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The fundamental equations of elasticity with extensions to electromagnetic effects are expressed in dif-
ferential form for a regular region of materials, and the uniqueness of solutions is examined. Alterna-
tively, the fundamental equations are stated as the Euler-Lagrange equations of a unified variational
principle, which operates on all the field variables. The variational principle is deduced from a general
principle of physics by modifying it through an involutory transformation. Then, a system of two-dimen-
sional shear deformation equations is derived in differential and fully variational forms for the high fre-
quency waves and vibrations of a functionally graded shell. Also, a theorem is given, which states the
conditions sufficient for the uniqueness in solutions of the shell equations. On the basis of a discrete layer
modeling, the governing equations are obtained for the motions of a curved laminae made of any num-
bers of functionally graded distinct layers, whenever the displacements and the electric and magnetic
potentials of a layer are taken to vary linearly across its thickness. The resulting equations in differential
and fully variational, invariant forms account for various types of waves and coupled vibrations of one
and two dimensional structural elements as well. The invariant form makes it possible to express the
equations in a particular coordinate system most suitable to the geometry of shell (plate) or laminae.
The results are shown to be compatible with and to recover some of earlier equations of plane and curved
elements for special material, geometry and/or effects.
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1. Introduction

Smart (intelligent, adaptive, functional) or responsive materials
refer to a class of contemporary materials, which are capable of
simultaneously sensing mechanical, electrical, thermal, magnetic
and even moisture effects. This type of materials (e.g.,piezoelectric,
thermopiezoelectric, hygrothermopiezoelectric, piezomagnetic,
electrostrictive, magnetostrictive, electromagnetoelastic and the
alike materials) and structures have considerable recent technolog-
ical applications in sensing, actuation and control, optics and elec-
tromagnetics, information processing, and material science (e.g.,
Wang and Kang, 1998; Tani et al., 1998; Chopra, 2002; Schwartz,
2002; Tzou et al., 2004; Leo, 2007; Reece, 2007). The sensitivity of
materials to various fields is a complex case involving with many
parameters, and it was modeled by introducing certain simplifying
assumptions with desirable accuracy. The principal simplifications
are only the retention of the mechanical and electrical fields
(piezoelectricity), the piezoelectric and thermal fields (thermopi-
ezoelectricity), the moisture and thermopiezoelectric fields (hygro-
thermopiezoelectricity), the mechanical and magnetic fields
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(magnetostrictive), the electrical and magnetic fields (electromag-
netism), the piezoelectric and magnetic fields (electromagnetoelas-
ticity). In electromagnetoelastic materials, the mechanical,
electrical and magnetic fields interact one with another, for in-
stance, they become magnetized when placed in an electric field
and electrically polarized when placed in a magnetic field or a
mechanical stress produces an electric and a magnetic field and,
conversely, a strain is produced in response to an applied magnetic
field and/or an electric potential. Only a few natural materials but
some synthetic materials and especially various piezoelectric/mag-
netostrictive composites were shown to exhibit the magnetoelec-
tric coupling effect (Ryu et al., 2002; Fiebig, 2005). The effect was
observed in either single phase materials (e.g, Alshits et al., 1992;
Wang and Mai, 2004) or as a result of the product property in com-
posite materials, of which the piezoelectric or magnetostrictive
constituents do not exhibit the effect (e.g., Rado and Folen, 1961;
van Suchtelen, 1972), as a new class of advanced materials, namely
the electromagnetoelastic materials. The materials are a growing
area of the basic and applied research due to their unique capability
of electromechanical and magnetomechanical energy conversion,
which is important in applications of smart and active structural
systems. The reader may be referred to the treatises on the
interaction processes, including its development, modeling, and
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applications (e.g., Landau and Lifshitz, 1960; Mason, 1966; Freeman
and Schmid, 1975; De Lacheisserie, 1993; Parton and Kudryavtsev,
1988; Kudryavtsev et al., 1990; Hutter et al., 2006; Reece, 2007;
Bardzokas et al., 2007).

The fundamental equations of electromagnetoelastic interac-
tions, which were corroborated with some experiments (e.g., Ryu
et al., 2002) may be expressed, as suggested by Mindlin (1974), by
the divergence equations, the gradient equations, the constitutive
relations and the boundary and initial conditions to supplement
them (e.g., Pao and Yeh, 1973; Pao, 1978; Kiral and Eringen, 1990;
Wang and Mai, 2007). The divergence equations (i.e., Newton’s and
Maxwell’s equations) were established in integral (global) form on
the basis of the well-known axioms of electromagnetism and
mechanics, and they were stated in differential form under certain
regularity and local differentiability conditions of the field variables.
The gradient equations, which are given in differential form, and the
divergence equations are the universal laws within the limits of con-
tinuum physics. The constitutive relations, which represent the
peculiarities of materials depending on the range of effects, were al-
ways stated in differential form under certain rules and require-
ments of continuum mechanics, except for the non-local case
where the nature of long-range intermolecular forces is of special
importance. In some high technology materials, namely the func-
tionally graded (FG) materials, the constitutive relations are prop-
erly conceived and tailored to vary gradually in certain direction
(e.g., Suresh and Mortensen, 1998; Miyamoto et al., 1999; Ichikawa,
2001; Shen, 2009). This type of materials is of a recent design feature
and demand so as to improve the working performance and lifetime
of the devices operating for sensing, actuating and control purposes.
Recently, Birman and Byrd (2007) presented a review of modeling,
analysis and developments of functionally graded materials, includ-
ing a list of extensive references. The initial and boundary conditions
were almost always stated in differential form, and they were given
so as to ensure the internal consistency of the fundamental equa-
tions (i.e., the existence and uniqueness of solutions), that is, the
equations well-posed. Some results were reported for the unique-
ness of solutions (e.g., Li, 2003; Aouadi, 2007; El-Karamany and
Ezzat, 2009), and the existence of solutions and one stability result
(Priimenko and Vishnevskii, 2007) in electromagneto elasticity.

In mathematically modeling the interactions, the fundamental
equations may be alternatively expressed in variational form in
lieu of integral and differential forms, as the Euler-Lagrange equa-
tions of some variational principles with their well-known fea-
tures. Aside an intuitive or a trial-and-error approach, variational
principles were systematically obtained either by use of a number
of mathematical methods or a general principle of physics and/or
by extending it through an involutory transformation. A mathe-
matical method, which leads to an integral type of variational prin-
ciple with an explicit functional, can be applied only for linear and
self-adjoint system of differential equations. On the other hand, a
physics principle can be applicable to any system of differential
equations, but generates a differential type of variational principle
without an explicit functional and with some constraint condi-
tions. The constraint conditions, which are undesirable in compu-
tation, can be removed by a variety of methods so as to derive a
unified variational principle, that is, a variational principle operat-
ing on all the field variables. The unified variational principles were
reported in elasticity (Hu, 1954; Washizu, 1955), in piezoelectricity
(D6kmeci, 1973; Vekovishcheva, 1974; He, 2001a), thermo- and
hygrothermo-piezoelectricity (Dokmeci, 1978; Altay and Dékmeci,
1996 and Altay and Dékmeci, 2008), piezoelectromagnetism (Altay
and Dokmeci, 2004; Altay and Dékmeci, 2005), and electromag-
netoelasticity (Wang and Shen, 1995; He, 2001b; Yao, 2003; Luo
et al., 2006). Some Laplace-transform-type and unconventional
Hamilton-type variational principles were presented in electro-
magnetoelasticity by Wang and Shen (1995) and Luo et al.

