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Abstract

A new method is developed to determine the asymptotic state reached by a solid continuum subjected to wear and

submitted to a cyclic loading. The main idea is to express the stabilized state as the solution of a minimization problem.

This approach is applied to the wear problem of a half-plane in contact with a cyclically moving indenter.
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1. Introduction

Wear of engineering components can reduce the product life significantly, therefore, its prediction is an

important issue in structural design. This supposes to have: (a) a wear model which fully describes the

phenomenon, and (b) efficient numerical methods for simulation. A lot of work has been done on (a) (see

Meng and Ludema (1995) for an extensive review). This paper addresses the point (b), focusing more

precisely on cyclic loadings.

Simulating the evolution of wear is known to lead to substantial numerical difficulties, as pointed out for

instance by P~odra and Andersonn (1999). Indeed such problems involve two coupled nonlinearities, namely

the wear criterion and the contact conditions. Moreover, the change of geometry caused by wear implies
that some remeshing is necessary. These difficulties really come to a head when cyclic loadings are con-

sidered, because the simulation over a large number of cycles is often required. This last point is illustrated

by the problem pictured in Fig. 1, where the wear problem of a half-plane in contact with a cyclically

moving indenter is considered. Fig. 2 shows some experimental results obtained by Fouvry (2001) when the

normal force L on the indenter is fixed. If the normal force L is small enough, the wear volume reaches a

limit after a large number of cycles: there exists an asymptotic stabilized state. If L is large, the wear volume
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Fig. 2. Wear measures under cyclic loading (from Fouvry, 2001).

Fig. 1. Wear of a half-plane.
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is not bounded, but there is still a stabilization in the sense that the loss of volume per loading cycle be-
comes constant. This last behaviour reminds of the ratchetting of elasto-plastic structures (Koiter, 1960).

One can expect to get a good approximation of this stabilized state by computing the incremental

evolution over a sufficiently large number of cycles. The trouble is that this procedure involves prohibitive

calculation costs. Indeed the convergence of the incremental evolution towards the asymptotic state can be

very slow: as shown in Fig. 2, the asymptotic state is reached after about 50,000 cycles. This difficulty raises

the interest of alternative methods which are able to give some information about the stabilized state

without computing the complete evolution of wear.

Some contribution in that direction has been provided by €Oqvist (2001), using a jump cycle technique.
Here we propose a completely different approach, where the main idea is to find the asymptotic state by

solving a minimization problem. This approach is used to study a wear problem where displacements are

prescribed on the indenter. Therefore, the problem tackled in this paper differs from the experiment dis-

played in Figs. 1 and 2, where tractions were specified. As will be shown in Section 3, imposing displace-
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ments excludes the possibility of unlimited wear: the geometry of the worn surface necessarily reaches a

stabilized profile. Its determination (along with the determination of the stresses in the solids considered) is

the central issue.

In Section 2 is introduced a simplified modelling of the wear problem. Although severe assumptions are
made, this modelling retains the key ingredients of the mechanical problem, namely the coupling between

wear and contact, and the geometry dependence of the Green functions. In this framework, the asymptotic

state is estimated by minimizing the energy dissipated in the wear process. The corresponding minimization

problem is studied in Sections 3 and 4. Some numerical results are given in Section 5 to illustrate the

method.
2. Modelling of the mechanical problem

2.1. Problem considered

We study the wear problem of an elastic half-plane P in contact with a rigid indenter (Fig. 1). This

problem is considered as 2-dimensional in the plane (e1; e2) (both strain and stress are plane). The indenter

is infinitely long in the third dimension. The indentation depth h being fixed, the indenter undergoes a cyclic

translation X ðtÞe1 where X ðtÞ is a T––periodic function (i.e., verifying X ðtÞ ¼ X ðt þ T ÞÞ. The function X is
supposed to be bounded. Quasi-static evolutions are considered. The constitutive material of P is supposed

linear elastic and homogeneous. We note L the elastic tensor which relates the stress r and the strain � by
r ¼ L : � ð1Þ
Because of wear, the profile of P does not remain flat after the loading is removed. We introduce a positive

function gðx; tÞ of abscissa x and time t to describe the profile C0ðgÞ of P in the unloaded configuration (Fig.

