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In this paper, we develop a procedure for optimal topological design by sequentially inserting finite-sized
non-spherical inclusions or holes within a homogeneous domain. We propose a new criterion for topology
change that results in a trade-off problem to achieve the greatest/least change in the objective for the
least/greatest change in the size of the inclusion/hole respectively. We derive the material derivative of
the proposed objective, termed as the configurational derivative, that describes sensitivity of arbitrary
functionals to arbitrary motions of the inclusion/hole as well as the domain boundaries. We specifically
utilize the sensitivity to position, orientation and scaling of finite-sized heterogeneities to effect topolog-
ical design. We simplify the configurational derivative to the special case of infinitesimally small spherical
inclusions or holes and show that the developed derivative is a generalization of the classical topological
derivative. The computational implementation relies on B-spline isogeometric approximations. We dem-
onstrate, through a series of examples, optimal topology achieved through sequential insertion of a het-
erogeneity of fixed shape and optimization of its configuration (location, orientation and scale).

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Often in engineering practice, there is a need to perform opti-
mal topological design by placing finite-sized, regular-shaped geom-
etries within the structure. Classically, topological design of
structures is achieved by optimally distributing material in a fixed
region with known loading and boundary conditions (Bendsoe and
Sigmund, 2003). One commonly applied strategy for topology opti-
mization is to consider the material as having a varying density in
the range ½0;1�, which at the lower limit results in a void. Another
approach to topology optimization is through homogenization of
periodic media, where the microstructure at each point in the de-
sign space is optimized (Bendsoe and Sigmund, 2003). Shape opti-
mal design (see Pironneau, 1984; Bennett and Botkin, 1986), in
contrast to topology optimization, is concerned with determining
the optimal boundary shapes of (typically homogeneous) objects
that satisfy criteria such as minimum mass. Efforts at integrating
topology and shape optimization have often focused on automat-
ing the transition between them (see for example Lin and Chao,
2000; Tang and Chang, 2001; Ansola et al., 2002).

In practice, the efficiency of topology and shape optimal design
procedures is strongly dependent on the availability of analytically
derived domain and shape design sensitivities (Dems and Mroz,
1983, 1984; Haug et al., 1986; Sokolowski and Zolesio, 1992) and
ll rights reserved.
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their implementation in a finite element code. Therefore, the deri-
vation of these sensitivities is a critical aspect of topology and
shape optimal design.

Instead of topological design by distributing material optimally
within the domain, an alternative approach to effecting topological
modifications in the literature is by introducing infinitesimal holes
and subsequently optimizing their size and shape. In spirit, this ap-
proach resembles shape optimal design. The advantages of such an
approach include procedural unification of topology and shape
optimization, greater control over resulting topologies and shapes,
an ability to handle geometrical constraints imposed by manufac-
turing process, and smaller number of design variables leading to
greater computational efficiency.

In an early study, Eschenauer et al. (1994) developed the
‘‘bubble method,’’ in which the conditions for introducing an infin-
itesimal hole into the structure was derived. The hole was subse-
quently parameterized using NURBS basis functions, the
structure meshed using finite elements, analyzed, leading eventu-
ally to the optimized hole shape. This procedure was applied iter-
atively leading to a sequential procedure for topological
modification. More recently, the bubble method has been extended
as the ‘‘bubble-and-grain’’ method through conditions for intro-
duction planar, elliptical, infinitesimal inclusions for the strain en-
ergy density objective (Kobelev, 2010).

The generalization of the bubble method for introduction of
infinitesimal spherical holes in the domain is through the notion
of topological derivative (Sokolowski and Zochowski, 1999; Cea
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et al., 2000). The topological derivative is an estimate of the change
in shape functionals due to introduction of infinitesimal spherical
holes in the interior of the domain. To overcome the assumptions
on the nature of the cost functions and the boundary conditions
imposed on the introduced holes, an alternative definition of topo-
logical derivative corresponding to an expanding spherical hole in
the spirit of shape sensitivity analysis was introduced by Novotny
et al. (2003). In the limit when the hole radius asymptotically ap-
proached zero, the alternative definition of sensitivity led to the
usual definition of topological sensitivity as the sensitivity corre-
sponding to creation of a hole. Further, the topological derivative
has also been extended to introduction of infinitesimal ellipsoidal
inclusions (Cedio-Fengya et al., 1998; Nazarov and Sokolowski,
2003; Ammari and Kang, 2005; Amstutz, 2006).

In general, the topological derivative does not lend itself to
introduction and modification of finite-sized heterogeneities. There
are very few studies that appear to have explored the effect of
introducing finite-sized heterogeneities on arbitrary functionals de-
fined over the domain. In Gopalakrishnan and Suresh (2008), the
authors develop the notion of feature sensitivity wherein the effect
of introducing a finite-sized hole parameterized using a scalar fea-
ture (or scaling) parameter in the range [0,1] was estimated. The
feature sensitivity was then used to explore the impact of finite-
sized hole introduced at various locations within the domain, i.e.,
to enable ‘‘fast reanalysis.’’ The procedure also necessitated a solu-
tion to an exterior boundary value problem of a finite-sized hole
placed in an infinite domain.

Optimal topological design through introduction of finite-sized
inclusions or holes into homogeneous domains will in general re-
quire sensitivities of arbitrary functionals to changes in position, ori-
entation or scaling. Such sensitivities of arbitrary functionals appear
to be uncommon in the literature, and seem to have been explored
only in Dems and Mroz (1986) in the context of deriving conserva-
tion rules, or path independent integrals, within solids that are
homogeneous except for a crack or a void. Although such conserva-
tion rules have played a critical role in the field of fracture mechan-
ics (see for instance, Eshelby, 1956; Rice, 1968; Knowles and
Sternberg, 1972; Budiansky and Rice, 1973), the sensitivities of arbi-
trary functionals to translation, rotation and scaling do not appear
to have been heretofore exploited for optimal topological design.

Finally, from a numerical solution perspective, the need to re-
mesh domains with evolving inclusion/hole shapes remains a signif-
icant challenge. Therefore, numerical examples based on arbitrary
topological modifications effected by insertion and growth of an explic-
itly defined heterogeneity have been relatively few in the literature.

Based on the above survey of literature, the goal of this paper is
to demonstrate optimal topological design through insertion and
configuration of finite-sized holes and inclusions by

1. Identifying a criterion and its material time derivative that pro-
vides sensitivity to the configuration (location, orientation and
scale) of both ‘‘soft’’ as well as ‘‘stiff’’ finite-sized inclusions.

2. Showing that simplification of the material derivative to infini-
tesimal, spherical inclusions results in the classical topological
derivative.

3. Illustrating through a series of examples the approach to effect-
ing optimal topology by sequentially inserting, orienting and
scaling finite-sized inclusions and contrasting the resulting
optimal design to those obtained by placing infinitesimal
heterogenieties.

2. Configurational derivative and optimal location, orientation
and scaling conditions

In this section, we derive the necessary conditions to determine
the optimal configuration of an inclusion within a homogeneous
domain whose boundaries evolve in time. In particular, we permit
both the inclusion boundary as well as the underlying matrix
boundary to evolve. The optimal configuration of the inclusion is
determined by solving the problem described below.

