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We investigate sandwich composite beams using a direct approach which models slender bodies as
deformable curves endowed with a certain microstructure. We derive general formulas for the effective
stiffness coefficients of composite elastic beams made of several non-homogeneous materials. A special
attention is given to sandwich beams with foam core, which are made of functionally graded or piecewise
homogeneous materials. In the case of small deformations, the theoretical predictions are compared with
experimental measurements for the three-point bending of sandwich beams, showing a very good agree-
ment. For functionally graded sandwich columns we obtain the analytical solutions of bending, torsion
and extension problems and compare them with numerical results computed by the finite element
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1. Introduction

The mechanical behavior of composite beams is a topic of con-
tinued and increasing interest because this kind of slender struc-
tures are widely used in engineering devices. The emergence of
new advanced materials, such as functionally graded foams, has gi-
ven a new impulse to the research studies in this field.

In our work we employ a Cosserat-type approach for rod-like
bodies to investigate the mechanical behavior of composite elastic
beams. In this approach, also called the theory of directed curves,
the slender body is represented as a deformable curve endowed
with a triad of rigidly rotating unit vectors (also called directors)
attached to each point. The motion of these triads of directors ac-
counts for rotations of the cross-sections about the middle axis
of the beam.

The theory of directed curves has been presented by Zhilin
(2006, 2007). An extension of this model for porous and thermo-
elastic rods has been recently established by Birsan and Altenbach
(2011a,b). We mention that the approach of directed curves is re-
lated to the so-called Cosserat theory for rods, which uses a set of
deformable directors attached to the curve, see e.g. Green and
Naghdi (1979), Rubin (2000). If one imposes certain constraints
on the set of directors, then the theory of directed curves can be
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regarded as a special case of the nonlinear theory proposed by
Antman (1972, 1995), Simo (1985). These latter theories are special
cases of the nonlinear theory proposed by Green et al. (1979). In
Section 2 we briefly present the kinematical model, the equilib-
rium equations, and the structure of constitutive equations for
composite elastic rods, using the direct approach.

The main goal of this paper is to determine the analytical
expressions of the effective stiffness coefficients for various types
of composite beams, in terms of the three-dimensional parameters
of the thin structure. To determine the effective stiffness coeffi-
cients, we compare the analytical solutions of bending, torsion,
and extension problems for directed curves with the corresponding
results for three-dimensional rods. This general procedure for non-
homogeneous beams is described in Section 3. In Section 4 we gen-
eralize the results to the case of composite beams made of several
different non-homogeneous materials. We present general formu-
las for the effective stiffness coefficients, which are expressed in
terms of the solutions to some boundary-value problems formu-
lated on the cross-section domain. These formulas (namely the
relations (29), (30)) are applicable for a large variety of situations,
including sandwich beams made of functionally graded materials
and foams. Another type of important structures are the metal-
ceramic composites. The mechanical response of polycrystalline
ceramics containing metallic intergranular layers has been investi-
gated in Sadowski et al. (2005, 2006), Postek and Sadowski (2011).
In the next sections we illustrate the usefulness of our formulas by
considering different types of sandwich beams.
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Sandwich structures are widely used because of their ability to
provide high bending moment stiffness coupled with light weight.
Because of this, sandwich panels are often used in applications
where weight saving is critical: in aviation, ship building and con-
struction (Zenkert, 1995). In most applications the sandwich panel
must have some required minimum stiffness, it must not fail under
some in service loading and it must be as light as possible. Its de-
sign can be formulated as an optimization problem: the goal is the
panel with minimum weight which meets the requirements for
stiffness and strength. For this purpose it is very important to used
accurate solutions in order to estimate the stiffness of such
structures.

In Section 5 we focus our attention to sandwich beams with
foam core and determine the analytical expressions for effective
bending stiffness, shear stiffness, and torsional rigidity. We com-
pare our results with the classical expressions taken from Allen
(1969), Zenkert (1997), Gibson and Ashby (1997), Timoshenko
and Goodier (1951). Moreover, we verify the (new and classical)
theoretical results by comparison with experimental measure-
ments obtained for the three-point bending of sandwich beams.
In Section 6 we extend our analysis to sandwich beams with dis-
similar faces.

Section 7 is concerned with circular sandwich columns. For
functionally graded sandwich columns obeying an exponential
law of material distribution, we find the effective bending, shear,
extensional, and torsion stiffness coefficients. Then, we compare
these theoretical results with numerical solutions for some elasto-
static problems solved by the finite element method.

The good agreement between the analytical, experimental, and
numerical results shows that the proposed formulas for effective
stiffness coefficients are correct, and they can be successfully used
in applications.

2. Theoretical background

Let us present briefly the kinematical model of directed rods,
which is described in details in Zhilin (2006, 2007), Birsan and
Altenbach (2011a). Let Co be the reference (initial) configuration
of the deformable curve, and denote by s the material coordinate
along Cy, which is chosen to be the arclength parameter. The con-
figuration is determined by the position vector r(s) and the at-
tached directors d;(s), i =1,2,3. We take d;(s) to be 3 orthogonal
unit vectors, such that ds(s) coincides with the unit tangent
t =1'(s) (see Fig. 1). The vectors d; and d, belong to the normal
plane to the curve Cp and they are usually chosen along the princi-
pal axes of inertia of the cross-section.

In the deformed configuration C at time tthe position vector is
denoted by R=R(s,t), and the 3 directors are D; = D;(s,t). The
vector D3 is no longer tangent to the curve C, since the initial

Fig. 1. The reference configuration C, and the deformed configuration C of the
directed curve.

cross-sections are not necessarily normal to the middle curve
after deformation. Thus, the model allows for transverse shear
deformation of the rod. On the other hand, the deformation of
the cross-sections is not taken into account, which is a reasonable
assumption for thin rods.

Throughout the paper we employ the Einstein’s summation
convention and the direct tensor notation in the sense of Lurie
(2005). Greek indices range over the set {1,2}, while Latin indices
take the values {1, 2, 3}. We denote the material time derivative by
a superposed dot and the derivative with respect to the spatial
coordinate s by () = 4.