3). The volume occupied by P is denoted X0ðgÞ. In the loaded configuration, the actual profile CðgÞ differs

from C0ðgÞ by some elastic displacements uðx; tÞ ¼
P2

i¼1 uiðx; tÞei. Initially the surface of P is flat, so

gðx; 0Þ ¼ 0. When the loading is applied, wear can occur, causing g to increase with time.
For any mechanical quantity f defined over X0ðgÞ (such as the displacement u or the stress r), we denote

by f ðxÞ its value at the point of abscissa x on C0ðgÞ, i.e., at the point xe1 þ gðxÞe2.
2.2. Contact conditions

Let Tðx; tÞ ¼
P

i Tiðx; tÞei be the contact traction acting on P at the point of abscissa x at time t. We

assume small perturbations, which implies that u and ru are small. We also suppose that g and og=ox are
Fig. 3. Tracking of wear.
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small as well. Under these assumptions, contact between the two solids considered is described by the

following Signorini conditions:
T2ðx; tÞP 0; vðx; tÞ6 0; T2ðx; tÞ � vðx; tÞ ¼ 0

with vðx; tÞ ¼ �u2ðx; tÞ � gðx; tÞ þ gðx; tÞ
ð2Þ
The gap function g in (2) describes the shape and the movement of the indenter. Here g takes the

form:
gðx; tÞ ¼ g0ðx� X ðtÞÞ ð3Þ
where g0 is a function describing the profile of P.

We make the simplifying assumption that T1 is equal to the maximum value allowed by the Coulomb’s

law, thus considering the most damaging scenario with respect to wear. In this framework, the following

relationship holds:
T1ðx; tÞ ¼ sgnð _X ÞlfT2ðx; tÞ ð4Þ
where lf is the friction coefficient.
2.3. Wear criterion

The indenter is supposed to be perfectly rigid, so that only P is subjected to wear. We interpret wear as a

phase transformation where small rigid particles are created from the original constitutive material of P.

This transformation takes place on a moving surface Cw which at time t propagates from CðgÞ with a

normal velocity UðxÞ (Fig. 4). The wear particles are supposed to be eliminated as soon as they are created.
The thermodynamical analysis of systems with solid phase transformations has been carried out by

Pradeilles-Duval and Stolz (1995). The dissipation D is found to be
D ¼
Z

CðgÞ
UGda ð5Þ
where
G ¼ G1 � G2 ð6Þ

and
Gi ¼
1

2
ri : �i � n � ri � rui � n ð7Þ
Fig. 4. Formation of wear particles between t and t þ dt.
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In (6) and (7), the subscript 1 refers to the domain occupied by the original constitutive material of P, while

the subscript 2 refers to the wear particles. The vector n is the normal to CðgÞ. Since the wear particles are

supposed to be rigid, we have ru2 ¼ 0 so that G2 is null and G is equal to G1.

In (5), the energy release rate G appears as the thermodynamical force associated with the normal
velocity U. Under the assumption of small perturbations (u, ru, g, og=ox small), the dissipation D can be

expressed by
D ¼
Z

C0ð0Þ
_gGdx ð8Þ
Following the framework of standard generalized materials (Halphen and Nguyen, 1975), the positivity of

D is ensured if the evolution of g is given by
_g ¼ df ðGÞ
dG

ð9Þ
where f is a convex positive function such that f ð0Þ ¼ 0. We here choose the basic form f ¼ I��1;Gc� where I
denotes the indicator function and Gc is a fixed positive parameter. The evolution law (9) becomes:
G < Gc ) _g ¼ 0

G ¼ Gc ) _g P 0

�
ð10Þ
Although it may seem rather crude in regard of the numerous wear criterions existing in the literature, the

criterion (10) has the advantage of being simple yet thermodynamically consistent. On an interesting note,

this thermodynamical approach can be pushed further to get a more realistic wear model, accounting for

the influence of a third body in the interface (Dragon-Louiset, 2001). Our primary focus being the simu-
lation strategy, we here restrict ourselves to (10).

2.4. Geometry dependence of the Green functions

At any given time t, the elastic displacement u and the stress r in P are solution of the following problem

of elasticity:
div r ¼ 0 in X0ðgÞ
rðxÞ � nðxÞ ¼ TðxÞ for all x
r ¼ L : �ðuÞ in X0ðgÞ
�ðuÞ ¼ ðruþ truÞ=2 in X0ðgÞ

ð11Þ
To alleviate the notations, the dependence of u, r, T, g with respect to time is omitted. The contact con-

ditions and the wear criterion depend on displacements and strains only through their values on the surface.