(2006), respectively. He (2001b) obtained a variational principle
by his semi-inverse method so as to describe the static physical
behavior of a magneto-electro-elastic medium. Recently, a review
of variational principles with an historical account of development
and an extensive list of references through the pertinent keywords
within the “ISI-Web of Science” was reported (Altay and Dékmeci,
2007; Altay and Dékmeci, 2009), which reveals that a unified var-
iational principle in invariant form or including the discontinuous
fields and/ or deduced from a general principle of physics, is
unavailable in electro-magneto-elastodynamics.

Structural elements, for instance, a shell or a curved laminae,
where one dimension is at least of order of magnitude lower than
the other two, was almost always mathematically modeled as a
two dimensional continuum. The physical response of a shell may
be analyzed by use of either the three dimensional fundamental
equations of materials or a system of two dimensional equations,
which was deduced from the former with the aid of a method of
reduction on the basis of some simplified assumptions (e.g., Ambar-
tsumian, 1964; Kil'’chevskiy, 1965; Cicala, 1965; Naghdi, 1972; Koit-
er and Simmonds, 1973; Librescu, 1975; Gol'denveizer, 1997;
Villaggio, 1997; Libai and Simmonds, 1998; Pikul, 2000; Rubin,
2000). Both the three dimensional equations and two dimensional
equations of shells inherently contain at least some inevitable as
well as unpredictable errors of experimental nature in material
properties, which have to be more accurately determined in consis-
tent with efficient numerical techniques and powerful computers
nowadays. The relative merit of using either the three or two dimen-
sional equations depends on each specific case, though the former
seems to be more accurate and evidently less tractable in numerical
computation than the latter. Nevertheless, the two dimensional
equations were preferred in the bulk of analysis to predict the phys-
ical response of shells due to the complexity of the three dimensional
equations. The field variables together with their derivatives up to at
least second orders are assumed to be exist, single-valued and piece-
wise continuous functions of the space coordinates and time in the
shell space. In addition, the field variables are assumed not to vary
widely, and hence, they can be averaged across the thickness of shell,
as in the cross-section of rods introduced first by Leibniz (1684).
Other assumptions involve geometrical and/or material linearity,
low- and high-frequency motions, especially mathematical model-
ing of thin, moderately thick or thick shells. Only, a few authors
(e.g., Berger, 1973; John, 1965; Dikmen, 1982; Ciarlet, 2000; Libai
and Simmonds, 1998; Kaplunov et al., 1998; Kienzler et al., 2004)
were concerned with the range of applicability of some assumptions,
the internal consistency (i.e.,existence, uniqueness and stability) of
solutions, and the type of loadings, which still appeal to much great-
er elaboration involving intrinsic and especially extrinsic error esti-
mates, as was discussed in a comment (Altay and Dékmeci, 2003a).

Alaminae type of plane or curved structural elements was appre-
ciated only recently as a new design feature and demand in electro-
magnetoelastic devices. The physical response of a laminae can be
analyzed either by a micromechanical model of mixture or lattice
types(e.g., Liand Dunn, 1998; Chen et al.,2002; Lee et al., 2005; Abo-
udi, 2007; Tang and Yu, 2008) or a macromechanical model (e.g.,
Milton, 2002). There basically exist two types of macromechanical
models: an effective medium model (e.g., Hashin, 1983; Avellaneda
and Harsche, 1994; Nan, 1994; Benveniste, 1995; Tan and Tong,
2002) or a discrete layer modeling (e.g., Dékmeci, 1992; Saravanos
and Heyliger, 1999; Delia and Shu, 2007). The former replaces the
laminae by a representative medium with the aid of averaged mate-
rial properties of its constituent elements. This conventional model,
although it is relatively simple, omits the mutual coupling of adher-
ent layers, and it is generally suitable in investigating a rather broad
class of the static responses of laminae. The discrete layer (or layer-
wise) modeling incorporates all the essential features of laminae
constituents, and it accounts for the dynamic responses of laminae
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as well. The extension of classical models (e.g., Lagrange’s or Kar-
man’s model of plates and Love-Kirchhoff's model of shells) to a
laminae always leads to a conventional effective medium model,
and hence, it disregards the electromagnetoelastic interactions be-
tween adjacent layers. Nevertheless, Mindlin’s (1955, 1967) or other
shear deformable models may be used in a discrete layer modeling
so as to account for the interactions. Ghugal and Shimpi (2001,
2002) and Carrera (2002, 2003a,b) reviewed various single layer
and layerwise models for laminated structural elements, with an
extensive list of references, and they discussed their merits and
demerits, as did Qatu (2002a,b) and Alhazza and Alhazza (2004)
for laminated shells, and Dokmeci (1980, 1992), Saravanos and Hey-
liger (1999), Wang and Yang (2000) and Wu et al. (2008a,b) for lam-
inated piezoelectric elements.

The open literature relevant to a static and dynamic analysis of
electromagnetoelastic structural elements is rather scanty and direc-
ted, in general, toward solutions of specific problems of structural
elements. The static analysis includes, for instance, an analytical
solution to electromagnetoelastic beams with different boundary
conditions (Jiang and Ding, 2004), and an exact three dimensional
solution (Pan, 2001; Pan and Han, 2005), a state vector approach
(Wang et al., 2003), a discrete layer solution (Heyliger and Pan,
2004; Heyliger et al., 2004), and a partial mixed layerwise finite ele-
ment model (Garcia Lage et al., 2004) for multilayered magnetoelec-
troelastic plates. As for the dynamic problems, the vibrations of
layered beams (e.g., Annigeri et al., 2007), plates (e.g., Pan and Hey-
liger, 2002; Qing et al., 2005; Chen et al., 2005; Bhangale and Gane-
san, 2006; Chen et al., 2007a,b), hollow cylinders and spheres (Hou
and Leung, 2004; Hou et al., 2006; Dai et al., 2007; Wu and Tsai,
2007; Jiangong et al., 2008), and cylindrical and spherical shells
(e.g., Buchanan, 2003; Bhangale and Ganesan, 2005; Annigeri et al.,
2006; Tsai and Wu, 2008; Daga et al., 2008a,b; Wu et al., 2008a,b)
were studied. Pan and Heyliger (2002) solved the vibration problem
of a simply supported laminated rectangular plate, and Pan and Han
(2005) studied the problem in case of functionally graded material.
Buchanan (2004) determined and compared the natural frequencies
of layered and different multiphase models of plates using finite ele-
ment analysis. Ramirez et al. (2006) obtained a discrete layer solution
for the static and vibration analysis of a plate having different graded
materials. The transient responses of hollow cylinders for symmetric
and axisymmetric plain strain problems were investigated by Hou
and Leung (2004) and Hou et al. (2006), respectively, and the propa-
gation of longitudinal and torsional harmonic waves in functionally
graded hollow cylinders by Jiangong et al. (2008). Using the finite ele-
ment method, Annigeri et al. (2006) studied the free vibrations of lay-
ered and multiphase magnetoelectroelastic shells, and recently, Daga
et al. (2008b) made a comparative study of transient response of
magneto-electroelastic finite cylindrical shell under constant inter-
nal pressure. On the other hand, Green and Naghdi (1983) estab-
lished the non-linear and linear thermomechanical theories of
deformable shell-like bodies in which account is taken of electro-
magnetic effects by a direct approach with the use of the two-dimen-
sional theory of direct media called Cosserat surfaces.

