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Highlights 

 Probabilistic-based micromechanical modeling of polymers is considered 

 Polymers with bi-stable molecules embedded in the chains network are studied 

 Molecule conformation change switching is triggered by chemical or mechanical stimuli 

 Mechanics of swelling is accounted for in the model 

 A continuum model is obtained from the micromechanical approach 
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______________________________________________________ 

Abstract 

Active structural systems and materials, typically used to develop sensors or actuators, are those 

capable of responding to external stimuli with some physical detectable reaction. The triggering 

stimuli can be of various nature, ranging from temperature, pH, light, mechanical stress, etc. In this 

context, responsive materials have the capability to react at the molecular level, showing some changes 

in their microstructure that can be detected and measured at the meso- or macro-scale level. This 

ability can be obtained in polymers and polymer-like materials through the introduction in their 

network of switchable molecules, characterized by two geometrically distinct stable states, where the 

switch from one to the other has can be seen as an instability phenomenon. In this research, we present 

a continuum mechanical model, developed starting from the micromechanics of the polymer network 

joined to molecules whose switching instability is induced by mechanical or chemical actions. The 

theoretical framework is presented by considering the general case of poly-disperse polymers and 

some final examples are given and discussed; the proposed model can be used as a tool for the 

development and design of smart responsive systems, applicable across a wide range of length scales. 

_________________________________________________________________________________________ 

Keywords: mechanophores, polymers, responsive materials, bi-stable molecules, local instability. 
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Nomenclature 

   Avogadro’s constant 

  Kuhn’s length of a chain segment 

   Number of active chain per unit volume 

  ,    Frequency factors 

  ,  ̂   Solvent’s concentration in the reference state and solvent concentration triggering the 

conformation change of all the switchable molecules in the unit volume, respectively 

     Normalized distribution function of the polymer’s chains end-to-end vector in the 

stress-free and in the current state, respectively 

      Deformation gradient tensor 

    ̅   Deformation gradient tensor associated to the molecules switching mechanism and 

that of an equivalent material with switchable molecules uniformly oriented in any 

direction of the space 

  Time 

    Threshold force required to change the conformation of a switchable molecule 

   Force acting on a polymeric chain 

  
   

  Fraction of the switched molecules connected to chains having end-to-end distance   

within the network   

      Fraction of the switched molecules within the network with chains of length   

 ̅ Average fraction of the switched molecules among all the networks 

  Polymer volume change 

  ̅ Volume change of a material with a random dispersion of switchable molecules 

     Volume change of the material due to swelling 

      Activation and deactivation reaction rates of the switchable molecules, respectively 

   Boltzmann’s constant 

 ,     Material velocity gradient 

      Langevin function and its inverse, respectively 

  Number of segments in a polymer chain belonging to a single network 

   Current number of solvent molecules available for one switchable molecule 

  Hydrostatic stress 

     Probability distribution function of the number of Kuhn’s segments in a  

 polydisperse polymer 

  End-to-end distance of a polymer chain 
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     First Piola stress tensor related to the mechanical deformation of the network 

     First Piola stress tensor induced by swelling of the network 

  Entropy of a single chain 

  Force in a single chain 

  Absolute temperature 

   Volume of a mole of solvent 

  Potential energy 

 

  Relative size of the switchable molecule 

  Flory-Huggins parameter governing the swelling phenomenon 

          Energies required for the forward and the backward switching, respectively 

     Size difference of the switchable molecule between the two stable states  

           Distribution function of the end-to-end vector in the stress-free and in the current 

state, respectively 

  Total volume fraction of the switchable molecules contained in the polymer 

  
   

  Volume fraction of the switchable molecules connected to the polymer’s 

     
   

        
   

   chains with length   within the network with length  ; switched and unswitched 

volume fractions within the single network, respectively 

   Stretch of a switchable molecule from the unswitched to the switched state 

     
  Stretch of a single polymer chain and its reduced value due to molecule switching 

  Stretch of the single polymer chain 

  Deformation energy for a single chain 

      Network’s deformation energy per unit volume in the stress-free and in the current 

  configuration, respectively 

      Mechanical work per unit volume of the external forces 

      Deformation energy per unit volume due to swelling 

     Deformation energy per unit volume due to molecule switching 

   Chemical potential 

  Chauchy stress 

  Deformation function 
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1. Introduction 

In recent years, structural elements made of the so-called metamaterials – characterized by the 

presence in their structure of moving parts – have been studied and developed to obtain sensors or 

actuators. However, some dimensional limitations arise when such a technology is needed in small-

scale applications, nowadays particularly required. In fact, microscale applications have known a wide 

diffusion in the last decades, and the development of smart responsive polymers, polymeric 

biomaterials, nano devices (capable, for instance, to transduce energy from one form to another) has 

received a huge research effort.  The requirement of smaller and smaller systems for advanced nano- 

as well as for everyday-applications, has promoted the research in such a direction for the development 

of these devices and an interdisciplinary approach combining chemistry, physics, mechanics and 

technological aspects has emerged to be necessary to successfully and properly design the 

components’ material, in order to make them suitable for specific applications [1-3]. The occurrence of 

an unstable mechanism arising in technological applications as well as in natural systems taking place 

in a very huge length and time scales, is often considered to be an undesirable phenomenon; however, 

if properly designed, instabilities in some circumstances can be exploited to get special materials 

having particular properties or behaviors [4-9]. 

Conformation change, physically belonging to the class of unstable phenomena, is known to occur in 

different situations: snapping transition can take place, for instance, in polymer films, leading to 

wrinkling and creasing of surfaces [10]. Some polymers present a folded microstructure whose 

unfolding can be considered as a switching mechanism [11], polymers designed to provide strength 

and flexibility have been developed through the insertion of unfolding cross-linker [12], while 

unfolding mechanisms as well as multistable states are often present in chemistry and biological 

systems – such as in immunoglobulin segments whose unfolding can be triggered by a mechanical 

force –  and are responsible for the proper functions and intelligent responses shown by such systems 

[13-15]. 
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In this framework, the so-called molecule switching represents a very promising mechanism to be 

harnessed to this aim; the above mentioned phenomenon exists in molecules or molecular systems 

characterized by two stable states (bi-stable molecules or isomers), in which the transition between the 

two states can be triggered and tuned through proper external stimuli such as chemical, temperature, 

light, electric and/or magnetic fields, mechanical stress, etc [16-20].  The two stable states are usually 

characterized by different geometrical, physical and, sometimes, chemical properties, and this can be 

exploited to get materials capable of a smart response; among the various property change that can be 

obtained through the switching mechanism, the geometric conformation difference between the two 

stable states can be readily exploited to get a molecular-level actuator, without any change in the 

chemistry of the material. 

A geometrical switch, or conformation change, corresponds to a change in the spatial arrangement of 

the atoms within the molecule, without changing their connectivity; this entails that chemically the 

molecule remains the same, while its geometric size and shape can change significantly. For some 

molecules the existence of different conformational stable states – reachable through a so-called 

switching mechanism – with very large size difference between them, enables to get a macroscopic 

volume change when such a switching occurs in a collectively way, and can be exploited to develop 

actuating materials. Thanks to the conformation change taking place at the molecular level, the 

actuating response can be obtained for a portion of materials at any dimensional scale, enabling their 

use in a very wide range of dimensional scales useful in many advanced applications.  