In order to compute the evolution of the system, we thus only need to obtain the values uðxÞ and �ðxÞ
corresponding to the solution of (11). The displacement uiðxÞ can be written as
uiðxÞ ¼
Z b

�b

X2

j¼1

Nijðg; x; yÞTjðyÞdy ð12Þ
For fixed values of j and y, the Green function Nijðg; x; yÞ corresponds to the solution of (11) when TðxÞ is

chosen equal to TðxÞ ¼ dðx� yÞej. In (12) the constant b is chosen so that TjðyÞ is null outside the segment

½�b; b�.
Note that the strain �ðxÞ can be deduced from the displacements uðxÞ on the surface. Indeed derivation of

u1ðxÞ with respect to x gives �11. Using the constitutive equation (1) as well as the boundary condition

r � n ¼ T, one gets the remaining components �22 and �12 of �ðxÞ.
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Eq. (12) shows that calculating the displacement uiðxÞ is equivalent to computing the Green functions

Nijðg; x; yÞ associated with the domain X0ðgÞ. Since g and consequently X0ðgÞ evolve as wear occurs, this

computation is usually done numerically by remeshing and updating the stiffness matrix. Such operations

involve important calculation cost. Using the fact that g is small, we avoid this difficulty by deriving some
analytical solutions for Nijðg; x; yÞ in the case where L is isotropic. First let us recall that the Green functions

Nijð0; x; yÞ corresponding to g ¼ 0 (half-plane) are well-known for an isotropic linear material with a

Young’s modulus E and a Poisson’s ratio m (see e.g., Johnson (1985)). Substitution in (12) gives the dis-

placement u0 solution of (11) when g ¼ 0:
u0
1ðxÞ ¼ � ð1 � 2mÞð1 þ mÞ

2E

Z x

�b
T2ðsÞds

�
�
Z b

x
T2ðsÞds

�
� 2ð1 � m2Þ

pE

Z b

�b
T1ðsÞ ln j x� s j ds

u0
2ðxÞ ¼ � 2ð1 � m2Þ

pE

Z b

�b
T2ðsÞ ln j x� s j dsþ ð1 � 2mÞð1 þ mÞ

2E

Z x

�b
T1ðsÞds

�
�
Z b

x
T1ðsÞds

� ð13Þ
Since g is small, we wish to use a development of Nijðg; x; yÞ at the first order in g, i.e.,:
Nijðg; x; yÞ ¼ Nijð0; x; yÞ þNijðx; yÞ:g ð14Þ
where Nijðx; yÞ is a linear operator of g. This development can be performed in closed form, as detailed in
Appendix A. For an isotropic material, the corresponding expression of (12) is found to be:
u1ðxÞ ¼ u0
1ðxÞ �

2ð1 � m2Þ
pE

gðxÞ
Z b

�b

T2ðzÞ
x� z

dz� ð1 þ mÞð1 � 2mÞ
E

T1ðxÞgðxÞ þ
4ð1 � m2Þ

pE

Z b

�b

T2ðsÞgðsÞ
x� s

ds

þ 4ð1 � m2Þ
p2E

Z b

�b

gðsÞF ðsÞ
s� x

ds

u2ðxÞ ¼ u0
2ðxÞ �

2ð1 � m2Þ
pE

Z b

�b

T1ðsÞgðsÞ
x� s

ds� ð1 þ mÞð1 � 2mÞ
E

T2ðxÞgðxÞ þ
4ð1 � m2Þ

pE
gðxÞ

Z b

�b

T1ðsÞ
x� s

ds

ð15Þ
with F ðsÞ ¼
R b
�b

T1ðzÞ
s�z dz.

The displacement (15) is the general solution of (11) at the first order in g.
3. Formulation of a minimization problem

The system governed by the equations of Section 2 is a nonlinear system under cyclic loading. The

nonlinearities are represented by the contact condition (2) and the wear criterion (10). The cyclic loading is

represented by the T ––periodic function g which describes the motion of the indenter in (2). The equations
derived in Section 2 determine the evolution of the profile gðx; tÞ as time t increases. Here we are interested

in the asymptotic behaviour of the system as t tends to infinity.

We define the spatial norm j gðtÞ j¼ maxx gðx; tÞ. Since wear is irreversible, j gðtÞ j is a monotonically

increasing function. Therefore, two cases can occur:

(a) if maxt j gðtÞ j< 1 then there exists a function g1ðxÞ such that gðx; tÞ !
t!þ1

g1ðxÞ for all x. This case cor-

responds to limited wear: the geometry of the worn surfaces reaches an asymptotic profile g1ðxÞ as time

tends to infinity;
(b) if maxt j gðtÞ j¼ 1 then wear is not limited.
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For the problem described in Section 2, displacements are prescribed on the indenter, so wear is nec-

essarily limited. Indeed when g is sufficiently large, there is no more contact between the worn half-plane P
and the indenter.

The objective is then to find the stabilized profile g1ðxÞ and the corresponding stress field in P. An
intuitive estimate of the asymptotic wear scar is given by the total area A swept by the indenter during a

loading cycle. The profile ~gðxÞ of that area A is defined by ~gðxÞ ¼ maxt2½0;T � gðx; tÞ. This estimate is not

satisfactory because it completely misses the stress state of the solid during and after the wear: for a scar

having the shape ~g, the contact tractions are identically null during the loading cycle. Any variation from

this shape changes the contact tractions in a nontrivial way, involving the contact conditions (20) and the

Green function of the worn half-plane. Therefore, the variation g1 � ~g determines the stress state of the

solid after the wear. Moreover, the contact conditions being highly nonlinear (even in the regularized

setting of (20)), the surface tractions depend on the wear depth in a very sensitive way. For these reasons,
finding consistent estimates of the stabilized state is not trivial and requires good levels of precision in the

computations.