In view of a most recent review with the pertinent key words
within the papers recorded by “ISI-Web of Science”, this study is
addressed (i) to deduce a unified variational principle from a gen-
eral principle of physics by removing its constraint conditions
through an involutory transformation for a regular region and/or
stratified region, (ii) to derive a system of two-dimensional shear
deformation equations, in invariant and/or fully variational form
for a functionally graded thin shell at high frequency motions,
including some results for its internal consistency, and (iii) within
the frame of a discrete layer modeling, to formulate the system of
shear deformation governing equations of a functionally graded
laminae, geometrically linear but physically non-linear and satisfy-
ing all the interface conditions, in electromagnetoelasticity.

Specifically, the remainder of this section introduces the nota-
tion to be used in the paper. First, with reference to a regular elec-
tromagnetoelastic region of space, the fundamental equations are
summarized in differential invariant form, including a uniqueness
result for solutions in the next section. In Section 3, Hamilton’s
principle is stated for the region, a three-field variational principle
is deduced from it, and then, this principle is modified through an
involutory transformation so as to derive a unified variational prin-
ciple operating on all the field variables. Section 4 contains the ba-
sic field variables chosen a priori for a shell region, and the gradient
equations and the constitutive relations for the shell made of func-
tionally graded materials. In Section 5, a system of two dimen-
sional shear deformation equations is derived for the high
frequency motions of the shell. The uniqueness is investigated in
solutions of the shell equations, and then, a theorem of uniqueness
is given in Section 6, which enumerates the initial and boundary
conditions sufficient to the uniqueness. In Section 7, the shell equa-
tions are extended to account for the motion of a laminae, which
may have any number of perfectly bonded layers, for the case
when the basic field variables vary linearly across the thickness
of each layer. In Section 8, some cases involving special material,
geometry and type of motion are recorded. The last section is de-
voted to some concluding remarks, future needs of research,
numerical results and even technological applications.

Notation. In this paper, standard space and surface tensors are
freely used in a Euclidean three-dimensional space =, and Einstein’s
summation convention is implied for all repeated subscripts or
superscript indices, unless they are enclosed with parentheses. Latin
indices with the range 1, 2 and 3 are assigned to space tensors and
Greek indices with the range 1 and 2 to surface tensors. The 0'-
system in the space is identified with a fixed, right-handed set of
geodesic normal coordinates. A superposed dot stands for time differ-
entiation, a comma for partial differentiation with respect to an indi-
cated space coordinate ¢, and a semicolon and a colon for covariant
differentiation with respect to the coordinate using the space and
surface metrics, respectively. Further, an asterisk is used to denote
a prescribed initial or boundary quantity, and an overbar to indicate
a field quantity, which is referred to the base vectors of the middle
surface of a shell of uniform thickness 2 h, with its thickness interval
Z = [—h,h]. A regular electromagnetoelastic region with its boundary
surface and closure is denoted by QUdQ, 092, Q(=Q U 9Q),
respectively, the unit outward vector normal to the boundary surface
by n;, and the region at time t by Q(t), the time interval by T = [to, t1)
and their Cartesian product by Q x T. Also, C,; refers to a class of
functions with derivatives of order up to and including « and g with
respect to the space coordinates and time. The letters (a), (e) and (m)
are used to indicate the acoustic (mechanical), electrical and mag-
netic parts of a quantity, respectively. Essentially, new quantities
are defined when they are first introduced, and the following symbols
and acronyms are used in the text.

Nomenclature

g Euclidean three-dimensional space

0 (0%,6%) a fixed right-handed system of geodesic
normal coordinates of the space &

03 =z thickness coordinate

Z = [-h,h] thickness interval

t, T = [to, t1] time, time interval

a prescribed value of y

GOy G0 time differentiation, partial differentiation
with respect to ¢

covariant differentiations with respect to
the space and surface metrics

a quantity belonging to mechanical
(acoustic), electrical and magnetic fields

(0> (0

(a, e, m)



(d, g c b)

Q, 09, Q
Ayp, ba/x, Cap

ﬂ%
V.S, A

c
K, Km

dV, ds, dc
2h

2h,

Sn,n+1

TV, T

i i
T(n)A T(n)
uj, aj

i
A
P

Ui, uE’”

Si Sy
Eijk, Cup

i i
D', D,
E. E"
¢7 ¢(n)

Pe

Pm

D, D'(n)
ft Fi
B, Bl(n)
M, M,
v, Y
nj, vi

Se, Si» Sur

Esy Ny s

Cijkl, e"jk. gijk’ 6U7 eij7 C!’j7 C?;*’:;’
ijk
(n)?
A, A a0
k, K; Ks

ijk

i
8<n), &

€ ()

ij ij
€m> Cm
u, U; Us

Uq, Ue, Um

H, W

Aa, Ae; Am

Cop
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indicates divergence and gradient
equations, constitutive relations, and
boundary conditions

regular region of space, its boundary
surface and closure (= Q U 0Q)

first, second and third fundamental forms
of a surface

shifters, shell tensor (uf = of — zb%)

shell region and its boundary surface and
middle (reference) surface

Jordan curve which bounds A

Gaussian and mean curvatures of a surface

(Kg = 1/2|b}|, H=1/2(b})

volume, surface and line elements
uniform thickness of shell

uniform thickness of nth layer of laminae
interface between nth and (n + 1)th layers
stress tensor and stress vector (traction

vector T = n;TV)
stress and traction resultants of order (n)

displacement and acceleration vectors
acceleration resultants of order (n)

mass density

shifted components of mechanical
displacements, referred to the base
vectors of the middle surface of shell A,
displacements components of order (n)
strain tensor, strain tensor of order (n)

alternating tensor for the shell space and
middle surface

electric displacement vector, electric
displacement of order (n)

quasi-static electric field vector, electric
field vector of order (n)

electric potential, electric potential of
order (n)

electric charge density

magnetic charge density

surface charge, surface charge of order (n)
body force vector, body force resultants of
order (n)

magnetic induction vector, magnetic
induction of order (n)

magnetic field vector, magnetic field
vector of order (n)

magnetic potential, magnetic potential of
order (n)

unit vectors normal to the boundary
surface and the Jordan curve C

edge boundary surface, lower and upper
faces of shell

shell parameters

material coefficients, material coefficients
of order (n)

Lagrange multipliers

kinetic energy and aerial kinetic energy
densities, kinetic energy of shell

internal energy and aerial energy
densities, total internal energy of shell
mechanical, electrical and magnetic
energy densities

electromagnetoelastic enthalphy,
complementary enthalphy

admissible state of mechanical, electrical
and magnetic fields

functions with derivatives of order up to
and including « and 8 with respect to the
space coordinates and time

2. Fundamental equations in differential form

Now, the time- domain, quasi-static approximate fundamental
equations are summarized for the motion of an electromagneto-
elastic continuum in which polar, non-local, and thermal, as well
as relativistic and quantum effects are excluded. Consider a finite
and bounded regular region of continuum in Kellogg's sense
(1946), Q + 092 with its smooth boundary surface 9Q and closure
Q(= QU oQ) at time t = to in the Euclidean 3-D space Z. The fun-
damental equations are grouped as the divergence and gradient
equations, the constitutive relations and the boundary and initial
conditions, and stated in invariant differential form at the time
interval T = [to,t;) , given by (e.g., Berlincourt et al., 1964; Pan,
2001), namely

2.1. Divergence equations (Maxwell’s and Newton’s equations)

O =Tiyfl—pd =0 inQ@xT

[f=euT' =0 inQxT (2.1b
and

Le=Di,~p,=0 in@xT (2.2)
Ln=B,—p,=0 inQxT (2.3)

In these equations, TV € Cyo, di(=il') and u' € Cy,, stand for the
symmetric stress tensor, the acceleration and mechanical displace-
ment vectors, respectively, f' € Coo for the body force vector per unit
volume of continuum, and &y for the alternating tensor. Also,
D' € Cyo stands for the electric displacement (i.e., electric flux den-
sity or electric induction) vector, p, € Coo for the electric charge
density, B' € Cyo for the magnetic induction (i.e., magnetic flux) vec-
tor, and p,, € Coo for the electric current density ( or magnetic
charge density). In Eq. (2.1), the ponderomotive force (or electro-
magnetic force) is excluded, electromagnetic couples are omitted
and infinitesimal strains are considered (cf., Pao, 1978).