With these notations, the rotation tensor is given by
P(s,t) = D(s,t) @ di(s). In the linear theory of rods, the displace-
ment vector u(s,t) = R(s,t) — r(s) is small. The rotation tensor
can be represented as P = 1 +y x 1, where y(s, t) is the vector of
small rotations. In the case of small strains, the deformation of
the rod is characterized by the vector of extension-shear e and
the vector of bending-twisting x, which are given by

e=u+txy, K=y (1)

Remark. In order to explain the definition of the extension-shear
vector e, let us consider the three-dimensional rod, with the
position vector of a generic point in the reference configuration
given by

(8, X1,X2) = T(S) + X1d1 (S) + X205 (S), (2)

where (x1,x;) € £ are the material coordinates in the cross-section,
and X is a given domain. After deformation, the material point will
have the position vector

R (S,x1,X2,£) = R(s,t) + X1 D1 (s, t) + X2D, (s, £). 3)
Then, the components ¢; of the Lagrangian strain are given by

1 . 1
Eup = E(D”‘ Dy —6,45) =0, & :j(D“ ‘R),

1 y /
&3 =5 (R-R 1), (4)
at the centerline. On the other hand, in view of the relations (1); and
D, =d, +y xd,,R =t +u, we deduce that (in the approximation
of linear theory)

e.d,—D, R, et—(R-R-1). (5)

2
From (4) and (5) we see that the cross-sectional components of e
are the engineering shear strains (2¢,3 = e - d,), and the axial com-
ponent of e is the axial extension (&3 = e - t).

For elastic rods, the strain energy function ¢/ is assumed to be a
quadratic function of the arguments {e, x}, in the form

pou(e,x):%e~A-e+e-B~n+%x-C~x. (6)

Here, p, is the mass density per unit length of Co, while A, B, C are
second order constitutive tensors, defined on the reference configu-
ration. The structure of constitutive tensors for composite rods is
(Birsan et al., 2012)

A=Adi@d; +Ad, 9dy, + Ast @t +Ap(di @ dy +dy @ dy),
B=Bi3d; @t +Bs1it @ d; +Bysd, @ t + Byt © ds,
C=Cdiod +Cdy @d, + Cst @t +Cia(dy 0 dy + dy @dy).

(7)

The constitutive coefficients A;, C;, A2, Ci2, B,z and Bs, describe the
effective stiffness properties of thin rods. The following energy
equation holds in the linear theory, for all motions (Zhilin, 2007;
Birsan and Altenbach, 2011a)
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pU=N-e+M -k, (8)

where N is the force vector field, M is the moment vector field, and
a superposed dot denotes the time derivative. Thus, e is the conju-
gate variable to N and k is the conjugate variable to M. Then, the
constitutive equations for composite elastic rods are written as

_ 9(p) _ 9(p)
NS M-S ®

The equations of motion have the form

N+ poF = po(it+ 01 -9), M +txN+p,L
= po(it- @1 + 0 - 4i), (10)

where F and £ are the external body force and moment per unit
mass, while @,(s) are the inertia tensors in the reference configura-
tion. To write the boundary conditions, we denote the length of the
rod by I and the two endpoints by 5; = 0 and S, = . We consider
general boundary conditions of the mixed type
ui,)=u? or NG,) =N, for y=1,2,

v

_ . . ; (11)
l/’(s"/) = lll(") or M(s}") = M(}’)a fOr "/ = 1727

where the values u®, y® N% M® are prescribed.

The condition that the strain energy density defined by (6) and
(7) is a positive-definite function of the strains {e, x} is equivalent
to the following restrictions on the constitutive coefficients

A >0, AAy—(Ap)? >0, A;>0, AsCy— (By)> >0,
Ay A Bgs As B3 Bxp
A Ay By | >0, Bsiy G Cip|>0.
Biz Byx G By Co G

(12)

The relations (1), (6), (7), (9) and (10) are the basic equations of the
linear theory for directed curves, which are applicable to curved
composite rods. In what follows, in order to simplify these equa-
tions, we restrict our attention to the case of straight composite
rods (without natural twisting). We can chose the Cartesian coordi-
nate frame Ox;x,x3 such that the reference curve Cy is situated on
the axis Oxs;, between the limits x3 = 0, 1. The axis Ox; and Ox, are
chosen along the direction of the vectors d; and d,, which coincide
with the principal axes of inertia of the cross-section. If we denote
by X the domain occupied by the cross-section of the rod in the
X10x, plane, it follows that

/pxldxldxz = /pxzdxldxz =0, /p)qxzdx]dxz =0, (13)
z JZ z

where p is the mass density in the three-dimensional rod. Let e;
be the unit vectors along the axes Ox; (i = 1,2,3). Then we have
d =e ,d,=e,,d; =e; =t and s = x3. We designate the inertia
moments of the cross-section by

L = (px3), L= (px}), (14)

where we use the notation (f) = [; fdx,dx, for any field f.

Let us write now the basic equations for composite straight rods
in components forms. To distinguish between the extensional (ax-
ial), torsional, bending, and shear deformation, we decompose the
vectors u,y, N,M, F and L by the axial direction e; and the normal
plane (e, e;):

u=ues+w, y=yes;+e;xd,

N=Fe; +Q, M=Hes;+exL F=Fq.es+F,,
L=Lie;+ L. (15)
The vectors w,9,Q,L, F, and L, are orthogonal to e;. Here uis the

longitudinal displacement, w = w,e, is the vector of transversal
displacement, y is the torsion, ¥ = e, is the vector of bending

deformation, F is the longitudinal force, Q = Q,e, is the vector of
transversal force, His the torsion moment and L = L,e, is the vector
of bending moment. With the notations (15), the constitutive Egs.
(6)-(9) can be put in the component form

Qq =A (W, — V1) + Ap(Wy —2) + Bysy/,

Qy = A (W) — 1) + Ay (W) — 2) + B}/,

F =Asu' — B39, + By, H=C3y/' +Bi3s(W) — ) +Baz(wy — ),
L= C219/1 — C12’l9/2 -‘y—BgzU/, L, = —C12’19/] + C]'l9/2 — B31U/. (16)

In this paper we consider non-homogeneous rods which properties
are independent of the axial coordinate xs;. Then, the constitutive
coefficients A;, C;, A2, C12, By and Bs, are constants, which describe
the effective stiffness properties of composite rods. In order to char-
acterize their mechanical behavior, we will express these constitu-
tive coefficients in terms of the three-dimensional elasticities, for a
large variety of composite rods.

3. Effective stiffness properties for non-homogeneous rods

The relations (16) shows that C; and C, represent the bending
effective stiffness coefficients, C3 characterizes the torsional rigid-
ity, A; and A, are the shear effective stiffness coefficients, A; ex-
presses the extensional effective stiffness, while B3, B3y, C12,A12
are coupling coefficients. To determine the effective stiffness coef-
ficients A;, C;, A1z, C12, B, and Bz, we compare the solutions of some
extension, bending and torsion problems for directed curves with
the corresponding results obtained for three-dimensional rods,
see e.g. lesan (2009). The comparison procedure is described in de-
tails in Birsan et al. (2012). The relationship between the fields de-
fined in the direct approach and the three-dimensional fields is
given by

PoWs = (PU),  pott = (pU3), o = (p),

_ (pxiu3) _ (pxau3) _(p(1U5 — Xau7))
L A T A e
Q.= <t§a>) F= <t§3>’ L,= _<X0€t§3>’ H= <X1t§2 _X2t§1>7

(17)

where u; and t; are the components of the displacement vector u*
and the Cauchy tensor T* for three-dimensional rods.