An alternative method to incremental analysis is now introduced for determining the asymptotic state.

The wear criterion (10) implies that the profile g1ðxÞ must belong to the set K defined by:
K ¼ fgðxÞ;Gðg; x; tÞ6Gc for all ðx; tÞ 2 ½�b; b� � ½0; T �g ð16Þ
where Gðg; x; tÞ is the energy release rate at abscissa x and time t for the profile g.
Some additional information is needed to identify g1 within the set of admissible profiles K. Here we

propose to approximate g1 by minimizing the total energy dissipated by wear over the time interval

½0;þ1½. A similar idea has been proposed by Bui (1994) for determining the equilibrium state of systems

with solid phase transformation.

In the problem considered, the energy W dissipated in the wear process is found by integrating (8)

between t ¼ 0 (when g ¼ 0) and t ¼ þ1 (when g ¼ g1). We find
W ¼ Gc

Z b

�b
g1ðxÞdx ð17Þ
The asymptotic state is thus estimated by solving the minimization problem
min
gP 0; g2K

JðgÞ ð18Þ
where JðgÞ ¼ Gc

R b
�b gðxÞdx.

Since it is not proved that the asymptotic state indeed minimizes the total dissipation, the stabilized state

solution of (18) can only be considered as an estimate of the real stabilized state reached by the system. It

will be shown in Section 5 that this estimate is physically consistent, in the sense that it agrees qualitatively

with experimental results from the literature.
3.1. Regularization

In (18), the function J is fairly simple, but the set K is not. Actually K is generally not convex and not

smooth, because Gðg; x; tÞ depends on the contact tractions defined by (2). For the sake of practical con-

siderations the formulation (18) is now modified.

First thing we do is to enforce the admissibility condition g 2 K by penalization. That is to say we solve
min
gP 0

Gc

Z b

�b
gðxÞdxþ 1

a

Z b

�b

Z T

0

hGðg; x; tÞ � Gci2
þ dxdt ð19Þ
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where a is a small positive parameter and the positive part hxiþ of a scalar x is defined by hxiþ ¼
ðxþ j x jÞ=2. This formulation removes the difficulty of constructing profiles which a priori verifies the

admissibility condition (16).

It has already been noted that Gðg; x; tÞ depends on the nondifferentiable contact condition (2). This
implies that the function to minimize in (19) is not differentiable as well. Although there do exist some

numerical algorithms for solving nonsmooth optimization problems (Tiba, 1990), more complexity and

more computation time are involved compared to the differentiable case.

To avoid such complication, we choose to regularize the contact conditions by setting
T2ðxÞ ¼ cðvðxÞÞ ð20Þ

with c a convex differentiable function of x such that c0ðxÞP 0. This approach to contact conditions has
been developed by (Oden and Martins, 1985) with cðxÞ ¼ Cnhximn

þ .

Let us now define the differentiable function JaðgÞ:
JaðgÞ ¼ Gc

Z b

�b
gðxÞdxþ 1

a

Z b

�b

Z T

0

hGðg; x; tÞ � Gci2

þ dxdt ð21Þ
where Gðg; x; tÞ ¼ r : �=2 � n � r � ru � n and ðr; uÞ is the solution of (4), (11) and (20). We are led to solve:
min
gP 0

JaðgÞ ð22Þ
where the function Ja is differentiable and the set g P 0 is convex.

A lot of numerical algorithms could be used to solve such a problem (Fletcher, 1987). Since the function

Ja is differentiable, an algorithm making use of the gradient J 0
a is a good choice. Such algorithms typically

require new computations of J 0
a at each iteration, so the calculation of this gradient is a crucial step in terms

of computational costs. The next section focuses on the evaluation of J 0
a.

