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ABSTRACT

Based on the well known complex Kolosov-Muskhelishvili potentials, two new independent Lagrangian
functions are presented and their variational problems lead to two independent harmonic equations,
which are also the Navier’s displacement equations in plane elasticity. By applying Noether’s theorem
to these Lagrangian functions, it is found that their symmetry-transformation in material space is a con-
formal transformation in planar Euclidean space. Since any analytic function is a conformal transforma-
tion in planar Euclidean space, the conservation law obtained from this kind of symmetry-transformation
possesses universality and leads to a path-independent integral. By adjusting the conformal transforma-
tion or analytic function, a finite value can be obtained from calculating this kind of path-independent
integral around a material point with any order singularity. By applying this path-independent integral
to the tip of a sharp V-notch, unlike Rice’s J-integral, the parameters of Mode I and II problems are found,
which remain invariant because of path independence for a fixed notch opening angle. That is, these two
parameters are equivalent to the notch stress intensity factors (NSIFs), and two examples are presented

to show the application.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Research on stress singularities in an elastic field plays an
important role in estimating macro safety of engineering compo-
nents. In order to establish the relationship between the stress
intensity factor at a material point and the loading at far field
and to understand the interaction among the material points with
stress singularities, J-integral, L-integral and M-integral discovered
independently by Eshelby (1951, 1956, 1970), Rice (1968a,b) and
Cherepanov (1967, 1979) have been widely used. This is one of
objectives in configuration mechanics since J-integral, L-integral
and M-integral are path-independent (Gurtin, 1995, 1999; Kienzler
and Herrmann, 2000). However, it is not easy to achieve this objec-
tive sometimes. For example, as shown in Fig. 1, Lazzarin et al.
(2002) gave a result obtained from calculating Rice’s J-integral
around the tip of a sharp V-notch and we add a limit as follows
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where f,,, f,, and 7y are the parameters that depend on the notch
opening angle 2(w — o), 2" and 7'’ are the eigenvalues, E' is given
by the Young’s modulus E for plane stress or E/(1 — v?) for plane
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strain, in which v is the Poisson’s ratio. Here, the NSIFs K and K
were defined by Gross and Mendelson (1972)

K} = v2mlimr' =4 g,(r,0 = 0), K} = v2limr' " g,0(r,0 = 0). 2)

Clearly, when the integration path of Rice’s J-integral is taken to be a
circle shrinking to the sharp V-notch tip with radius r — 0, as
shown in Fig. 1, the quantity J turns out to be zero because the
eigenvalues 1/2 < " < 1and 1/2 < /) < 1 when the notch open-
ing angle 2(m — o) > 0. That is, unlike a crack problem for which
Rice’s J-integral gives an energy release rate, Rice’s J-integral cannot
give a parameter directly for estimating safety of a sharp V-notch. In
order to avoid this difficulty, some treatments have been made to
define and discuss a new parameter J,, by Lazzarin et al. (2002), Liv-
ieri (2008) and Livieri and Tovo (2009).

One can know advances and some problems in the field of sharp
V-notches reviewed by Berto and Lazzarin (2009) and Savruk and
Kazberuk (2010). Especially, Savruk (1981, 1988) gave an approxi-
mate solution with higher accuracy for an infinite elastic plane
with two symmetrical sharp V-notches, and its importance is the
same as the closed-form solution of a crack in an infinite elastic
plane. This is because a lot of essentially physical facts of a crack
had been recognized based on this kind of solutions. Apart from
this, it should be mentioned that there are a lot of problems with
various kinds of elastic singularities reviewed by Carpinteri and
Paggi (2009), for example, Flamant’s problem (a normal force act-
ing on a straight edge). Also, the multi-layered composites with
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Fig. 1. Integration paths a— b, I, b’ —a and T, for a sharp V-notch and
|b'd'| = |ab| = ry — 14, |0d'| = |Oa] = 1q.

sharp V-notches have been investigated (Carpinteri et al., 2006).
Therefore, it is necessary for us to find out new conservation laws
or path-independent integrals which can be used for a material
point with any order singularity.