Remark. The relations of identification for displacements and
rotations of the type (17) are obtained in the theory of directed
curves (Zhilin, 2007) by imposing the condition that the linear
momentum and the moment of momentum (per unit length of Cy)
are equal to the corresponding linear momentum and moment of
momentum of the three-dimensional rod. This is the reason why
the displacement and rotation fields are mass weighted in the
comparison with three-dimensional fields (17). This is particularly
significant for composite rods, when the difference between the
mass densities of the constituents can be considerably, see the
examples treated in the next sections.

It should be mentioned that the relations (17) are not the only
possibility to relate the displacement and rotation fields with the
three-dimensional quantities. Indeed, in view of the relations (2),
(3) and (13), we see that the three-dimensional displacement
u* = R —r* satisfies

(px,u) (W) B
() Azt e

In the theory of Cosserat rods see Rubin (2000) the identification
relations of the type (17) are expressed with the help of the inte-
grals (u,). Note that the value of the shear correction coefficient de-
pends generally on the specifications like (17), cf. (Rubin, 2003).
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We assume that the three-dimensional rod is made of an isotro-
pic and non-homogeneous material, characterized by the mass
density p = p(x1,x%) and the Lamé’s moduli 1= i(x;,x;) and
1= (x1,x2). We mention that the three-dimensional solutions
used for comparison are exact solutions of the Saint-Venant re-
laxed problem for the bending, torsion and extension of solid com-
posite cylinders, presented in lesan (1987, 2009). Even if the
deformation of cross-sections is not taken into account for directed
curves, the displacement fields in the two approaches should coin-
cide, when calculated in the average sense (17).

It is known that the solution of the extension-bending-torsion
problem for three-dimensional rods is expressed in terms of the
solution to some auxiliary plane strain boundary-value problems,
see e.g. lesan (2009), Sections 3.3 and 3.4. More precisely, let us de-
note by P, D? and D the plane strain problems defined on the

domain X by
DO [ pOus + WUy + Upa)] y = —(2X,) , In X, (7=1,2)
[;vup‘péot/f + WUy p + u/f.oc)} Ng = —IX,N, on 0%, 7
5. [AUp p00p +/Jt(uw+u/m)} —Jg in X,
D (19)
[AUp p0up + U(Uap + Ugy) N = —An, on OZ,

where 4, is the Kronecker symbol. The solution of the problem Pk
will be denoted by u® (x1,X;), for every k=1,2,3. On the other
hand, the torsion function ¢(x,x;) is the solution of the Neumann
type boundary-value problem

(Ho,) =Hixs—ppxi in I
99
on
where the vector n = n,e, is the outward unit normal to 0.

Taking into account the relations (17), we find that the solutions
of the extension-bending-torsion problems coincide in the two ap-
proaches (direct and three-dimensional) provided the effective
stiffness coefficients are given by Birsan et al. (2012)

=XpN; — XN on 0%, (20)

Ay = (G20 + ). By =0, By = (xali+2p+ i),
By = —(xi(i+2u+ ), Cr = (x[G+20x +m?)),
G = (xa[ G+ 2pp + ], Cro = (i[04 2003 + 2uZ] ).
C; = <,u[x1 (X1+@5) +X2(Xo — <P,1H>-

(21)

To determine the shear effective stiffness coefficients A; and A, we
consider the shear vibrations of rectangular rods in the two ap-
proaches (direct and three-dimensional). By identifying the lowest
natural frequencies, we obtain the expressions (Birsan et al., 2012)

_ e (PATEA(Z)
A=K ey
A =0, o=1,2(not summed), (22)

where the factor k =2 is similar to the shear correction factor
introduced first by Timoshenko in the theory of beams (see Timo-
shenko, 1921, where the value x =3 is proposed).

Remark. We mention that the relations (22) have been derived by
approximation of more detailed formulas obtained for rectangular
beams. We present next the exact formulas for shear stiffness in
the case of non-homogeneous rectangular rods. Let = {(x1,X2)|x1
€(—4%,9,x € (-54,5)} be the cross-section domain and p(x;,x;)
be the mass density such that p(xq,x2) = p(x1,—x2). Then, the
shear stiffness coefficient A, is expressed by Birsan et al. (2012)

(px3) Area(x)
(pixr. B 03)

where f(x1,x2) €

Ay = k(W) (23)

(—5,5) is an intermediate point such that

a b
(p(x1,p)) = b/ /b(cos@ (/ p(x1,&)sin édf)dxzdxl

(24)

A similar formula holds for A;. In most cases, we can use the
approximation {(p(x1, 8)) ~ (p(x1,X2)) and the exact relation (23) re-
duces to the simplified expression (22).

4. Effective stiffness properties for composite beams

In this section we generalize the results of the previous section
to the case of composite rods. More precisely, we consider that the
composite beam is made of n different non-homogeneous materi-
als. We consider separately the cases when the n constituent mate-
rials are isotropic or orthotropic.

Let the rod-like body be denoted by B={(x1,X2,X3)]
(x1,X2) € Z,x3 € (0,])}. For composite beams, the cross-section X
is partitioned into nsub-domains Si,....S, with S, NS, =0, for
k # I. As shown in Fig. 2(a), the generic cross- section ¥ may include
a number of m‘layers’ Sy,...,Sn (with 0 < n) and an arbitrary
number of ‘inclusions’ S;,.1,. . .,Sn. Then the beam B is decomposed
into nregions By = {(X1,X2,X3)|(X1,X2) € Sk, X3 € (0,1)}, such that
each domain By is occupied by a different non-homogeneous mate-
rial characterized by the mass density and the Lamé’s moduli

A= ),(M (X],Xz)7
(1<k<n). (25)

p=pY 0, %),
= (x1,%)

We consider that the bodies B, are welded together and there is no
separation of material during deformation. The displacement vector
field and the stress vector field are continuous in passing from one
material to another.

We designate by C, the boundary curve of the domain S, which
does not belong to the cross-section boundary o%, i.e.