The distinct stable states of a switchable molecule correspond energetically to a local minimum of the 

Gibbs energy, and the change from one state to another requires to overcome an energy barrier. From 

this perspective, the switching mechanism can be considered as an instability phenomenon, whose 

occurrence is triggered by suitable external stimuli capable to provide the energy required to pass the 

above mentioned barrier.  
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In the present paper we develop a theoretical framework for the description of the mechanics of 

polymeric materials with embedded switchable molecules, whose conformation change can be 

triggered by external chemical or mechanical stimuli. The paper is organized as follows: in sect. 2 the 

switching of a bi-stable molecule is interpreted from a mechanical perspective, while in sect. 3 the 

mechanics of a polymer chain network is discussed from a statistical viewpoint and the arising stress 

state is related to the actual chains end-to-end distance distribution. Moreover, section 3 deals also 

with the description of the swelling phenomenon occurring in polymers prone to absorb a fluid, as 

typically occurs in pH-sensible polymers, whose pH change is typically driven by an absorbed fluid. In 

section 4 we consider the modelling of the molecule switching from an instability standpoint, while the 

mechanical behavior of polymers equipped with such molecules is illustrated in Section 5: starting 

from the developed micromechanical model, a continuum approach for the quantitative description of 

the mechanical response of active polymers whose switchable molecules can be activated by chemical 

and/or mechanical stimuli is formulated. Section 6 presents some numerical tests, dealing with the 

mechanical response of polymers equipped with switchable molecules; the influence of the main 

parameters involved in the considered phenomena, in term of deformation and stress state arising in 

the material, are discussed. The response of a strain reporting material tested experimentally in 

literature is also considered. Finally, section 7 drawn some conclusions and future perspectives. 

 

2. Mechanics of bi-stable molecules 

The switching phenomenon in molecules has been experimentally observed (such as in azobenzene 

and spiropyran molecules, [21, 22]) and exploited to get specific functions out of a material subjected 

to specific stimuli [23, 24]. Typically, it is accompanied by a significant change of the geometric 

conformation of the positions of the constituting atoms which, when considered at the collective level, 

leads to a mesoscopic detectable deformation that appears, for instance, as a volume change of the 

material. This behavior is particularly effective when the switchable molecules are inserted as cross-
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linkers in a highly deformable polymer network. The above mentioned macroscopic deformation can 

be harnessed to get specific functions, useful to actuating purposes, and is exploitable at any 

dimensional scale, thanks to the molecular nature of the involved bistable units.  

Conformational change usually takes place as an instability phenomenon triggered by proper physical 

or chemical stimuli, so it can be quantitatively studied leveraging the theory of instability of 

mechanical systems [25, 26]. Materials with embedded bi-stable elements are characterized by a non-

convex energy function; this character of the energy comes from the bi-stability property of the 

elements capable to assume different reversible but energetically equivalent arrangements.  

Some molecules can reversibly shift between two or more stable states in response to environmental 

stimuli, such as pH change, light, temperature, electric field, mechanical actions, or in presence of 

a ligand [27]. A well-known molecule switching is the one associated to the change of color occurring, 

for example, in pH indicators; another example is the one of the colorless spiropyran molecules that 

are able to transform into a colored state, namely merocyanine, through a reversible reaction that can 

be induced, for instance, by light, temperature, metal ions or mechanical stress [28]. 

Synthetic molecular switches are relevant in nanotechnology where they can be used to develop 

molecular machines or responsive drug delivery systems; the comprehension of the mechanics of 

materials embedding switchable molecules is also important in biological systems, because many 

living functions are often based on such a switch between two different states [15]. 

We are here interested in molecule switching taking place between two geometrically distinct 

conformations of the bi-stable molecule; if the molecules are joined with others molecules (typically 

those of a polymeric network), their change in conformation reflects on the backbone hosting material 

and a macroscopic change can be also appreciated. From this viewpoint, a polymeric material with 

embedded switchable molecules can be assumed to have some of its cross-links to be replaced by 

bistable elements (molecules) whose effects influence the behavior of the polymer network itself. 



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

9 

 

From a mechanical viewpoint, the potential energy per unit volume of such a material can be 

expressed as:  

       ∑   

   

      (1) 

where      is the (convex) energy of the polymer backbone,     is the Helmholtz energy associated 

with the conformation transition of the single switched molecule and      is the potential of the 

external actions. The summation in (1) is referred only to the activated molecules per unit volume, i.e. 

those that have switched from one stable state to the other one. 

 

Figure 1. Energy vs conformation state of a bistable molecule. The two potential wells indicate the 

stable states    and    of the molecule, while the energy difference between them is     . 

 

The stable configurations of the molecule can be identified as those corresponding to the minimum of 

the energy vs the molecule’s conformation (Fig. 1); the switching from the state    to the state    

(forward switching) requires to overcome the energy barrier     , while the change from the    to the 

   state (backward switching) requires the energy     . The difference of the Gibbs energy between 



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

10 

 

the only two stable states is identified with     . A detailed description of the mechanical modeling of 

switchable molecules through energetic consideration is provided in sect. 4.1. 

 

3. Mechanics of a polymer chain network 

In contrast to most crystalline-like materials, the mechanics of rubber-like ones (such as polymers, 

gels, etc. characterized by a microstructure made of an entangled network) is dominated by thermal 

fluctuations at the microscale; the elasticity of the material therefore depends on the entropy of the 

polymer chains. As it is well-known, the entropy   of a single chain can be easily related to the chain’s 

stored energy      as [29, 30] 

             (2) 

where   is the absolute temperature of the material. 

For deformation states not too close to the limit polymer’s stretch – corresponding to the network 

chains nearly extended to their maximum elongation – the entropy function of the full network governs 

the response of the materials, so also the mechanical response of the polymer can be conveniently 

described through such a quantity, while for high deformation levels the internal energy cannot be 

neglected since it plays the main role. 

Typically, the mechanics of long linear entangled chains is described by the classical rubber elasticity 

theory [31-34], according to which the distance between two subsequent joints in the polymer chain 

(end-to-end vector distance  ) and its distribution within the network is the key factor to describe the 

deformation and the stress state of the polymer. 

According to the freely-jointed chain model [35, 36], the polymer network is assumed to be composed 

of chains whose structure is made of   rigid segments of equal length  , connected at their extremities 
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and arranged according to the random-walk theory, while no correlation between the directions of 

segments’ bond angles is assumed to exist. 

Among the approaches developed to describe the mechanics of polymers, the ones based on the 

micromechanics of polymers’ network are of great interest. In this context Ball et al. [37] developed a 

model based on the mechanics of the entangled chains composing the network, by accounting not only 

for their simple cross-linking – as typically assumed within the classical rubber elasticity theory – but 

also for their reciprocal interaction, leading to repulsive forces constituting a not negligible constraint 

in a real polymer where its chains cannot pass through each other. 

Among the physics-based models, Beatty [38] showed that within the class of uniform non-Gaussian 

network models, the 4- and 8-chain ones share the property that all of their chains in a principal 

reference system are equally stretched and, therefore, they are described by the same constitutive 

equation obtained by Arruda and Boyce [39, 47]; moreover, he demonstrated that the 3-, 4-, and the 8-

chain models may be derived from the Wu and van der Giessen full-network model [40] and obtained 

an average-stretch constitutive equation by approximating the Wu and van der Giessen equation 

derived for uniform networks. 

