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Abstract

In this paper, we attempted to construct a constitutive model to deal with the phenomenon of cavitation and cavity
growth in a rubber-like material subjected to an arbitrary tri-axial loading. To this end, we considered a spherical elemen-
tary representative volume in a general Rivlin’s incompressible material containing a central spherical cavity. The kinemat-
ics proposed by [Hou, H.S., Abeyaratne, R., 1992. Cavitation in elastic and elastic-plastic solids. J. Mech. Phys. Solids 40,
571–722] was adopted in order to construct an approximate but optimal field. In order to establish a suitable constitutive
law for this class of materials, we utilized the homogenisation technique that permits us to calculate the average strain
energy density of the volume. The cavity growth was considered through a physically realistic failure criterion. Combina-
tion of the constitutive law and the failure criterion enables us to describe correctly the global behaviour and the damage
evolution of the material under tri-axial loading. It was shown that the present models can efficiently reproduce different
stress states, varying from uniaxial to tri-axial tensions, observed in experimentations. Comparison between predicted
results and experimental data proves that the proposed model is accurate and physically reasonable. Another advantage
is that the proposed model does not need special identification work, the initial Rivlin’s law for the corresponding incom-
pressible material is sufficient to form the new law for the compressible material resulted from cavitation procedure.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The phenomenon of cavitation and cavity growth in rubber-like materials was observed long time ago.
Gent and Lindley (1958) (see also Williams and Schapery, 1965) carried out a tensile test on a flat cylinder
rubber sheet between two metal plates to generate a highly tri-axial stress state in the central part of the spec-
imen. The force–displacement curves exhibit a break point corresponding to the creation of cavities. These
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cavities then grow as the load increases until the specimen’s final fracture. This phenomenon was confirmed by
numeral experimental studies latter (Lindsey, 1967; Kakavas and Chang, 1991, 1992; Bathias et al., 1996;
Dorfmann and Burtscher, 2000; Legorju-jago and Bathias, 2002; Dorfmann, 2003). This phenomenon implies
that the conventional incompressible constitutive laws, usually utilized in modelling rubber-like materials
under uniaxial or biaxial loading, are no longer applicable if the tri-axiality reaches a certain level. Compress-
ibility has to be introduced to consider such a case.

Two distinguish approaches can be found in the literature to model the cavitation phenomenon in rubbers.
The first one is to adopt phenomenological compressible constitutive laws. In this kind of approaches, the
strain energy density, which can be considered as the basic function characterizing the material behaviours,
is often split into two parts: the first part describes usually the incompressible behaviour while the second
describes the compressible one. The incompressible part of the strain energy density was thoroughly studied,
the most widely cited strain energy expressions are the Money-Rivlin, Ogden (1972) and Arruda and Boyce
(1993) models amongst many others. These models in general can describe properly the rubber behaviours
in uniaxial or biaxial stress states. However, the compressible part of the strain energy has not well studied
so far. In general, the compressible term in the energy density is often considered as function of volume
changes. For fixed porosities, various forms of compressible laws can be found in Ogden (1972, 1976). A pop-
ular compressibility law proposed by Blatz and Ko (1962) is also widely used in engineering applications.
Some more elaborated compressibility laws were proposed by Simo and Pister (1984), Bischoff et al. (2000)
and Attard and Hunt (2002) among others.

A critic that one can make to these phenomenological compressibility laws is the lack of physical basis.
The separable form of the strain energy function is often adopted just because of its mathematical con-
venience. Therefore, the performance of this class of models is sometimes limited within a low level of
compressibility.

The second approach in modelling the cavitation and cavity growth is to study the cavities in an incom-
pressible medium. The global behaviours of the voided materials exhibit compressibility. It is clear that this
approach benefits from its realistic physical foundation. Ball (1982) proposed a mathematical analysis of
the stability conditions for the case of a spherical cavity under purely hydrostatic loading. He showed that
for a particular class of material behaviour laws, there exists a bifurcated solution that corresponds to the
cavity nucleation. In the special case of a neo-Hookean material, the theoretical critical stress for cavitation
thus determined has good agreement with the experimental results of Gent and Lindley (1958). An alternative
interpretation of cavitation instability in terms of the growth of a pre-existing micro-void was given by Horgan
and Abeyaratne (1986). After that numerous studies in this direction, essentially dealing with spherical or
cylindrical cavities subjected to symmetrical radial tension, were given by different authors (Biva, 1995;
Ganghoffer and Schultz, 1995; Shang and Cheng, 2001; Chang and Pan, 2001; Hou and Zhang, 1992;
Polignone and Horgan, 1993; etc.).

When a solid is subjected to an arbitrary tri-axial loading, the exact bifurcated solution is rather difficult to
find out, even for the simplest neo-Hookean constitutive law. Hou and Abeyaratne (1992) considered a pre-
scribed cinematically admissible three-dimensional deformation fields for a central spherical cavity under glo-
bal tri-axial tension, such that the deformation carries the spherical cavity into an ellipsoidal one. By applying
the principle of virtual work, a cavitation surface in the space of principal true stresses was found for neo-
Hookean materials. This analysis was extended to a composite consisting of concentric spheres of neo-Hook-
ean materials by Steenbrink and Van der Giessen (1999) in their studies on polymer-rubber blends.