3.2. Differentiation of Ja with respect to the domain g

In order to get the expression of J 0
aðgÞ, we write down the variation dJaðgÞ corresponding to a variation

dg of g, knowing that
dJaðgÞ ¼ hJ 0
a; dgi ð23Þ
where h; i denoted the duality bracket. Using (21), we find:
dJaðgÞ ¼ Gc

Z b

�b
dgðxÞdxþ 2

a

Z b

�b

Z T

0

hGðg; x; tÞ � GciþdGdxdt ð24Þ
with
dG ¼ �ðuÞ : L : �ðduÞ � n � ðL : �ðduÞÞ � ru � n� n � ðL : �ðuÞÞ � rðduÞ � n ð25Þ

The variation of the displacement du is obtained by differentiating (12):
duiðxÞ ¼
Z b

�b

X2

j¼1

ðdNijðg; x; yÞ � TjðyÞ þ Nijðg; x; yÞ � dTjðyÞÞdy ð26Þ
where the time dependence of dui and Tj has been omitted. At the first order in g, the function Nijðg; x; yÞ is

given by (14) and the term dNijðg; x; yÞ is equal to Nijðx; yÞ � dg. The contact conditions (4) and (20) give:
dT1ðxÞ ¼ sgnð _X Þlf dT2ðxÞ
dT2ðxÞ ¼ �c0ðvðxÞÞ � ðdgðxÞ þ du2ðxÞÞ

ð27Þ
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Substituting (26) in (27) provides the following integral equation on dT2:
dT2ðxÞ þ
Z b

�b
f ðx; yÞ � dT2ðyÞdy ¼ g½dg�ðxÞ ð28Þ
with
f ðx; yÞ ¼ c0ðvðxÞÞðN22ðg; x; yÞ þ lf sgnð _X ÞN21ðg; x; yÞÞ

g½dg�ðxÞ ¼ �c0ðvðxÞÞ � dgðxÞ � c0ðvðxÞÞ �
Z b

�b
cðvðyÞÞðN22ðx; yÞ þ lf sgnð _X ÞN21ðx; yÞÞ � dgdy

ð29Þ
We observe that the operator dg ! g½dg� is linear. Let f �ðx; zÞ be the function such that for any fixed value

of z, the function x7!f �ðx; zÞ is the solution of
f �ðx; zÞ þ
Z b

�b
f ðx; yÞf �ðy; zÞdy ¼ �f ðx; zÞ ð30Þ
It is then easy to check that the solution of (28) is
dT2ðxÞ ¼ g½dg�ðxÞ þ
Z b

�b
f �ðx; yÞg½dg�ðyÞdy ð31Þ
This relationship gives dT2ðxÞ as a function of dg. By substituting (31) in (26) and (24), we get dJa as a linear

form in dg, which corresponds to the gradient J 0
a. Unfortunately, Eq. (30) can only be solved numerically,

but it still provides an efficient way to calculate J 0
a. This is explained in the next section which is devoted to

the implementation of the approach presented.
4. Considerations about the discretized problem

In practice a discretization both in space and time needs to be performed: the function gðxÞ is represented

by a vector p in Rk, and the condition (16) is written only at a finite sequence of times ftig16 i6m in ½0; T �. In

that framework, the problems (18) and (22) become, respectively,
min
fpP 0; G iðpÞ6GcI for 16 i6mg

JhðpÞ ð32Þ

min
pP 0

Jh
a ðpÞ ð33Þ
where Jh and Jh
a are discretized versions of the functionals defined in (18) and (21), respectively. The

functions Jh and Jh
a take the form
JhðpÞ ¼j p j

Jh
a ðpÞ ¼j p j þ 1

a

Xm
i¼1

hG iðpÞ � GcIiþ � D1 � hG iðpÞ � GcIiþ
ð34Þ
where j j is a norm on Rk and D1 is a positive definite matrix. The vector G iðpÞ gives the values of the energy

release rate at time ti in the discretized model. The vector I is the vector of same size than G i which all its

components equal to 1. For a fixed time step ti, calculating G iðpÞ requires the resolution of the nonlinear

system (2), (12) and (20). Therefore, the evaluation of Jh
a ðpÞ involves the resolution of m nonlinear systems.

Since the constraint G iðpÞ6GcI is not convex, the existence of solutions to (32) and (33) should be
justified. Another theoretical question is the convergence of (33) towards (32) as the penalization parameter

a tends to 0. Both these issues are addressed in Appendix B.
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From a practical point of view, it has already been mentioned that the evaluation of the gradient Jh0
a ðpÞ is

a crucial stage in terms of computational costs. The most natural way of estimating Jh0
a ðpÞ is to compute all

the partial derivatives oJh
a =opi using a finite difference scheme:
oJh
a

opi
’ 1

h
ðJh

a ðp1; � � � ; pi þ h; � � � ; pN Þ � Jh
a ðp1; � � � ; pi; � � � ; pNÞÞ ð35Þ
where h is a fixed parameter. Since each evaluation of Jh
a requires the resolution of m nonlinear systems, this

way of estimating Jh0
a is quite time consuming. Moreover the choice of h in (35) can be tricky: h should be

small enough to get a close approximation of the derivative but large enough to avoid numerical accuracy

problems. Part of these difficulties is removed by using the developments of Section 3.2. Indeed it has been

showed in Section 3.2 that the gradient Jh0
a can be expressed in terms of the solution of (30). In the dis-

cretized model, the integral equation (30) is represented by a linear system which can be solved numerically

for each time step. The gradient Jh0
a is thus obtained by solving m linear systems, instead of km nonlinear

systems with the finite difference scheme (35). The difficulty of choosing a good value of h in (35) is also
removed by using the formulae of Section 3.2.
5. Application