2.2. Gradient equations

1 ,
Lj=Sj — 5y + 1) inQxT (2.4)
[F=E+¢;=0 inQxT (2:5)
I"=Mi+y;=0 inQxT (2.6)

Here, S; € Coo, Ei € Coo, Mi € Coo, ¢ € C1o and y € C;o denote the
linear strain tensor, the electric field vector, the magnetic field vec-
tor, the electric potential and the magnetic potential, respectively.

2.3. Constitutive relations of electromagnetoelastic continuum

The principle of conservation of energy is stated in an adiabatic
condition of the bounded regular region Q + 02 in the form

% /Q (kwav = [ [Ty — (o' + yB)] ds

+ [ (= ped — pub)dv (2.7a)
Q

Here, u is the postulated internal energy density and k is the kinetic

energy density of the form
1 ...

k= ipu‘ui (2.7Db)

Eq. (2.7) states that the rate of increase of total (kinetic plus inter-

nal) energy is equal to the rate at which the work done by the body

force, electric charge density and magnetic charge density, and the

surface traction T'(= n;T", where n; is the unit outward vector nor-
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mal to the boundary surface 6Q) acting across the boundary surface
0Q less the flux of electric and magnetic energies outward across
the surface Q. Recalling the fact that differentiation and integra-
tion operations can be permuted in the integral (2.7) with fixed
end points, the differentiation with respect to time is carried out.
Also, the surface tractions are replaced with the components of
the stress tensor and the rate of the kinetic energy with the compo-
nents of the mechanical displacements, and then the divergence
theorem is applied to the regular region with the result

/ (pitfi; + ) dV = / [(TVi), — (D), — (B),] av
Q Q i
+/!2(fiui+,be¢+pml//)dv (28)

where the conservation of mass is considered. Eq. (2.8) is valid for
an arbitrary volume of the continuum, and hence it is written as

= (T} +f - pd)iy + T'i; — ;D' — (D, — pe) — v ;B
—Y(Bi = pm) (2.9)

With the use of the divergence equations (2.1-2.3), Eq. (2.9) is re-
duced to

=Ty — ;D' —y ;M (2.10)

Replacing the gradient of the electric and magnetic potentials with
the electric field and magnetic field vectors and considering the
symmetry of the stress tensor together with Eq. (2.4), one finally
has

it = T9S; + ED' + M;B! 2.11
y

This relation is the first law of thermodynamics for the electromag-
netoacoustic continuum, and it is an extension of that for the piezo-
electric continuum (e.g., Tiersten, 1969).

Now, the enthalpy density H is introduced by

H=u—-ED - M}B (2.12)

in electromagnetoelasticity similar to that in piezoelectricity, and
after differentiating it with respect to time, one finds the rate of
the enthalpy as

H=1i—ED' — ED' — M{B' — M;B' (2.13)
After using Eq. (2.11), this equation becomes
H =TS — ED' — M;B' (2.14)

and it evidently implies H = H(Sy, E;, M;), of which the differentia-
tion with respect to time takes the form

OH. OH. OH

But by combination of the rate of the enthalpy density in Eq. (2.14)
with Eq. (2.15), one finds

i OH\. . OH\; . OH\ .
(19~ 2%, (02t (o1 2 it o
ij

OE; OM;
which holds for arbitrary quantities £;, M; and $; being consistent
with the symmetry condition S; = Sj; and leads to the constitutive
relations of the form

LZC:T"J‘—1<@+OH> =0,

(2.16)

2\8S; ' aS;
i _ni @_ )
Le=D'45r =0, in@xT (2.17)
i pi, OH
LmC_B+aMi_O

In a reversible processes, then through a Legendre transformation
W (TY,D',B') of the enthalpy density H = H(Sy, E;, M), that is, the
complementary enthalpy density is defined by

W = (TUS; + D'E; + B'M;) — H(Syj, Ei, M) (2.18a)
and taking the time derivative as
Wiy W i W i (2.18b)

Tor oDt OB
for a case when the Hessian of the enthalpy density function H does

not vanish. As before, equating Eqs. (2.18a) and (2.18b), the consti-
tutive relations may be put in the inverted form

51.1.:1 8W+0W . ow W axT
2\o17 o1 oB'

i = — i

oD’

(2.19)

and also, other forms of the constitutive relations were reported, for
instance, by Soh and Liu (2005). As in elasticity or piezoelectricity, a
quadratic homogeneous form of the electromagnetoelastic enthalpy
density H is given by

H= %(CU"’SU«SH — eijE,‘Ej — CijM,'Mj) — eif"E,»Sjk — SijkM,‘Sjk — EUE,‘MJ'
(2.20)

which, in view of Eq. (2.17) leads to the linear constitutive relations
of the form

L =719 — (cMSy — e E, — M) =0 inQxT (2.21)
L. = D' — (e*Sy + €'E; + &'M;) =0 in @ xT (2.22)
L. =B — (e%Sp + /M + €'E) =0 inQxT (2.23)

where ¢ ek gk and &¥ stand for the elastic, piezoelectric, piezo-
magnetic and magnetoelectric moduli, and e¥ and ¢¥ for the dielec-
tric permittivity and the magnetic permeability, respectively. The
material coefficients are taken to be dependent only to the space
coordinate, that is, the functionally graded materials, excluding
their dependency on time, temperature and the alike.

They satisfy the usual symmetry conditions of the form

ikl jikl __ ~ijlk ik __ ki ik __ ki i i i i
=" =c" e=eY =¢¥ el=¢ =7,
d=d inQxT (2.24)
and the positive-semidefinite conditions, namely

eijninj =0, Cij”linj = 0, Cijkl'/]ijnkl >0 inQxT (2.25)

for a non-zero vector #; and a non-zero tensor #; as well. In view of
the symmetry conditions, an electromagneoelastic material can
have 75 independent coefficients, of which the elastic coefficients
¢k refer to free coefficients since they describe the strain-displace-
ment relations when the electric and magnetic fields are absent,
while the remaining coefficients refer to clamped coefficients (e.g.,
Venkataraman et al., 1975).

2.4. Boundary and initial conditions

L.=T —nT'=0 ondQxT, Ly=u—u =0 ondQ,xT

(2.26)
Le =D, —nD'=0 ondQyxT, L =¢—¢ =0 ondQyxT
(2.27)
L =B.—nB'=0 onoQyxT, L=y -y, =0 onoQ, xT
(2.28)

and
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L =u(0,to) — vj () =0, L, =i(0,t,)—

1

wi(#) =0 in Q(t,)

(2.29)
L =(0',t,) — o (0) =0 in Q(t,) (2.30)
LT =y(0',t,) — B.(0) =0 in Q(t,) (2.31)

Here, an asterisk indicates the prescribed quantities. Besides, the
outside of the boundary surfaces in (2.27) and (2.28) is a point of
importance, which was discussed, for instance, by Lee (1991) and
Altay and Dokmeci (2005). The fundamental equations (2.1)-(2.6)
and (2.17) or (2.21)-(2.23) and (2.26)-(2.30), comprise the 29
equations governing the 29 dependent variables, that is,

A= {u,,sij,T'j; ¢7Ei,Di;l//,Mi,Bi}, and hence, they are deterministic

and define an initial and mixed boundary value problem for the
electromagnetoacoustic continuum.