Apart from the cavity nucleation prediction, another important issue in this topic is the cavity growth eval-
uation under tri-axial loading. In the phenomenological models, the cavity growth represents one of the dam-
age responses of rubber-like materials. One can cite the works of Ogden and Roxburgh (1999) and Dorfmann
et al. (2002) who proposed the so-called pseudo-elasticity theory, in which the material response is described
by different forms of strain energy density on primary loading and subsequent unloading. This theory was
applied to assess the cavitation damage (Dorfmann et al., 2002) with success in the case of relatively small
values of deformation. On the other hand, many studies were focused on the inner surface tearing of the cav-
ity. A currently accepted criterion is the maximum chain stretch criterion, stating that a rubber chain can be
broken only when it is fully extended. A similar criterion is based on the equi-biaxial stress state on the inner
cavity boundary under hydrostatic tension (Chang and Pan, 2001). In all these criteria, the cavity begins to
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grow when a strain variable on the cavity’s inner boundary reaches a critical level. Another group of cavity
growth criteria are established on the basis of energy balance. Williams and Schapery (1965) proposed using
Griffith’s formulation to model irreversible expansion of a spherical cavity. This concept was extended by
Gent and Wang (1991), Fond et al. (1996) and Diani (1999). It is to notice that this criterion was only applied
to the case of a spherical cavity in neo-Hookean materials.

In summery, our bibliographical research shows that the cavitation and cavity growth in rubbers have
not been thoroughly studied so far. Since the industrial applications we encountered require also the
solution of such problems, combination of these facts motivate us to perform a detailed study on this
topic.

In this paper, we attempted to establish a family of new constitutive models for rubber-like materials that
are suitable not only for uniaxial and biaxial loading cases, but also for tri-axial tensions. The basic idea is to
consider an elementary cell in a general Rivlin’s incompressible material containing a central spherical cavity
and subjected to a general tri-axial tension. The kinematics proposed by Hou and Abeyaratne (1992) was
adopted in order to construct an approximate but optimal field. On the one hand, we performed a homoge-
nisation analysis on this elementary volume on the basis of this kinematics. On the other hand, we proposed a
physically realistic failure criterion to assess the cavity growth phenomenon. It must be noted that the exis-
tence of initial porosity may not be the only source of the cavitation, but other aspects were not considered
in this work. The constitutive models thus established were therefore examined by considering simple specific
stress states. This constitutive model was implemented into a finite element program that was used to model
more complicate experimentations. Comparison between the results predicted by the present model and the
experimental data show that the present models can efficiently reproduce different stress states including uni-
axial, biaxial and tri-axial tensions. The concept proposed is simple and easy to apply into engineering calcu-
lations. Afterwards, the accuracy and the possibility of improvement of the models are discussed. Finally,
some concluding remarks are given at the end of this paper.

2. Preliminaries

Before describing the present model for compressible rubber-like materials, we first recall the different nota-
tions used in the present study.

We consider a rubber-like solid as a continuous body. A material point M occupies a position X at the ini-
tial time (at unstressed configuration), and a position x at the current time (at stressed current configuration).
In Cartesian coordinate system, X and x have, respectively, coordinate Xi and xi, i = 1,2,3. The movement of
the point M can be described by a second order tensor, the deformation gradient tensor F, given by F = Gradx
with Cartesian components F ij ¼ oxi

oX j
, Grad being the gradient operator with respect to X. When the material is

incompressible, we have detF = 1. The deformation gradient can be decomposed according to the polar
decompositions F = RU = VR, where R is an orthogonal rotational tensor. U and V are symmetric and posi-
tive definite tensors. Consider the tensor U for example, let ki be the eigenvalues of U and ui its unit eigenvec-
tors, U can be expressed as
U ¼
X3

i¼1

kiui � ui: ð1Þ
It is clear that ki are the principal stretches and ki > 0. Associated to U and V, the commonly used strain ten-
sors are:
The left Cauchy–Green stretch tensor : B ¼ V2 ¼ FFT ð2Þ
The right Cauchy–Green stretch tensor : C ¼ U2 ¼ FTF ð3Þ

The Cauchy–Lagrange strain tensor : E ¼ 1

2
ðC � IÞ ð4Þ
In the theory of hyperelasticity, one supposes that there exists a strain energy density function W. The con-
stitutive laws of a hyperelastic material can be represented via this function by means of different stress ten-
sors, namely
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The Boussinesq stress tensor P ¼ oW
oF

ð5Þ

The Biot stress tensor T ¼ oW
oU
¼ PRT ð6Þ

The second Piola-Kirchhof stress tensor : S ¼ oW
oE

ð7Þ

The Cauchy stress tensor : r ¼ 1

J
FP ¼ 1

J
FSFT ð8Þ
Generally speaking, the Biot stress tensor T is more convenient to describe the simple stress states occurred in
commonly defined experimental protocols since it represents the nominal engineering stresses in the principal
stretch directions. While in finite element analyses, the use of the second Piola–Kirchooff stress tensor S is
more suitable. These stress tensors can be converted into the Cauchy stress tensor r, or the true stress tensor,
that gives a more physical interpretation of the interior forces in the body. For these reasons, the constitutive
relations issued from (6) and (7) were essentially used in the present study.

3. Basic considerations

In this section, we describe the establishment of the model in dealing with a compressible porous elastomer.
The main idea is to consider an elementary representative volume in an incompressible rubber-like material
containing a central cavity. We believe that the homogenisation of this elementary volume associated to a
physically realistic failure criterion would be able to correctly describe the global behaviour of the material
under tri-axial loading.

3.1. Homogenization procedure

A Voigt-type homogenization procedure (1889) was used in order to establish a constitutive model being
capable to take into account the compressibility induced by cavities. Let X be a sphere occupied by an
unstressed incompressible elastomer. Its volume is supposed to be unit, with its initial external radius
b0 = (3/4p)1/3. We assume the existence in X of a centered spherical void of radius a0. In general, the initial
porosity of the material is assumed to be weak, i.e., a0� b0. This assumption permits to deduce that there
is no interacting effect between cavities. As a consequence, X can be considered as a representative elementary
volume (REV) extracted from a real elastomer body. Suppose that its boundary is subjected to a uniform trac-
tion T ¼ T 1N 1e1 þ T 2N 2e2 þ T 3N 3e3, where T is the nominal traction vector, ei (i = 1,2,3) are the unit vectors
of a fixed orthonormal basis, Ni (i = 1,2,3) are the components of the unit outward normal vector at a point
on the undeformed boundary. X being a small volume, we assume that T i (i = 1,2,3) are constant on its outer
boundary. It is clear that the vector T just corresponds to the principal values of the Biot stress tensor T.