Theoretically speaking, both the mathematical form of field
equations and the quantity of strain energy density are unchanged
if a translation of coordinates is made, which leads to the path
independence of Rice’s J-integral when Noether’s theorem is ap-
plied (Fletcher, 1976; Olver, 1984a,b; Shi, 2005; Shi et al., 2006).
Moreover, the path independence of Rice’s J-integral means the
physical and/or mathematical invariance and confirms that a frac-
ture parameter can be obtained in plane elasticity. In terms of con-
venience, the result of calculating Rice’s J-integral around the tip of
a crack is a nonzero constant (energy release rate equivalent to
SIF), which is unchanged when the two integral endpoints are arbi-
trarily chosen respectively along the traction-free crack surfaces
(Rice, 1968a,b; Cherepanov, 1967, 1979; Honein and Herrmann,
1997; Shi, 2003, 2011). This paper will focus on these two points.

In Section 2, by analyzing the physical and mathematical signif-
icance of complex Kolosov-Muskhelishvili potential ¢(z), two new
independent Lagrangian functions are presented. In Section 3, by
applying Noether’s theorem (Noether, 1918) to these Lagrangian
functions, it is found that any conformal transformations are
symmetry-transformations for getting the conservation laws in
material space. Since the conformal transformation in planar
Euclidean space can be expressed in terms of an analytic function,
the obtained conservation law not only possesses universality but
can be changed by adjusting the conformal transformation as well.
Section 4 provides applications to the sharp V-notch problem, for
which the two parameters of Mode I and II problems are presented
for estimating safety based on the elastic theory. A numerical
example is also presented for calculating the NSIF.

2. New Lagrangian functions
2.1. The significance of complex Kolosov—Muskhelishvili potential ¢(z)

It is well known that the displacements (u;,u;), the resultant
force functions (X,Y) and the stresses (011,022,012) can be ex-
pressed in terms of two complex potentials ¢(z) and y(z) (Muskhe-
lishvili, 1963)

2G(w +itn) = K(2) — 2/(2) - Y (2), 3)

Y 4iX=¢(2)+26 @) +0(2), (4)

011 + 02 = 2[0(2) + D(2)], (5)

Oy — 011 + 2i07; = 220 (2) + P (2)], (6)

where x =3 — 4v for plane strain, ¥ = (3 —v)/(1 + v) for general-
ized plane stress, G is the shear modulus and v Poisson’s ratio. Here,
there are the relations @(z) = ¢'(z) and ¥(z) = /'(z). Conservation
integrals in the sense of Noether’s theorem for an analytic function
have been presented (Shi, 2012) and here we consider a special case
for plane elasticity in details.

Apparently, adding Egs. (3) to (4) and performing some alge-
braic manipulation, we know

¢%z):=igfii{ul4—3%—+i<u24—£%)}. (7)

Moreover, by computing the partial derivative of expression (3)
with respect to x; and x,, respectively, it is known that

K¢'(z) — ¢'(2) = Glury + Uz + i(Uzq — Uy 2)], (8a)

K¢'(2) — ¢'(2) = Glurg + Uz — i(Uz1 — Up2)). (8b)
Solving Eqs. (8a) and (8b) algebraically, we find

(2)=¢'(2) =G

(U1 +Uz2) + (U1 —Uu12)|. 9)

1 i
K—1 K+1
Clearly, the real and imaginary parts of ®(z) = ¢'(z) represent
the first strain invariant & and rotation w in plane elasticity,

respectively,

(Uzq — U1 2). (10)

NO| =

& =Ujg + U2, W=

2.2. Independent harmonic equations

Since the complex potential ¢(z) possesses real and imaginary
parts (7), they may be written as

¢(2) = G(U;y +iUy), (11)

2 Y 2 X
0= (v g5) U=y (0 5g) (12

which possess the dimension of displacements. Based on Cauchy-
Riemann equations U; ; = U,, and Uy ; = —U,; in the theory of ana-
lytic functions, the real and imaginary parts of ®(z) = ¢'(z) can be
expressed by using (9), (11) and (12) as follows

®(z) = ¢'(z) = G(Uq1 +iUz1) = G(Up — iU13)

. 13
:G{ﬁ(um +Upp) + i (U2 —Ul.z)} 13
which gives
1 1
Ul,l = U2,2 = ERECI)(Z) = m(ul,l + uz,z), (143)
Up =-U *llm(l)(z)* 1 (U1 —U12) (14b)
21 ="V =¢ e\t 12)-
Now, we may define new quantities
G
211 = 222 = Re(D(Z) = GUL] = GUzvz = m(ll],] + UZ]), (153)
Zz] = 72]2 = Im(D(Z) = GUZ‘] = 7GU1,2 = (UZ_] — U]_z), (15b)