2.1. The configuration optimization problem

Given a domain X we describe a ‘‘design transformation’’ that is
continuous with the pseudo ‘‘design time’’ t within the domain
such that

x ¼ x X; tð Þ ð1Þ

where X is initial position in the domain independent of time and X
denotes the configuration at any time instant t. Also, C denotes the
boundary of the domain X. We define Xt0 as the initial configura-
tion. As with X;Xt0 is assumed independent of time. Associated with
this design ‘‘deformation,’’ a ‘‘design velocity’’ may now be defined
as:

v x; tð Þ ¼ @x
@t

ð2Þ

We now generalize the above body by introducing a heteroge-
neity defined over Xp bounded by Cp (see Fig. 1) located at position
xp inside the domain X. We define an objective over this heteroge-
neous domain as:

f ðtÞ ¼
Z

X
wdX ð3Þ

where w � wðeðxðtÞÞ;xðtÞ; tÞ is the value of the design criterion at in-
stant t. Henceforth, we will suppress the arguments of w for ease of
reading. The corresponding quantity in the homogeneous domain is
w0. We associate with the inclusion and outside of it densities
qðxðtÞ; tÞ and q0ðxðtÞ; tÞ respectively. In other words, outside of the
inclusion, the density in the domain is the same as that in the
homogeneous domain. In general, we permit the inclusion to be
either ‘‘stiff’’ (q > q0 in Xp and w < w0 in X�Xp) or ‘‘soft’’ (q < q0

in Xp and w > w0 in X�Xp).
The goal of the configuration optimization problem is to opti-

mally determine the reference location xp of the inclusion, the ori-
entation np of a reference axis passing through xp, and a rotation h
about the reference axis as well as the inclusion shape to achieve
the greatest/least ‘‘effect’’ for the least/greatest change in mass of
a stiff/soft inclusion. Thus, we formally pose the configuration opti-
mization problem as the following trade-off optimization problem:
find xp;np; h and the optimized inclusion shape to

minimize gðtÞ ¼ �
Z

X
w� w0� �

dXþw
Z

X
q� q0� �

dX

Subject to
Z

X
e : C : eadX�

Z
C

t � uadC ¼ 0 ð4ÞZ
X
e0 : C0 : ea0dX�

Z
C

t0 � ua0dC ¼ 0

where the positive sign on the objective applies for a stiff inclusion,
and the negative sign for a soft inclusion; eaðxðtÞÞ and uaðxðtÞÞ are
compatible virtual strains and displacements respectively. Simi-
larly, ea0ðxðtÞÞ and ua0ðxðtÞÞ are corresponding virtual quantities in
the homogeneous domain; t and t0 are the tractions on the bound-
ary of the domains (assumed unchanging with time) with and with-
out the inclusion respectively. C and C0 are the fourth rank elasticity
tensors (assumed constant with time) in the inhomogeneous and
homogeneous domains. Implicit in the above statement is the fact
that on the portion of the boundary Cu where displacement bound-
ary conditions are applied, ua ¼ ua0 ¼ 0. Ct is the portion of bound-
ary where tractions are prescribed, and C ¼ Cu [ Ct . The body forces
are ignored in the constraints corresponding to the principle of vir-
tual work for convenience. We show that by imposing the virtual
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Fig. 1. Illustrations of homogeneous and heterogeneous domains.
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work statement as a constraint, the adjoint boundary value prob-
lems naturally emerge.

The value of the weight w 2 ½0;1� represents the relative pref-
erence for the two terms in the objective. The weight w may also
be alternatively expressed as w ¼ �w

ð1��wÞ
�w
�q with �w 2 ½0;1�, and with

�w and �q being scaling constants on w and q respectively. In general,
the weight value has a one-to-one correspondence with the maxi-
mum allowable mass change in the case of a stiff inclusion (or min-
imum required in the case of a soft inclusion). It is possible that an
optimal solution may not exist for an arbitrarily chosen weight
since the mass change corresponding to a chosen weight may be
unachievable. Also, if a fixed size inclusion is translated or rotated
within the domain, then the rate of change of mass of the body is
zero, and therefore the term involving densities in the objective be-
comes irrelevant for an inclusion of fixed shape as we show later.

The reference to the homogeneous domain in the objective
needs elaboration. Without this reference, arguably, the form of
the objective in the presence of a stiff/soft inclusion will be non-
obvious. In fact, we show later that without the homogeneous
terms, the objective does not accurately determine the sizes of stiff
as well as soft inclusions for a chosen weight �w.

We now recognize that the design velocities v and v0 in the
inhomogeneous and homogeneous domains respectively are arbi-
trary and define design intent to move the boundaries of the body.
Therefore, we impose the conditions implicit and natural in the
statement of Problem (4), namely, v ¼ v0 in X and t ¼ t0 on Ct .

2.2. The configurational derivative

We derive next the material derivative of the objective in Prob-
lem (4), that yields the configurational derivative when the con-
straints corresponding to virtual work are satisfied. For
convenience of derivation, we will consider the objective with
the positive sign corresponding to a stiff inclusion while carrying
out the derivation, and distinguish the appropriate sign for stiff/
soft inclusion in the final result.

The Lagrangian corresponding to Problem (4) is:

GðtÞ ¼
Z

X
wdX�

Z
X
e : C : eadX�

Z
C

t � uadC
� �

�
Z

X
w0dX

þ
Z

X
e0 : C0 : ea0dX�

Z
C

t � ua0dC
� �

þw

�
Z

X
q� q0� �

dX ð5Þ

We derive in Appendix A, using established procedures (Malvern,
1969; Arora, 1993), the material time derivative of Lagrangian
GðtÞ as:
_GðtÞ ¼
Z

X

@

@t
ðw� w0ÞdXþw

Z
Xp

@

@t
ðq� q0ÞdX

þ
Z

Cp

ðwþwqÞðn � vÞ½ �½ �dC

�
Z

X
ðe : C : ea � e0 : C0 : ea0Þðr � vÞ dX

�

�
Z

Ct

t � ua � t0 � ua0� �
r � vð ÞdC

�

�
Z

Ct

t � ua � t0 � ua0� �
n � rv � nð ÞdC ð6Þ

The above derivation relies on the following adjoint problems
defined in inhomogeneous and homogeneous domains,
respectively:Z

X

_e : C : ea dX�
Z

C
ta � _u dC ¼ 0 ð7Þ

Z
X

_e0 : C0 : ea0 dX�
Z

C
ta0 � _u0 dC ¼ 0 ð8Þ

with ta � ruT � n ¼ w and ta0 � ru0T � n ¼ w0 on Ct . GðtÞ reaches its
extreme value, i.e., the above material derivative is zero at the opti-
mum. We define the material derivative as the configurational deriv-
ative. In general, to evaluate the configurational derivative we need
to solve four boundary value problems: (1) original problem in the
inhomogeneous domain, (2) adjoint problem in the inhomogeneous
domain, (3) original problem in the homogeneous domain and (4)
adjoint problem in the homogeneous domain.

Commonly, the design objective as well as the density does not
possess explicit design time dependence. Under these restrictions,
and generalizing the derivation for both stiff and soft inclusions,
Eq. (6) reduces to:

_GðtÞ ¼ �
Z

Cp

ðw�wqÞðn � vÞ½ �½ �d
"

C

�
Z

X
ðe : C : ea � e0 : C0 : ea0Þðr � vÞ dX

�

�
Z

Ct

t � ua � t0 � ua0� �
r � vð ÞdC

�

�
Z

Ct

t � ua � ua0� �
n � rv � nð ÞdC

�
ð9Þ

where the positive sign applies for a stiff inclusion and the negative
sign for a soft inclusion. We have also used the fact that t ¼ t0 on Ct

in the last line. As mentioned earlier, v is an arbitrarily defined
velocity dictated by design intent.