In the spherical coordinate system (R,H,U), the position of a point in X is written as follows:
X 1 ¼ R cos H X 2 ¼ R sin H cos U X 3 ¼ R sin H sin U ða0 6 R 6 b0; 0 6 H 6 p; 0 6 U 6 2pÞ ð9Þ
Hou and Abeyaratne (1992) supposed that the deformation of such a volume in response of the prescribed
loading can be approximated by a three-parameter family kinematics of the following form:
x1 ¼ �a1wðRÞX 1 x2 ¼ �a2wðRÞX 2 x3 ¼ �a3wðRÞX 3 ð10Þ
where �a1, �a2 and �a3 are positive unknown constants satisfying �a1�a2�a3 ¼ 1 and
wðRÞ ¼ 1þ b3

R3

� �1
3

ð11Þ
where b P 0. This kinematics implies that an initially spherical volume becomes ellipsoidal after deformation.
By adopting this kinematics, a point on the deformed boundary of X becomes
xi ¼ �aiwðb0ÞX i ¼ �kiX i i ¼ 1; 2; 3 ð12Þ
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where �ki ¼ �aiwðb0Þ are the apparent stretches observed on the exterior boundary of X. In the sense of the
homogenization, it can be considered as the uniform stretches in the homogenized body. The displacement
of a point on the boundary is therefore:
ui ¼ xi � X i ¼ ð�ki � 1ÞX i i ¼ 1; 2; 3: ð13Þ

The work performed by the external traction can be written as:
W ext ¼
Z

A
T iuidA

¼
Z 2p

0

Z p

0

b0 T 1ð�k1 � 1Þ cos2 Hþ T 2ð�k2 � 1Þ sin2 H cos2 Uþ T 3ð�k3 � 1Þ sin2 H sin2 U
� �

b2
0 sin HdHdU

¼ T 1ð�k1 � 1Þ þ T 2ð�k2 � 1Þ þ T 3ð�k3 � 1Þ; ð14Þ
where A is the outer boundary surface area of the undeformed sphere. The deformation energy stored in the
body can be obtained by:
W ¼
Z

X
W dX; ð15Þ
where W is the strain energy density in X. According to the principle of virtual work, the equilibrium of the
body requires dW ¼ dW ext. This argument leads to write:
dW ¼ T 1d�k1 þ T 2d�k2 þ T 3d�k3: ð16Þ

Consequently, we obtain:
T i ¼
oW

o�ki
i ¼ 1; 2; 3: ð17Þ
Since X is a unit volume, therefore �W can be considered as the average strain energy density in a porous elas-
tomer body. Similarly, T i and �ki can, respectively, be considered as the average Biot principal stresses and the
apparent stretches. Comparing (17) to (6), we can see that the constitutive relationships are formally identical
in a homogenized porous elementary representative volume with those in a homogeneous hyperelastic body.
In the case when the kinematics chosen in (10) is such that the coordinate axes do not coincide with the prin-
cipal stretch directions, following the same homogenization procedure described above will lead to write:
T ¼ oW

oU
; ð18Þ
where T and U are, respectively, the average Biot stress tensor and the apparent stretch tensor measured on
the exterior boundary of X. Consequently, once the average strain energy density W is known for a porous
elastomer, the homogenized constitutive laws can identically be obtained from standard constitutive relation-
ships of a hyperelastic material.

3.2. Average strain energy density in the elementary cell

Now let us evaluate the average strain energy W in a porous elastomer body. The initial porosity of the
body X is defined as
f0 ¼
a3

0

b3
0

: ð19Þ
According to (11) and (12), we can calculate the volume expansion of X
J ¼ �k1
�k2

�k3 ¼ �a1�a2�a3w
3ðb0Þ ¼ 1þ b3

b3
0

; ð20Þ
and the expansion of the cavity
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J a ¼ �a1�a2�a3w
3ða0Þ ¼ 1þ b3

a3
0

: ð21Þ
The porosity of the deformed body is:
f ¼ J aa3
0

Jb3
0

¼ a3
0 þ b3

b3
0 þ b3

: ð22Þ
Now let us define the following parameters:
b3 ¼ b3
0 þ b3 a3 ¼ a3

0 þ b3; ð23Þ
it is clear that
b3

b3
0

¼ J
a3

a3
0

¼ 1þ J� 1

f0

: ð24Þ
The porosity of the deformed body can therefore be written as function of the initial porosity and the volume
change ratio:
f ¼ f0

J
1þ J� 1

f0

� �
: ð25Þ
By keeping these parameters in mind, we now turn to the evaluation of the stored strain energy in X when this
one is subjected to a tri-axial deformation. The elastomer body being considered as incompressible, we can
suppose that its behaviour can be represented by a general Rivlin’s law with appropriately adjusted parameters
Ckl:
W ðI1; I2Þ ¼
XK

k¼0

XL

l¼0

CklðI1 � 3ÞkðI2 � 3Þl; ð26Þ
where I1 and I2 are the first and the second invariants of the right Cauchy–Green stretch tensor C, namely
I1 ¼ trC I2 ¼
1

2
I2

1 � trC2
� �

: ð27Þ
For the kinematics described by (10), the invariants I1 and I2 have the following form (Hou and Abeyaratne,
1992):
I1 ¼ w2 �a2
1 þ �a2