K+1
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which possess the dimension of stress. Then, since Cauchy-
Riemann Eqgs. (14a) and (14b) lead to independent harmonic equa-
tions Uy i = Uz i = O, it can be shown by using (15a) and (15b) that

1 1
Zikk = GUy e = G[K = (U171 + Uz2) 4 +K—+](u1.z - u2.1)_2] =0, (16a)
Sk = GUne = G (U —t112)  + —— (urs +u2),| =0.  (16b)
2kk = 2kk = K+1 2.1 12)1 K—1 11 22)2| = Y.

In this paper, the Latin indices run from 1 to 2 for two-dimensional
problem and the summation convention for repeated indices is im-
plied. Clearly, Eqgs. (16a) and (16b) indicate that not only the inde-
pendent functions U; and U, satisfy a harmonic equation,
respectively, but also the two harmonic equations are the Navier’s
displacement equations in plane elasticity.

2.3. Independent Lagrangian functions

We may define new independent Lagrangian functions with the
help of (14a), (14b), (15a), and (15b) as follows

1 G
Ly :jzlkul,k =5U1,kU1,k7 (17a)
1 G
Ly = X Us i = 5 Uz Usy, (17b)
2 2
and computing the derivative with respect to Uy, and U, , we know
oL,
S =—1 = GUq 4. 18
1k 9Us ¢ 1ks (18a)
oL,
ok = WM = GUyy. (18b)

It is well known that for any physical system, when its Lagrang-
ian function is known, its conservation laws can be obtained by
using Noether’s theorem. Mathematically speaking, according to
the theory of analytic functions, both U; and U, are the indepen-
dent functions (11), (12), (14a), and (14b), for which there exist
their independent variations 6U; and éU,. Moreover, variational
problems of L; and L, with the independent functions U; and U,
respectively, lead to the two harmonic equations or Navier’s dis-
placement Egs. (16a) and (16b), and the related nature, homoge-
nous boundary conditions

5 / L,dA — f (S1,0Us)mdT — / %10U; dA, (19a)
A T A

5 / LydA = f (Z3¢0Uz)medl” — / S dUsdA. (19b)
A r A

This proves that the new Lagrangian functions (17a) and (17b) sat-

isfy the requirement of Noether’s theorem (Noether, 1918) although

a new energy principle for plane elasticity has not been exploited.

3. Conservation laws
3.1. Symmetry-transformations of the new Lagrangian functions

First of all, we consider the Lagrangian function L, in (17b)
with the independent harmonic function U,. Its symmetry-
transformation expressed in an infinitesimal form of one parame-
ter transformation group can be written as

Uy = Uy +&n(xi, Ua), X = X; + &(i(x, Ua) (20)

where 1 = y(x, Uy) and {; = {;(x, U>) are unknown functions to be
determined, and ¢ is an infinitesimal group parameter. For the
first order variational problem (19b), all possible non-trivial

conservation laws derived from the invariance of L, can be formu-
lated as (Olver, 1993)

Di(nZai + GSik) = (N — (iU2i) Zokk = 0, (21)

G
Sit = Ly i — ZpilUpx = i(
where S is the so-called generalized energy-momentum tensor be-
cause the function U, given in (12) is different from usual displace-
ments in elasticity, (y — {;U,;) represents the characteristic of a
conservation law, J; is the Kronecker delta and
0 0 0

DiiaTq-FUz:'anz-i-Uz‘piip-F'” (23)

Uz pUsz poix — 2U3,iUzy), (22)

In order to find functions # and {, in Eq. (21), we expand the
left-hand side of Eq. (21) as follows

G{‘?—" Upy + Kﬂ 1 ag")é %] UpUni

o U, 2 0x,) " T ox,
10
3 s UnaliaUag | =0, (24)

Since Noether’s theorem (Noether, 1918) demands that Eq. (24)
vanish identically, the coefficients of all the independent linear,
quadratic and cubic terms of U,, must be equal to zero. This
requirement gives the determining equations