432 H.-Y. Lin, G. Subbarayan / International Journal of Solids and Structures 50 (2013) 429–446
2.3. Optimality conditions for location, orientation and scaling of an
inclusion

We now consider three specific transformations corresponding
to translation, rotation and uniform scaling of domain X:

v ¼ v̂ ð10Þ
v ¼ x� r ð11Þ
v ¼ aðtÞr ð12Þ
where v̂ is a (spatially) constant velocity, x is a constant angular
velocity about an arbitrary axis oriented along np passing through
an arbitrary point xp with r ¼ x� xp, and aðtÞ is a parameter, inde-
pendent of spatial location, defining the scaling of the inclusion rel-
ative to an arbitrary point xp. Under the first two transformations,
r � v trivially vanishes (r �x� r ¼ r�x � r�x � r � r;r� r ¼ 0
and r�x ¼ 0), while r � v ¼ da under scaling with d being the
dimension of the problem (2 or 3). Thus, under all three transforma-
tions, the following condition is satisfied either trivially or on ac-
count of the required equilibrium condition in Problem (4):Z

X
ðe : C : ea � e0 : C0 : ea0Þðr � vÞ dX

�
Z

Ct

t � ua � t0 � ua0� �
r � vð ÞdC ¼ 0 ð13Þ

Thus, under the above three transformations, the configura-
tional derivative, Eq. (9), takes the respective forms:

_GðtÞ ¼ �
Z

Cp

ðw�wqÞn½ �½ �dC

" #
� v̂ ð14Þ

_GðtÞ ¼ �
Z

Cp

ðw�wqÞðr� nÞ½ �½ �dC

" #
�x ð15Þ

_GðtÞ ¼ �
Z

Cp

ðw�wqÞðr � nÞ½ �½ �dC�
Z

Ct

t � ua � ua0� �
dC

" #
aðtÞ ð16Þ

where we have used n � rðx� rÞ � n ¼ n� n �x ¼ 0 and n � rðarÞ�
n ¼ a. In the above conditions, if q is constant on Cp, then the den-
sity term drops out of Eq. (14) and Eq. (15) since

R
Cp

ndC ¼ 0 andR
Cp

r� ndC ¼ 0. Also, for a spherical inclusion, Eq. (15) is trivially
satisfied if the sphere is centered on xp since then r� n ¼ 0.

Evaluating Eqs. (14) and (15) require only the solution to the
original boundary value problem corresponding to the heteroge-
neous domain. To evaluate Eq. (16), on the other hand, the original
and adjoint boundary value problems on the heterogeneous do-
main and the adjoint boundary value problem on the homoge-
neous domain need to be solved. Also, excluding the
homogeneous terms in Problem (4) will not alter the conditions
of Eqs. (14) and (15), but will eliminate the ua0 term alone in Eq.
(16). Thus, clearly, adding the homogeneous terms in the objective
is necessary in Eq. (16) to discern the effect of inclusion boundary
motion relative to the domain boundary motion. More impor-
tantly, the sign of the sensitivity needs to change between soft
and stiff inclusions. Such a change in the sign does not occur in
the absence of the homogeneous terms in the objective.

It is possible to derive an alternative form for Eq. (16) (see
Appendix B) as an integral on the boundary of the inclusion by a
procedure inspired by the derivation of the Eshelby formula (Eshel-
by, 1956; Christensen, 2005):

_GðtÞ ¼ �
Z

Cp

ðw�wqÞðr � nÞ½ �½ �dC

"
�
Z

Cþp

ta0 � u� t � ua0
� �

dC

�
Z

C
ta � ta0� �

� u dC
�
aðtÞ ð17Þ

While, in general, ta – ta0 on Ct , for the most common objective
used in topology optimization w ¼ r : e, as discussed in the follow-
ing section, ta ¼ t ¼ t0 ¼ ta0 on Ct , and, if the boundary condition is
such that u ¼ 0 on Cu, then the last integral vanishes. It should be
noted that the surface Cþp in the above expression is arbitrary, and
dictated more by convenience of evaluation. Two relevant choices
for Cþp are the inclusion boundary Cp, or the domain boundary C.

There are at least three uses for the configurational derivative
described by Eqs. (6), (14)–(17):

1. Provide the optimality criterion for placing, orienting or scaling
the inclusion ( _GðtÞ ¼ 0). However, it is important to note that
such an extremum may not exist within the domain X.

2. Algorithmically enable iterative search for the optimal inclusion
location, orientation, or size by identifying the search direction
that produces the steepest gradient in the objective. Thus, the
steepest descent/ascent direction at instant t identified from
Eqs. (14)–(17) are d ¼ � _GðtÞ.

3. Estimate the impact of arbitrarily modifying the shape of the
inclusion as well as the domain (i.e., for shape design
sensitivity).

2.4. Simplification based on choice of objective

In the examples illustrated later in the present paper, we will
use the criterion that is most common for topological modification
(Bendsoe and Sigmund, 2003), one that is related to the structural
compliance. Specifically, we will use:

wðeðxðtÞÞ; xðtÞ; tÞ ¼ r : e ð18Þ

Thus, from the definition of the adjoint tractions stated earlier (see
also Eq. (32) of Appendix A), we get:

ta ¼ r � n on Ct ð19Þ

Therefore, the adjoint boundary value problem is deduced to be
identical to the original boundary value problem. In this case, the
adjoint boundary value problem is trivially eliminated by setting
ea ¼ e everywhere in X. By the same argument as above, the adjoint
problem is avoided in the homogeneous domain with its corre-
sponding objective w0 as well.

2.5. Simplification for optimal location of an infinitesimal spherical
particle

We consider now a spherical inclusion of radius R centered at
xp. As discussed earlier, for the most common objective used in
topology optimization w ¼ r : e; ta ¼ t ¼ t0 ¼ ta0 on Ct . Therefore,
the solutions to the original and adjoint problems are identical
for this specific objective. Thus, the scaling sensitivity described
by Eq. (16) becomes for this objective:

_GðtÞ ¼ �
Z

Cp

ðw�wqÞðr � nÞ½ �½ �dC�
Z

Ct

t � u� u0� �
dC

" #
aðtÞ ð20Þ

where we have introduced a positive scaling rate aðtÞ. If the inclu-
sion is an infinitesimal spherical particle, the last integral in the
above expression may be ignored since the perturbation caused
by the inclusion is local. Thus, for the chosen objective, in the event
of an infinitesimal spherical inclusion of radius R

_GðtÞ ¼ �
Z

Cp

w� � wþ
� �

�w q� � qþð Þ
� �

dC

" #
RaðtÞ ð21Þ

where ð�Þ�=ð�Þþ refer to quantities just inside/outside the inclusion
boundary Cp respectively, n ¼ n� ¼ �nþ is the outward normal to
the inclusion boundary. We have also made use of the fact that
r ¼ Rn on the spherical surface. Using well established ideas from
the field of micromechanics (Nemat-Nasser and Hori, 1999), assum-
ing that the elastic tensors C and C0 are isotropic, we derive in



Fig. 2. Illustration of the refined control net automatically generated by the
developed program in the vicinity of elliptical features.