2 þ �a2
3

� �
þ 1

R2
ðw�4 � w2Þ �a2

1X 2
1 þ �a2

2X 2
2 þ �a2

3X 2
1

� �
I2 ¼ w�2 �a�2

1 þ �a�2
2 þ �a�2

3

� �
þ 1

R2
ðw4 � w�2Þ �a�2

1 X 2
1 þ �a�2

2 X 2
2 þ �a�2

3 X 2
1

� �
: ð28Þ
By substituting (26) into (15), the total strain energy in the body X can be written as follows:
W ¼
Z b0

a0

Z 2p

0

Z p

0

XK

k¼0

XL

l¼0

CklðI1 � 3ÞkðI2 � 3Þl
" #

R2 sin HdHdWdR: ð29Þ
Since X is a unit volume, (29) can also be considered as the average strain energy. Integration of this expres-
sion provides a constitutive law for a porous elastomer on the basis of the Hou–Abeyaratne kinematics. In
general, the integral operation, event though presenting no specific difficulties, is rather fastidious. The explicit
expression obtained is lengthy. Consequently, we do not attempt to obtain a general explicit expression of
(29). Let us consider a five-term truncated Rivlin’s law:
W ðI1; I2Þ ¼ C10ðI1 � 3Þ þ C01ðI2 � 3Þ þ C20ðI1 � 3Þ2 þ C02ðI2 � 3Þ2 þ C11ðI1 � 3ÞðI2 � 3Þ; ð30Þ
the following truncated expression of (29) can be obtained, namely:
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W ¼ C0ð1� f0Þ þ C1U1J 1 þ C2U2J 2 þ C20 ðU2 þ 3U3ÞJ 2
1 � 4U3J 2

� �
þ C02 ðU1 þ 3U4ÞJ 2

2 � 4U4J 1

� �
þ C11 U5J 1J 2 þ U6½ �; ð31Þ
where C0, C1 and C2 are constants resulted from the linear combination of the constants Ckl in (30); Uiðf0;�I3Þ
are functions issued from integration, depending on the initial porosity f0 and the volume change; J1 and J2

are, respectively, the first and the second average isochoric invariants, i.e.,
J 1 ¼ �I1
�I
�1

3
3 ; J 2 ¼ �I2

�I
�2

3
3 ; ð32Þ
�I1, �I2 and �I3 are the average invariants defined by
�I1 ¼ �k2
1 þ �k2

2 þ �k2
3

�I2 ¼ �k2
1
�k2

2 þ �k2
2
�k2

3 þ �k2
3
�k2

1
�I3 ¼ �k2

1
�k2

2
�k2

3: ð33Þ
It is clear that J ¼
ffiffiffiffi
�I3

p
, therefore, we can also write Uiðf0;�I3Þ � Uiðf0; JÞ. The expressions of Ci and Ui(f0,J) are

given in Appendix A.

3.3. Cavity evolution law

The analysis above-presented allows evaluation of rubber deformation for a fixed porosity in a rubber-like
material under tri-axial loading. However, the cavities may grow if the loads reach a critical level. Therefore,
in order to take this fact into account, criteria for the porosity evolution have to be established.

One can find different rubber failure criteria in the literature. In this work, we adopt the maximum chain
stretch criterion in the evaluation of the cavity growth. Suppose that an ideal chain in the rubber network has
n links. The maximum chain stretch criterion states that the chain can be broken only when it is fully extended.
According to the statistic theory of rubber chains (see for examples, Treloar, 1975; Mark and Erman, 1988),
this criterion yields:
I1 max 6 3n: ð34Þ
In the case of cavity growth problems, the maximum values of I1 occur on the inner boundary of the cavity
R = a0, namely:
I1 max 2 I1ðR ¼ a0Þ

¼ w2ða0ÞJ 1 þ w�4ða0Þ � w2ða0Þ
� �

ð�a1 cos HÞ2 þ ð�a2 sin H cos UÞ2 þ ð�a3 sin H sin UÞ2
h i

ð35Þ
with
wða0Þ ¼ 1þ J� 1

f0

� �1
3

; ð36Þ
J1 in (35) is the average first isochoric invariant defined in (32).
In the coordinate frame of the principal stretches, I1max must occur at one of the principal axis. Since
I1ðX i ¼ a0;X j ¼ 0; i 6¼ jÞ ¼ w2ða0ÞJ 1 þ w�4ða0Þ � w2ða0Þ
� �

�a2
i ð37Þ
we have
I1 max ¼ w2ða0ÞJ 1 þ w�4ða0Þ � w2ða0Þ
� �

minð�a2
i Þ � w2ða0Þ J 1 �minð�a2

i Þ
� �

6 3n: ð38Þ
Here w�4(a0) is neglected because a is much larger than a0 at chain failure. Combining (36) and (38) yields:
g �k1; �k2; �k3

� �
� J� 1

KJ� 1
� f0 6 0 ð39Þ
with
K ¼ 3n
�I1 �minð�k2

i Þ

	 
3
2

: ð40Þ
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Eq. (39) is the porosity evolution surface in the principal stretch space. In the case when g < 0, there is no evo-
lution of the porosity. The case of g > 0 is physically unattainable. If this is the case, new porosity will be
reached such that the inequality g 6 0 always holds. If this inequality cannot be achieved, there will be an
unstable cavity growth leading to a catastrophic failure.

From (40), we can observe that K decreases as �I1 increases. Its possible minimal value is K = 1, because
according to (39), this value leads to f0 = 1, meaning that X is completely empty.

In this porosity evolution criterion, the chain length n is an important parameter. According to (34), it can
be interpreted as the critical stretch value producing the chain break. It is clear that rubbers can withstand
larger deformations as n increases. Consequently, a large n will also enable rubbers to resist better the cavity
growth under tri-axial loading.