= 0S; \ OZ. We assume that the curves C, (k=1,...,n) are not
self-intersecting, like in Fig. 2(a). For any boundary curve C, which
separates the domains S; and S, such that [ < r (here either [ = k or
r = k), we denote by n = n,e, the unit normal to C, pointing to-
ward S, (Fig. 2(b)) and introduce the notation

[fIf =f0 —f® for any field f, (26)

where f) designates the field f calculated in S,.

In the case of composite beams, the plane strain boundary-
value problems of the type (19), (20) will have a more complicated
form, because we have to adjoin the continuity conditions on the

in Sk

on Ck7

Si2 (b)

Simtn

T

S3

Fig. 2. (a) The cross-section of a general composite beams; (b) The separation curve
between the domains S; and S,.
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curves of separation C, between the n materials. Let us denote by
PD, @ and PP the following plane strain problems defined on
the domain X

tpup=—(1%)), in S (k=1,...,n),
P L tgaNg=—IX,N, ON I,

Us)" =0, nglty+7%,045] =0 on C (k=1,...,n),

(r=1.2)

tpup=—Ay In S (k=1,...,n),
P L tgng=—in, on 9%,
)" =0, ngltg, +43,4] =0 on C (k=1,...,n),
(27)
where we denote by t,; = AU, ;0,5 + (U + Ugy). The solution of
the problem P® will be denoted by u’ (x1,X2), s =1,2,3. For the

torsion function ¢(x;,x,) we have to solve the boundary-value
problem of the Neumann type

(uq)) =X — Xy in S (k=1,...,n),

% — xom —xin; on 9%,

@ =0, [p(Z—Xn +xm)] =0 on ¢ (k=1,....n).
(28)

The existence of solutions to the plane strain boundary-value prob-
lems (27), (28) can be shown in the same manner as in lesan (2009)
Section 3.6.1, where the case n = 2 is considered.

Extending the procedure described in Section 5 of Birsan et al.
(2012) to the case of n materials, we find that the effective stiffness
coefficients for composite rods are expressed by

n
Az = Z/ (;L(k) +2,u(k) +)v(k)u.f.,),)dX1dX2, Bi3 =By3 =0,
=1 7Sk
- (k) k (k)
By = /x A0 4 2u® 4 ®0yB) ) dxdx,,
31 ; S, 2( u N,) 10X;

n
By, = _Z / X1 (}ﬁ’” +2u® + ),“”u;?;,)dxldx;,
Sk

/Sk X | (A% + 2u®)x, + }L(’Oum dx;dx,, (29)
/ x| (A% 4 2u% %y 4 2% ,‘_.}ldxldxb
Sk

+2u0)x, + }L“‘)ufﬁd dx;dxs,

Cpp = —2/5 X {(,Luo
G = Z

The relations (22) for effective shear stiffness in the case of compos-
ite beams become

n n B

A= KArea Z y(">dx1dx2 Z/ pNx2dx, dx, Z p®dxdx, | .
=15k k=1 Sk

(30)

[X] X1+ (,02) +X2(X2 — QD])]d)ﬁdXz.

where K = % is the shear correction factor.

The relations (29) and (30) give the exact values for the effective
stiffness properties of beams made of ndifferent non-homogeneous
materials. These formulas apply to very general situations. How-
ever, it is not easy to use them in some practical cases, since it is
difficult to obtain the solutions to the plane strain boundary-value
problems (27), (28).

In the remaining of this paper we present some important
instances where we can apply the above formulas, including

sandwich beams with foam core, sandwich circular columns and
functionally graded beams.

4.1. Composite beams with constant Poisson ratio

Let us present an important case when the plane strain bound-
ary-value problems (27), (28) are easily solvable, and the relations
for the effective stiffness coefficients (29), (30) admit a significant
simplification. This is the case of composite beams with constant
Poisson ratio, the same constant for all material constituents.
Within the classical three-dimensional elasticity theory, the case
of non-homogeneous materials with constant Poisson ratio has
been studied in details, see e.g. Lomakin (1976).

For the non-homogeneous material occupying the domain By
we denote by E¥(x;,x,) the Young modulus and by v¥ (x;,x,)
the Poisson ratio. In this section we assume that

v®(x;,%,) = v (constant), fork=1,...,n. (31)

In this situation, the plane strain boundary-value problems P gi-
ven by (27) admit simple solutions 1§, s = 1,2, 3.1t is easy to prove
that

(1)

= v —x3), u) = -vxix,

()

1 .5 5 3
:j"(’ﬁ —X3), U )

=—VX1, Uy =—-VX
(32)

satisfy all the equations and conditions in (27). Inserting the func-
tions (32) into the formulas (29), we obtain in this case the follow-
ing effective stiffness coefficients

n n
= Z E“‘)dxldxz, B3 = Z/ XQE(k)dxldXQ, B,s = 0,
Sk k=1 Sk

B3, = —;/s’ )(]EU()dX]dXz7 C] = ;

n
= Z/ X%E“()d)(]d)(z7 C12 =
—' Js,

X2EM dx; dx,,

Sk
n

—Z / X1X2E(k)dX1 dXz.
— Sk

(33)

The relations (33) have a more classical form but we should empha-
size that, from a mathematical point of view, they are valid only in
the case when the Poisson ratios of the ndifferent materials are
equal. The expressions for the torsional rigidity Cs and shear effec-
tive stiffness Ay, A, remain the same as in (29)g and (30), indepen-
dent of any assumption on the Poisson ratio.

In the next sections we will employ the above relations to eval-
uate the effective stiffness properties of various sandwich beam
structures.

5. Sandwich beams with foam core

In this section we consider sandwich beams with rectangular
cross-section. The faces of the beam are assumed to be of equal
thicknesses and made of the same material, while the core is made
of a different material (foam). In typical sandwich structures, the
faces are usually thin and stiff, but the core is weak and light-
weight. These types of structures are widely used (for example in
aviation or automotive applications) because they provide a high
bending stiffness coupled with light weight. For a detailed descrip-
tion and analysis of sandwich structures with foam core, we refer
to the classical books of Allen (1969); Zenkert (1997); Gibson
and Ashby (1997).

Let us denote by c and t; the thicknesses of the core and the
faces, respectively, a = c + 2ty is the total thickness of the beam,
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b designates the width of the beam, d is the distance between the
middle axes of the faces, see Fig. 3(a). Assume that the materials
are homogeneous and isotropic and denote by p, , E. , G, the mass
density, Young’s modulus, shear modulus for the core, while Pr Er,
Gy designate the corresponding quantities for the faces.