Fig. 3. Flow of control during the execution of the code.
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Appendix C, the expression for the integral of the jump in objective
w in Eq. (21) in terms of the elasticity tensors as well as the applied
strain field e0 as:Z

Cp

ðw� � wþÞdC ¼ � e0 : Ĉ : e0
	 


Cp ð22Þ

where Cp ¼ 4pR2 and the tensor Ĉ is of the form Ĉijkl ¼ c1dijdklþ
c2ðdikdjl þ dildjkÞ with the coefficients c1 and c2 as defined in
Appendix C. Thus, using this result, the sensitivity of Eq. (21)
reduces to:

_GðtÞ ¼ �e0 : Ĉ : e0 þw q� � qþð Þ
h i

Cpvn ð23Þ

since the velocity normal to the spherical inclusion boundary is
vn ¼ RaðtÞ. In the limit of infinitesimal inclusion, we define the
topological derivative as the quantity within the square brackets:

DTðxpÞ ¼ �e0ðxpÞ : Ĉ : e0ðxpÞ þw q� � qþð Þ ð24Þ

where, as before, the first sign preceding the expression corre-
sponds to the stiff inclusion and the second to the soft inclusion. Fi-
nally, the optimal spatial location, xp for the insertion of the
inclusion is given by the condition:

rDTðxpÞ ¼ �2re0ðxpÞ : Ĉ : e0ðxpÞ ¼ 0 ð25Þ

Ignoring the trivial case when the inclusion is of the same material
as the matrix material (i.e., when c1 ¼ c2 ¼ 0), the optimal location
is one where either the strain is zero or the spatial gradient of the
strain is zero. Clearly, at such locations, the objective
w0 ¼ e0 : C0 : e0 achieves an extreme value as well.

3. Numerical implementation

A significant challenge to topology optimization through heter-
ogeneity insertion and growth is the evaluation of the criterion
that determines the heterogeneity location, and the boundary opti-
mization following the heterogeneity insertion. Both of these steps
have in the past required meshing of the sequentially modified do-
main followed by finite element analysis. Therefore, any scheme
that obviates the need for remeshing while retaining the
advantages of heterogeneity introduction stated above is likely to
be efficient for topological optimization.

In the numerical implementation of configurational derivative
demonstrated in this paper, we follow the hierarchical partition
of unity field compositions (HPFC) procedure developed by the
authors Natekar et al., 2004; Zhang and Subbarayan, 2004, 2006;
Zhang et al., 2007; Rayasam et al., 2007a,b. In the examples, a
‘‘dominated’’ union in which the weight of the composed field cor-
responding to the inclusion is unity and the corresponding weight
of the underlying homogeneous field is zero is used. In the present
study, the underlying homogeneous field as well as the composed
field corresponding to the heterogeneity are approximated by B-
Splines. Both the polynomial B-Splines as well as the rational
Non-Uniform Rational B-Splines (NURBS) are very popular choices
in CAD as well as isogeometric analysis (Renken, 1997, 2000;
Kagan and Fischer, 2000; Natekar et al., 2004; Hughes et al.,
2005; Rayasam et al., 2007a). The procedure is implemented using
Mathematica�, a computer algebra system (CAS) that enables sym-
bolic operations as well as higher-level programming. The devel-
oped program contained 1000 lines of Mathematica code. Since
the examples discussed below contain stress-concentrating ellipti-
cal inclusions or voids, a refined control net distribution in the
neighborhood of heterogeneity boundary was necessary to accu-
rately capture the stress state. Therefore, an automatic procedure
to adaptively generate a net of 45 � 45 control points around the
heterogeneity at any design state was developed, as shown in
Fig. 2. On an average, the analysis took 73 s to complete one itera-
tion on a desktop machine powered by a 2.4 GHz Intel Core 2 Duo
processor. During the analysis, the boundary value problem of
homogeneous system corresponding to the reference design state
was solved first. Next, the heterogeneous system in its initial con-
figuration subjected to the same loading and boundary conditions
was solved. Then the boundary integrals in Eqs. (14), (15), or (17)



Fig. 4. Optimal configuration and the iterates resulting from two different initial configurations when both position as well as orientation are sequentially modified: (a)
quadratically distributed traction for insertion of a single elliptical hole, (b) optimal configuration of the hole, (c) quadratically distributed traction for insertion of a single
elliptical inclusion, and (d) optimal configuration of the inclusion (E = 1000).
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were evaluated to obtain the sensitivity corresponding to transla-
tion, rotation or geometrical scaling of the feature, respectively.
Once the configurational derivative was estimated, the configura-
tion of the heterogeneity was updated using the descent/ascent
directions corresponding to Eqs. (14)–(17). The above procedure
was iterated until the optimality condition was satisfied. The flow
of control during the analysis is shown in Fig. 3.

We show, in Appendix D, illustrative examples that demon-
strate the convergence to optimal position, orientation and scale
of a single elliptical, finite-sized feature. The examples proceed in
a sequence starting with those that illustrate individually the opti-
mal position of finite sized features (Eq. (14)), followed by optimal
orientation (Eq. (15)), and scaling (Eq. (16) or Eq. (17)).
4. Demonstration examples

In the examples of the previous section, the position, orienta-
tion, and scale of a heterogeneity were individually optimized
using the associated configurational derivative expressions. Here,



Fig. 5. Normalized objectives of plate with heterogeneities placed at position 1 in
Fig. 4 against iteration count. The plotted quantities are normalized with respect to
the total compliance of homogeneous plates subjected to quadratically distributed
tractions.

H.-Y. Lin, G. Subbarayan / International Journal of Solids and Structures 50 (2013) 429–446 435
we demonstrate the proposed methodology for optimal topological
design by optimizing the configuration of finite-sized heterogene-
ities enabled by the derived configurational derivative.

4.1. Simultaneous optimization of position and orientation of an
elliptical heterogeneity

In the first example, we iteratively update the location as well
as the orientation of holes as well as inclusions of fixed shape
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Fig. 6. Optimal configurations of regular holes of varying shape (area held same) and
stadium-shaped holes, (b) optimal configurations, (c) initial configurations of three s
considered hole sizes. The asterisks represent the optimal locations for inserting an infi
and size in an alternating sequence until the optimal configuration
is reached. The quadratically varying tractions illustrated in
Fig. 4(a) and (c) were applied (the chosen load distributions were
aimed at ensuring a unique solution for the single hole/inclusion
problem), and two possible initial configurations were considered
in each case. The optimal location and orientation of the heteroge-
neities that resulted from the iterations are shown in Fig. 4. To pro-
vide further insight into the intermediate iterations, we plot the
change in the objective of the heterogeneous structures (corre-
sponding to initial location 1) in Fig. 5. The objective of the heter-
ogeneous plate decreases (increases) as the inclusion (hole)
evolves towards the optimal configuration.
4.2. Simultaneous optimization of position and orientation of holes
with regular shapes

Next, we illustrate the configurational optimization of holes
with regular shapes (circular, elliptical, and stadium-shaped holes),
which are commonly used in engineering practice. We used the
structure shown in Fig. 4(a) as before to ensure a unique solution
for each shape. The initial (arbitrarily chosen) and the correspond-
ing optimal configurations of the above mentioned hole shapes
that possessed an identical area are illustrated in Fig. 6(a) and
(b). To enable a comparison with the classical topological deriva-
tive-derived solution, the location where condition Eq. (25) was
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stadium holes of varying size: (a) initial configurations of circular, elliptical, and
tadium-shaped holes with different sizes, and (d) optimal configurations of the
nitesimal hole based on Eq. (25).
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satisfied is also marked (asterisk) in the figures to represent the
optimal position for inserting an infinitesimal hole.

Further, the effect of hole size on the resulting optimal configu-
ration was studied by considering three stadium holes with differ-
ent sizes, as illustrated in Fig. 6(c) and (d). It was observed that the
optimal location varies as a function of hole size. Thus, we con-
clude that the optimal position of an inserted hole depends on its
shape and size. In addition, the centers of the optimally placed fi-
nite-sized holes are different from the optimal location for insert-
ing an infinitesimal hole obtained using Eq. (25). The
configurational derivative used here permits the size and shape
of the hole be fixed to meet designer’s intent or manufacturing
constraint.