In this section, we have constructed a model for porous elastomers including a homogenized constitutive
law for elastomers with cavities and a cavity evolution criterion. The application of this model can be
described as follows: An initial porosity, even though very small, must be previously specified for the consid-
ered material. The constitutive behaviour of such a compressible material can therefore be described by the
average strain energy density (31). Using this homogenized strain energy, the stress–stretch relationship can
directly be obtained by derivations according to Eqs. (5)–(8). For an incremental loading step, the new poros-
ity is evaluated according to the criterion (39). The porosity in the deformed body can be calculated from (25).

Since hereafter we only consider the homogenized body with the average quantities, we will remove the over-

bars for symbols in all the constitutive equations in order to simplify the notation.
4. Tri-axial model issued from the neo-Hookean law

The average strain energy density obtained from general Rivlin’s law are often of complicated and lengthy
form. In order to assess the capacity of the present model, we will first choose the simplest one issued from the
neo-Hookean law for a detailed examination.

By taking into account only a single term in (30) and by replacing C10 by l/2, where l is the shear module,
we obtain:
W ¼ 3

2
lðf0 � 1Þ þ 1

2
luðf0; JÞ k2

1 þ k2
2 þ k2

3

� �
ð41Þ
with
uðf0; JÞ ¼ ð2� J�1Þ � f0 J 2 þ J 3 � J 2

f0

� ��1
3

1þ 2
J� 1

f0

� �
: ð42Þ
In the case of incompressible materials, we have J = 1 and f0 = 0, and this energy function is degenerated to
the standard neo-Hookean law. The efficiency of this homogenized strain energy density in modelling rubber
tri-axial deformation can be assessed by several specific strain states.
4.1. Uniaxial tension

In uniaxial tension, let k1 be the first average principal stretch in the direction of tension, we can calculate
the nominal stress from (6), namely T1 = oW/ok1, T2 = T3 = oW/ok2 = 0, these conditions lead to write:
T 1 ¼
l
2

du
dJ

k2
2 k2

1 þ k2
2 þ k2

3

� �
þ luk1;

0 ¼ l
2

du
dJ

k1k2 k2
1 þ k2

2 þ k2
3

� �
þ luk2; ð43Þ
with
du
dJ
¼ J�2 þ f0

1

3
J 2 þ J 3 � J 2

f0

� ��4
3

2Jþ 3J 2 � 2J
f0

� �
1þ 2

J� 1

f0

� �
� 2 J 2 þ J 3 � J 2

f0

� ��1
3

: ð44Þ
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From (43), we can eliminate k2 = k3 and deduce the relationship T1 = T1(k1,f0) by using numerical methods.
Fig. 1 shows this relationship for different fixed initial porosities f0. From this figure, we can remark that the
T1 � k1 curves for f0 6 0.01 are practically identical to that of an incompressible material f0 = 0. The difference
from the incompressible neo-Hookean law is discernible only for very large porosities.

According the porosity evolution criterion established in this work, i.e., Eq. (39), we calculate the variation
of f0 during a uniaxial tension. From (39) and (40), we can see that the evolution of f0 depends on the material
parameter n, which represents the number of links in a rubber chain. In Fig. 2, we represent this evolution for
an initially small porosity f0 = 10e�5 versus axial stretch k1 for different values of n. The results of this cal-
culation show that f0 remains nearly unchanged until a critical value, and then it increases rapidly. From
Fig. 2, we observe a clear dependency of the critical stretch, at which the porosity increases dramatically,
on the parameter n: the critical stretch increases as n increases.

From the calculations described in this paragraph, we can suggest that the incompressible materials laws
would be a good approximation for porous materials under uni-axial tension when the initial porosity level
is not very high.
4.2. Equi-biaxial tension

In equi-biaxial tension, letk1 = k2 and we have T1 = T2 = oW/ok1 and T3 = o W/ok3 = 0. Explicitly,
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T 1 ¼
l
2

du
dJ

k1k3 k2
1 þ k2

2 þ k2
3

� �
þ luk1;

0 ¼ l
2

du
dJ

k2
2 k2

1 þ k2
2 þ k2

3

� �
þ luk3: ð45Þ
These equations allow the determination of stress-elongation relationships T1 � k1, as shown in Fig. 3. Here
again, different fixed values of initial porosity were introduced in the calculation of T1 � k1 curves. Similar to
the case of the uniaxial tension, only very large values of f0 (P0.01) can significantly modify the incompress-
ible law.

The porosity evolution in this stress state was calculated according to the criterion (39) and illustrated in
Fig. 4. If the parameter n is large enough, we can observe that f0 remains at a weak level (f0 6 10e�5) for
a large range of strains. This is quite a similar property to that observed in the case of uniaxial tension.

The analyses above-performed show that the present compressibility model coincides with the conventional
incompressible theories in the cases of uniaxial and biaxial stress states if the initial porosity is weak. It reflects
the fact that the cavity growth is not the principal damage mode for rubbers under this kind of loads and
therefore the porosity does not develop significantly. Consequently, parameters in the present constitutive
law can directly be determined by using the corresponding incompressible Rivlin’s law.

Other biaxial strain states such as the pure shear exhibit similar properties and will not be discussed here.
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4.3. Hydrostatic tension

The pure hydraulic tension is characterized by k1 = k2 = k3. The engineering nominal stress T1 = T2 = T3 is
obtained by
T 1 ¼
l
2

du
dJ

3k5
1 þ luk1 ð46Þ
The relationships T1 � k1 for different fixed f0 were calculated and plotted in Fig. 5. From this figure, we can
clearly observe that contrarily to the cases of uniaxial and biaxial tensions, the relationships T1 � k1 depend
strongly upon the initial porosity. First, the constitutive relations for small porosities mark a very rapid raising
at the beginning of the curves, followed by gentler slopes. For very small f0, we have T1(k1! 1)! 2.5l, which
corresponds to the well-known cavitation pressure deduced by Ball (1982).

