FEM is presented by every two fringes).
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quarter of a double-lap joint and (c) free-body diagram for half of a double-lap joint.
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centre of the overlap but large at the both ends. The curved fringes
in the straps and adherend imply the presence of significant shear
deformations due to low shear stiffness of the composite adherend
and straps. For the v field, the displacement gradients in the y
direction (i.e. 9v/dy), representing strain &,, are very small in the
adherend, straps and adhesive, compared with the other strains
(&x and y,y). Note that there are compressive strains ¢, in the adhe-
sive near and at the extremity of the adherend. These compressive
¢, will be discussed later.

The fringe patterns in the quasi-isotropic composite joint exper-
iment, shown in Fig. 7, are different from those in the unidirec-
tional joint case. The u-field fringes in the quasi-isotropic joints
have a degree of waviness in both the adherend and strap. It is
apparent that this waviness occurs between layers with off-axis fi-
bers (+/—45°layers in this case). These off-axis layers have an in-
plane stretching-shear coupling characteristic that results in inter-
laminar shear stresses near and on the free surfaces due to a three-
dimensional stress state. These interlaminar shear stresses gener-
ate the fringe waviness between the layers with off-axis fibers. This

phenomenon has been discussed in detail in the reference (Tsai
and Morton, 1995). Apart from the fringe waviness, the values of
& in the adherend and straps are higher in the quasi-isotropic joint,
due to a lower longitudinal stiffness than that of the unidirectional
joint, under similar load. The shear deformations in the adherend
and straps near the extremities, for the quasi-isotropic joint, are
about twice those of the unidirectional joint, even though the shear
modulus of the quasi-isotropic joint is slightly lower than that of
the unidirectional joint.

To confirm the data derived from the experiments and provide
insight into mechanics of the joints, the deformations and adhesive
strain distributions obtained from the finite element analyses are
compared with the experimental data. The full-field displacements
determined from the moiré experiments and FEM are shown in
Fig. 8 for unidirectional and quasi-isotropic joints. Note that for
illustrative purposes the fringe patterns for the quasi-isotropic
joint from the FEM are printed by every two fringes. It is clear that
for both unidirectional and quasi-isotropic joints the fringe pat-
terns from the FEM are very consistent with those from the moiré
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(b) o,(MPa) forL/t=1.2
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Fig. 12. o, stress distributions for unidirectional joints with the different length of the straps
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experiments, except for the local waviness in the quasi-isotropic
joint. As mentioned above, this local waviness, which is caused
by the presence of off-axis plies, is three-dimensional (free-edge)
phenomena occurring only near and on the free surfaces (Tsai
and Morton, 1995; Czarnek et al., 1983), and which cannot be pre-
dicted using a two-dimensional analysis. Comparisons of the adhe-
sive shear distributions obtained from both analyses are shown in
Fig. 9 for the unidirectional and quasi-isotropic joints. It is clear
that the adhesive shear strain (stress) distributions from both anal-
yses are in very good agreement for most regions of the bond line,
except in the very small zones near the extremities of the adherend
and strap. The FEM predicts that the shear stress distributions have
a tendency to drop to zero at the extremities in order to satisfy the
free shear stress at the free ends. On the other hand, the moiré
experiments cannot capture this trend due to the resolution and
averaging scheme used in obtaining the adhesive strain data.

The adhesive peel (transverse normal) stress is an important
component, possibly resulting in the initiation of joint failure. Since
the maximum peel stress occurs in the two-dimensional region
(extending from the centre-plane of the joint some way in the
width-wise direction), the free surface measurement of moiré
experiment will not capture it. However, the two-dimensional finite
element model validated by experimental solutions can be used to
determine the adhesive peel stresses. The normalized adhesive
shear and peel stress distributions from the FEM are shown in
Fig. 10 for the unidirectional and quasi-isotropic joints. It is apparent
that for both joints large tensile peel stresses occur near and at the
extremity of strap (x = ¢), while medium compressive peel stresses
appear near and at extremity of the adherend (x = —c). It may also
be observed that, unlike the adhesive shear stress, the adhesive peel
distributions in most of the bond line are not affected significantly
by the material properties of the adherend and strap, except in the
small region near the extremity of the strap. In this small region,
the value of the maximum peel stress is higher in the quasi-isotropic
joint than in the unidirectional joint.