.om .
Us o 0; (25)
. 81’] 1 (9&1; ) BCk BC, A
UaiUs; : 2<8U2 +5 8Xp>5zk ox o 0; (26)
Uy L
Uy Uy iUy - U, ~ 0. (27)
The elementary analysis of Eqs. (25)-(27) gives
1 = Oo, (28)

0G(X1,%) _ 00(X1,%) 0Gi(X1,X2) _ 0%(X1, %)) (29)
0X1 192,93 ’ 0Xo 0X1 ’

where oy is an independent arbitrary constant. Since functions

{i = (i(%1, %) must satisfy Cauchy-Riemann Eq. (29), they can be ex-

pressed in terms of an analytic function

L+ilh=(2). (30)

This indicates that any conformal transformations (30) in two-
dimensional Euclidean space are the symmetry-transformations of
Lagrangian function L, in (17b).

3.2. Adjustable conservation law

By considering the independence of arbitrary constant (28) and
the conformal transformation (30), the conservation laws follow
from (21) as follows:

(i) Zero position change of function U, (o # 0)
D%, = 0; (31)
(ii) Conformal transformation ({; +i{; = {(z) # 0)
Di(¢Si) = 0. (32)
Also, the conservation law (31) is a harmonic equation which is
one of the Navier's displacement equations (16b) in two-dimen-
sional space. The expression (32) belongs to a conservation law

in material space according to the classification indicated by Herr-
mann (1981).
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Now, since the divergence-free expression (32) does not depend
on a material coefficient G illustrated in (24), in order to obtain the
energy release rate of crack extension, we define a new generalized
energy-momentum tensor

8G
Ty = T
where E' = E for plane stress and E' = E/(1 —v?) for plane strain.
Then, with the help of (14a), (14b), (15a), (15b), (17b), and (22),

the generalized energy-momentum tensor Ty and conserved quan-
tities P; can be written as

Sik, (33)

T = Ty = £ [Red(z)* =4 [U3, - U3 ],
11 22 F [ ( )} [ 2.]] (34)
Ty =Ty = —Ei,[[mq)(z)] = —TU2,1U2‘2,
Py —iPy = { Ty — itk Tox = £ (2 )[ @7
=4 {[1(U3, — U3) — 20Uz1Uso] + 5, (U3, — U3 4)

+241 Uz1U3,]}-
(35)

The conservation law (32) turns out to be
D1P; + D,P, = 0. (36)

Clearly, the mathematical form of conservation law (36) is one of
Cauchy-Riemann equations illustrated in (35), so that any analytic
function replacing [®(z)]* in (35) will lead to a divergence-free
expression (36). On the other hand, the integral form of conserva-
tion law (36) can be written as

Imj{E,g

This expression not only means the path independence but also
indicates that one can adjust the conformal transformation {(z) to
change the conserved quantities (35) for obtaining a significative
result. This is because §.z'dz =2ni and §.z"dz = 0 when n# — 1.
It should be mentioned that when applying Noether’s theorem
(Noether, 1918) to the Lagrange function L, in (17a), we will obtain
the same conservation law as (36) and the only difference is plus
and minus signs of expressions (34) and (35).

(2)]’dz = (37)

3.3. Universal conservation law

According to Liouville theorem (Logan, 1977), there exist only
three conformal transformations in three-dimensional Euclidean
space, which are the translation, rotation and scale change of coor-
dinates. In two-dimensional Euclidean space, any transformation
satisfying Cauchy-Riemann equations in the theory of analytic
functions is a conformal transformation. This kind of conformal
transformations also includes the translation, rotation and scale
change of planar coordinates and can be expressed as

e = AXg + eizpQsx, + Ci, (38)

where A, Q; and C; are the independent arbitrary constants. By
using expression (38) with the help of expressions (30), (34), and
(35), because of the independence of A, Q; and C;, the conservation
law (36) is split up into the following conservation laws:

(i) Coordinate translation (C,#0)

DTy = 0; (39)
(ii) Coordinate rotation (Q370)
Di(ekngpTik) = 0; (40)

(iii) Scale change of coordinates (A#0)
D,‘(X/(Tik) =0. (41)

Clearly, these conservation laws (39)-(41) root in the transla-
tion, rotation and scale change of coordinates, whose manner is
similar to those for getting J-integral, L-integral and M-integral in
elasticity (Fletcher, 1976; Maugin, 1993). Therefore, in the sense
of that the conservation law (36) or (37) includes any conformal
transformations in plane elasticity, it possesses universality.