4.3. Topology optimization through insertion of heterogeneities

In the following examples, we demonstrate the methodology
for topology optimization by sequentially inserting finite-sized
heterogeneities in a homogeneous structure.

4.3.1. Optimization through sequential insertion of infinitesimal/finite-
sized holes

In this example, we determine the optimal topology and shape
by sequentially introducing holes into a structure and subse-
quently scaling them using Eq. (17). The overall philosophy
adopted here can be viewed as a generalized ‘‘Bubble’’ method
(Eschenauer et al., 1994) for finite-sized heterogeneities. Both
sequential introduction of infinitesimal holes followed by their
shape optimization, as in the Bubble method, and topological opti-
mization through introduction of finite-sized holes are considered
here.

We first consider a plate subjected to loading and boundary
conditions shown in Fig. 7. In the first scenario, we sequentially in-
serted infinitesimal holes at the location where Eq. (25) was satis-
fied and the objective w0 was a minimum. Due to the symmetry of
load and geometry, two possible locations for the introduction of
the holes were identified in the structure marked with an asterisk
in Fig. 8(a). In order to preserve the symmetry of the optimized
Fig. 7. Plate subjected to distributed load on top and the illustrated boundary
conditions at the bottom used in the examples demonstrating sequential topolog-
ical modification.

(c)

(d)
Fig. 8. Topology optimization through insertion of infinitesimal holes into structure
of Fig. 7: (a) optimal hole locations identified during the first iteration, (b) optimal
size of the first two holes, (c) optimal hole location identified during the second
iteration, and (d) optimal size of the third hole.
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Fig. 9. Topology optimization through sequential insertion of finite-sized holes into
the structure of Fig. 7: (a) initial configurations of the first two holes inserted during
first iteration, (b) optimal configurations of the holes, (c) initial configuration of the
third hole inserted during second iteration, and (d) optimal configuration of the
hole.
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structure, we introduced two elliptical primitives (representing the
infinitesimal holes) with identical aspect ratio and orientation at
these locations. The size of the holes were subsequently uniformly
scaled to their optimum according to Eq. (17) using a chosen
weight �w ¼ 0:4, while the location and orientation were kept fixed.
Since the holes were placed on the boundary, the topology optimi-
zation process led to a modification on the external shape of the
plate as shown in Fig. 8(b). The above two steps were iteratively re-
peated to yield the topologically modified structure as illustrated
in Fig. 8(c) and (d).

The alternative, second design approach involved directly
inserting finite-sized holes, whose location, orientation, as well
as scale were arbitrarily chosen initially and updated in accordance
with the configurational derivative. We chose the same weight
�w ¼ 0:4 as before in determining the optimal size. A geometrical
constraint was enforced to ensure that the center of a hole stayed
within the square region of the plate (so structures with holes or
modified boundaries were obtained). We first inserted two finite-
sized holes (same aspect ratio as in the first scenario) symmetri-
cally about the mid-plane in anticipation of symmetrical resulting
structure as illustrated in Fig. 9(a). Then the location, orientation,
and scaling of the holes were updated iteratively until the
corresponding optimal conditions were met. The configurationally
Fig. 10. Optimal topology obtained through material redistribution of structure
shown in Fig. 7. �w of 0.5 was used to obtain the solution (Rayasam et al., 2007a).

Fig. 11. A plate subjected to distributed load on top and boundary conditions as
illustrated in the figure at the bottom.
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optimized holes, which led to a modification on the external shape,
are shown in Fig. 9(b). In the next step of topological design, we in-
serted a third hole and carried out configurational optimization.
The initial and optimal configurations of the third hole are shown
in Fig. 9(c) and (d).

It is observed from Fig. 9(b) and (d) that the location, orienta-
tion, as well as scaling of the optimal holes in the second approach
are different from those obtained using the first approach. A simi-
lar A-frame like optimal structures corresponding to the same
loading and boundary conditions was obtained in Rayasam et al.
(2007a) through the classical topology optimization technique of
material redistribution as illustrated in Fig. 10.

Next, we consider the same initial structure as before, but with
boundary conditions as shown in Fig. 11. As before, both infinites-
imal topological modification followed by shape optimization as
well as finite-sized topological modification are carried out. For
this problem, two additional locations where the (infinitesimal)
condition of Eq. (25) was satisfied were observed (see Fig. 12(a)).
Therefore, we introduced elliptical primitives at either of the pair
(a)

(b)

(c)
Fig. 12. Topology optimization through insertion of infinitesimal holes into
structure of Fig. 11: (a) optimal hole locations identified, (b) optimal size of the
two holes initially placed at the upper corners, and (c) optimal size of the two holes
initially placed at the lower locations.

(b)
Fig. 13. Topological optimization through insertion of finite-sized holes into the
structure of Fig. 11: (a) initial configurations of the arbitrarily inserted holes and (b)
optimized configurations of the holes.
of symmetric locations thus identified, and then iteratively scaled
them to their optimal sizes using a chosen weight �w ¼ 0:4 (see
Fig. 12(b) and (c)). In contrast, finite-sized elliptical holes were in-
serted with the initial configurations illustrated in Fig. 13(a) for fi-
nite-sized topological design. The holes were iteratively modified
to their optimal configurations as shown in Fig. 13(b). This new
boundary condition, however, eliminated the optimal location at
the center of the plate identified during the second step of optimi-
zation with the earlier boundary condition (see Fig. 8(c)).

4.3.2. Topology optimization through insertion finite-sized inclusions
We next illustrate topological modification by insertion of finite-

sized inclusions into the structure shown in Fig. 7. In this structure,
the gradient of the energy density is non-zero at support and load
locations, which are the local maxima of energy density. Since there
was no location within the structure where Eq. (25) was satisfied,
we arbitrarily placed two elliptical inclusions (with E = 200 and
q = 2) at symmetric locations (see Fig. 14(a)). We then used the con-
figurational derivative corresponding to translation, rotation, and
uniform scaling to sequentially update the configurations of the
inclusions at each iterate. The optimal configurations of the inclu-
sions as well as the intermediate iterates are shown in Fig. 14(b)–(f).

5. Concluding remarks

In this paper, we posed a configuration optimization problem
and subsequently derived the configurational derivative that de-
scribes the effect of moving stiff or soft inclusion boundaries
placed inside a domain with moving boundaries. The configura-
tional derivative was shown to extend the topological derivative
to finite-sized inclusions and to simplify to shape design sensitivity
when it is computed independent of the homogeneous domain.
The developed derivative together with the isogeometric



(a) (b)

(c) (d)

(e) (f)
Fig. 14. Topology optimization through insertion of finite-sized inclusions into the plate of Fig. 7: (a) initial locations where the finite-sized inclusions were inserted; (b)–(e)
Intermediate iterates; and (f) optimal configuration of the inclusions corresponding to �w = 0.4.
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procedure for topological optimization through material redistri-
bution demonstrated earlier (see Fig. 10 from Rayasam et al.
(2007a)) enables the developed procedure to seamlessly unify
the three possible approaches to topological modifications, namely
through material redistribution, through sequential or simulta-
neous introduction of finite-sized (or infinitesimal) inclusions or
holes, and finally through heterogeneity merging and separation.
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Appendix A. Derivation of configurational derivative

The Lagrangian GðtÞ is identical to gðtÞ if the constraints in
Problem (4) are satisfied at every instant. Also, in the Lagrangian,
since the virtual displacements are arbitrary, the Lagrange multi-
plier corresponding the overall virtual work constraint are ab-
sorbed into the virtual displacements. Now, considering the
right hand side, the material derivative of the first term
D
Dt