The stiffness properties which are of special interest for this
sandwich beam are: the torsional rigidity Cs , the bending effective
stiffness C; about the Ox; axis, and the shear effective stiffness A,
in the x, direction. Let us evaluate these stiffness properties using
the general formulas from Section 4, and compare our results with
previously known values from the literature.

5.1. Torsional rigidity

In order to calculate the torsional rigidity Cs using the Eq. (29)s
we need to determine first the torsion function ¢(x1,x,) by solving
the boundary-value problem (28) written for our configuration.
Taking into account the geometry of the cross-section (Fig. 3(a))
in this case we have

e o I
52:{(X11X2)\X1 € (7%3) XZE(% %)} Sy= { X1,%2) % e( = g) }

Then, the boundary-value problem (28) becomes

Ap=0 in SUSUSs,
% = xony —xn, for x;=x5 or x,=+4, 34)
[ﬁl’}f:o, [G(l)rp X +xim5)] =0 for x, =+,

where A = 2, P2 w2 is the Laplace operator. We search for a solution
of (34) in thé forrh of a series
(2n+ 1)1

P(X1,X2) = X1Xa + Y _fa(Xz) sin(mxy), with m = 5
n=0

(35)
where the function f,(x,) is expressed by
fulxy) = B¥ cosh(mx,) in S, (k=1,2,3).

The constants A¥ and BY are then determined by imposing that the
conditions (34), 34 are satisfied. Finally, from the relation (29)g we
obtain the torsional rigidity

¥ sinh(mx,) +

3 Cy

(¢Ge + 2t;Gy) — 192 bz (36)

C
T3 n02n+l)

where we denote by

Gc (Gc cosh(mty) tanhZ¢+ Gy sinh(mty)) 4+ 2Gf (G, — Gf) (1 — cosh(mty)) tanhmf

Com = G cosh(mt;)+ Gy sinh(mt;) tanhZ<

37)

The series from (36) converges very rapidly, so that we can obtain
good approximations of C; by keeping only few terms.

(@ (b)

Ay
D P
d a
[
o o Se=a====x
A ---I----"A
| |
! 1 !

J ——

Fig. 3. (a) Cross-section of a sandwich beam; (b) Three-point bending of a beam.

Remark.

1. In the case of a ‘monolithic’ beam, i.e. if we take G. = Gy in the
formula (36), then we obtain the well-known expression for the
torsional rigidity of rectangular beams, see e.g. Timoshenko and
Goodier (1951), p. 278:

Pl 192-be 1
>

C; = 1- tanh (2n + T)ma
n=0 (21’1 +

3 m°a 1)5 2b

(38)

2. Let us consider the case when the core shear modulus is much
smaller than the shear modulus of the faces: G. <« Gy. This
assumption is reasonable in most practical situations. If we
neglect the ratio & ~ 0, then the relation (37) simplifies to
Cny ~ 2Gs tanh mtf/Z Then the formula (36) for the torsional
rigidity shows that in this case the beam acts like two faces
twisting independently of each other.

Let us compare the torsional rigidity found in (36) with the tor-
sional rigidity for sandwich beams given in Zenkert (1997),
Section 3.12:

~ bl 4 Ge
=Gf= =< _1)c.

Cs Gf3[a +<Gf >c} (39)
The formula (39) is valid only for wide beams (sandwich panels), i.e.
when b is much larger than the thickness of the beam a (Zenkert,
1997; Seide, 1956). We remark that if we take G, = Gy in the rela-
tion (39) (the ‘monolithic’ case), then we obtain C; = Gba® /3 which
is the limiting value as b > a for the torsional rigidity of rectangular
beams. We will compare the values (36) and (39) graphically, in
terms of the ratio between the thickness and the width of the beam.
Let us denote by §, ¢ and r the following ratios
. 2tf Cc GC

=7 = =< 4
1) b € b r G (40)
Then the values for the torsional rigidity given by (36) and (39) can
be written as

b = _ b
C3 :Gf?f(é,g), C3 :Gfﬁg(é.g), (41)

where we have introduced the non-dimensional functions

192 & 1

+(r=1)&, f(5,6)= Wﬁ”‘? 2n+1)°
n=0

[tanh(k6)+rtanh ke)]+2(1 —r)tanh(ks) tanh(ke)tanh(ks/2)
r+tanh(ks)tanh(ke)

2(6,6)=(0+¢)’

[(42)

with k = @37 and r = &, We want to compare the functions fand g
for small values of § andfs since § + & = a/b and the range of appli-
cability of the formula (39) is restricted to wide beams.

Let us take an example of a sandwich beam for which
G¢/Gr =0.1 and 2t;/c =0.2. In this case we have r=0.1 and
6 = 0.2¢, and the graphics of f and g as functions of ¢ are depicted
in Fig. 4. From the graphic we can see that the values of fand g are
very close for ¢ < 0.25, i.e. when the thickness-to-width ratio sat-
isfies a/b < 0.3.

Next, we compare the functions fand g in the more general case
when the ratios § = 2;’ and ¢ = { vary independently, and the mate-
rials are such that r = gf = 0.4. We plot the difference function
(g —f)(4,¢€) and obtain the surface in Fig. 5(a). The level curves of
this surface are represented in Fig. 5(b), which shows that the dif-
ference between f and g is very small for § + ¢ < 0.3, i.e. when the
ratio a/b < 0.3.

As a conclusion of the above analysis, we deduce that the simple
formula (39) for torsional rigidity can be used for wide sandwich
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beam satisfying ¢ < 0.3, but if the thickness-to-width ratio ¢ is big-
ger than 0.3, the exact formula (36) should be employed.

5.2. Effective bending stiffness and shear stiffness

To obtain simple expressions for the effective bending stiffness
coefficient C; we assume in this section that the Poisson ratios of
the two materials are equal: vy = v.. Then, we can employ the for-
mula (33)s to evaluate the effective bending stiffness C;. Taking
into account the geometry of the cross-section (Fig. 3(a)) from
(33)s we obtain

2 3 3
C] = Ef%#»Ef%%»EC%.
This relation for the effective bending stiffness for sandwich
beams coincides with the classical result presented in Allen
(1969), Zenkert (1997), Gibson and Ashby (1997).

If we employ the exact formula (23) for effective shear stiffness,
in our case we find

(43)

12b CGe + 2t;Gy g G
@ cp+2py+clpy - poFE \P 2 TPe TP
(44)

AzZK

where the function F(-) is defined on the interval (—Z,Z) by

<1 +sinx
n -
cosXx

_ COSX
Tox

F(x) ) for x#0, F0)=1. (45)
We observe that F(—x) = F(x) and lim,_oF(x) = 1, so the function is
continuous. Also, we have limy «F(x) = 0. The graphic of the func-
tion F(x) on the interval (—%,%) is depicted in Fig. 6.