In Miehe et al. [41] a micro-mechanically-based network model for rubbery polymers under large 

strains have been developed by representing the material microstructure through a micro-sphere, 

whose surface represents a continuous distribution of chain orientations in space; they adopted a non-

affine micro-to-macro transition formulation based on a homogenization procedure of micro-variables 

evaluated on the above-cited micro-sphere of space orientations. 

Puglisi and co-workers [42] proposed a general multiscale approach for three-dimensional networks 

(falling within the so-called Growth Mechanics framework), characterized by a strain-induced 

unfolding of the polymer chains, and derived a continuum model having a variable natural 

configuration, suitable to describe the mechanical response of biological tissues.  
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In [43] the Authors developed a model – based on few macromolecular parameters such as the chains’ 

persistence and contour length – for the description of the mechanical behavior of protein materials, by 

also accounting for the damage and residual stretches, effects that typically play a non-negligible role 

in biological systems and on their functions. In [44] a model aimed at describing the non-linear 

response of rubbers in a wide range of stretches has been proposed; the successive stages of chains 

extension – starting from the small deformation regime (governed by the entropy decrease associated 

to the chains unfolding), up to the strain-hardening one and the sharp stiffening taking place when the 

chains extend towards their limit – have been considered and mathematically described. 

In [45] a micromechanical model for describing the stress softening in isotropic rubbers (where the 

material is assumed to be constituted by a polymeric network reinforced with small rigid filler particles 

linked to both elastic and breakable polymer’s chains), has been developed; the proposed approach 

enabled the simulation of the so-called Mullins effect arising in many rubberlike materials under cyclic 

loading. A general overview of the most diffused models (mathematical, phenomenological and 

physics-based) can be found in [46], where they are compared and critically discussed on the basis of 

their ability to reproduce experimental data, for a wide range of deformations under both uniaxial or 

biaxial stress states. 

In the present paper we propose a statistical-based model, developed on the basis of the one presented 

in [47], properly extended to account for the polymer’s chains relaxation induced by the switching 

mechanism of bi-stable molecules embedded in the material’s network.  In the following sections, the 

model is presented by firstly illustrating its statistical basis and the corresponding arising continuum 

model obtained from the micromechanics approach, where the swelling phenomenon and the 

mechanical effects induced by the bi-stable molecules are also taken into account. 

 



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

13 

 

3.1 Statistical description of a polymer network 

From a statistical standpoint, the number of network’s chains whose end-to-end vector is comprised 

between   and     , can be described by the distribution function     . 

According to the standard statistical theory of rubber elasticity, in the polymer’s natural (or reference) 

state such a distribution function can be expressed as: 

               (3) 

where    is the number of active chains per unit volume (or chain concentration) and       is, usually, 

assumed to be the standard Gaussian (normal distribution) function [29], 

   | |  (
 

     
)

 

 
   ( 

 | | 

    
), characterized by mean value     and standard deviation √     .  

By noting that the end-to-end distance can be also expressed as   | |     , where      √  and 

    are the Kuhn length and the current stretch of the chain, respectively [29], the distribution function 

can be also rewritten more conveniently through the use of the deformation measure   as:       

(
 

     
)

 

 
   ( 

   

 
). In the above relations we assumed the affine deformation hypothesis, according 

to which the chains take the deformation of the continuum [48]; this assumption will be used 

throughout the manuscript. It has been demonstrated that the initial Gaussian distribution of the chain 

population    remains Gaussian also after the deformation if no chains are lost or gained during the 

deformation itself and if the chain kinetics (in the case of dynamic network) are independent, or 

weakly dependent on the chain’s force  [49]. 

It is worth mention that such a function is here assumed to describe only the active chains, i.e. those 

that are connected to the network in at least two points (dangling chains are considered to be inactive 

from the mechanics point of view) and that are collaborating to the load bearing mechanism of the 

material.  

In the present paper we exclude any chain loss (failure) or chain gain (healing), so the probability of 
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attached chains is always    〈      〉   , where 〈 〉 stands for 

〈 〉  ∫ ∫ (∫       
  

 
 )         

 

 

  

 
 [39]. 

Assuming that the number of chains per unit volume    is large, the number of connected chains 

having a configuration between   and      within such a volume, can be expressed as 

                      with          〈 〉 (4) 

In general, according to the above discussion, the statistics of the chain arrangement requires to be 

described by the distribution function                that provides the configuration of active 

chains (represented by the end-to-end distance   | | and by its direction vector identified by the 

angles   and  ) throughout the configuration space. If the chains are randomly oriented in every 

direction of the 3D space (isotropic spatial distribution, typical of polymers in the stress-free state), the 

dependence upon the direction angles     can be neglected and the chain distribution is simply 

expressed through the function      . 

The elastic response of the polymer network to an applied deformation, entails the change of the above 

mentioned end-to-end vector distribution; the mechanical response of the material is thus fully 

described by the knowledge of the evolution of such a distribution function (Fig. 2). As stated above, 

the evolution of        with the deformation must fulfil the conservation of the number of chains per 

unit volume if no chains are lost (chain failure),           The deformation makes the distribution to 

change by inducing an elongating in the stretched direction and a narrowing in the transversal direction 

due to the isochoric nature of the deformation process; from a geometrical viewpoint, the chains 

conservation corresponds to that of the volume under the distribution function that must remain 

constant during the deformation process, i.e.  〈  〉  〈 〉     〈     〉    . 
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Figure 2. (Color online) 2-D chain length distribution in the stress-free state,       (a) and in a 

generic stretched state,       (b). 

 

Typically, the elastic energy stored in the single chain is made to depend on the actual end-to-end 

distance and so it is nonzero also in the reference state for all the chains for which     , while it is 

zero only if     ; according to the Langevin statistics of polymer network, valid also for chains 

under large deformations, the energy per single chain is given by [29]: 

       (
 

  
    

 

     
)             (

 

  
)     (

 

√ 
) (5) 

where    and   are the Boltzmann constant and the absolute temperature, respectively, while     

   and    are the end-to-end chain distance in the deformed and in the stress-free state, respectively, 

and      is the Langevin function defined as:                  [29]. 

According to the above energy function, the force in the single chain is provided by:      

         ⁄ , where the dependence of    on the chain length   has been emphasized,   being the 

number of Kuhn’s segments. 

It is worth noting that, for small deformations (i.e. for deformation levels far below the chain’s limit 

stretch given by      √ , corresponding to a chain extension approaching its contour length   ), 
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the elastic energy stored in a single chain is typically expressed through a quadratic function of the 

end-to-end distance (Gaussian statistic), i.e.   
    

    
| | , while for chains undergoing large 

deformation the expression for   given by the Langevin statistics is more realistic. 

The energy stored in the unit volume associated to the current stretched state of the polymer,  , can 

thus be evaluated by integrating the energy of a single chain over the chains configuration space  , 

spanning all the chains’ lengths and orientations, i.e.: 

  ∫          
 

    〈       〉 (6) 

As stated above, the mechanical energy corresponding to the undeformed network is nonzero, i.e. 

      〈   〉    for     (        is the deformation gradient tensor,        represents 

the deformed position of a point originally placed at  , while   is the deformation function), while 

〈   〉, evaluated through the initial distribution function   , corresponds to the lowest energy level, i.e. 

when all the chains are near rest. Thus, the potential energy per unit volume in the current (deformed) 

state must be evaluated as: 

        〈       〉 (7) 

that becomes identically zero in the undeformed state. 