2.5. Uniqueness of solutions

In a mathematical modeling of the physical response of a con-
tinuum, the internal consistency, that is, the uniqueness and espe-
cially the existence of solutions, is of special importance. The
internal consistency was well established in solutions of the
three-dimensional fundamental equations (e.g., Gurtin, 1972;
Fichera, 1972), and only some uniqueness results were reported
in solutions of one or two dimensional equations (e.g, Green and
Naghdi, 1971 for shells; Dokmeci, 1975 for rods), in linear
elastodynamics. As for other types of materials, the uniqueness
of solutions was most often investigated, and some results were re-
ported for the existence of solutions only in a few cases. Mindlin
(1974) proved the uniqueness in solutions of both the three dimen-
sional fundamental equations of thermopiezoelectricity and the
two dimensional equations of thermopiezoelectric plates, as did
Altay and Dokmeci (2004, 2005) in piezoelectromagnetism and
piezoelectromagnetic plates. Some results involving with the
uniqueness and existence of solutions were reported on Maxwell’s
equations (e.g., Duvaut and Lions, 1979; Santos and Sheen, 2000),
and with the uniqueness of solutions in electro-magnetoelasticity
(e.g., Li, 2003), including the thermal effects. Nevertheless, the
uniqueness was completely overlooked in solutions of lower order
equations of electromagnetoelastic structural elements. To investi-
gate the uniqueness of solutions in the governing equations of
materials, various devices are available, for instance, the classical
energy argument, the logarithmic convexity argument, Protter’s
technique, the method of analyticity, and the alike (e.g., Knops
and Payne, 1972). The energy argument, which is based on the po-
sitive-definiteness of stored energies (e.g., Mindlin, 1967, 1974; see
also, Deresiewicz et al., 1989) and the logarithmic convexity argu-
ment which does not impose a definiteness conditions on the
material elasticity’s (e.g., Altay and Dékmeci, 1998, Altay and Dok-
meci, 2006) were most frequently used in studying the uniqueness
of solutions in structural elements. The energy argument due to its
physical nature and relative simplicity is used herein so as to prove
a theorem, which enumerates the boundary and initial conditions
sufficient to the uniqueness in solutions of the fundamental equa-
tions of electromagnetoelastic materials.

As usual, the possibility of two distinct sets of admissible solu-
tions is assumed, namely

AW = {u,» € C12,5; € Cop,..; ¢ € Cr0,E; € Coo, D' € C159 € C10,M; € Coo,

. () . —
B’eCm} inQxT (2.32)
with both satisfying the divergence and gradient equations and the
constitutive relations, Egs. (2.1)-(2.6) and Egs. (2.21)-(2.23), for the
same boundary and initial data at each point of the regular region of
a electromagnetoelastic continuum. Since the system of the funda-

mental equations is linear, the difference set of the two solutions
given by

A=A® _ 4D
B {u,» =u® —u",....D'=Dj ~Djy.....B' = B, —321)}
(2.33)

is a solution of the same system of equations in their homogeneous
form. In other words, they satisfy the homogeneous divergence and
gradient equations and the linear constitutive relations in the form

L=Li=L=Ly=0, Li=L=L"=0 Ll =L =L, =0

inQxT (2.34)
the homogeneous boundary conditions as

E.=nT'=0 onoQ xT, L,=u;=0 onaQ, xT (2.35)
Le=nD'=0 ondQyxT, L. =¢=0 ondQ,xT (2.36)
Ly =mB =0 onoQ,xT, L' =y=0 ondQ, xT (2.37)
and the homogeneous initial conditions as

L =u(0,t,) =0, Ly =10 to)=0 in Q) (2.38a)
and

L=¢0,t,) =0, L, =y, t)=0 in Q) (2.38b)

in the denotations defined in Egs. (2.1)-(2.6), (2.21)-(2.23) and Egs.
(2.26)-(2.31). With the help of Eq. (2.34), one forms an integral by
non-zero (u;, ¢, ) as follows:

1= / dt / (7%~ piiyiy — D~ By | dv =0 (2.39)
JT JQ
which may be written as
| = / dt/ [fTijl.lj;,‘ +Di¢'i +Bil//_i
T Q
+(TVi; — Dip — Biy); — piiiiy;[dV = 0 (2.40)

and applying the divergence theorem to the regular region Q2 + 0Q
as

I=1Iy—Ip=0 (2.41)
with the denotations of the form
Ip = / dt / (T'S; + ED' + MiB + k) dV,
T Q
Iyg = / dt / (T — D¢ — B'y)dS (2.42)
T JoQ

where the rate of the kinetic energy from Eqgs. (2.7b) and (2.34) or
Eqs. (2.4)-(2.6) for the difference system is considered. Inserting
Eq.(2.11) in terms of Eq. (2.33) and performing the integration with
respect to time in the second integral of Eq. (2.42), one obtains

I, :/ dt/(il+i<)dV:0 (2.43)
T Q
Ioo = / dt/ n(T00 + D' + B)dS
JT JoQ
- / (D¢ + By, dS (2.44)
0Q

The boundary and initial conditions (2.35)-(2.38) evidently render
the integrands in Eq. (2.44) to zero, and hence, one writes

1:19:/dr/(u+lé)dvz/(0+1'<)dt:o
T Q T

which, after integration with respect to time, takes the form

(2.45)
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I'=U(t) + K(t1) — U(to) — K(to) = E(t1) — E(to) =0 (2.46)
Here, U, K and E(=U + K) are the internal, kinetic and total energy of
the electromagnetoelastic region with no singularities of any type,
and they are calculated from the densities k and u by integration.
The densities are positive definite, by definition, and initially zero,
so that the total energy E calculated from the difference set of solu-
tions has the same property, namely

E(t1) = E(to) =0

This clearly indicates a trivial solution for the difference set of solu-
tions as

(2.47)

A=A% AV =0; A% =D (2.48)
and the uniqueness is assured in solutions of the fundamental equa-
tions of the continuum and a theorem which enumerates the condi-
tions sufficient to the uniqueness is concluded as follows.

Theorem. Given a regular region of space Q + 0Q with its boundary
surface 9Q and closure Q, then there exist at most one set of single-
valued state of solutions, namely

A= {ui €Cip,S5¢€ Coo, TV € C19; € C19,Ei € Cop, D' € Cr34 € C19,M; € Co,

B eCm} inQxT (2.49)
which satisfies the divergence equations (2.1)-(2.3), the gradient equa-
tions (2.4)-(2.6), the constitutive relations (2.19)-(2.21), and the
boundary and initial conditions (2.24)—(2.29), of the magnetoelectroa-
coustic continuum, under the symmetry of the stress tensor (2.1b) and
the material coefficients (2.24) as well as the usual existence and con-
tinuity conditions of the field variables in the region.