On the other hand, the classical expression of the effective shear
stiffness A, for sandwich beams is

2
A, = %c (46)

which in the case of thin faces (i.e. tf < c¢) admits the approximation
(Allen, 1969; Gibson and Ashby, 1997)

Az = bCGC. (47)

Let us present a simplified (approximate) version of the exact for-
mula (44) for the effective shear stiffness A, in the case of thin faces,
and find the correlation with the classical result (47). In this case,
the value of ¢ is very close to 1 and since lim, F(x) = 0, the term

0.12

0.1}

0.08

0.06

0.04

0.02

3

Fig. 4. The graphics of f and g as functions of the ratio & = c¢/b.

F(%) is negligible in (44). We consider that the ratio € = 7 is small
(since faces are thin), and we develop the expression in the right-
hand side of (44) as a power series of €. If we neglect all the terms
of order O(¢€?) and higher, we get the approximate formula

A, = kb (ccc + 2t;Gy + 4G, pf; pf) . (48)
Moreover, if we neglect also the terms of first order O(¢) (applicable
for very thin faces), then we obtain the relation

A, = KbcG., (49)

which corresponds to the classical value (47) with the shear correc-
tion factor x included.

5.3. Three-point bending of sandwich beams

To validate the values of the effective stiffness properties ob-
tained above, we analyze a three-point bending problem and com-
pare our theoretical results with experimental data. Let us consider
sandwich beams (with polyester or epoxy faces and foam core)
subjected to a central load P, with simply supported ends, as de-
picted in Fig. 3(b). The analytical solution of this three-point bend-
ing problem is not difficult to calculate using the direct approach of
rods. We find that the maximum deflection D of the beam is given
by the well-known formula

pl{1 P
D—4<A+]ZQ>, (50)

where the effective bending stiffness C; and the effective shear
stiffness A, are given by (43) and (44). On the other hand,
according to the classical approach (Zenkert, 1997; Gibson and
Ashby, 1997) the maximum deflection is evaluated from the
relation

~ PI(1 P
DZ<A—2+W>, (51)

where A, is given by (46). The difference resides in the effective
shear stiffness A,. Let us compare the predictions stated in (50)
and (51) with some experimental results.

The three-point bending tests were performed on the
Strength of Materials Laboratory from the Faculty of Mechanical
Engineering at Lublin University of Technology. A 25 kN MTS
static and dynamic testing machine type 858 Table Top System
was used for bending tests, using 2.5kN load cell range.
Fig. 7(a) shows the positioning of the specimen, while Fig. 7(b)
presents the specimens used in the experiments Marsavina
et al. (2008); Marsavina et al. (2010). Tests were performed at
room temperature and with a 5 mm/min test speed, according
to ASTM (C393-00 Standard Test Methods for Flexural Properties
of Sandwich Constructions (American Society of Testing and
Materials, 2000). The load and the displacement were recorded
during tests.

Two types of sandwich beams with foam core have been tested
in three-point bending: beams with polyester faces, and beams
with epoxy faces. A 200 kg/m> density rigid polyurethane foam
was used in the experimental program for the core material. The
polyurethane foams were impregnated with polyester and epoxy
resins, which form the faces (skins of the sandwich). Polyurethane
foams are widely used as cores in sandwich composites, for pack-
ing and cushioning. They are made of interconnected networks of
solid struts or plates which form the edges and the faces of the
closed cells.

To calculate the Young’s modulus E. and the shear modulus G,
for foams with closed cells we use the relations (Gibson and Ashby,
1997), p. 197:
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(b)
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Fig. 5. The difference function g — f in terms of (4, &).
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where E; and p, are the Young’s modulus and mass density of the
solid material which constitutes the foam, while ¢ is the volume
fraction of solid material contained in the cell edges (and 1 — ¢ rep-
resents the fraction of solid material contained in the faces of closed

(a)

cells, see Gibson and Ashby (1997), p. 40 for details). For rigid poly-
urethane foams we have ¢ = 0.8 according to Gibson and Ashby
(1997), Reitz et al. (1984), so the material parameters are
0, = 1170 Kg/m3, E; = 1600 MPa.

The span length of the tested sandwich beams is [ = 90 mm, and
the width b = 12.2 mm. Other geometrical and material parame-
ters of the sandwich beams are listed in the Table 1, cf. (Linul
et al,, 2011). In Fig. 8 we represent graphically the dependence of
the load P versus the maximum deflection D, for the sandwich
beam with epoxy faces and polyurethane foam core. We have plot-
ted three different theoretical predictions: the classical solution
(51), (46), the exact analytical solution (50), (44), and the approx-
imate analytical solution (50) with the effective shear stiffness gi-
ven by (48). We have also depicted the results of experimental
measurements in the linear elastic regime. The graphic shows that
the exact analytical solution, obtained on the basis of formula (44)
for the effective shear stiffness, can describe better the experimen-
tal data, in comparison with the classical results. We observe that
the approximate analytical solution (48) is very close to the exact
analytical solution (44).

The experimental tests were performed up to failure, but in this
analysis we considered only the linear elastic region.

In the case of sandwich beams with polyester faces and poly-
urethane foam core, the dependence of the maximum deflection
D on the load P is depicted in Fig. 9. We see from the graphic that
the exact analytical solution provides a better prediction of exper-
imental measurements, also for polyester-polyurethane sandwich
beams. We observe that the exact analytical solution is intermedi-
ate between the classical and the approximate analytical solutions,
and the difference between them is very small.

Fig. 7. (a) MTS 25 kN testing machine; (b) specimens of sandwich beams used in experiments.
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Table 1
Geometrical and material parameters of the sandwich beam.

Face Core ty c Ep Ec Gy Gc

kel p¢
[mm] [mm] [MPa] [MPa] [MPa] [MPa] ol

]

Polyester Foam 0.1 12 4000 748 1400 28.05 1200 200

Epoxy  Foam 0.17 12.03 3400 74.8 1353.5 28.05 1060 200

g0 | Exact analytical solution

70 Approximate solution

60 -

Experiments
50 -

30

20

0 T T T T T
0 0.5 1 1.5 2 2.5

D [mm]

Fig. 8. The load P versus deflection D for a sandwich beam with epoxy faces and
polyurethane foam core: comparison between analytical solutions and experimen-
tal results.
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Fig. 9. The load P versus deflection D for a sandwich beam with polyester faces and
polyurethane foam core: comparison between analytical solutions and experimen-
tal results.