4. Application
4.1. Path-independent integral for a sharp V-notch

For a sharp V-notch shown in Fig. 1, a path-independent inte-
gral can be written by divergence-free expression (36) as follows

SW =lim [ Pin rdH:/ Peng)Bdl
=0 Jr, K Point aab( i)

+ / PenedT + / (P (42)
r Point b — a

where the unit normal vector #i = (n;,n,) points to the right-hand
side of the paths a — b, I, b' — @, T, and |b'd| = |ab| =1, — 1,
and |0d'| = |Oa| = r,. Since any conformal transformation is a sym-
metry-transformation for getting a path-independent integral (42),
we use the symbol SW - integral for plane elasticity, which is the
same symbol for a longitudinal shear problem (Shi, 2011).

Based on the works of Carpenter (1984), Gross and Mendelson
(1972), Karp and Karal (1962) and Williams (1952), due to the trac-
tion-free condition along the lower and upper surfaces shown in
Fig. 1, the series expansions of complex Kolosov-Muskhelishvili
potential ¢(z) for Mode I and II problems near the tip of a sharp
V-notch are given in Appendix. Then, we obtain from (A6) and
(A7) that

- . () (1)
=D e iz (43a)
m=1
Dy (2) = sza” ) 4 i2)zem i (43b)

It should be mentioned that only positive ¢\’ and ¢ are physically
meaningful. According to the definitions of NSIFs in (2), when

=1, 7" =#® =0, and K} and K are associated with a{" and
(2 as follows
1 K
m _ I
a , 44a
b 44 — cos(2iMay — AV cos(2a)) V21 (442)
1 Kj
2) 1
a? = . 44b
LIS [ cos(2/1(2)oc) — ¥ cos(2a)) V21 (44b)
where 2" = ¢{V and 1) = ¢!’ are the lowest eigenvalues for Mode I

and Il problems, respectively. By substituting two expressions (43a)
and (43b) into expression (35), respectlvely, and taking
{(z) =z'~2" for Mode I problem and {(z) = —z'~ 2" for Mode II
problem, the conserved quantities (35) may be written as

zg (Hg?zl + 3 Hbzew e 2;%”1>, (45a)
m+n=3
aIn a4, 2
Py =Py = Eg(z)[CDz(z)}
4 A<2 +5@-26@ 1
=5 HYz ' + Z H) , (45b)
m+n=3
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where

HOY = a6+ i) (el + inh )z i), (45¢)
. . (2)

Hiﬁ,ﬂ=a,‘1?a,<12>(g53,>+m§,21>)(g§12> +in?)z i +ni7) (45d)

It is worth noting that ¢f +¢i” —2¢" >0 and ¢} +¢}
2¢® >0 with (mn=1,2,...). Since  Z+n) — o- o kW
{cos[(n¥ + ¥ Inr] + isin[(n¥ + n¥)Inr]} with (k=1,2), and
7% > 0and ¥ > 0 are always taken, we know that

K k (k) .
mn‘max - |a$n()a$1 )|e('1 H] ) \/5$n(kJ + ’/’rzn(k) \/Qﬁ(k) + y’i(kw
(k=1,2).

IHyo | <|H.
(45e)

Firstly, when calculating the integral (42) along paths a — b and
b’ — a, as shown in Fig. 1, it can be derived from (45a) and (45b)
that

Pn Lsdl"+/ PVny)"dr
./Point a— b( k) JPoint b’ —»a’( e
T Ta
~Im { / PV — iPV)dz + / (Pg”ipg”)dz], (462)
Ta Ty
/ (P )Lsdr+/ . / (P "Sdr
Point a—b Point b —a
Th Ta
~Im { / (P — iP{")dz 1 / (P in’”)dz], (46b)
Ta Ty

and the differential forms dz = dx; + itgfdx, = dx; + itg(m — o)dx,
and dz = dx; — itgpdx, = dx; —itg(m — a)dx, along the lower and
upper surfaces should be used, respectively. Considering
cos Bdr = cos(m — o)dr = dx; and substituting 0 = « and/or 0 = —«
into expressions (45a) and (45b) with z = re’, respectively, we
know from (46a), (46b), and (45e) that