3. Hamilton’s principle and a unified variational principle

In formulating variational principles of mechanics, a general
principle of physics (e.g., Hamilton’s principle, the principle of vir-
tual work or power) was most often taken as a point of of depar-
ture. Hamilton (1834, 1835) presented a general principle of
physics for the dynamics of a discrete mechanical system. The
principle was originally deduced from D’Alembert’s principle by
means of integration over time, and later, was extended by Kirch-
hoff (1876) to a continuous medium. The application of the princi-
ple to a finite region of continuum always leads to a variational
principle, which has, as its Euler-Lagrange equations, the diver-
gence equations and the associated natural boundary conditions
only. The variational principle is either an integral type in case of
conservative forces or a differential type otherwise. In the varia-
tional principle, the variations of each of the field variables are
independent or unconstrained within the region and are con-
strained to vanish at the time t, and t; in the region and its bound-
ary surface. Hamilton’s principle, as a powerful and elegant tool,
was extensively used in systematically deriving some integral
and differential types of variational principles in mechanics (e.g.,
Miloh, 1984; Dékmeci, 1988 and references cited therein). Espe-
cially, the principle was used in deriving some unified variational
principle by modifying it through an involutory transformation.
Hamilton’s principle is now applied in order to derive a unified var-
iational principle operating on all the field variables for an electro-
magnetoelastic continuum.

Hamilton’s principle states that the action integral is stationary
between two instants of time t, and t;, and it is expressed for the
regular region Q + 9Q at the time interval T (e.g., Lanczos, 1986), by

oLy = —o /.Ldtf / SFdt + / FWdt =0 (3.1
JT JT JT

Here, L is the Lagrangian function and 6*W is the virtual work done
by the external mechanical, electrical and magnetic forces as

5L:5/[H(S,-j7Ei,M,~)—I<]dV, 5*W:/ (T 614+ D.5p +B.oy)dS
Q oQ

oF = / (—f1U; + p, 3¢ + p,,00)dS (3.2)
JQ

where an asterisk placed upon ¢ in Egs. (3.1) and (3.2) is used to
distinguish it from the variation operator . After inserting Eq.
(3.2) into Eq. (3.1), carrying out the variations, using Eq. (2.17),
and integrating the kinetic energy term by parts with respect to
time t, one obtains

' 1/6H H H
5LH :/T dt/_Q {—pu‘éu,— —i (g_s,]ésu +2Tﬁ55ﬁ> — g_EléE'
oH o
——6M,-} dv + / piisuly dV — / SFdt + / FWdt =0
oM Q T T

33)
In this equation and henceforth, the variation and integration oper-
ations are permuted for the time and volume integrals with fixed
end points, and the principle of conservation of mass is considered
[i.e., 8(pdV) = 0]. The gradient equations (2.4)—(2.6) and the consti-
tutive relations (2.17) are inserted into Eq. (3.3), and the symmetry
condition of the stress tensor (2.1b) is used with the result

oLy= / dt / {fpiliéuff(Tijéui)J+T26ujf(Di5¢):i+Dfi6¢
T Q

(B, + Biow hdv - / SFdt+ / FWdt=0 (3.4)
T T

Here, the constraint conditions of the form

ou; =0 in Q(t)&Q(ty) (3.5)

is imposed, which is customary in the use of Hamilton’s principle.
Applying the divergence theorem to the regular region Q + 9Q in
Eq. (3.4), and combining the terms in the surface and volume inte-
grals, one finally obtains a three-field variational principle of the form

oL An = g0} = [ at [ [(Th+F = pit)ouy + (D) - po)o
+ (B — pm)aw] dv + /T dt /0 . [(Ti — oy,
+ (D* — DY + (B, — niBi)(Slp] dS=0 (3.6)

and in a compact form as

5LH{AH}:/ dt/(Lgaui+Lea¢+Lm5¢)dv+/ dt/ (L su;
T Q T oQ
+ Ledp + Lndy)dS = 0 (3.7)

in terms of the denotations defined in Egs. (2.1)-(2.3), and Egs.
(2.26)-(2.28). The variational principle (3.6) or (3.7) leads to the
divergence equations and the natural boundary conditions, as its
Euler-Lagrange equations. The rest of the fundamental equations
remain as its constraint (subsidiary) conditions. The three-field var-
iational principle operating on the admissible state Ay is an aug-
mented version of that operating on the two fields, Ap = {u;, ¢} in
piezoelectricity (e.g., Tiersten, 1969).

The constraint conditions prevent a free and simple choice of
approximating (or trial, shape, coordinate) functions of which the
choice is crucial (Strang, 1975), and hence, the constraint conditions
of the variational principle (3.7) are now removed through an invol-
utory transformation (Friedrichs, 1929) so as to derive a unified var-
iational principle for the continuum. The transformation was widely
used in relaxing both holonomic and nonholonomic conditions in
deriving the unified variational principle of a continuum due to
its versatility in application. To apply the transformation, the
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dislocation potentials (de Veubeke, 1973), each constraint as a zero
times a Lagrange multiplier, for each of the constraint conditions as

A= / dt / (LS + ' LE + fL) AV (38)
JT Q
-/ dt{ [ s [ ngase [ uL;'a} ds (3.9)
T oy 9Qy 0Qy

are introduced in terms of the denotations (2.4)-(2.6) and (2.26)-
(2.28), and the Lagrange parameters (17, n', 1, 4,  and p), which
are to be determined, and they are added into the variational inte-
gral (3.1) as

OLg = oLy +0A; =0 (3.10)

As before, taking the variations, considering the Lagrange multipli-
ers as independent variables and integrating by parts with respect
to time, one obtains Eq. (3.10) in the form

oL = oLa{ui, Sy, 20, 2 } + OLe{ . Exy ', 0} + oL, Mi, 1} = 0
(3.11)

with the denotations of the form

oLy = / dt / SAILE 1 7(58y — dug) + (i — pityous — 2 55, L av
T Q y 6511

+ / dt / (S41L, + ou;) dS + / de / Touds — (3.12)
aQy
. aH
oL —/dt/{am 1 (OE; + 56,)—podp — I}dv
+/ ar [ (oL, +n5¢)d5+/ dt/ D'spds  (3.13)
T Joo, T Joo

5L =/ dt/ {(w‘L;“ LM+ ) fpméwf%(SM,}dV
/ dt/ (ouL™ +,u5np)d5+/ de [ Boyds — (3.14)
T 2Q

Applying the divergence theorem to the regular region Q + 9Q, and
then, combining the terms in the integrands of the surface and vol-
ume integrals, one finally arrives at the variational equations of the
form

oL, = / de / {(Af{ +f1 — pi)ou; + <z"f - %) 3S;i + 5/1’7L,-“j} dv
ij

/dt/ A= 5u,+5A’L*]dS
OQU

/ / (T — n7)ou;dS (3.15)
Q
d e:/dt/{ ("I,+Pe)0¢+<ﬂ —@)0E1+(57’]Lej|d
T Q
+/dt/ 0+ npt 5(/)+an8¢](1
T 02,
+/dt/ (D" 4+ nin)o¢dS (3.16)
JT 99y

:/Tdt/g{ u+pm6¢+<

+ / dt/ [+ Nl )y + oume]
T Jog,

+/ dt [ (B +niu)ogdsS
T oQy

H)(SMi + (me;"} dv

(3.17)

Substituting Egs. (3.15)-(3.17) in Eq. (3.11), the Lagrangian multi-
pliers are identified by the physical quantities of the form