6. Sandwich beams with dissimilar faces

In this section we consider non-symmetrical sandwich beams
with faces of different thicknesses and materials. We denote by
t1, p1,E1, and Gy the thickness, density, Young’s modulus, and shear
modulus of the upper face, and by ¢, p,, E, and G, the correspond-
ing quantities for the lower face. As in the preceding section, we
designate by c the core’s thickness, d = ¢ + 452 is the distance be-
tween the middle axis of the faces, and e is the distance between
Ox; and the middle axis of the lower face, see Fig. 10(a).

The position of the axes Ox; and Ox; is determined by the con-
ditions (13). Then the distance e is given by

o CPc(CH12)/2 +dtip,
P +tipy +tapy

(33)

We assume that the materials have the same Poisson ratios. In this
case, the effective stiffness coefficients can be calculated using the
expressions (33). Thus, for the effective bending stiffness we obtain
the formula

E.c® Eif Et C+t 2
Ci=b 162 % % E, ( ;27e> +Eiti(d—e)® +Ext,e|.
(54)

Let us calculate the effective shear stiffness A,. On the basis of the
exact formula (23), we obtain for A, the following expression

ab
z -z
(t1G1 + 802G +¢G) [p1(Z3 — Z3) + pc (B3 = B) + p, (53 — Z3)]
(1901 + 6205 +€p) + (01 — P)ZIF (TN + (0, — py)22F (532)
(55)

.,Z3 are given by

A2:K

where the function F is defined in (45), and zo, ..

z _3tip + (ti+5)epe + (B +C+ F)tap,
’ tipy +t2p, +Cp, ’
~4tip, + 50+ (c+Dtap,

Z1 = ,
! tipy + 6, + CPe
7, — —(CH D0y — 5P +Ftaps
tipy +t2p5 + CP, ’
t 5
23:7(7]+C+t2)t1,01+(§+t2)cpc+72t2p2. (56)

tipy +02py +Cp,

On the other hand, if we employ the approximate formula (30) to
evaluate A,, we get

A, = Kb(t1 G + G, + CGC) . K(t1p1 s t2P27 Cpc)’ (57)
where we denote by K(-,,-) the expression

(ri 41241 (M B+ +1c£2)+3 [4r1 1 +1yre (b + )2 +1are(t +tc)2}

K(ri,r2,rc) = Py 3 3
@ (ry 412 4Tc)" +3[re(ty —ta) =1 (E2 +te) +T2(t1 + )]

(58)

In the thin faces approximation (i.e. when t;,t, < c) we neglect the
second order terms in the small parameters (,2) and hence, the
expression (57) simplifies to

A, = kb |(t:G, +tsz+CG[)+2thc<%— ) +2tzcc<%— )}
(39)

If the faces are very thin, then we can also neglect the first order
terms in (,2) and from (59) we find the approximate formula
A, = kbcG. which is in agreement with the classical approximate
result, see e.g. Gibson and Ashby (1997), p. 350.



528 M. Birsan et al./International Journal of Solids and Structures 50 (2013) 519-530

d a

Fig. 10. (a) Cross-section of a sandwich beam with dissimilar faces; (b) Cantilever
beam with uniform distributed load q.

The remaining effective stiffness coefficients are calculated
without difficulty by applying the general relations (30) and (33).
We obtain

b3
G = ﬁ(tlEl + t2E; + cEc),

331 =-b t1E1 (e — d) + tzEze + CEC (e —

Az = b(t1E1 + tEy + CEC), Cip = 07

ty + t.
2

)] Ba=Ba-o
(60)

We notice that the coupling coefficient B3; is nonzero, due to the
non-symmetry of the beam in the x, direction.

Remark. In the case when the Poisson ratios of the materials are
not equal, it is difficult to compute the effective bending stiffness
C, using the relations (29), since we have to solve first the
boundary-value problem (27). On the other hand, the effective
shear stiffness A, keep the same form even in this case, by virtue of
(23) or (30). We notice that the general formulas (30) and (33) can
also be used to calculate the effective stiffness coefficients for
multilayered beams with an arbitrary number of layers.

7. Functionally graded sandwich columns

Other types of sandwich structures with important applications
are the square columns and the circular columns, cf. (Gibson and
Ashby, 1997) Section 9.2, as shown in Fig. 11(a).

For these types of composite beams we can compute the effec-
tive stiffness coefficients by applying the general relations (29) and
(30). Assume that the cross-section X of the beam has the geome-
try presented in Fig. 11(b), and denote by v, E., p., G- the material
parameters for the core, and by vy, Ey, o, Gy the material parame-
ters for the face.

Let us consider circular sandwich columns made of functionally
graded materials and determine its effective stiffness properties.
The generic cross-section of the beam is described in Fig. 11(b). As-
sume that the core material has the mass density p. and the Lamé
moduli /. and p,., expressed by exponential law distributions
through radial direction

P = Py €Xp(—0T), A = Agexp(—ar),

He = Ho exp(far), (61)

where r = | /x2 + x3 is the radial distance and ¢ is a constant expo-

nent. This kind of cylindrical inhomogeneity has been intensively
studied in classical elasticity, see e.g. Lomakin (1976). We employ
: : _ A _ Ho(3io+24g)
the obvious notations vy = P and Eg = %
The face of the sandwich column is made of a functionally
graded material characterized by the following parameters

pr=p(), E =E(@), (constant), (62)

where p(r) and E(r) are arbitrary given functions of r.

Vi ="Vo

Using the relations (61) and (62) in our particular geometry, we
obtain from the general formulas (33) the effective extensional
stiffness and bending stiffness coefficients

Ry 27
A; = Zn/ rE(r)dr-i-?Eo [1-(1+0Ry)eR],
Ry

=G
Ry
= n/ r3E(r)dr
Ry
+ %Eo [6 — (6+60R, +30°R> + 03R§)e’“R1] , (63)

and Bz, = 0, C;; = 0. Since the boundary-value problem (28) admits
in this case the solution ¢ =0, we can easily apply the formula
(29)s and find the torsional rigidity in the form

G——" [ rEnd
L s N (rydr
2
+ G*T.% [6 — (6+60R; +30°R} + 03R?)e’“’“]. (64)

On the basis of relations (30), (61) and (62), we get the following
expression for the effective shear stiffness

A=A,
21K 1y ey TE)Ar + 2 [1- (14 Ry e
Ry [ rp(ndr+Lpo[1—(1+0R;)e o]

Ry
X {/R r3,o(r)clr+%p0 [6—(6+60‘R1+362Rf+o'3R?)e*“Rl]}.
(65)

To conclude, all the effective stiffness coefficients for this type of
FGM sandwich column have been calculated.