In this section we give some numerical results obtained by the proposed method. All the lengths are

expressed in a non-dimensional way as multiples of a characteristic length denoted a. We choose the

function X ðtÞ as X ðtÞ ¼ a sin 2pt. The function g0 defining the shape of the indenter is taken as
g0ðxÞ ¼ h� x2

2R
ð36Þ
This equation describes an indenter with radius of curvature R. The parameter h is the indentation depth.

Expressing all lengths as multiple of a, (36) can be rewritten as
g0

a
ðx=aÞ ¼ h

a
� 1

2

a
R

x
a

� 	2

ð37Þ
All the results presented in this section correspond to R=a ¼ 10 and h=a ¼ 0:01. The constitutive material of

the half-plane is taken isotropic with a Young’s modulus E equal to 200 MPa and a Poisson’s ratio m equal

to 0:3. The constitutive parameter Gc is chosen equal to 10�4 J.

The surface C0ð0Þ is discretized using 160 points spaced at equal distances on the interval �46 x1=a6 4.
The loading cycle is divided in 20 equal time steps. The asymptotic state is then found by solving (33) with a

BFGS algorithm (Fletcher, 1987), the penalization parameter a being set equal to 10�6.

Fig. 5 shows the solution g1 obtained. The curved shape of the asymptotic wear scar is consistent with

the experimental results of (Fouvry, 2001) and the numerical simulations of €Oqvist (2001). This shows that

the strategy of minimizing the total dissipation yields realistic results concerning the asymptotic state of the

system.

Figs. 6–9 are related to the stabilized cycle, in which gðx; tÞ ¼ g1ðxÞ for t 2 ½0; T �. The asymptotic pro-

files both in the unloaded configuration (dashed line) and in the loaded configuration (solid line) are
plotted in the lower half of Figs. 6–9. The position of the indenter at each time considered is also repre-

sented by the parabolic profile in dashed line. A little arrow indicates the direction of sliding. On these

Figures the vertical displacements are magnified for a better clarity: actually the wear depth is significantly

less than the radius of curvature of the indenter. We can observe that the elastic displacements are relatively

low compared to the wear depth. This stems from the value chosen for Gc: with a bigger value of Gc, larger
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displacements would have been supported by the half-plane and consequently the wear depth would be
decreased.

The normalized distributions of the energy release rate G and the contact pressure p ¼ T2ðxÞ are plotted

in the upper half of Figs. 6–9. This enables to check that the condition Gðg1; x; tÞ6Gc is satisfied all over

C0ðg1Þ. A gap can be observed in the distribution of G, for instance on Fig. 6. Actually this gap is cor-

related to the distribution of �11, as illustrated in Fig. 12. The curves in Fig. 12 show that the front of the

contact area is in compression ð�11 < 0Þ while the back is in traction ð�11 > 0Þ. This phenomenon has been

observed experimentally by (Barquin et al., 1974). Consequently there is a zero-crossing in the distribution

of �11, which corresponds to a decrease of G (indeed G depends on �2
11).

Fig. 10 shows the influence of wear on the contact tractions. We compare the distribution of tractions at

the beginning of a cycle for the initial flat profile g ¼ 0 (distribution B, dashed line) and the asymptotic
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worn profile g1 (distribution A, solid line). The contact tractions for g1 are significantly lower, which stems
from the fact that displacements are prescribed on the indenter. Indeed the equality u2ðxÞ þ gðxÞ ¼ gðx; tÞ is

verified on the contact area. After wear has occurred ðgðxÞ > 0Þ, the elastic displacement u2ðxÞ is thus

decreased. The half-plane is globally less loaded, which results in a decreased distribution of tractions on

the surface.

On Fig. 10 is also plotted the distribution of contact tractions for the initial plane profile, in the fric-

tionless case (distribution C). The symmetry axis of this distribution corresponds to the symmetry axis of

the indenter. This enables to observe that the distributions A and B are shifted in the direction opposite of

sliding. This is a consequence of friction, which has already been exhibited by (Bui and Dang Van, 1976) in
the problem of a rigid indenter sliding on an elastic half-plane. At t=T ’ 0:25 on the stabilized cycle, we
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observe that the distribution of tractions is now shifted in the direction of the sliding (Fig. 11): here the

contact area is determined by the shape of the worn scar.