‘fPoint a— b P A+ [poine g <P£’>nk>”5dF’

A, (1), () (47&1)
HO g A1 (1 1
<$ Z‘m"‘nraiu‘sm ! +ci) —2¢M)a,
m+4n=3
. LS (1), \US
'IPOll‘lt aﬂb( k le dr+fP01nt b —a s (P M) dr'
N 2@
8 om Ten
g F . Tza;(+, 2) 2,( ‘ Sln(‘:m + gn Q1 )a‘s
m+n=3
(47b)
1)) D 5 () EURECRPY
e L v (48a)
2,2 _5.2) 24P 2l D@D
Arsm ten -2 :rb Cn _ Zm Cn =1 (481‘))

Secondly, by using the conserved quantities (45a) and (45b),
respectively, it can be derived from (42), (44a), and (44b) that

SW;=1lim [ PPnirdo
r—0 I,
N\2
- @ 41OC M ) (K'/) (49a)
1+ 2V — cos(22{a) — 2V cos(2a)* E
for Mode I problem, and
SWy :lim/ P"n;rdo
r—0 I,
N\2
40 Kip) (49b)

T a1+ 27 1 cos(2iPa) — 12 cos2a)] E

for Mode Il problem. When the sharp V-notch becomes a crack
o — T, ig” —1/2 and 2(12) — 1/2, expressions (49a) and (49b) are
reduced to the energy release rates of Mode I and Il crack extensions

2
1= 1= lm i n;r 0= ) a
], =SW; =i pOnirdg — KD 50
r—0 I, E
2
Jy=SW, =lim | P"nrdo = (K",) 50b
0 ! E
=0 Jr,

Moreover, the relationships between the parameters (49a) and
(50a) or (49b) and (50b) can be written as follows

2
40 Ky
W, = , 50c
" + A — cos (220 a) — AV cos(2a) 2 <1<1> I (500)
2

4 K}
SWy = 50d
! n[—1+ % + cos(24P o) — i'? cos(20))* \ & ( ) S (50d)

Apparently, SW - integral (49a) and (49b) possess a kind of
physical invariance since their path independence always holds
within a planar elastic field for any given fixed notch opening angle
2(m — a). Physical meaning is expressed by (50c) and (50d) since J;
and J; are the crack extension forces. Therefore, SW - integral (49a)
and (49b) are the physical parameters for application to a sharp V-
notch in Mode I and II problems based on the elastic theory. More-
over, expressions (47a)-(48b) indicate that the theoretical accuracy
will be very higher when the integration path of SW - integral
(49a) and (49Db) is taken to be a circle closing to the sharp V-notch
tip.

4.2. An elastic plane with two symmetrical sharp V-notches

Let’s consider an elastic plane with two symmetrical sharp V-
notches subjected to uniform tension at infinity, as shown in
Fig. 2. Savruk (1981, 1988) had solved this problem by using the
singular integral equations method and the NSIF K} can be esti-
mated by

P
:- infinity oo 1|
|
| |
\ A%
nm-a
—
- X
/ 2a
| |
| |
| infinity oo :
P

Fig. 2. An infinite elastic plane with two symmetrical sharp V-notches subjected to
uniform tension at infinity.
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v
KN F/P _ 1-0.91344 \/E P_ . (51)
= mal-n 1404138/, \ 2al-4"’

/1~ 1.247 cos f — 1.312 cos?  +0.8532 cos®  — 0.2882 cos? 3,
(B=m—), (52)

where /" = 1 — J;, F/ is the numerical value of dimensionless NSIF,
P is the force per unite thickness and 2a is the width of cross con-
nection between two notch vertexes. Savruk and Kazberuk (2010)
also pointed out that relative error of (51) is less than 0.5% for the
entire range of the parameter 1; and the maximum absolute error
of the numerical values from Eq. (52) is below 0.1%. When the notch
opening angle 2(m — &) — 0, F{ — 1 and expression (51) becomes a
stress intensity factor (Tada et al., 1973)

K; = P/vma. (33)

In order to describe the usability of SW - integral and to com-
pare the result (49a) with the energy release rate of a crack exten-
sion in (50a), we introduce a dimensionless quantity y and let

y=a/l, (54)
where L is a reference length. Then, the dimensionless comparison
with the help of (49a) (50a) (51)-(54) can be written as

(21 W] _ 272(0.0866 + 0.91344") (55)
Ul 9247-1(1.4138 — 0.4138.")2[1 + AV — cos(2/V o) — 24" cos(20)]?

where [SW] and []] are given in (49a) and (50a), respectively, and
2(m — o) is the notch opening angles, in which o changes from
90°to 180° shown in Fig. 2.