From the above equation, it is clear that the stored elastic energy is completely defined once the 

probability functions      and the current concentration of active chains are known. It’s worth mention 

that this approach is valid as long as the network connectivity remains above the percolation threshold; 

indeed, as connection decreases and reaches the critical percolation value, a sudden drop in the 

network’s mechanics takes place, as seen during the so-called reverse gelation phenomenon [50]. 
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3.2 Stress state evaluation in a polymer network 

We consider here the evolution of the distribution function                 – representing the state 

of the network – induced by an applied deformation. Since the mechanical properties of a polymer 

network are related to its degree of cross-linking (here measured by   ) and to the statistical 

distribution of the chains end-to-end vectors, we must consider how they evolve and modify in time 

due to the applied deformation history. The Reynolds transport theorem can be used to express the 

variation within a given volume   of the current chain distribution. Since we assume that the total 

number of active chains does not change because of the deformation (no chains are lost or created) it 

reads [49]: 

 

  
∫           
 

   ∫ *
       

  
     ̇       ̇ +    

 

   (8) 

from which the time derivative of the function       ,           , can be localized at a given point of 

the chain space, identified by the end-to-end distance  , as: 

       

  
      ̇       ̇                              (9) 

where the time derivative of   has been written as  ̇      ̇      ̇  . We note that for an 

incompressible material                (  being the unit tensor) and so the second term in the 

above expression vanishes. From the observation of Eq. (9), it appears that the evolution of the 

distribution function   requires the evaluation of its material time derivative, so the function must be 

differentiable with respect to the chain space variables (components of the end-to-end vector) and to 

time. 

Once the distribution function        is known at the current time instant t, the corresponding  

potential energy (7) – whose knowledge is sufficient to determine the stress state in the network – can 

be determined; the stress is expressed through the following deformation gradient derivative of the  

energy: 
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  〈    〉  〈 〉  

  
          (10) 

where      is the nominal (i.e. evaluated in the reference configuration) first Piola stress tensor and   

is the hydrostatic pressure, introduced as a Lagrange multiplier to enforce the incompressibility 

condition herein assumed for the polymer, being       . 

Let us now consider the term   〈    〉  〈 〉     ; it can be evaluated by considering that the 

distribution of chain lengths        is affected by the deformation, so 

          ∫
               

  
    

 

          (11) 

The derivative of        with respect to   required in (11), can be evaluated as [47]: 

       

  
 

       

  

  

  
  

       

  
 ̇    *   

       

  
            +

 

 (12) 

Finally, the nominal (first Piola) and the corresponding true (Cauchy) stress tensors become: 

          

 〈    〉

  
      ∫

       

  
    

 

         (13) 

          
 〈 〉

  
          ∫  *

       

  
          +    

 

       (14) 

where it has been assumed that     in order to fulfill the incompressibility constraint. 

On the other hand, the Cauchy stress tensor    can be evaluated more simply as follows; let us consider 

the time derivative of the energy of the system in a given state: 

  

  
   ∫  ̇            

 

 *  ∫                    
 

+    (15) 

where  ̇ has been expressed through (9). By using the divergence theorem and assuming the boundary 

terms to vanish, we have 
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 *  ∫                  

 

+    *  ∫            
 

+    (16) 

In the above expression the term            represents the force in the chain [32]. Now, by 

considering that the stress state can be obtained through Eqs (10), (14), and adopting the chain rule, we 

finally obtain the Cauchy stress tensor: 

              
     (

   

  

  

  
)      ∫                            

 
        

 ∫                           
 

       

(17) 

where the hydrostatic stress tensor accounts for the incompressibility constraint. By adopting the 

Langevin model, suitable for both moderate or large deformations, the chain force   in (17) results to 

be explicitly related to its stretch as follows: 

       
     

  
 

 

 √ 

  

  
 

 

| |
 
   

 
    (

 

√ 
) (18) 

where the term   | | identifies the unit vector in the direction of the force  . The expression (17) for 

the true stress is more suitable for our purpose of evaluating the effect of the switchable molecules, 

since it is very easy to account for the chain force relaxation induced by the molecule switching once 

the value of the corresponding relaxed deformation is known. 

 

3.3 Mechanics of polymer swelling 

Since we consider switchable molecules sensible to chemical actions, such as pH change, the presence 

of a solvent phase that permeates the polymer network has to be assumed. The fluid uptake by a 

polymer (namely a gel) is a well-known phenomenon and is herein recalled in term of its mechanical 

aspects; it will be subsequently taken into account in all the following formulation. 
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Polymers are usually incompressible, so when they are prone to swelling in presence of a solvent, their 

volume change is due only to the fluid absorption. The mechanics of the polymer swelling process can 

be described in term of the total energy of the system that is now written as  

                                        (19) 

where   is the standard elastic energy,      is the energy associated to stress state induced by the 

external actions, and the last term enforces the material’s volume change to be equal to the volume of 

the fluid entered into the network; the deformation gradient tensor must obey now the new constraint 

equation                     . According to the above volumetric change, the deformation 

gradient tensor can be assumed to be multiplicatively decomposed as          
    

 ,    being the 

purely mechanics external stretch applied to the material and     
      the hydrostatic deformation 

gradient tensor associated to the fluid absorption, also called growth tensor in the literature [51, 52]. 

Finally,          is the energy associated with the polymer-solvent mixing, depending of the actual 

solvent concentration    in the polymer. It is expressed as [53]: 

      
   

  
 [       (  

 

 
)  

 

 
]   

   

  
 [      (  

 

    
)  

 

      
] (20) 

      being the volume of a mole of solvent and the concentration of solvent entered in the unit 

volume of polymer in the reference state and   is the Flory-Huggins parameter, respectively. The 

pressure   in (19) is the osmotic pressure exerted by the fluid on the network, considered here as a 

Langrange multiplier enabling to fulfill the volumetric constraint       . 

Following the classic Flory-Rehner theory [31], the free energy of the coupled system made of 

polymer and solvent is the sum of the network’s free energy   and of the potential energy of the solid-

fluid solution,     . The chemical potential  , which is responsible of the motion of the solvent 

molecules, can be obtained as            .  

The equilibrium equations and the solvent balance can be readily obtained as Euler equations by the 

energy derivation w.r.t. the two field variables. The condition      ⁄    leads to the equilibrium 
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equation in the reference configuration; correspondingly, in the current configuration it reads   

       , where   is the true stress tensor computed according to eq. (17) and      is the external 

true stress. 

In order to obtain the evolution of the solvent concentration, a constitutive relation between the 

chemical potential and the solvent flux is required; a possible choice is provided by theory developed 

by Hong et al. [53], that relates the solvent flux to the gradient of the chemical potential through a 

nonlinear mobility tensor. However, the application of such a theory is not trivial when a single 

material point is considered. Instead, in this paper we adopt the theory proposed by Tanaka [54], where 

the energy dissipation due to the fluid-polymer friction is introduced. The loss of energy can be written 

using a dissipation function as   
 

 
  ̇ , where   can be interpreted as a friction coefficient. The 

theory has been proposed under the assumption of small deformation, so the friction coefficient is 

considered to be a material property. The solvent balance is obtained from [55] 

   

   
 

  

  ̇ 

                   ̇  (21) 

physically, this relation means that the balance between the chemical potential and the osmotic 

pressure determines the time evolution of the solvent concentration in the material point. 