Using the cavity growth criterion (39), we can also draw the T1 � k1 curves for growing porosity. In this
case, we consider an infinitesimal initial porosity (for example, f0 = 10�9). The T1 � k1 curves obtained using
different values of n were plotted in Fig. 6. First, these curves exhibit a break point at k1! 1, corresponding to
a rapid cavity growth. According to the values used of n, these curves present different progression slopes.
They finally decrease as the stretch k1 is getting larger. Obviously, the evolution of the T1 � k1 curves is mod-
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ulated by the porosity growth. Thus we obtain the complete evolution curves for rubber-like materials under a
hydrostatic tension due to the cavity growth.

The growing porosity f0 (cavity in the non-deformed configuration) and the actual porosity f (in the
deformed configuration) were calculated by using Eqs. (39) and (25). Fig. 7 shows their variations during
the loading for n = 20. We can see that even though the deformed cavity increases very rapidly at the begin-
ning of the loading, its volume in the non-deformed configuration, which represents the damage of the mate-
rial, changes little. The contrary happens as the load increases.
4.4. Critical hydrostatic load for cavity growth

From the analyses performed in Section 4.3, we can observe that for fixed small initial porosities, the pres-
ent model predicts nearly identical critical cavitation load with that obtained by Ball (1982), i.e.,
pc = T1 = 2.5l. However, if the cavity growth criterion (39) is introduced, this is no longer true. From
Fig. 6, it is seen that the critical load of cavitation is lower than 2.5l. In fact, there exists a critical load for
cavity growth, as demonstrated in the following:

Under the critical hydrostatic pressure, the cavity evolution criterion leads to write:
f0 ¼
J� 1

KJ� 1
¼ J� 1

3n
2

� �3
2J� 1

: ð47Þ
Introducing (47) into (46) yields
pc ¼ lim
�k1!1

T 1 ¼
5

2
� 2

3n
2

� ��1
2

� 1

2

3n
2

� ��2
" #

l: ð48Þ
That is the minimal pressure required for cavity growth. This critical load is independent of the initial cavity
size as this one is small enough. It is clear that when n!1, pc! 5l/2, that is the critical cavitation load for
incompressible neo-Hookean materials according to Ball (1982). We have to notice that this analysis on the
minimal pressure is valid only for the compressible model issued from the neo-Hookean law.
4.5. Cylindrical tension

This particular stress state corresponds to axisymmetrical tension with respect to Z axis in the cylindrical
frame (R,H,Z), i.e., TR = TH and kR = kH. By varying the proportion of TR/TZ or kR/kZ, different tri-axialities
can be obtained. In this work, we consider the following particular cases:
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1. Imposing the stretch ratio. When the axial tension is predominant, kZ P kR, we can prescribe a fixed expo-
nential ratio such that kR ¼ km

Z , �0.5 6m 6 1. m = 1 corresponds to the hydrostatic tension, while m = �0.5
corresponds to the uniaxial tension. The TZ � kZ curves can directly be obtained from (6), namely:
T Z ¼
l
2

du
dJ

kRkH k2
R þ k2

H þ k2
Z

� �
þ lukZ ;

T R ¼
l
2

du
dJ

kRkH k2
R þ k2

H þ k2
Z

� �
þ lukR: ð49Þ

By using the porosity growth criterion (39), the TZ � kZ curves were plotted for different m values, see
Fig. 8. From this figure, we can remark that in strain-imposed cylindrical tension, all the TZ � kZ curves
exhibit a cavity growth feature except the pure uniaxial tension. This is because in all these cases except
the uniaxial tension, the imposed strain leads to a volume expansion that implies cavity growth. From this
point of view, the predicted results by the present theory are physically reasonable.

2. Imposing the stress ratio. By imposing a fixed ratio TR/TZ, we can obtain different cylindrical tensions. It is
clear that TR/TZ = 0 corresponds to the uniaxial tension whereas TR/TZ = 1 corresponds to the hydrostatic
tension. We can therefore calculate the axial and radial stretches from (49). These non-linear equations
were solved numerically. The obtained TZ � kZ curves for growing porosities were plotted in Fig. 9. First,
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we observe bifurcations of the TZ � kZ curves that may represent two or more branches. The bifurcation
phenomenon in solving hyperelastical problems has been pointed out and studied by numerous authors
(Ball, 1982; Horgan and Abeyaratne, 1986 for examples) and will not be the central interest of this work.
Second, cavitation and cavity growth occur only for pure hydrostatic tension. This is the essential diver-
gence with the cases under strain-imposed loading. The reason for this may be that the porosity growth
requires more energy consummation than the incompressible deformation as the cavities are small. When
the stretches are not imposed, the material tends to adopt the configuration that consumes less energy,
essentially that corresponding to an incompressible deformation.

From this analysis on the above-defined cylindrical tensions, we can remark that the present compressible
model can describe efficiently the deformations of different stress states, varying from uniaxial to tri-axial
tensions.

5. Experimental verification and numerical modelling

The constitutive law for the compressible materials issued from the neo-Hookean law as above-presented in
detail is simple enough to give a clear outline of the new model. However, its accuracy is not sufficient to
describe a real engineering rubber material. As in the case of the incompressible materials, multi-parameter
models are often required. The compressible constitutive models issued from the general Rivlin’s law are usu-
ally too lengthy and therefore difficult to implement in numerical models, we believe that a constitutive law
with 3–5 parameters might be a good compromise between simplicity and efficiency.