Since an infinite elastic plane means the infinite deepness of
two sharp V-notches shown in Fig. 2, the dimensionless quantity
7 = 1 is meaningful for engineering in practice. Yosibash et al.
(2006) also pointed out that the notch opening angles 2(m — «)
up to 47/3 or 240° are of greatest importance. Under these consid-
erations, the dimensionless comparison (55) is presented in Fig. 3,
which shows that the numerical values decrease when the notch
opening angle 2(m — o) increases from 0° to 240°. This is interest-
ing and means that when the order of singularity decreases, the
dimensionless comparison (55) decreases.

4.3. Numerical values of NSIFs of a finite V-notched plate under
uniaxial tension load

Here, we consider a finite V-notched plate with h = 200 mm and
w =40 mm under uniaxial tension load, as shown in Fig. 4. The
plate is in plane stress state with Young’s modulus
E=3.9 x 10° Pa, Poisson’s ratio v = 0.25 and load ¢ = 1MPa. There

Fig. 3. The dimensionless comparison of the parameter for Mode I problem of a
sharp V-notch with the energy release rate of crack extension.
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Fig. 4. (a) A finite V-notched plate and (b) the finite element mesh closing to the tip
and r¢ is the radius of integration path.

are the opening angle 2p and the depth1l of the notch. For this
Mode I problem with letting {(z) =z, by using expressions
(9) and (35), the path-independent integral (42) can be rewritten
as

SW=I1im [ Pynyrd6 =Im [lim/ P - iP;”)dz]
0 Jr, -

r—0

- Im{lim /r gg(z)[d)l (z)]zclz}

r—0

2 o
_ irg{%rzm-i“)/ [AcosZ(l—i(l”)H—BsinZ(l—XS”)H]dG}, (56a)
= —o

2
u Upo\? (U —1U
where A:( 11+ 2.2) B ( 2,1 1,2) 7

K-—1 K+1
_ 2(Uq1 4+ Uzp) (U1 — Ug2)
B= 2 -1 . (56b)
Clearly, expression (56a) is equal to (49a), so that we have

K = lrij{)l\/g[l + " —cos(22{May — 2V cos(2a)]Gr“”"(1U) VIO, (57a)
o

10— / Acos2(1 — /)0 — Bsin2(1 — A" )0)do. (57b)
—o

In order to obtain NSIFs, expression (57a) is calculated for the
problem shown in Fig. 4(a), for which ANSYS is used and the finite
element mesh is shown in Fig. 4(b). Two points should be men-
tioned: (i) in order to reduce error due to the stress singularities,
many finite elements are enclosed by the circle with radius rc of
integration path; (ii) as indicated in (46a) and (47a), when a very
small rc in (57b) is taken, the theoretical accuracy will be very
higher. So, the calculation is carried out by

0
KN ~ \/gn + 10— cos(2iMa) — AV cosayGre VIO, (58)
and the obtained results are listed in Table 1. Here, when the rela-

tive difference is calculated by

Solutionp; esene — Solutiony;y,
0y —
Ak) = Solutiony;, x 100, (59)

the maximum relative difference in Table 1 is 6.5%. It should be
mentioned that Niu et al. (2009) also gave numerical results calcu-
lated by BEM.
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Table 1
Notch stress intensity factors and circle radii rc of integration path (8 = 7 — «).
l/w 28 =30° 2B = 60°
Present (r¢) Niu (2009) Present (r¢) Niu (2009)
0.1 4.1834(0.0008) 4.2668 4.3218(0.002) 4.4294
0.2 6.7103(0.001) 6.8740 6.8634(0.0043) 7.0501
0.3 9.7157(0.001) 10.1131 9.68(0.0065) 10.3576