The solution g1 is obtained after about 1000 iterations of the minimization algorithm. For each iter-

ation, the most time consuming steps are the computation of Jh
a (resolution of m nonlinear systems) and Jh0

a

(resolution of m linear systems). Integrating the evolution of the system over a cycle would typically require

the resolution of m nonlinear systems, so the computational cost of the minimization procedure is roughly
that of 2000 loading cycles calculated with a step-by-step algorithm. Wear under cyclic loading is known to

be a slow process: for instance, in the experiment presented in Section 1, the stabilization occurs after about

50,000 cycles. This suggests that an incremental procedure, which traces the complete evolution of the

structure, would require the computation of a very large number of cycles in order to reach the stabil-

ization. Therefore, there should be a substantial gain in using the approach presented.
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6. Conclusion

In this paper, a minimization approach has been introduced to estimate the asymptotic state for wear

problems under cyclic loadings. Even though the mechanical problem has been simplified considerably, the

results obtained remain consistent with experimental measures and numerical simulations from the liter-

ature. The computational costs needed to get the asymptotic state are expected to be reduced significantly

by comparison with the incremental procedure. The implementation of the method presented is easy, as

numerical algorithms for solving such minimization problems are readily available in standard computing
software.

In view of these first results, this minimization approach is worth being developed further. Even if this

method is approximative in essence, the simplicity of its implementation and its expected efficiency could

make it useful in the early stage of structural design. Moreover, some of the ideas and techniques used here
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(like the Green functions for the worn-out half plane) could be of some interest for other problems related

to wear research.

Possible developments of the approach presented include most notably taking stick/slip areas into ac-

count, and considering a more realistic wear model. As mentioned in Section 2, an interesting choice is the
wear model of Dragon-Louiset (2001), which generalizes the model used in this paper. It should also be

emphasized that the method presented is not restricted to the half-plane and could be applied on other

plane problems. However, in that case the Green functions should be evaluated numerically.

The formulation of the asymptotic state as the solution of a minimization problem bears some promising

potentialities. For example, if some a priori information is known about the shape of the asymptotic wear

scar, then the optimization procedure could be restricted to the set of profiles which are compatible with

this information. This way the asymptotic state should be reached more rapidly. In the long run, the

method described here could be combined with a minimization approach developed for elasto-plastic
structures under cyclic loadings (Peigney and Stolz, 2003). Putting these two approaches together into an

unified minimization problem would allow to tackle the coupling between wear and plasticity in cyclically

loaded structures.
Appendix A. Green functions of the worn-out half plane

For any given x0 ¼ x01e1 þ x02e2 in X0ðgÞ and j in f1; 2g, we consider the displacement x7!N jðx; x0Þ which

is the plane strain solution of the following problem:
rj ¼ L : �ðN jÞ in X0ðgÞ
div rj þ dðx� x0Þ � ej ¼ 0 in X0ðgÞ
rj � n ¼ 0 on C0ðgÞ
�ðN jÞ ¼ ðrxN j þt rxN jÞ=2 in X0ðgÞ

ðA:1Þ
The function N0
j ðx; x0Þ is defined as the displacement solution of (A.1) when g is chosen equal to 0. For L

corresponding to an isotropic behaviour, the expression of N0 is well-known. The problem addressed here

is to obtain the expression of N jðx; x0Þ at the first order in g. This can be achieved using the general formula
proved by Kirchner and Ni (1993):
ðN jðX ;Y Þ �N0
j ðX ;Y ÞÞ � ei ¼

Z
X0ð0Þ�X0ðgÞ

�ðN0
j Þðx;Y Þ : L : �ðN0

i Þðx;XÞdS

�
Z

C0ðgÞ
ðN iðx;XÞ �N0

i ðx;XÞÞ � ðr0
j ðx;Y Þ � rjðx;Y ÞÞ � nds ðA:2Þ
where X ¼ X1e1 þ X2e2 and Y ¼ Y1e1 þ Y2e2. We now specialize this formula g and og
ox small. As pointed out

by Kirchner and Ni (1993), the first two terms in (A.2) are of order 1 in g, while the last one is of order 2.

Therefore, at the first order we can write:
ðN jðX ;Y Þ �N0
j ðX ;Y ÞÞ � ei ¼

Z
X0ð0Þ�X0ðgÞ

�ðN0
j Þðx;Y Þ : L : �ðN0

i Þðx;XÞdS ðA:3Þ
This equation allows to determine the first order development of N jðX ;Y Þ provided N0
j ðX ;Y Þ is known.