R
X wdX over the heterogeneous domain is derived below. By

using the material derivative operator ( D
Dt ¼ @

@t þ v � r) and the fact
that dX ¼ JdXt0 with J being the Jacobian of the deformation x,
the material derivative of the functional f ðtÞ may be derived as
follows Malvern, 1969:
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_f ðtÞ ¼
Z

X

_wdXþ
Z

X
w

_J
J

dX

¼
Z

X

@w
@t
þ v � rw

� �
dXþ

Z
X

wr � v dX

¼
Z

X

@w
@t

dXþ
Z

X
r � wvð ÞdX

¼
Z

X

@w
@t

dXþ
Z

C
wvndCþ

Z
Cp

wvn½ �½ �dC ð26Þ

where _J ¼ Jr � v (see Malvern, 1969) was used to arrive at the sec-
ond step, vn is the normal component of design velocity, i.e.,
vn ¼ v � n and �½ �½ � denotes the jump in value across the inclusion
boundary defined as a½ �½ � ¼ aþ þ a� with the superscripts þ and �
denoting the value of the quantity on either side of the boundary.
The existence of the jump term depends on the particular choice
of the design function w and its continuity across the inclusion
interface.

Similarly, the material derivative of the second group of terms
in Eq. (5) is obtained by employing (in addition to _J ¼ Jr � v) the
material derivative of Nanson’s formula (Malvern, 1969)
_dC ¼ r � v � n � rv � n½ �dC:

D
Dt

Z
X
e : C : eadX�

Z
C

t � uadC
� �

¼
Z

X

_e : C

: eadXþ
Z

X
e : C : _eadX�

Z
C

t � _uadC
� �

þ
Z

X
e : C : eaðr � vÞdX�

Z
C
ðt � uaÞ r � v � n � rv � n½ �dC

� �
ð27Þ

where, it has been assumed that the tractions and displacements
are continuous across the inclusion boundary. If we assume further
that _ea and _ua are also compatible, then the second group on the
right hand side vanishes. Since, in the absence of spontaneous
change of ua; _ua ¼ v � rua and since rua is in general not zero on
Cu, for _ua to serve as arbitrary virtual ‘‘displacements’’ that vanish
on Cu, it is necessary that v ¼ 0 on Cu.

Denoting LðtÞ ¼
R

X wdX�
R

X e : C : eadX�
R
C t � uadC

� �
, we ob-

tain the material derivative of LðtÞ by combining Eqs. (26) and (27):

_LðtÞ ¼
Z

X

@w
@t

dXþ
Z

C
wvn þ

Z
Cp

wvn½ �½ �dC�
Z

X

_e : C : eadX

�
Z

X
e : C : eað Þðr � vÞdXþ

Z
Ct

ðt � uaÞ r � v � n � rv � n½ �dC

ð28Þ

where we have used the fact that ua as well as v vanish on Cu. We
now define an adjoint traction vector and rewrite the above equa-
tion using the definition of vn, and the relation (ignoring spontane-
ous change in u) _u ¼ v � ru:

_LðtÞ ¼
Z

X

@w
@t

dXþ
Z

Cp

wvn½ �½ �dC�
Z

X
e : C : eað Þðr � vÞ dX

�
Z

X

_e : C : ea dXþ
Z

C
ta � _u dCþ

Z
Ct

wn� ta � ruT
� �

� v dC

þ
Z

Ct

ðt � uaÞ r � v � n � rv � n½ �dC ð29Þ

where we have used v ¼ 0 on Cu. The above expression can be fur-
ther simplified by defining an adjoint boundary value problem for
the solution of the adjoint quantities:Z

X

_e : C : ea dX�
Z

C
ta � _udC ¼ 0 ð30Þ

where exploiting the symmetry of C; _e may be considered as the vir-
tual strain compatible with _u corresponding to the adjoint problem.
Since v is an arbitrary velocity on Ct , the applied tractions corre-
sponding to the adjoint boundary value problem are chosen to sat-
isfy the following equation:

ta � ruT ¼ wn or equivalently ta � ruT � n ¼ w on Ct ð31Þ

Although, the form of w is not restricted in the present derivation, it
is convenient to seek w in the form w ¼ s : e, where s is an arbitrary
symmetric second order tensor. Then, since the scalar product of s
with an antisymmetric tensor vanishes (i.e., since e is the symmetric
part of ruT ; w ¼ s : e ¼ s : ruT ), we can obtain the adjoint traction
vector as:

ta � ruT � n ¼ w on Ct ) tanð Þ : ruT � w ¼ 0

tan� sð Þ : ruT ¼ 0) ta ¼ s � n on Ct ð32Þ

Substituting Eqs. (30) and (31), Eq. (29) can be reduced to:
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ðt � uaÞ r � v � n � rv � n½ �dC ð33Þ

Repeating the above process for the homogeneous body to de-
rive _L0ðtÞ with its corresponding adjoint boundary value problem,
and following the steps used in Eq. (26) for the mass term in
GðtÞ, we arrive at the material derivative of the desired quantity
GðtÞ (defined in Eq. (5)) as:

_GðtÞ ¼
Z

X

@

@t
ðw� w0ÞdXþw

Z
Xp
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ðq� q0ÞdX
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ðr � vÞ dX

þ
Z

Ct

t � ua � t0 � ua0� �
r � v � n � rv � n½ �dC ð34Þ

Rearrangement of terms in the above equation leads to Eq. (6).

Appendix B. Derivation of alternative form of sensitivity to
scaling

We begin by rewriting the last integral in Eq. (16) as:Z
Ct

t � ua � ua0� �
dC ¼

Z
C

t � ~uadC ¼
Z

X
e : C : ~eadX ð35Þ

where, ~ua and ~ea are defined as ~ua ¼ ua � ua0 and ~ea ¼ ea � ea0, and
we have treated ~ea as the virtual strain compatible with the virtual
displacement ~ua on the heterogeneous body. We have also applied
the divergence theorem in a standard manner (using the fact that
stresses satisfy equilibrium equations) to arrive at the domain inte-
gral. Thus, we can rewrite the above equation as:Z

C
t � ~ua dC¼

Z
X
e : C : ~ea dX¼

Z
Xþp

e : C : ~ea dXþ
Z

X�Xþp

e : C : ~ea dX¼
Z

Xþp

e : C : ~ea dXþ
Z

X�Xþp

~ea : C : edX

ð36Þ

where we have used the symmetry property of C in the last step.
Now, applying the divergence theorem together with the fact that
original and adjoint stresses satisfy equilibrium, we get:
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Z
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Z

C

~ta � udC�
Z

Cþp

~ta � udC

 !

¼
Z

Cþp

t � ~ua � ~ta � u
� �

dCþ
Z

C

~ta � udC

¼
Z

Cþp

ta0 � u� t � ua0� �
dCþ

Z
C
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where ~ta ¼ ta � ta0� �
, the negative sign for the last integral relative

to the first integral in the first step is because of the reversal of sign
of the normal and we have used the symmetry property of C result-
ing in the reciprocal property on the heterogeneous domain:R

Cþp
ta � udC ¼

R
Cþp

t � uadC. In the above derivation, one needs to keep
in mind that on Cþp ;~t

a/~ua is the difference between adjoint tractions/
displacements applied on two different bodies respectively.

Finally, substituting the above expression into Eq. (16), we ob-
tain the sensitivity to scaling as given in Eq. (17).