Table 2
The first three eigenvalues 2 = ¢iy + inly’ for Mode I problem (§ = 7 — ).
28() ¢t Yl s ¢t ns)
300 Present 0.5015 0 1.2030 O 14904 O
Cheng et al. 0.5020 O 1.2060 O 1.4860 O
(2009)
60° Present 05122 0 14710 0.1419 2.6776 0.2849
Niu et al. 0.5122 0 14710 0.1419 2.6777 0.2850
(2009)

5. Concluding remarks

Under consideration of the physical and mathematical signifi-
cance of complex Kolosov—Muskhelishvili potential ¢(z), the inde-
pendent Lagrangian functions (17a) and (17b) are presented. Their
variational problem leads to a harmonic equation and the related
nature, homogenous boundary conditions when U, and U, are con-
sidered as independent functions (16a), (16b), (19a), and (19b),

e~21% sin 2¢o 4 ¢ sin 20 + 11 cos 20,

bV | | -ecos2co—gcos2o+nsin2o e 1*sin2¢o — ¢ sin2a — ncos2a | [ ab)
= e~21% cos 2¢0 — ¢ cos 20 + n sin 2o ’

respectively, based on the theory of analytic functions. Actually,
the obtained harmonic equations are also the Navier’s displace-
ment equations in plane elasticity (16a) and (16b), so that the
requirement of Noether’s theorem (Noether, 1918) is satisfied.

It is found that any conformal transformation or analytic func-
tion is a symmetry- transformation (30) for obtaining the conser-
vation law (36) or (37) in material space. Since the conformal
transformation in two-dimensional Euclidean space includes the
translation, rotation and scale change of planar coordinates, the
conservation law (36) or (37) possesses universality. On the other
hand, by adjusting the conformal transformation or analytic func-
tion (30), a finite value can be obtained from calculating the path-
independent integral (37) or (42) around a material point with any
order singularity. Especially, it is expectative that the interaction
among several material points with singularities may be investi-
gated by using the path-independent integral (37) based on the
residue theorem in the theory of analytic functions. Also, multi-
material junctions may be investigated by using the path-indepen-
dent integral (37).

The path-independent integral (37) or (42) is applied to a sharp
V-notch and the obtained finite values (49a) and (49b) are directly
related to the NSIFs. Actually, SW - integral (49a) and (49b) pos-
sess a kind of physical invariance because of the path indepen-
dence (49a) and (49b). Since this invariance always holds for any
given fixed notch opening angle, the obtained finite values (49a)
and (49b) are equivalent to the NSIFs, which are the physical
parameters for application to a sharp V-notch in elastic fracture
field. In Section 4, Fig. 3 shows the feature of parameter (49a)
and Table 1 gives numerical results of NSIFs by using parameter
(49a).
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Appendix A

In polar coordinates, the stresses g4 and g,y can be written by
transforming expressions (5) and (6) as follows

Ow — 0w = ¢'(2) + ¢'(2) + 2[¢"(2) + 2 ¥/ (2)). (A1)
The complex potentials are assumed to have the form

w(z) =BV +ib®hZ, i=c+in, (A2

6(2) = (aV +ia®)Z,

where a®, a®, bV, b, ¢ and # are the real constants. Under the

consideration of the independence of the constants a® and a®,
the traction-free conditions of expression (A1) along 6 = oo and
0 = —a, as shown in Fig. 1, gives

ab (e~21* — e21%) cos(2¢a) — 21 sin(2a) = 0, (A3)
(e721" 4 e¥1) sin(2¢ar) + 2¢ sin(2¢r) = 0;

ey (e~21* — e21%) cos(2¢ar) + 21 sin(2a) = 0, (Ad)
(e721" 4 e¥1) sin(2¢o) — 2¢ sin(2¢r) = 0;

a® (A5)

The complex eigenvalues 4 = ¢ + iy for Mode I and II problems can
be obtained by solving the eigen equations. (A3) and (A4), respec-
tively. By using Matlab software, the first three complex eigen-
values are listed in Table 2. Then, the complex potential ¢(z) for
Mode I and II problems can be rewritten as

= S , .
bi(2) = aWzm, ()=o) +inly), (A6)
m=1
,2) . .
by(2) =iy _aPzm, (U2 =cP +inl) (A7)
m=1
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