Note that (A.3) can be rewritten as
ðN jðX ;Y Þ �N0
j ðX ;Y ÞÞ � ei ¼

Z
C0ð0Þ

½�ðN0
j Þðx;Y Þ : L : �ðN0

i Þðx;XÞ� gðxÞdx ðA:4Þ
where �ðN0
j Þðx;Y Þ is the value of �ðN0

j Þðx;Y Þ at the point x ¼ xe1 þ gðxÞe2.
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When X ¼ X1e1 þ X2e2 and Y ¼ Y1e1 þ Y2e2 tend to the surface C0ðgÞ, then N jðX;Y Þei tends to the

function Nijðg;X1;X2Þ defined in (12). Moreover in that case, an expansion at the first order in g enables to

write N0
j ðX ;Y Þ as a function of its values N 0

ijðX0; Y0Þ ¼ ei �N0
j ðX0e1; Y0e1Þ on the surface C0ð0Þ. Substituting

in (A.4) provides
Nijðg;X1; Y1Þ � N 0
ijðX1; Y1Þ

¼ gðX1Þ
oN0

j

onX
ðX1; Y1Þ � ei þ gðY1Þ

oN0
j

onY
ðX1; Y1Þ � ei þ

Z
C0ð0Þ

½�ðN0
j Þðx; Y1Þ : L : �ðN0

i Þðx;X1Þ� gðxÞdx

ðA:5Þ
with
oN0
j

onX
ðX1; Y1Þ ¼ lim

d!0

N0
j ðX1e1 þ de2; Y1e1Þ �N0

j ðX1e1; Y1e1Þ
d

ðA:6Þ

oN0
j

onY
ðX1; Y1Þ ¼ lim

d!0

N0
j ðX1e1; Y1e1 þ de2Þ �N0

j ðX1e1; Y1e1Þ
d

ðA:7Þ
and �ðN0
j Þðx; Y1Þ is the value of �ðN0

j Þðx;Y Þ at the point Y ¼ Y1e1 þ gðY1Þe2.

Le u be the displacement solution of the problem (11). On the surface we have
uiðxÞ ¼
X2

j¼1

Z b

�b
Nijðg; x; x0ÞTjðx0Þdx0 ðA:8Þ
where Tjðx0Þ is supposed to be null outside the segment ½�b; b�. Substituting (A.5) in (A.8) gives
uiðxÞ ¼
X2

j¼1

Z b

�b
N 0

ijðx; x0ÞTjðx0Þdx0 þ gðxÞ
Z b

�b
Tjðx0Þ

oN0
j

onX
ðx; x0Þ � ei dx0 þ

Z b

�b
Tjðx0Þgðx0Þ

oN0
j

onY
ðx; x0Þ � ei dx0

þ
Z b

�b

Z b

�b
½�ðN0

j Þðz; x0Þ : L : �ðN0
i Þðz; xÞ� Tjðx0ÞgðzÞdzdx0 ðA:9Þ
Since N0 is known, one can go through the calculation of (A.9) to obtain the expression of uiðxÞ. The result

is given by Eq. (15).

Appendix B. Existence of solutions for the discretized problem

The existence of solutions to the optimization problem (33) is now proved. With the regularization (20)

of the contact conditions, the contact tractions depend continuously on p. Therefore, G iðpÞ is a continuous

function of p, which implies that the set F1 ¼ fp;G iðpÞ6GcI for 16 i6mg is closed. Consequently the set

F2 defined by F2 ¼ fp; pP 0g \ F1 is closed as well. Note that F2 is not empty because for pP 0 such that
j p j is sufficiently large, G iðpÞ is equal to zero (there is no contact). Since the function Jh becomes infinite as

j p j grows to infinity, it has some minima on the closed nonempty set F2. Hence the existence of solutions to

(32) is ensured. The same result can be proved for (33) using the fact that Jh
a becomes infinite as j p j grows

to infinity.

It can also be proved that the solutions of (33) converge towards the solutions of (32) when the

parameter a tend to 0. Let k be a solution of (32) and fang a positive sequence converging towards 0. For

each n, we denote by pn a solution of (33). The following inequalities hold:
j pn j 6 Jh
an
ðpnÞ6 Jh

an
ðkÞ ¼j k j ðB:1Þ
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Hence the sequence fpng is bounded. Consequently there exists a convergent subsequence, still denoted

fpng. Its limit p1 necessarily belongs to the closed set fp; pP 0g. For each n, we have:
1

an

Xm
i¼1

hG iðpnÞ � GcIiþ � D1 � hG iðpnÞ � GcIiþ 6 Jh
an
ðpnÞ6 j k j ðB:2Þ
whence
Xm
i¼1

hG iðpnÞ � GcIiþ � D1 � hG iðpnÞ � GcIiþ 6 an j k j ðB:3Þ
Taking the limit n ! 1 gives hG iðp1Þ � GcIiþ ¼ 0 i.e., p1 2 F1. Since p1 P 0, we also have p1 2 F2. The

inequality (B.1) shows that j p1 j 6 j k j, so p1 is solution of (32).
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