 

4. Instability approach to molecule switching 

In order to derive the concept of stability within a continuous solid at the local level, let us consider the 

dynamic linear momentum balance in presence of inertia actions and viscous effects; in the reference 

configuration it reads: 

             
  

  
   

   

   
   (22) 

     being the mass density in the undeformed configuration and the coefficient of viscous damping, 

respectively. The stability condition can be studied by perturbing the above dynamic equilibrium 
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equations through the variation in a small time interval,  ̇, of the deformation function  , evaluated by 

assuming that the perturbation leaves the applied forces and the network distribution unchanged (i.e. 

 ̇   ); the perturbation of (22) is   ̇       
  ̇

  
   

   ̇

     , while the corresponding variation of the 

Piola stress becomes: 

 ̇   
    

        

    

  
 (23) 

By referring to the current configuration, the variation of the true stress tensor (17) can be expressed 

as: 

 ̇        ̇           〈        ̇    〉 (24) 

where the rate of the chain’s force is defined as   ̇  
  ̇

  
 

 

 √ 

  ̇

  
 

 

| |
 

   

 
    (

 ̇

√ 
); in our case it is 

due to the molecule switching, responsible for the localization of the deformation, corresponding to a 

jump in the velocity gradient field [56]. 

  

Figure 3. (Color online) Scheme of the switching of the molecule attached to polymer chains (a); 

bistable molecule-chain force vs elongation and corresponding free energy of the system (b). 
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In Fig. 3a the geometrical transformation of the molecule during switching is schematically illustrated; 

the molecule is assumed to expand along the three Cartesian coordinate axes by increasing its initial 

size from                  to                                         ; the 

corresponding force-elongation and the free energy-elongation graphs are shown in Fig. 3b, where the 

two stable configurations of the molecule have been indicated.  In Fig. 3b the bistable molecule-chain 

force vs elongation and the corresponding free energy are shown; the molecule switching entails a 

snap-through-like response, while the energy function   appears to be non-convex. This corresponds 

to the so-called material or pointwise instability criterion; from the macroscopic viewpoint (global 

stability), the stability must be assessed through the so-called quasiconvex envelope of  . However, 

this discussion is beyond the scope of the present study since we are not interested in the global 

stability of the polymeric material and will be not considered here; interested readers can refer to 

specialized literature for further information [57]. 

 

4.1 Mechanisms inducing molecule switching  

In the case of a polymer characterized by a single network having chains of equal length   with 

embedded switchable molecules, the change of energy per unit volume of such a material     can be 

expressed as: 

    〈                        〉 (25) 

where      〈  
   〉 is the volume fraction of the switchable molecules contained in the material (  

   
 

being the volume fraction, for the network  , of molecules attached to chains of length  );            

indicates the fraction of switched molecules among the total volume fraction      present in the 

considered network, for a given deformation gradient tensor   and solvent concentration   . Since the 

switched or unswitched state of the molecule depends on the force acting on it (or equivalently to the 

force acting on the chain to which the molecule is attached), and since, for a given  , such a force for 
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a given   depends on the chain end-to-end distance  , the fraction of switched molecules within the 

network can be evaluated as: 

           〈  
           〉 (26) 

where   
   

 represents the fraction of molecules transformed into their new conformation, joined to the 

chains with end-to-end distance  , among those belonging to the network   in turn. 

Since the equilibrium between the switched (  ) - unswitched (    ) states has a kinetic nature, the 

volume fraction of switched molecules, connected to the chains with a given chain length   (      ), 

must obey the well-known balance reaction law, analytically described through the standard kinetic 

equation [58, 59]: 

      
   

  
           

   
         

   
 (27) 

where   
   

      
   

        
   

 is the volume fraction of the switchable molecules connected to the 

polymer’s chains with end-to-end distance  , within the network with length  ,        
   

 

(    
   

)  
   

  is the volume fraction of the unswitched molecules and       are the activation and 

deactivation reaction rates of the molecules, respectively.  

Since the volume fraction of switched molecules can be written as      
            

            
   

, 

the above relation can be also expressed as: 

   
   

  
              

   
 (28) 

The function   
          provides the time evolution of the corresponding fraction of activated 

molecules joined to chains of length  , with respect to all the switchable molecules contained in the 

reference volume. The reaction rates        in (28) are related to the energy barrier between the two 
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stable states (   and   , Fig. 1), and are affected by the force acting on the molecule. Typically, the 

reactions rates are expressed through the Arrhenius equation; for a force-free chain the reaction rates 

        are given by: 

          ( 
    

   
) ,                    ( 

    

   
) (29) 

where       are the so-called frequency factors [15], and      and      are the energies required to 

move from the unswitched to the switched state and vice versa, respectively. The effect of a 

mechanical force acting on the polymer chain must be accounted for in (29) since the switching 

transformation (typically consisting in a molecule expansion) is favored by the presence of a 

mechanical stress and by the presence of some chemical species; their influence can be quantified 

through a proper reduction (increase) of       (    ) expressed as: 

                      
  

 ̂ 
,                            

  

 ̂ 
 (30) 

where    is the force in the polymer chain connected to the switchable molecule, and      represents 

the size variation (displacement) of the molecule from the unswitched to the switched state. 

Analogously, the presence of a solvent triggering the forward switching mechanism and hindering the 

backward one, can be quantified through the actual solvent concentration    and the solvent 

concentration capable of switching all the molecules present in the unit volume of the material,  ̂ . It is 

worth noting that, since the volume change in the polymer is due only to the swelling phenomenon, the 

solvent concentration can be expressed as:     
      

  
  (see sect. 3.3). 

By substituting (30) in (29), the amended energy barriers become: 

          (
      

    
)     (

    

    
 

  

 ̂ 
)               ( 

      

   
)     ( 

    

   
 

  

 ̂ 
) (31) 
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The above expressions represent the more general case in which the switching mechanism is favored 

also by the presence of a chemical action (such as in the case of pH-sensible switching molecules), so 

the energy barriers (30) must be further corrected by accounting for such an effect [59]. 

By keeping constant the force applied to the polymer chain and the solvent concentration, the reaction 

rates       are constant, and the solution of Eq. (28) becomes: 

  
       

  

     
[            ] (32) 

while the corresponding solution in the steady state (   ) is      
   

         
              

   . 

The presence of the solvent within the network, implies that the mechanism of fluid uptake (swelling) 

has occurred in the material; such a phenomenon must be also considered from the mechanical view 

point since it induces an additional stress state in the material. This aspect has been considered in sect. 

3.3 and will be further extended in sect. 5 where the continuum approach to the problem is developed. 

 

4.2 Polymer chain deformation in presence of a switchable molecule 

The molecule switching herein considered corresponds to an unstable phenomenon taking place when 

the energy barrier existing between the two stable states is overcome; the required energy can be 

provided, beyond the presence of a sufficiently high thermal fluctuations in the material’s 

microstructure, by mechanical or chemical stimuli. Such a switching mechanism entails a variation of 

the end-to-end distance of the chain containing the unstable molecule, so the chain force changes 

abruptly because of the chain relaxation. Let us consider a single polymeric chain joined with a 

switchable molecule: under an external force the chain elongates starting from its initial end-to-end 

distance    |  |  to the current value   | | so the stretch is equal to        . 
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According to the random walk theory, the average end-to-end distance of a chain made of   Kuhn’s 

segments of length   each  is     √ . Before the instability occurs, the polymer chain’s stretch is 

given by   , while after switching the chain’s stretch reduces to: 

  
     

   

  
                  (33) 

being          the initial molecule to chain length ratio (    being the initial molecule size), while 

     
   

   
  is the stretch of the molecule itself after the unstable switching has occurred. 