The identification of the parameters in the present theory was carried out on the basis of experimental data.
According to the analyses made in the preceding section, the present compressible model differs only very little
from the corresponding conventional incompressible laws in the cases of uniaxial and equi-biaxial tensions.
This result permits us to keep the same parameters identified in its original incompressible laws. Consequently,
the identification work is considerably simplified.

In practice, uniaxial and biaxial tests are appropriate enough to correctly identify an incompressible law.
However, tri-axial tests are necessary to valid the proposed model for compressible materials. In this work,
the identification of the parameters was completed by means of conventional uniaxial and equi-biaxial tension
tests, and tensile tests on pancake specimens were used for validation of the new model.

5.1. Experimental data base

We present briefly the experimentations carried out in this work. The material used in the experimentation
was a natural rubber charged with carbon blacks.

The uniaxial tension tests were carried out with rubber sheet specimens. The displacement-controlled load-
ing was applied until the failure of the specimen.

The equi-biaxial tension tests were performed with thin rubber sheet fixed on a specific devise and blown
with water. The thickness of the rubber sheet is 2 mm. The shape of the deformed rubber sheet can be assim-
ilated to a portion of a sphere. On the top of the sphere, the stretch state is an equi-biaxial one, i.e.,
k1 = k2 = k. The pressure was applied with a low velocity until the failure of the rubber sheet.

The tension on pancake-shaped specimens is an appropriate test to produce tri-axial tension stresses in its
centre part (Gent and Lindley, 1958). In our tests, the dimension of the rubber disks is of a diameter of
120 mm and a thickness of 5 mm. The rubber disk was firmly adhered on both sides to metallic armatures.
The displacement-controlled loading was applied with a speed of 0.5 mm/min until the complete failure of
the disk. The recorded stress–stretch diagrams for these tests are represented in Fig. 10.

5.2. Identification of compressible constitutive laws

In this work, we select three compressible models truncated from (31):

1. One-parameter model issued from the neo-Hookean law, i.e., Eq. (41).
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2. One-parameter model issued from the truncated Arruda–Boyce law (1993). The 8-chain model established
by Arruda and Boyce adopts the shear modulus l as the single parameter. In this work, only the first two
terms in its development were held in the construction of the compressible model, namely:
W ¼ l
2
ðI1 � 3Þ þ 1

20n
ðI2

1 � 9Þ
	 


: ð50Þ

The homogenization of this energy density leads to obtain

W ¼ � 3

2
� 9

40n

� �
lð1� f0Þ þ

l
2

U1J 1 þ
l

40n
ðU2 þ 3U3ÞJ 2

1 � 4U3J 2

� �
: ð51Þ

3. Three-parameter model issued from the truncated Rivlin’s law
W ðI1; I2Þ ¼ C10ðI1 � 3Þ þ C01ðI2 � 3Þ þ C20ðI1 � 3Þ2: ð52Þ
Its homogenization yields

W ¼ ð�3C10 � 3C01 þ 9C20Þð1� f0Þ þ ðC10 � 6C20ÞU1J 1 þ C01U2J 2 þ C20 ðU2 þ 3U3ÞJ 2
1 � 4U3J 2

� �
: ð53Þ

As argued at the beginning of this section, the parameters in these compressible models were identified by
means of the uniaxial and equi-biaxial tests, on the basis of their corresponding incompressible laws. Using the
standard least square procedure gives the following results: C10 = 0.4l, C01 = 0.023l, C20 = 0.016l, where is
the shear module in the neo-Hookean law. The initial porosity chosen was f0 = 10e�6.

For uniaxial and biaxial tensions, the T � k curves predicted by the new compressible models and those
predicted by their corresponding incompressible laws were plotted in Figs. 11 and 12, comparing with the
experimental data. We can observe that the curves predicted by these two groups of laws are completely super-
posed. This result justifies the identification method used in this work.

From these figures, we can also observe that the one-term model issued from the neo-Hookean law provides
only a mediocre representation of the experimental results; The two-term model issued from the truncated
Arruda–Boyce law gives a better result, but its accuracy is limited by the truncation. Only the three-term
model issued from Rivlin’s law provides a correct correlation of the experimental data.

5.3. Simple verification of the compressible models trough pancake tests

The verification of the established compressible models can be completed by means of two approaches.
First, we can construct a finite element model of the pancake tests and compare the numerical result with
the experimental one. This approach provides a realistic representation of the tests and therefore, a more reli-
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able result. This numerical work will be presented latter in this paper. The second approach is much simpler
and can directly be accomplished by adopting a reasonable geometrical assumption. In fact, since the thick-
ness of the rubber disk is very small (5 mm) comparing to the diameter (120 mm), the radial deformation, espe-
cially near the central part, can be neglected. As a consequence, the deformation in the disk can be considered
as to be uniform, as follows:
kR ¼ kH ¼ 1 kZ ¼
L
L0

; ð54Þ
where L and L0 are, respectively, the actual and initial thickness of the disk. The engineering stress can directly
be calculated according to T Z ¼ dW

dkZ
. In order to better fit the experimental data, the value of the parameter n

was chosen to be 25. The influence of this parameter on the predicted results will be discussed later. The ob-
tained results for the three compressible models with cavity evolution were plotted in Fig. 13. From this figure,
we can see that the one-parameter models issued from the neo-Hookean and the two-term Arruda–Boyce laws
provide too conservative predictions for tensile force. The three-term model issued from the Rivlin’s law, how-
ever, gives a satisfactory correlation with experimental results. From the results obtained by using this model,
following remarks can be made:
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1. Correct critical cavity growth load (or critical cavitation load if the initial porosity f0 is considered as to be
zero) is predicted.