From the experimental observations and the numerical simula-
tions, the deformations and mechanics of the double-lap joint can
be represented as shown in Fig. 11. Fig. 11(a) presents the defor-
mation of a quarter of the double-lap joint with two planes of sym-
metry (mid-planes of the joint and the adherend). It is noted that
there are transverse normal stresses (o)) in the mid-plane of the
adherend and a strap moment, M,, in the centre line of the strap,
as well as the longitudinal force T/2. This force and moment equi-
librium system results in the compressive deformations near the
extremity of the adherend and the tensile deformations near the
extremity of the strap. The detailed free-body diagram for the
quarter of the joint is represented in Fig. 11(b). The adhesive stress
system (g, and 7,) is in equilibrium with the M, and T/2 in the
strap element or with ¢, and T/2 in the adherend element. Let
adhesive moment (M,) be defined as

M, = / Ooxdx (14)
and adhesive shear (V,) be
Cc
Vo= / Todx. (15)
—C

The free-body diagram for a half of the double-lap joint is shown in
Fig. 11(c). Based on force and moment equilibrium, then

T
Vozi7 (16)
T (t+n
M, + M, —§<T>7 (17)

where t is a thickness of the strap and 7 the thickness of the adhe-
sive layer. Since M, is a self-equilibrating moment it is easy to over-
look it in the analysis. If M,, were omitted, then M, becomes

M, — g (“%’) (18)

and Eq. (18) would result in different the adhesive stress
distributions.

The effect of the strap moment M, (and the length of strap) on
the adhesive stress distribution was further investigated in a finite
element analysis. In Fig. 12, it is apparent that o, stress distribu-
tions for unidirectional joints depend upon the length of the strap
particularly along the line of symmetry and near the end of the
adherend. The gy stress distributions along line ab (line of symme-
try of the strap) and line cd (near the end of adherend) are plotted
in Fig. 13(a) and (b), respectively, for the range of strap lengths L/
t=0.5-32.1t can be seen from Fig. 13(a) that M, (resulting from the
non-uniform o,) decreases with the length of the strap. As a result,
the bending moment near the end of adherend, shown in Fig. 13(b),
also decreases as the strap becomes longer. Note that the cases of
L/t =32 and 1.2 represent the specimens type A and B suggested by
ASTM D3528 (1981). The effect of the M,, on the adhesive stress
distribution is illustrated in Fig. 14. The presence of the M, causes
an increase in the maximum adhesive shear in Fig. 14(a) and a de-
crease in the maximum compressive adhesive peel at the end of
the adherend in Fig. 14(b), but does not affect either stress at the
end of the strap. Meanwhile, as the length of the strap gets larger
(especially beyond L/t=32), both the adhesive shear and peel
stress distributions converge towards those for the cases with uni-
form stress and concentrated force boundary conditions, i.e. those
without the M,. The above results relate to unidirectional double-
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Fig. 13. o, stress distributions for unidirectional joints (a) along line ab (symmetric
line), and (b) along line cd (near the end of adherend) with different strap length L/
t=0.5-32 from FEM for T=1 N/mm.
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lap joints. However, for quasi-isotropic joints, a similar mechanism
was found, but the stress values were different, of course. A similar
result was reported by Oterkus et al.(2006), in which the influence
of the gap (equivalent to L/t, here) between the center adherends
was studied. They found that the compressive adhesive peel stress
along the inner edge increases with increasing gap size (that is, in
agreement with the present findings), while the adhesive shear is
not sensitive to it. The latter finding is not consistent with the pres-
ent results. This difference in the adhesive shear is caused by ignor-
ing the shear deformation in the adherend, a recognized limitation
of the Kirchhoff theory used by Oterkus et al. Since the peel stres-
ses are primarily determined by the normal (bending, tensile and
compressive) stiffnesses, which are modelled quite well in the
Oterkus paper, there is agreement with the present work.
Available classical solutions for the double-lap joint, Volkersen
(1938) and de Bruyne (1944) and Tsai et al. (1998) were examined
in terms of their assumptions and predictions, and compared with
the present experimental observations. Volkersen and de Bruyne
modeled the adherend and strap as bars which are allowed to de-
form only in the longitudinal direction and uniformly through the
thickness of the adherend and strap. The adhesive layer was con-
sidered as a shear spring carrying only the shear stresses needed
to transfer the longitudinal forces from the adherend to the straps.