;f’e%—o ) gg’ =TV =0, F=nl =nT"
) y
; aH . OH ; ; ;
n- » M=gp=-D5 n+nn'=0, n=—nin'=nD
1
ui— 8H =0, uizaa—ll\;:—Bi; p+mp =0, u=-mpu' =B (3.18)
1

since the volumetric variations are arbitrary in the volume and
the surface variations on the boundary surface. Lastly, the Lagrange
multipliers in Eq. (3.18) are inserted in Egs. (3.15)-(3.17), and then
into Eq. (3.11) to obtain a unified variational principled of the
form

OLa{Ax} = 0Lo{ A} + 0Le{ A} + 6Lp{ Ay} = 0} (3.19a)
with its admissible state by
Ap = AU Ae U A Aq = {4, S5, T}, Ae = {6, E;, D'},
Am = {Y,M;, B} (3.19b)
and the denotations of the form
: i i 1/0H oH
S _ ) o S17. v_ (T 5S..
aLa{Aa}_/Tdr/Q{(Tﬁf pd)u; + [T z<as,.,»+asj,~>]bsv
+{s,1 ;(u,ﬂruj,)] 5T”}dv+/dt/ —u)noTlds
elom
+/dt/ (T — T u;dS (3.20)
JT JOQt

SLefAe} = /dt/{

+/T dt/{;g¢ni(¢—¢*)5DidS+£dt/o.gd(D*—nl-Di)(S(/)dS (3.21)

SLon{ A} = /dt/{

dt [ (W —y.)oB'dS+ [ d B - BYoydS (3.22
+f r/mnw bjoBlds - | t/m,,( nB)oyds (3.22)

The variational principle is written in compact form by

—P.)op— ( gg>55,-—(5,v+¢,,-)5nf}dv

— D)0 — <B’+W>6M (Miw,i)éB'}dv

oLa{Aa} = / dt / (Lyou; + LEOTY + LY Sy) dV
T Q

+ / de [ LT ds+ / de [ 1 suds
T oy JT

Jooy

+ / dt / (Ledgp — LESD' — L. OE;) dV
JT Q

+ / dt L‘;xniéD"dS+ / dt [ LespdS
T I3} Q4

+ / dt [ (Lwoy — LT"6B' — L},,0M;)dV
T JQ
+ / de [ LmnoBdS + / dt [ Lpopds — (3.23a)
T 02, T 0Qm
and
OLa{An} = oLa{Aa} + oLg{Ag} + OLc{Ac} + oLp{Ap} =0}  (3.23b)

in terms of Eqgs. (2.1)-(2.6), (2.17) or (2.21)-(2.23), and (2.26)-
(2.28). This equation is expressed in the form
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SLa{Aq} = /T dt /Q (LU + Lo+ Lindyp)dV, Ag = {ui, i/} (3.24)

OLg{Ag} = /T dt /) (LjoT" LoD —L"B)dV, A; ={T".D',B’} ~ (3.25)

oL {A} = / dt / (LIS —LL 0E;— L\ oMy)dV, Aq={Sy,E,M;} (3.26)
L% ou;dS

Q

L 5¢d5+/ dt [ L7 noB'ds
JQ,

SLy{ Ay} = /dt/ L, T"d5+/ dt

+ [ae [ Lynopas+ [ ar
Jr o Ja,

JT R

+/dt Lm‘él//dsv/lb:{ulvTu7¢~Dlvlp7B,} (327)
T Qm

for the subsequent development in the next sections. The nine-field
variational principle is the counterpart of the Hu-Washizu varia-
tional principle of elasticity, in electromagnetoelasticity, and it is
expressed by the following theorem.

3.1. Unified variational principle

Let Q + 0Q denote a regular, finite and bounded region of the
electromagnetoelastic continuum, with its piecewise smooth
boundary surface 92 as

0Q = 00, U 0Q; =
=00, N 0Q =

89(/) UoQy = 8Q¢, U 0Qp;
09, N0 = 0

08y N0

and its closure Q . Then, of all the admissible states that satisfy the
initial conditions, (2.27)-(2.29), the symmetry of the stress tensor
(2.1) and also the usual existence, continuity and differentiability
conditions of the field variables, if and only if, that admissible state
which satisfies the divergence equations (2.1)-(2.3), the gradient
equations (2.4)—(2.6), the constitutive relations, (2.17), and the nat-
ural boundary conditions, (2.26)-(2.28), is determined by the vari-
ational principle, 6L4{44} = 0 in Eq. (3.23), as its Euler-Lagrange
equations. Conversely, if these equations are identically met, the
nine-field unified variational principle is evidently satisfied.

3.2. Discontinuous field variables

Now, consider the regular region Q + 0Q with a fixed internal
surface of discontinuity S, which splits the region into the subre-
gions Q, +09Q, +S with their boundary surface 9Q,+S (see
Fig. 1). The field variables undergo a jump across the internal sur-
face S as

Fig. 1. Regular region of electromagnetoelastic materials with a discontinuity
surface.

o =wT"1=0,Lf =[] =0; Le=v[D]=0,Le=[¢] =
Lsm = Vi[Bi] =0,Lins = [l//] =0 onSxT

where the subregions are taken to have different electromagneto-
elastic materials,v; is the unit outward vector normal to S and point-
ing to ©, , and the bold-face brackets, [y] = y, — ;. introduced by
Christoffel (1877), is adopted in order to indicate the jump of a
quantity across a surface of discontinuity S. The variational princi-
ple (3.23) is expressed for the regular region as an eighteen-field
variational principle in the form

(3.28)

2
olp{Ap} = > ola{Aa}; Ap =AY AP (329)
o=1

which leads to all the fundamental equations of each subregion ex-
cept the initial conditions, the symmetry of the stress tensor and

the jump or continuity conditions on the interface S. To remove
the interface (jump) conditions from the variational principle, the

dislocation potential with the Lagrange parameters i\, %, and Ay
is introduced as follows:
_ / dt / (L 4 JeLes + JmLs) dS (3.30)
T S

and it is added into Eq. (3.1) as

2 ()
olp =Y <=0 [ Ldt— [ oFdt+ | SWdt+ A5t +5A=0
1 T T T s

(3.31)

in terms of Egs. (3.8) and (3.9). As before in going from Egs. (3.1) to
(3.23), the variations are executed in Eq. (3.31), the generalized ver-
sion of Green’s theorem of the form

/ X?idV:f nixidS—/vi[Xi]dS
Q-s Q S

is applied and then the volumetric terms in €, and the surface
terms on 9Q, and S are collected with the result

(3.32)

2
SLp{Ap} = oL {Ac} + oLs{As} =0

=1

(3.33)

where

(5L5=/T dt/S {5;.;[u,»]+z;[5uf]+5ze[</>]+;‘e[(3</>]+5;.m[.//]
+ﬂ.m[5¢]}d5+/r dt/s vi{[oui] - [n'5¢] — [y l}dS  (3.34a)

which can be expressed in an appropriate form

5L5:/ dt/{&),fl[u,»]+6),e[¢]+5im[6np]}
/dt/sz A+v,/1” Su™ + (e

a=1

n = Vil ) U °‘>}<71><“> ds

vir’](loa))éd’(a)
(3.34b)

The Euler-Lagrange equations of Eq. (3.33) are those of the varia-
tional equation (3.11) together with Eq. (3.18), the jump conditions
(3.28), and the equations of the form

B vidly =0, Ge—vilfl, =0, Jn—vittl, =0 (3.35)

This equation with the result of Eq. (3.18) identifies the Lagrange
parameters in an appropriate form

B=-vi<ls=v<T'> Je=vi<n>=-v<D >

I = Vi < fl >=—v; <B' > (3.36)
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in terms of the physical quantities. Substituting Eq. (3.36) into Eq.
(3.33), one arrives at a unified variational principle in the form

SLp{Ap = Ap} = i:(éLu{Aa} + 6Le{ A} + 0L {Am})

a=1
' it N T ij _ h_ s
+/Tdt/5v,{[T]<ou,> < oT’ > [u] +[D'] < 6¢ >
7<5D">[</>]+[B"]<5¢>7<5B">[(//]}dszo
(3.37)

in terms of the denotations introduced in Egs. (3.20)-(3.22). This uni-
fied variational principle leads, as the Euler-Lagrange equations, to
all the fundamental equations, including the interface conditions on
their bonding surface, except the symmetry of the stress tensor and
initial conditions, for each of the electromagnetoelastic subregions.