2. The global behaviour of rubber under tri-axial tension is correctly represented. The stretch–stress diagram
predicted by the model presents a plateau immediately after the initial cavity growth, reflecting the soften-
ing behaviour due to the cavity growth. As the porosity grows, the rubber becomes increasingly compress-
ible and then the stress tri-axiality decreases. The followed increasing curve reflects the hardening behaviour
of the rubber when the stress state becomes progressively more uniaxial at high stretch level.

5.4. Numerical verification of the compressible models by finite element modelling

We performed finite element analyses in this work in order to verify the accuracy and the applicability of
the above-developed constitutive model for compressible elastomers. In finite element formulations, the sec-
ond Kirchhoff stress tensor S and the Green–Lagrange strain tensor E are mainly used in the description
of the deformed state. Since E is related to the right Cauchy–Green stretch tensor C through (4), we have:
S ¼ 2
oW
oC

ð55Þ
The rank-four tangent elastic tensor with respect to the reference configuration are deduced from
H ¼ 4
o

2W
oCoC

ð56Þ
In general, no particular difficulty is presented in the implementation of the model in a finite element program
even though attention should be paid in writing the lengthy expressions of the elastic tensor. Moreover,
numerical precautions had to be made in order to avoid problems related to convergence or compressibility.

The pancake specimen was meshed with axi-symmetric elements and the boundary conditions correspond-
ing to the experimentation were applied: the bottom surface was totally clamped while the top surface was
clamped in the R-direction and subjected to a prescribed displacement in the Z-direction.

In Fig. 13, we represent the TZ � kZ curves obtained from the finite-element computation comparing with
the simplified modelling described in the previous paragraph. Quite surprisingly, the two approaches provide
nearly identical results for the three constitutive laws used. This suggests that the assumption made in (54) is
quite reasonable for uniaxial tension tests with thin pancake specimens.

Fig. 14 plots the deformed specimen and the distribution of the porosity in the pancake specimens during the
loading. We can observe that the distribution of the porosity f0 is nearly uniform in the whole specimen except the
region near the outer boundary. From 14, we can remark that the assumption made in (54) is globally verified
except at the zone near the skin, where the strain and damage change rapidly than anywhere else in the specimen.



Fig. 14. Porosity distribution and deformation of the pancake specimen.
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6. Discussion and conclusions

In this work, we attempted to describe the damage evolution in rubber-like material due to the cavi-
tation and cavity growth process. By adopting the kinematics proposed by Hou and Abeyaratne (1992)
for a voided element, we established a constitutive model by using a homogenization technique. As a con-
sequence, this model, based on a micro-mechanism modelling, appears physically reasonable. Another
remarkable particularity is that the volume change and the deviatory deformation of the material are cou-
pled in this model, contrarily to traditional constitutive laws in which the two parts are often written
separately.

The main advantage of this model may be its capacity to describe the behaviours of a rubber-like mate-
rial for a very large range of stress states, varying from uniaxial to hydrostatic tensions. For uniaxial or
biaxial tensions, in which the cavitation is not the principal source of damage, the new model is able to
describe the slow cavity growth until a critical load level before the final fracture. For tri-axial tension, the
limit load for cavitation and the cavity evolution can be correctly modelled. For example, we are able to
draw a complete load-displacement curve for a pancake specimen under tensile loading, which agrees well
with the experimental results. Another advantage may be the simplicity in the identification of the param-
eters. In fact, no supplementary identification procedure is needed with respect to the corresponding
incompressible material, the initial parameters in Rivlin’s law are sufficient in the establishment of the
model.
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The proposed model emphasizes the importance of the parameter n, that is the number of links in a
rubber molecular chain. This is the only parameter to adjust in the model. This parameter has an effective
influence on the tri-axial behaviour. For example, let us consider the pancake specimens under tensile
loading, studied in Section 5.2. We plot in Fig. 15 several TZ � kZ curves according the three-term Rivlin’s
model by using different values of n. This figure shows that the minimal tension for cavitation increases as
n increases. Moreover, larger n induces higher stress responses for the same stretch level. For the present
three-term model, taking n = 25 provides a satisfactory correlation between the model and the experiment
results.

The few dissimilarities between the predicted TZ � kZ curves and the experimental data can be partially
explained by the simplicity of the model since only one new parameter n was introduced as a material con-
stant. As suggested by several authors (Johnson and Beatty, 1993; Marckmann et al., 2002), this parameter
can change during the damage process. These authors described this mechanism as the breaking down of short
chains such that the average chain length becomes longer. Therefore, the variation of n under tri-axial loading
may be an interesting issue in the further researches.

One of questionable points in the establishment of the present model is associated to the cavity shape
that would not remain exactly spherical, especially when the cavity grows. In the case when one principal
strain is predominant with respect to the others, the growth of the cavity might not be spherically symmet-
ric. The highly developed cavity may like rather a crack than a spherical void. Therefore, strictly speaking,
the assumption on the spherical shape of the cavity is justifiable only when the porosity is weak and in the
sense of the global effect. However, the experimental verification shows that good correlation can be
obtained event in the case of large porosity. The reason for this performance may be explained by the blunt
form of crack front due to the large deformation, which would considerably decrease the stress concentra-
tion level. As a consequence, the assumption on the spherically growing cavity would not introduce too
important errors in the computation. Further studies are needed to highlight the influence of this
assumption.
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Appendix A
W ¼ C0ð1� f0Þ þ C1U1J 1 þ C2U2J 2 þ C20 ðU2 þ 3U3ÞJ 2
1 � 4U3J 2

� �
þ C02 ðU1 þ 3U4ÞJ 2

2 � 4U4J 1

� �
þ C11½U5J 1J 2 þ U6�
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where
C0 ¼ �3C10 � 3C01 þ 9C20 þ 9C02 þ 9C11

C1 ¼ C10 � 6C20 � 3C11

C2 ¼ C01 � 6C02 � 3C11
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