It is shown in the experiments that these assumptions of zero
adherend (and strap) shear deformations in the theory are not va-
lid in the joints with laminated composite adherends. As a result,
the theory predicted maximum values of the adhesive shear stress
(strain) about 33% higher than those in the experiment, shown in
Fig. 15. However, Tsai, Oplinger and Morton solution, with modifi-
cation to include the adherend and strap shear deformations, ap-
pears to provide a very good prediction of the normalized
adhesive shear strain (stress) distributions for both joints, shown
in Fig. 16.

Typical failure modes of the unidirectional ([0];6) and quasi-iso-
tropic ([0/90/—45/45],s) double-lap joint specimens under tensile
loads were observed and sketched in Fig. 17. It is apparent that
on one strap the unidirectional joint has suffered cohesive failure,
while the quasi-isotropic joint undergoes delamination at the first
ply (0° layer). Furthermore, on the other strap both joints have a
mixed tensile and shear failure mode at the interfaces between
the adherend and adhesive, and between the strap and adhesive.
Based on observation during the test, the cohesive failure in the
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Fig. 15. Comparison of moiré- and 1-D Volkersen and de Bruyne-determined
normalized adhesive shear strain (stress) distributions for unidirectional and quasi-
isotropic double-lap joints.
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Fig. 16. Comparison of moiré-and 1-D Tsai, Oplinger, Morton-determined normal-
ized adhesive shear strain (stress) distributions for unidirectional and quasi-
isotropic double-lap joints.
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Fig. 17. Typical failure modes of the unidirectional ([0];6) and quasi-isotropic ([0/
90/—45/45],s) double-lap joint specimens under tensile loads.

unidirectional joint and the delamination at the first ply in the qua-
si-isotropic joint occur first by failure initiation at the end of the
strap, and determine the maximum failure load. It seems that un-
like the unidirectional joint the interlaminar stresses in the quasi-
isotropic joint play a significant role in failure initiation.

5. Conclusions

The stress distributions and mechanics of the laminated com-
posite double-lap joints with unidirectional and quasi-isotropic
adherends have been derived on the basis of the results obtained
from experimental, numerical and theoretical analyses. Experi-
mental and finite element results suggest that the displacement
fields obtained from both analyses are in a good agreement,
respectively, for both joints, except for a fringe waviness, due to
the three-dimensional free-edge phenomena, in the quasi-isotro-
pic composite joint. Furthermore, the laminated composite dou-
ble-lap joints have significant adherend shear deformations,
which have been neglected in the theoretical modelling. It is also
observed that there are transverse normal stresses in the mid-
plane of the adherend and a strap moment in the mid-plane of
the strap, as well as the longitudinal force. This force and moment
equilibrium system results in the compressive deformations in the
transverse direction near the extremity of the adherend and the
tensile deformations near the extremity of the strap. It is also
found that a strap moment, dependent on the length of the strap,
would cause an increase in the maximum adhesive shear and a de-
crease in the maximum compressive adhesive peel at the end of
the adherend but does not affect either stress at the end of the
strap for both joints. One-dimensional shear-lag closed-form solu-

tions taking into account the adherend shear deformations can
provide very good prediction not only of the adhesive shear distri-
butions, but also the maximum values of adhesive shear strain
(stress). It is also noted that the normalized adhesive shear strain
(stress) distributions for both joints are not uniform. The non-uni-
formity of adhesive shear for the quasi-isotropic joint is greater
than that for the unidirectional joint. This difference of shear
non-uniformity is mainly attributed to the different longitudinal
stiffness. The typical failure initiations for both joints were also
documented and found to occur at the end of the strap with the
cohesive failure in the unidirectional joint and with the delamina-
tion at the first ply in the quasi-isotropic joint.
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