Appendix C. Derivation for jump in objective w on a spherical
surface

We consider an inclusion under the influence of a macrostrain
e0. We first derive below the expression for the jump in objective
w on the boundary Cp in terms of the elasticity tensors as well as
the applied strain field e0. To do so, we begin with the well estab-
lished approach of micromechanics (Nemat-Nasser and Hori, 1999)
by introducing an eigenstrain e	 to describe an equivalent homoge-
neous solid with matrix material behavior such that:

rþ ¼ C0 : eþðxÞ ð38Þ
r� ¼ C0 : e�ðxÞ � e	ðxÞð Þ ð39Þ

where ð�Þ�=ð�Þþ refer to quantities just inside/outside the inclusion
boundary Cp respectively. The consistency condition (between the
heterogeneous and equivalent homogeneous descriptions) for the
stress in the inclusion yields the relation:

r�ðxÞ ¼ C : e�ðxÞ ¼ C0 : e�ðxÞ � e	ðxÞð Þ

or; C� C0
	 


: e�ðxÞ ¼ �C0 : e	ðxÞ
ð40Þ

The matrix as well as the inclusion are assumed isotropic with the
elasticity tensors expressed as:

C0
ijkl ¼ k0dijdkl þ l0ðdikdjl þ dildjkÞ ð41Þ

Cijkl ¼ kdijdkl þ lðdikdjl þ dildjkÞ ð42Þ

where k0;l0; k, and l are Lamé constants corresponding to the ma-
trix and the inclusion respectively. The eigenstrain within a spher-
ical inclusion is a constant times that of the applied field given by
Nemat-Nasser and Hori (1999)

e	 ¼ �ðAþ SÞ�1 : e0 ð43Þ

where A ¼ C� C0
	 
�1

: C0 and S is the fourth rank Eshelby tensor
defined for a spherical inclusion as (Nemat-Nasser and Hori, 1999):

Sijkl ¼
ð3k0 � 2l0Þ

15ðk0 þ 2l0Þ
dijdkl þ

ð3k0 þ 8l0Þ
15ðk0 þ 2l0Þ

ðdikdjl þ dildjkÞ ð44Þ

While, in general, S does not possess major symmetry, the above
special case for an isotropic spherical inclusion does possess such
a symmetry. Using Eqs. (40) and (43), the strain inside the inclusion
can be expressed as:

e�ðxÞ ¼ � C� C0
	 
�1

: C0 : e	ðxÞ ¼ A : ðAþ SÞ�1 : e0 ð45Þ

Now, on Cp, we require displacement and traction compatibil-
ity, that is
u� ¼ uþ ð46Þ

�nþ � rþ ¼ n � rþ ¼ n� � r� ð47Þ

where n ¼ n� ¼ �nþ is the outward normal to the inclusion bound-
ary. Thus, using Eq. (39), we can rewrite the traction compatibility
condition as:

n � C0 : eþ � e�ð Þ ¼ �n � r	 on Cp ð48Þ

where r	 ¼ C0 : e	.
The gradients of displacements are in general not compatible

and we define the jump in the gradient of the displacements nor-
mal to the interface Cp as follows:

ruþ �ru�ð Þ � n ¼ b on Cp ð49Þ

Using the strain–displacement relation e ¼ ruþruT

2 as well as the fact
that the product of a symmetric and anti-symmetric tensor is zero,
the above expression can be rewritten as:

C0 : eþ � e�ð Þ ¼ C0 : bn on Cp ð50Þ

Alternatively, using Eq. (38), the above equation may be expressed
as:

rþ ¼ C0 : e� þ bnð Þ ð51Þ

Substituting Eq. (50) into the traction compatibility condition of Eq.
(48) we can derive and expression for nb as:

nb ¼ �D0 : r	 ð52Þ

where D0 ¼ n n � C0 � n
	 
�1

n, with the property D0 : C0 : D0 ¼ D0.
The expression for the fourth rank tensor D0 may be written explic-
itly as:

D0
ijkl ¼ �

ðk0 þ l0Þ
l0ðk0 þ 2l0Þ

ninjnknl þ
1
l0 nidjknl ð53Þ

It is important to observe that the above tensor does not have sym-
metry with respect to i and j components, or with respect to k and l
components, and it does not have symmetry between ij and kl
components.

Finally, using Eqs. (45), (51) and (52), and exploiting the major
and minor symmetries of the fourth rank tensor C0 as well as the
symmetry of the tensor r	, we can derive the expression for the
jump in the objective as:

wþ � w� ¼ rþ : eþ � r� : e� ¼ ðbnÞ : C0 : ðbnÞ þ e� : C0 : ðbnÞ þ ðbnÞ

: C0 : e� � e� : C� C0
	 


: e� ¼ r	

: D0 þ C� C0
	 
�1

: C0 : D0 þ D0 : C0 : C� C0
	 
�1

� C� C0
	 
�1

� �
: r	 ¼ r	 : B : r	 ð54Þ

where B is a fourth rank tensor. Using Eq. (43), we can express the
constant stress r	 in terms of the macrostrain e0 as:

r	ij ¼ a1dijdkl þ a2ðdikdjl þ dildjkÞ
� �

e0
kl ð55Þ

where, the coefficients a1 and a2 are:

a1 ¼
3ðk0 þ 2l0Þ

ð3kþ 2lþ 4l0Þ 2l0ð8lþ 7l0Þ þ k0ð6lþ 9l0Þ
� �

� �4ðl� l0Þ2l0 þ k02ð6lþ 9l0Þ
n
þ k0ð�4l2 þ 14ll0 þ 20l02Þ

� 3k k0ð2lþ 3l0Þ þ 2l0ðlþ 4l0Þ
� ��

ð56Þ
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a2 ¼ �
15ðl� l0Þl0ðk0 þ 2l0Þ

2l0ð8lþ 7l0Þ þ k0ð6lþ 9l0Þ
ð57Þ
We note that Eq. (54) can be further simplified by using the explicit
expression for the fourth rank tensor D0, which results in the fol-
lowing form for the tensor B:
Bijkl ¼ b1dijdkl þ b2ðdikdjl þ dildjkÞ þ b3dijnknl þ b4ninjdkl

þ b5diknjnl þ b6ninkdjl þ b7nidjknl þ b8ninjnknl ð58Þ
with the coefficients b1 � b8 defined as:
b1 ¼
ðk� k0Þ

2 3ðk� k0Þ þ 2ðl� l0Þ
� �

ðl� l0Þ
ð59Þ

b2 ¼ �
1

4ðl� l0Þ ð60Þ

b3 ¼ b4 ¼
ðk0l� kl0Þ

ðl� l0Þðk0 þ 2l0Þ 3ðk� k0Þ þ 2ðl� l0Þ
� � ð61Þ

b5 ¼ b6 ¼
1

2ðl� l0Þ ð62Þ

b7 ¼
l

l0ðl� l0Þ ð63Þ

b8 ¼ �
ðk0 þ l0Þðlþ l0Þ

l0ðl� l0Þðk0 þ 2l0Þ
ð64Þ
Now, considering the integral
R
Cp

w� � wþ
� �

dCp ¼ �
R

Cp
r	 : B : r	dCp, since r	 is constant, on a spherical sur-

face with the normal defined by the vector n ¼ ½sinðhÞ cos

ð/Þ; sinðhÞ sinð/Þ; cosðhÞ�T , the following results are of relevance in
evaluating the integral:
Z p