By assuming that the switchable molecule in its initial conformation (    ) has a small size 

compared to the end-to-end distance of the polymer chain,        (i.e.    ), the chain’s stretch 

corresponds to that without any attached molecule, i.e.   
    . 

 

Figure 4. (Color online) Scheme of the switchable molecule jointed with a polymeric chain. Stress-free 

state (a), loaded state before instability (b) and chain’s relaxed state after switching (c).  

 

We make use of the affine deformation hypothesis, according to which the chains take the deformation 

of the continuum where they are immersed in [60]; by assuming the material to be deformed according 

to the macroscopic right Cauchy–Green deformation tensor expressed as        
       , 
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(       ,    being the three principal stretches along the Cartesian co-ordinate axes), the stretch in 

the chains is given by       
|    |

|  |
. 

If the polymer is poly-dispersed, i.e. if it is made of different networks (each one characterized by 

chains with a given number of Kuhn’s segments  ), whose statistical distribution is given by the 

probability function     , the force arising in the chain belonging to the i-th network characterized by 

chains with    segments, is given by: 

|     |  
   

 
    (

 

√  

) (34) 

and the average force in the polymer network is given by: 

 ̅  ∫ |    |     
  

     
  ,    with    ∫     

  

     
     (35) 

The effective stretch in the generic chain connected to a switchable molecule is given by  

  
                              (36) 

where the step function          , accounting for the unswitched (   ) or switched (   ) state 

of the molecule, is defined as: 

           (  )         (  )        

 (  )  ,
                
                 

,           {
                     
                  

 

(37) 

where       |    | indicates the force arising in the chain with   segments under the stretch  . 

In the above expression  (  ) is the Heaviside function defined according to the threshold force     

required to switch the molecule, and       is the Heaviside function defined on the basis of the 

current number    of solvent molecules available for one switchable molecule, and on the 
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stoichiometric ratio    (number of solvent moles necessary to induce the switching of one molecule). 

The last step function       becomes equal to 1.0 if the actual    is greater than   . 

 

5. Polymers with embedded switchable molecules: a continuum model 

Moving up to the continuum scale, the kinematic effect of the molecules switching (here assumed to 

be kinematically an expansion phenomenon) can be quantified through the corresponding quantity at 

the nanoscale. Let us assume that the switchable molecules pass from their initial to the switched state 

by expanding along the molecule’s principal directions (defining the local orthogonal reference system 

     ), according to the stretches            . The volumetric expansion ratio of the single 

molecule is given by: 

                    (38) 

where    is the deformation gradient tensor of a material made only of uniformly oriented switchable 

molecules. On the other hand, in a real polymer the switchable molecules are randomly dispersed 

throughout the network, and so it is reasonable to adopt a uniform probability distribution for their 

orientation in the 3D space. The deformation gradient tensor of a continuum material made only of 

randomly oriented switchable molecules, can be simply obtained through the integral over all the 

possible orientations within the solid angle: 

 ̅  
 

 
∫         

 

 
           

 
      (39) 

where   is the surface of the sphere with unit radius, and   is the three-dimensional rotation operator. 

Due to the molecules switching, the material undergoes a hydrostatic-like stretch whose amount is 

given by                   ; the corresponding volume expansion ratio is given by: 
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  ̅       ̅    
  (

           

 
)
 

   (40) 

while, the reduced stretch   
  in the polymer chain (see eq. (33)) becomes: 

  
             (41) 

Similarly to what made at the nanoscale in the previous sections, the mechanical continuum model of a 

polymer containing switchable molecules can be developed by adopting an energetic approach. In the 

following we assume that: i) the polymer’s network is made of chains linked together only through 

switchable molecules, ii) the polymer is incompressible in the dry state (i.e. the mechanical stresses 

cannot induce any volume change), iii) an applied deformation changes the volume fraction of the 

fluid uptaken by the material, and iv) the molecule switching induces a volumetric deformation of the 

polymer without influencing the swelling mechanism.  

The variation of the mechanical energy per unit volume of the polymer, evaluated from the initial 

stress-free and unswollen state to the current one,    , can be written by adding up the contribution 

coming from the deformation induced by mechanical actions,   , the contribution to the switching 

mechanism of the switchable molecules,    , and the contribution produced by the polymer fluid 

uptake,      (swollen state). For sake of generality, it is here assumed that the polymer is composed 

by several networks (i.e. by chains with different numbers of Kuhn’s segments  , whose distribution 

in the material is described by the probability function     ), and so Eq. (25) takes the form: 

    ∫     
  

     

〈                        〉             

         ̅̅ ̅̅        [ ̅        ]     

(42) 

where the integral over all the networks have been explicitly indicated. 
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In the above relation the purely mechanical and the swelling energy are both assumed to be related to 

the material volume fraction     of the polymer, i.e. the polymer’s volume fraction made of 

switchable molecules is assumed to be not involved in these two deformation mechanisms. In (42) 

     ̅    is the effective volume fraction of the switched molecules among all the networks and 

chain end-to-end distances, while  ̅      ,   ̅̅ ̅̅  are: 

 ̅       ∫                 
  

     

   ∫     
  

     

〈  
           〉   

  ̅̅ ̅̅  ∫     
  

     

〈    〉   

(43a) 

 

(43b) 

i.e.  ̅ is the average fraction of molecules switched in their expanded state, among the total volume 

fraction  , and   ̅̅ ̅̅  the energy variation of all the networks.  Finally, the functions   
          in (43a) 

comes from the solution of the differential equation (28).  

Since it is reasonable to assume that during the polymerization of the material, the probability that one 

switchable molecule is attached to a specific chain of length   is independent by such a length, the 

volume fraction related to a single network      can be expressed as      〈  
   

  〉, while the total 

volume fraction is   ∫           
  

     
. 

The variation of the purely mechanical energy of the network,   , is given by Eq. (7) where      is 

the polymer volume change due to external mechanical actions, evaluated by neglecting both the 

expansion of the switchable molecules and swelling; the corresponding stress state is given by Eq. 

(17). The deformation energy associated to the swelling can be written by assuming that the polymer’s 

volume change due to the molecule switching does not influence significantly the swelling 

phenomenon; the overall volumetric fraction is thus related to the current material’s volume fraction 

   (including both the polymer and the switchable molecules) according to the relation 
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 (44) 

while        ,         being the solvent volume fraction. 

Finally, the energy decrease per unit volume of material made of switchable molecules due to the 

switching phenomenon, is given by [61]: 

           
  

  
   

          
  

  
   (45) 

where    is the Avogadro number,    is the volume one mole of switchable molecules, and   

  
       is the energy release per single molecule, evaluated by assuming that during the switching 

mechanism the force in the connected chain remains nearly constant and equal to the threshold 

switching force,   
 . 