Let us verify the values of the effective stiffness coefficients
(63)-(65) by comparison between the analytical solutions and
numerical results obtained with ABAQUS, for some basic elasto-
static problems: bending of cantilever FGM beam, torsion and
extension of FGM circular sandwich column.

For our numerical example, we consider a circular cylindrical
beam as described in Fig. 11, with length [ =20cm and radii
R; =1.25cm, R, =1.5cm. The core is made of a functionally
graded material having the elastic properties given by the expo-

nential distribution law (61) with E; =343 GPa, vy =0.3,
po = 3880 kg/m®, which corresponds to alumina (Ootao,
2011). For the exponent o we take 5 different values:

o € {25,50,75,100,150}. The dependence of the Young modulus
E. = Epexp(—or) on the radial distance r is depicted in Fig. 12.

We assume that the exterior layer (skin) of the sandwich
column is made of a homogeneous material (aluminum alloy)
characterized by Ef = 70 GPa and p; = 2688 kg/m?>.

(a) (b)

2R,

(pe < Ee<ve)

Fig. 11. (a) Circular and rectangular sandwich columns; (b) Cross-section of a
circular sandwich column.
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Fig. 12. The distribution of Young modulus E in the core, for different values of the
exponent g.

(b)

1Y

Fig. 13. (a) Cantilever beam with concentrated end force P; (b) Extension of FGM
sandwich column.

Table 2

Comparison of results for FGM cantilever beam with concentrated end load.
4 25 50 75 100 150
Jexact [mm] 0.2527 0.3045 0.3618 0.4237 0.5551
Spem [mm] 0.2523 0.3034 0.3600 0.4209 0.5502
Error A [%] -0.1719 —-0.3532 -0.5012 —0.6658 —0.8962

In the finite element analysis with ABAQUS we will use ele-
ments of cylindrical type, and 3D stresses. The shape of elements
is hexagonal. The functionally graded structure of the core is de-
scribed by dividing the domain into 64 cylindrical layers with con-
stant material parameters which satisfy the exponential law (61)
stepwise.

(a) o
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A -0.4
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-0.7
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-0.9

-1
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g

7.1. Bending of cantilever FGM beam by end loads

Consider a cantilever beam subject to a concentrated end force
P =616 N acting in the x; direction, see Fig. 13(a). For the maxi-
mum deflection §, the analytical solution predicts the following
value

1 P
5exact = Pl<A_1 + E)v

where A; and C; are effective stiffness coefficients given by (63),
and (65). On the other hand, let ey denote the maximum deflec-
tion computed by the finite element analysis. The comparison be-
tween the theoretical and numerical results is presented in
Table 2 and Fig. 14(a), where we denote by A = i -teac _ the rel-
ative error. We remark a very good agreement of the two
approaches.

(66)

7.2. Torsion of FGM clamped sandwich column

Consider the circular sandwich column described above, sub-
jected to torsion by the torque (twisting moment) M = 0.467 KN m
acting at one end of the beam. The other end is clamped.

Denote by y the angle of twist at the loaded end of the beam.
From the analytical solution we obtain the value Yoy, = CM; where
the torsional rigidity Cs is determined by (64).

In order to compare the beam-like solution ., with the
numerical solution obtained by the finite element analysis, we cal-
culate the angle of twist g, in terms of the three-dimensional
displacements by means of the formula (17)s. The comparison be-
tween the theoretical and numerical values for the angle of twist is
presented in Table 3, for different values of the exponent o.

7.3. Extension of FGM sandwich column

Let us consider the extension of the circular FGM sandwich col-
umn by a given axial force F acting on its end edge. The other end of
the beam is clamped, see Fig. 13(b). Denote by texact = /f—; the axial
displacement at the loaded end, as predicted theoretically, where
the extensional stiffness A; is determined by (63);.

For numerical calculations, we decompose the resultant force F
as a uniformly distributed load p = 100 MPa over the end edge. If
we designate by (u3)g, the three-dimensional axial displacement
computed by the finite element analysis, then in virtue of relations
(17)23 the corresponding beam-like axial displacement is calcu-

lated from the formula uFEM:W’fw. From Table 4 and
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Fig. 14. The relative error A in terms of the exponent o, for: (a) maximum deflection of a FGM cantilever beam; (b) axial displacement of a FGM sandwich column under

extension.
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Table 3

Analytical and numerical results for torsion of circular FGM sandwich column.
a 25 50 75 100 150
Vexace [rad] 0.0185 0.0223 0.0265 0.0310 0.0406
Vrem [rad] 0.0193 0.0233 0.0276 0.0323 0.0428
Error A [%] 4.4676 44847 43323 4.0513 5.3453

Table 4

Comparison of axial displacements obtained analytically and numerically for
extension of FGM sandwich column.

a 25 50 75 100 150

Uexact [Mm] 0.0929 0.1110 0.1314 0.1542 0.2059
upgm [Mm] 0.09354 0.1117 0.1321 0.1547 0.2060
Error A [%] 0.7073 0.587 0.4654 0.3417 0.0846

Fig. 14(b) we observe that the theoretical and numerical results
Uexace aNd Upgy are in very good agreement.

8. Conclusions

In this paper we have determined the effective stiffness proper-
ties of various composite beams, in order to characterize their
mechanical behavior. The general formulas for the effective stiff-
ness coefficients of composite beams made of several non-
homogeneous isotropic materials are given by the relations (29)
and (30). From these formulas we find by particularization the
expressions of the effective bending stiffness, shear stiffness,
extensional stiffness, and torsional rigidity, for some composite
beams of interest: sandwich beams with foam core, sandwich
beams with dissimilar faces, and functionally graded columns.
Thus, for piecewise homogeneous sandwich beams we have
obtained the torsional rigidity (36), the effective bending stiffness
(43), and shear stiffness (44). These values have been compared
with classical theoretical results in Sections 5.1, 5.2, and with
experimental measurements for three-point bending in Section 5.3.
The effective stiffness properties for sandwich beams with
dissimilar faces have been presented in Section 6.

For circular sandwich columns made of functionally graded
materials with exponential distribution law we have found the
expressions (63)-(65) for the effective stiffness coefficients. Using
these values, we have deduced the analytical beam-like solutions
of some bending, torsion and extension problems, and compared
them with numerical results in Sections 7.1, 7.2, 7.3.

The good agreement between the theoretical, experimental, and
numerical results for the mechanical problems studied above rep-
resent a validation of our analytical formulas for the effective stiff-
ness properties of sandwich composite beams.
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