0

Z 2p

0
ninjðR sinðhÞd/ÞðRdhÞ ¼ 4pR2

3
dij ð65Þ

Z p

0

Z 2p

0
ninjnknlðR sinðhÞd/ÞðRdhÞ

¼ 4pR2

15
dijdkl þ ðdikdjl þ dildjkÞ
� �

ð66Þ
Carrying out the integration and using Eq. (55), we can express
the integral of the jump in compliance over the spherical surface
as:
Z
Cp

w� � wþ
� �

dCp ¼ �
Z

Cp

r	 : B : r	dCp ¼ � e0 : Ĉ : e0
	 


Cp ð67Þ
where Cp ¼ 4pR2 and Ĉ is a fourth rank isotropic tensor of the form:
Ĉijkl ¼ c1dijdkl þ c2ðdikdjl þ dildjkÞ ð68Þ
with the coefficients defined as:
c1 ¼
3ðk0þ2l0Þ

ð3kþ2lþ4l0Þ2 2l0ð8lþ7l0Þþ k0ð6lþ9l0Þ
� �2

� ð3kþ2lþ4l0Þ k0ð6l�9l0Þþ2ð8l�7l0Þl0� �

� 2k0lð3k�3k0þ2lÞþ 9kk0�9k02þ6kl�14k0lþ4l2

	 

l0

h

þ4ð6k�5k0�2lÞl02þ4l03
i

�20ðl�l0Þl02ð3kþ2lþ4l0Þ 2lðk0þ6l0Þ
�

� kð9k0þ14l0Þ
�
þ6l0 2lðk0þ6l0Þ� kð9k0þ14l0Þ

� �
�
�
�4ðl�l0Þ2l0þ k02ð6lþ9l0Þ

þ k0 �4l2þ14ll0þ20l02
	 


�3k k0ð2lþ3l0Þþ2l0ðlþ4l0Þ
� ���

ð69Þ

c2 ¼
15ðl� l0Þl0ðk0 þ 2l0Þ k0ð6l� 9l0Þ þ 2ð8l� 7l0Þl0

� �
2l0ð8lþ 7l0Þ þ k0ð6lþ 9l0Þ
� �2

ð70Þ

We evaluate the above expressions under two special conditions:

1. The trivial condition corresponding to k ¼ k0 and l ¼ l0, lead-
ing to c1 ¼ c2 ¼ 0.

2. Defining a fourth rank tensor P ¼ C0�1
: Ĉ such that

R
Cp

w� � wþ
� �

dCp ¼ � r0 : P : e0
� �

Cp, substituting k0 ¼ E0m0

ð1þm0Þð1�2m0Þ ;l
0 ¼ E0

2ð1þm0Þ

(and correspondingly for k and l), and setting the inclusion elas-
tic modulus E ¼ 0, we derive the expression for the tensor P for
the case of a spherical hole as:
Pijkl ¼
3
2
ð1� m0Þ
ð7� 5m0Þ �

ð1� 5m0Þ
ð1� 2m0Þ dijdkl þ 5 dikdjl þ dildjk

� �� �
ð71Þ
P is the fourth rank polarization tensor (see Nazarov and Sokolowski,
2003; Ammari and Kang, 2005; Amstutz, 2006; Kang and Kim,
2007) corresponding to the introduction of a spherical inclusion.
The specific form corresponding to the introduction of a spherical
hole was also derived by Novotny et al. (2007) without using the
notion of the polarization tensor. It should be noted here that the
expression derived by Novotny et al. (2007) differs by a factor of 1

2
from the above expression since the chosen objectives in the pres-
ent work and in the referenced paper differ by a factor of 1

2.

Appendix D. Examples illustrating convergence of single hole/
inclusion

D.1. Optimal location of a heterogeneity

We begin with an example in which we attempted to determine
the optimal location of an elliptical hole or inclusion inserted into a
square plate. The plate geometry, loading and boundary conditions
for hole and inclusion are shown in Figs. 15(a) and 16(a) respec-
tively. We used quadratically distributed tractions to ensure a un-
ique solution in these examples. Following the steepest descent
direction corresponding to Eq. (14), the optimal locations for an
elliptical hole and an elliptical inclusion of an identical size were
obtained (see Figs. 15(b) and 16(b)). In both examples, the magni-
tude of the configurational derivative converged to zero regardless
of the choice of initial location.
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Fig. 16. Optimal location for inserting an elliptical inclusion (E = 1000) in a square plate: (a) quadratically distributed traction, (b) iterates of inclusions initially placed at
different locations; (c) and (d) magnitude of configurational derivative against iteration count for inclusions placed at initial location 1 location 2 respectively.
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Fig. 15. Optimal location for inserting an elliptical hole in a square plate: (a) quadratically distributed traction, (b) iterates of holes initially placed at different locations; (c)
and (d) magnitude of configurational derivative against iteration count for holes placed at initial location 1 location 2 respectively.
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Fig. 17. Optimal orientation for an inserted elliptical hole in a square plate: (a) illustration of loading and boundary conditions for the hole orientation problem. (b) Optimal
orientation; (c) and (d) magnitude of configurational derivative against iteration count for holes initially oriented with h ¼ 0
 and h ¼ 3
 respectively.
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Fig. 18. Optimal orientation for an inserted elliptical inclusion (E = 1000) in a square plate: (a) illustration of loading and boundary conditions for the inclusion orientation
problem, (b) optimal orientation; (c) and (d) magnitude of configurational derivative against iteration count for inclusions initially oriented with h ¼ 0
 and h ¼ �3


respectively.
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D.2. Optimal orientation of a heterogeneity

Next, we consider the optimal orientation of an inserted heter-
ogeneity using the configurational derivative given in Eq. (15). The
inserted hole and inclusion were initially placed at center of the
plate as shown in Figs. 17(a) and 18(a). Here, we define h as the ori-
entation of the major axis of an elliptical feature. In this example as
well, two initial orientations for the heterogeneity were consid-
ered. The orientation was iteratively updated using Eq. (15) until
the optimal orientation was reached (h ¼ 90
 for both hole and
inclusion), as illustrated in Figs. 17(b) and 18(b). It should be noted
that while the absolute values of the configurational derivative
were small both in horizontal and vertical orientations, the sign
Fig. 19. Normalized configurational derivatives as a function of the semi-major diame
subjected to uniaxial tension: (a) hole (b) inclusion (q = 2). All the plotted quantities ar
of the configurational derivative was such as to drive the heteroge-
neity towards the vertical orientation.

D.3. Optimal scaling of a heterogeneity

Once a heterogeneity is optimally placed and orientated in the
plate, it can be uniformly scaled to its optimal size (for a chosen
weight w on relative mass) using Eq. (17) as demonstrated next.
We consider a hole/inclusion with major axis along the horizontal
direction inserted at the center of a plate that is subjected to a uni-
form traction as shown in Fig. 17(a). The configurational deriva-
tives of hole and inclusion as the ellipse is scaled are plotted in
Fig. 19. In the figure, the axis corresponds to the semi-major diam-
ter of elliptical heterogeneities inserted and scaled at the center of a plate (q = 1)
e normalized with respect to the total compliance of homogeneous plate.
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eter of the elliptical heterogeneity. The ordinate represents the
value of the configurational derivative, and the plotted curves cor-
respond to different choices of the weight �w (defined here as
w ¼ �w

ð1� �wÞ
�w
�q with �w 2 ½0;1�, and with �w and �q being scaling constants

on w and q). The figures inset show the relative magnitudes of the
various component terms in Eq. (17) for a specific weight value.

While the examples in Fig. 19 illustrate the procedure, the size
of the heterogeneity in general depends nonlinearly on the chosen
�w and as a result, physically meaningful results (where features
don’t encompass the whole domain or shrink to zero size) may ex-
ist only for a limited range of the �w values. This is particularly true
for the inclusion, where only for a limited choice of the weight an
optimal solution exists owing to the dominance of one of the
objective terms at other weight values.
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