Since the energy released per unit volume due to the switching mechanism,    , is provided by the 

surrounding stretched network and, eventually, by the chemical agent, the final energy stored in the 

material (42) reduces; in fact, by assuming that the switching mechanism corresponds to a geometrical 

expansion of the molecules, the network stress state      relaxes to     
 : 

    
  

 [         ̅            ]

  
  

 ,  ∫     
  

     

∫             *(  
   

    )   (    
   

    ) +          
 

-    

       

(46) 

with a corresponding decrease of the stored energy, while             
 

| |
 

   

 
    (

  
 

√ 
) is the 

relaxed force in the chain obtained by using the reduced stretch   
  given by eq. (41). 
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From the above equation, it can be recognized that the relaxation of the stress tensor induced by the 

molecules switching,          
 , can be written as: 

         
  

 [ ̅            ]

  
 

 ,  ∫     
  

     

∫            (  
   

    )               
 

-     

(47) 

Finally, the equilibrium equations and the Neumann boundary conditions, written in the reference 

state,   , are given by: 

        
                         

     
                            

(48) 

where  ,      are the vector of the volume and traction forces, respectively, and   is the normal to the 

undeformed boundary of the solid. 

 

6. Simulations 

The above developed theoretical model is now used to simulate some problems involving the 

mechanical macroscopic response of polymers containing switchable molecules under the action of 

external mechanical stress or of a chemical agent contained in a solvent.  

The examples are carried out by solving the governing equations referred to a single point of the 

material, assumed to be representative of the volume of polymer under study. In particular, i) we use 

the evolution law (Eq. (9)) to update the chain distribution function      starting from the initial 

reference one       of the polymer, and by using the given applied velocity deformation gradient  ; ii) 

once the current      is known, the stress state can be evaluated through the use of Eq. (17), where the 

hydrostatic stress   is determined from the boundary conditions of the problem in turn. Once   is 
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known, iii) the solvent concentration     in the point under study is obtained by using the evolution Eq. 

(21) and its initial value        . For each network and every chain end-to-end vector  , iv) the 

force        in the chain is determined by using Eq. (18) and, v) after updating (through Eq. (29)) the 

coefficients of the Arrhenius Eq. (28), vi) the fraction   
   

 of switched molecules is updated. The 

above described procedure is repeated through the time steps until the whole deformation history has 

been completed. 

Three parametric studies are firstly reported and discussed in order to underline the role played by the 

different mechano-chemical involved parameters and, finally, an experimental test reported in the 

literature, related to the response of a PMMA sample added with spiropyran mechanophores under 

mechanical actions, is simulated and the obtained results compared. 

The material’s parameters, assumed to be the same for all the presented examples except when 

differently specified, are the following: polymer’s shear modulus        , absolute temperature 

  300 K, Flory-Huggins parameter       (the assumed Flory’s parameter corresponds to a good 

polymer-solvent affinity), conformational change characterized by a size variation of the switchable 

molecule of          occurring with the same amount along the three Cartesian coordinate axes (so 

  
         (  

   

   
  )        

   

 √ 
 ), solvent molar volume    5 dm

3
/mol, 

stoichiometric ratio    10, swelling’s friction coefficient                 , energy barrier for 

switching activation              , and deactivation            , activation and deactivation 

frequencies          and         Hz, respectively.  

 

6.1 Polymer with switchable molecules under a monotonic mechanical action 

In the first example, the polymer containing switchable molecules is under the action of a linearly 

increasing external mechanical uniaxial stretch (ranging from     to     in 4 ks, applied after an 
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initial unstretched period of 4 ks adopted here to reach the steady state (kinetic equilibrium of the 

switching mechanism), without any chemical agent capable of inducing the molecules expansion. The 

volume fraction of the switchable molecules in the dry state of the polymer is assumed to be equal to 

    .  

The polymer is assumed to be made of a double network (where the first one, characterized by 

molecules with    Kuhn’s segments, contribute to the 70%, and the second one, characterized by 

molecules with    Kuhn’s segments, contribute to the 30% of the total volume of material); a fixed 

value        is adopted, while the second network has been assumed to have three different 

possible lengths,             . This allows us to study the effect of the molecule switching 

mechanism taking place in polydisperse polymers. The dimensionless true stress-stretch curves 

(     ) are illustrated in Fig. 5a; it can be noted that the stress arising in the polymer with the 

shorter (second) network is, as expected, the highest one. A zero stress practically arises during the 

time interval 0-4 ks because the molecule expansion occurring in such a period comes simply from the 

kinetic switching equilibrium and no significant network deformation takes place.  In Fig. 5b the 

evolution of the scalar quantity  ̅ is illustrated: again, during the first time period 0-4 ks, the increase 

of the average fraction of switched molecules is due only to the evolution of the kinetic equilibrium 

law, while during the application of the stretch, the function  ̅ increases significantly because of the 

tensile forces arising in the network’s chains. It’s worth noting that the polymer with the shortest 

(second) network, presents the highest values of  ̅, thanks to the higher forces induced in such a case 

for the same amount of stretch; in this latter case the mechanical stimuli is thus more effective in 

inducing the molecule switching.  In Fig. 5c the fraction of switched molecules within the single 

networks vs time is illustrated: again, the case of the shortest network (     ) displays the highest 

value of the function     , thanks to the higher values of the chain forces. 

In Fig. 6a the volume change due to the molecule switching,    , is illustrated for the particular case 

          by varying the volume fraction of the embedded molecules, i.e. by assuming the three 
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values         ; it appears that such a fraction plays a crucial role in the overall volume expansion 

of the polymer that is assumed, as recalled above, to be mechanically incompressible if considered 

alone, i.e. without solvent absorption. It’s worth noting that the polymer’s chains are always stretched 

(also if the applied external stretch is zero) because, according to the rubber elasticity theory, the 

chains are unstretched only if  | |   ; thus, the polymer in its initial configuration has all its chains 

tensioned, except the ones with a zero end-to-end distance. 

 

Figure 5. (Color online). Dimensionless stress evolution in time for the three different polymers 

considered (a). Mean fraction of expanded molecules vs time for the three different polymers 

considered (b). Fraction of expanded molecules related to each network,        and       vs time (c).  
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Finally, in Fig. 6b the distribution of the function   
   

 vs the x-component of the end-to-end distance r 

(see also Fig. 2) is represented for the case          ; initially (      ks), the fraction of 

switched molecules is greater for large values of   , being the most elongated chains the most stretched 

ones; the effect of the tensile force on the chains reduces the activation energy and increases the 

deactivation one according to Eq. (30), leading to greater values of   
   

 for such a chain configuration. 

After the application of the stretch (    ks), the chains present a greater end-to-end distance with 

respect to the state before stretching and so the function   
   

 assumes a narrower distribution (compare 

the blue line with the red one in Fig. 6b), with high values taking place also in the region close to the 

origin. 

 

 

Figure 6. (Color online). Volume expansion vs time for the polymer with           , and three 

different contents of switchable molecules,          (a). Function   
   

 vs the x-component of the 

end-to-end distance r at two different time instants for the polymer with           (b). 

 

From the above discussion it can be appreciated that the proposed model captures the main physical 

aspects involved in a stretched polymer with embedded switchable molecules sensible to mechanical 

stimuli. 
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6.2 Polymer with switchable molecules in presence of a solvent 

In the present example, the polymer containing a volume fraction      of switchable molecules is 

exposed to a chemical agent; consequently, the swelling occurs over time, and the molecules switch as 

soon as they enter in contact with the solvent. The polymer is assumed to be made of a double network 

(where the first one, characterized by molecules with    Kuhn’s segments, contribute to the 70%, and 

the second one, characterized by molecules with    Kuhn’s segments, contribute to the 30% of the 

total volume of material): a fixed        is assumed, while the second network assumes three 

values of the chains’ length,             . 

The average fraction of switched molecules vs time is shown in Fig. 7a for the three polymers 

considered; as expected, the more stiff is the polymer (             ) the more stretched it is 

during the swelling process and so the molecules switching is favored, as witnessed by the highest 

values of  ̅.  In Fig. 7b the solvent concentration    vs time is represented; it appears that the most 

compliant polymer (         ) allows the solvent to enter more easily into the material and so 

the fluid concentration is higher. In Fig. 7c, that shows a trend similar to that of Fig. 7a, the volume 

expansion caused only by the molecules switching     is illustrated; as stated above, the volume 

change induced by the molecules switching is more effective in the most stretched network, i.e. for 

            . Fig. 7d represents the function   
   

 vs the x-component of the end-to-end 

distance r (see Fig. 2) for the case            ; the fraction of switched molecules is initially 

greater for large values of   , being the most elongated chains also the most stretched ones. After the 

swelling had occurred, the shape of the function   
   

 becomes narrower because of the stretch induced 

by the solvent absorption expansion. 

The present example can be considered to be a little bit tricky because the volume expansion occurs 

due to the interplay of two different mechanisms: the swelling and the molecules switching; thus, it is 

difficult to distinguish the contribution coming from each of them. However, the model allows to 
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account for all the main mechanical aspects involved in a polymer with chemically-sensible switchable 

molecules during solvent absorption. 

 

Figure 7. (Color online). Mean fraction of expanded molecules vs time for the three different polymers 

considered (a). Solvent concentration     vs time for the three polymers (b) Volume change of the 

polymer due only to the chemically-switched molecules (c). Function         vs the x-component of 

the end-to-end distance r at two different time instants for the polymer with              (d). 

 

6.3 Polymer with switchable molecules under a cyclic mechanical stress in presence of a solvent 

The present case involves a single network polymer (with          ), enriched with switchable 

molecules under a prescribed load history, whose stretch vs time trend is shown in the insert of Fig. 8a; 

the presence of a solvent phase is also assumed. The material is characterized by the Flory-Huggins 
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parameter       (the assumed Flory’s parameter corresponds to a low polymer-solvent affinity), 

molecules’ conformational change with a size variation         , switchable molecule contents 

            , solvent molar volume    5 dm
3
/mol, swelling’s friction coefficient   

              . Initially, in order to reach the steady state for the swelling and the switching 

mechanism, the polymer is kept in a stress free state and is allowed to swell freely for 8ks; then, a 

tensile cycle is applied by stretching the material linearly in time up to     (in 2 ks) and then back to 

    (in the subsequent 2 ks). After that, a smaller compressive cycle is applied by reaching the 

stretch       in 2 ks and then back to     in 2 ks. 

 

Figure 8. Plot of the dimensionless stress vs time during the deformation cycles (a); average fraction 

of switched molecules vs time (b).  Volume deformation due to molecule switching only (c) and 

swelling volume change (d).  
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During the first time interval (  s      ks) the material undergoes unconstrained swelling, reaching 

a volume expansion of about 8%, while the molecules switching contributes to expand the material of 

about 220% in the same time period (Fig. 8c, d); the stress remains practically zero during the free 

swelling phase. When the stretch cycles are applied, a stress increase can be observed during tensile 

stretching (     ) as well as a further volumetric expansion due to the increase of the number of 

switched molecules (see Fig. 8b for  ̅) and an increase of the swelling expansion promoted by the 

further fluid uptake favored by the applied stretch. It can be noticed that the stress value in the polymer 

is higher in the case without switching molecules (    ) because no stress relaxation in the chains 

takes place in absence of molecules undergoing conformational change (see detail in Fig. 8a). During 

unloading, the fraction of switched molecules does not change significantly because the switching 

mechanism is sensible only to a tensile force, being the compression not allowed to occur in the 

polymer chains. The same comments can be done for the volume change induced by molecules 

switching.   

 

6.4 Polymer enriched with a spiropyran mechanophores 

Finally, the proposed model is used herein to simulate the experimental outcomes reported in 

Silberstein et al. [61]; a PMMA sample added with a small volume fraction of spiropyran 

mechanophores is mechanically stretched by applying an increasing torsion load, while the main 

experimental outcome is the activation level of the mechanophores. The mechanophore can be 

considered as a switchable molecule, because it is characterized by two distinct states, called 

spiropyran and merocyanine, separated by an energy barrier. The merocyanine form is easily 

detectable because it is fluorescent and so it can be easily quantified in the sample; in our simulations 

we associate the activation level to the average fraction   ̅ of switched molecules. 
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The material considered in [48] is characterized by the following properties: shear modulus       

   
 Pa,  the average Gibbs energy for activation and deactivation,              J/molecule,  

               J/molecule, respectively. The load is monotonically increased at constant rate; the 

test is performed at room temperature and no solvent is present. From the experimental results in [48], 

the activation phenomenon appears to be barely influenced by the applied strain rate. 

In order to fit the mechanical response of the material with the experimental data, the polymer is 

assumed to be made of a single network characterized by       . The length difference between 

the spiropyran -merocyanine states is small compared to the chain length, and it is assumed to be 

      . Finally, the activation and deactivation rates are assumed to be          and         

Hz, respectively; it is worth noting that the assumed rate values are related to the adopted experimental 

time scale. 

In figure 9 the evolution of the active fraction vs the applied monotonic stretch value is shown; the 

experimental data obtained by Silberstein et al. [61] are also reported for comparison.  The results from 

simulations and experiments appear to be in a satisfactory agreement, especially for shear strain values 

lower than about 0.9. 
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Figure 9. Plot of the active fraction of a spiropyran mechanophore during a monotonic mechanical 

test. Experimental data taken from Silberstein [61] compared with the proposed model.  

 

The present model, developed for the simulation of polymers with embedded switchable molecules 

sensible to mechanical and/or chemical stimuli, can thus be suitably applied to simulate the response of 

self-diagnostic (or strain-sensitive) materials being based on the same underneath physics. 

7. Conclusions 

Active materials, that can be exploited to operate as sensors or actuators, are capable to physically 

respond with a macroscopically detectable change to external stimuli of various nature. Polymeric 

materials – containing molecules capable of abruptly change their conformation (change in shape 

and/or size) – jointed to their network, are quite attracting in modern advanced applications because 

they can be used to develop active components at any dimensional scale. In this context, the 

conformational change of molecules can be seen as an unstable phenomenon that can be properly 

harnessed to get a smart response or sensing functionalities of materials operating in particular 

environmental conditions.  

In the present study we have developed a micromechanical model for polymers containing switchable 

molecules whose conformation change between two stable and distinct states, has been considered as 

an instability phenomenon. The change in conformation has been assumed to be induced by both 

mechanical or chemical actions, according to a kinetic equilibrium law.  Since the chemical stimuli 

entails the presence of a solvent in the material’s network, the mechanics of swelling has also been 

accounted for in the model. The full theoretical micromechanical framework, developed for a general 

polydisperse polymer, has been presented and its continuum counterpart has been illustrated. Finally, 

some examples related to the response of polymers with embedded switchable molecules under 

mechanical and/or chemical stimuli, and the response of a strain-sensing material reported in literature 
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have been illustrated and critically discussed. The developed theory provides a simple and physically-

based tool to quantitatively study and design smart responsive, active materials; furthermore, the 

capability to deal with polymers constituted by different networks, paves the way to the design of 

polymers whose macroscopic smart response – triggered by mechanical and/or chemical stimuli – can 

be tailored according to the desired functionality. 
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