3.3. Unified variational principle for a stratified region

Paralleling to the derivation of variational principle (3.37), a
unified variational principle can be readily formulated for a strati-
fied regular region Q + 9Q of electromagnetoelastic materials. The
region contains a number of fixed internal surface of discontinuity
Snny1 or perfectly bonded dissimilar subregions (or layers)
Q, + 0Q, with its boundary surface 92, and closure Q,, where
n=1,2,...,N. The interface or bonding surface between the (n)th
and (n + 1)th layers is denoted by S, ,,1 with a unit outward vector
vi*"™ 1 pointing the (n + 1)th layer. The motion of the electromag-
netoelastic region is governed by the divergence equations (2.1)-
(2.3), the gradient equations (2.4)-(2.6), and the constitutive
relations (2.17) given by

EW=0; ["=0; L"=0 inQ" xT, n=1,2,....N (3.38)
L{™=0inQ" xT, n=1,2,...,N 3.39)
Li" =0, L[ =0, [ =0 inQ"™ xT,

n=1.2,...,N (3.40)
LiW—o, [W=0, =0 inQ"xT, n=1,2,...,.N 3.41)
the boundary conditions (2.26)-(2.28) by

I =0, onoQ™ xT; L"=0 onaQl xT;

n=1,2,....N (3.42)
LY =0; onoQy xT; Li" =0 onoQ) xT;

n=1,2,....N (3.43)
L) =0; onoQ xT; LI™ =0 onoQ) xT;

n=12,...,N (3.44)
the initial conditions (2.29)-(2.31) by

L"=0, LW=0, L"=0,

L"=0 inQ"(t))xT; n=1,2,....N (3.45)

and the interface conditions (3.28) by

(L =vlT}" =0, {LF=[w]}" =0; {Le=w[D'T}" =0, {Ls=[¢1}"=0
{Lmn=VilB} =0, {Lus=[¥1=0}" onSpni1yxT; n=1,2,...,(N-1)
(3.46)

at the time interval T for the electromagnetoelastic region. The sys-
tem of Egs. (3.38)-(3.41) comprises the twenty-nine N equations
governing the 29 N dependent variables

. . NG
A= {ui,s,,-,r'f; (/),E,-,D';lp,M,-,B‘} " withn=1,2,....N (3.47)
The boundary and initial conditions (3.42)-(3.45) and the interface

conditions (3.46) ensure the uniqueness in solutions of the govern-

ing equations. The conditions may be shown to be sufficient for the
uniqueness as in the previous section.

Now, Hamilton’s principle (3.1) is expressed in a modified form
by

N (m)
5LHL:Z{—5/Ldt—/ath+/5*Wdt+5A§} =0 (3.48)
= T T T
in terms of the dislocation potentials (3.8) and (3.9) for each con-
stitutents of the stratified region. Proceeding as before, an evalua-
tion of Eq. (3.48) yields a unified variational principle in terms of
Eq. (3.23) as
N
dlpi{Ap} =Y ({oLa{As )™ =0 (3.49)
n=1
which has the fundamental equations of all the subregions under
the constraint conditions of the principle (3.19) or (3.23), that is,
the symmetry of the stress tensor (2.1b) and the initial conditions
(2.29)-(2.31) and the interface conditions (3.46). To incorporate
the latter conditions into the variational principle, the dislocation
potential is introduced as

s= S { [ et [t ador- atvas)

and it is added into Eq. (3.48), namely

N (n)
SLL{AL} =Z{75/TLdtf/T 5th+/Ta*Wdt+5Ag}
n=1

S L )
+;5{/Tdt/s(Aa[ui]+;~e[¢l+zm[w])ds} =0 (3.51)

(3.50)

As in the derivation of the variational principle (3.37), the evalua-
tion of Eq. (3.51) leads to Eq. (3.18) for each layer, and Eq. (3.36)
for adjacent layers, namely

Wy =Thdy =" n=1,2,... N (3.52)
and

n(n) = 7D§n): n(n) = 1)(n)

iy = =Bl M =B n=12,... N (3.53)
which readily leads to

A = {—v < TV >3 50 = {—v; < D' >}

MW= {—v;<B'>}" n=12.,(N-1) (3.54)

With the use of Eq. (3.54) in Eq. (3.51), one obtains a unified varia-
tional principle as

oL {A} = EN:((SLG{AQ} + 0Le{Ae} + OLyp{Am})™ + 6Lsy =0 (3.55)

n=1

Here, the last term represents the interface conditions of the form
N71 " a2 a2 .
oLs = / dtZ(/ v,—{[T”] <ouj > — < 0T > [y] +[D'] < 6¢ >
Jr = Us

— < oD > [¢]+[B] <oy >— < B > [lp]}dS)(") =0 (3.56)

Also, the variational principle may be expressed in an appropriate
form by

N
SLi{AL} = " (0La{Aa} + oLg{Ag} + OLc{ A} + 6Ly {Ap})™ + 6Ly =0
n=1

(3.57)
in terms of the denotations of Eq. (3.24)-(3.27).
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This variational principle generates the divergence equations
(3.38), the gradient equations (3.40), the constitutive relations
(3.41), the boundary conditions (3.42)-(3.44), and the interface
conditions (3.46) of the stratified region, as its Euler-Lagrange
equations, under the symmetry of the stress tensor (3.39) and
the initial conditions (3.45), which can be relaxed as well (see,
e.g., Dokmeci, 1994).

4. Shell geometry. Basic field variables. Constitutive and
gradient equations

This section introduces the method of reduction in deducing the
system of two-dimensional approximate equations governing the
motions of a thin shell from the system of three- dimensional
fundamental equations of electromagnetoelasticity.The shell is
made of a functionally graded material, geometrically linear but
physically non-linear in the elastic range, and responding at the
short-wave length high-frequency motions. The long-wave length
low-frequency approximation was almost always employed in
the vibrations of shells (plates), where the wave length is large
as compared with the thickness. However, by piezoelectric excita-
tion, it is widespread to excite shells at both low and high fre-
quency vibrations, where the wavelength is of the order of
magnitude or smaller than the thickness. Perhaps, Ekstein (1945)
was the first to investigate the vibrations of thin crystal plates at
the high frequency vibrations. Mindlin (1961), Tiersten and Mind-
lin (1962) and Mindlin (1972), and then Mindlin (1974) studied the
high frequency vibrations of crystal plates, piezoelectric and ther-
mopiezoelectric plates, respectively. In addition, mention is made
of the papers which treat the high frequency vibrations of shells
(e.g., Berdichevskii and Khan’Chau, 1982; Langley and Bardell,
1998; Altay and Doékmeci, 2001; and Altay and Doékmeci, 2006;
Lee and Hodges, 2009a,b), piezoelectric shells (Dékmeci, 1974;
Le, 1999) and thermopiezoelectric shells (Altay and Doékmeci,
2002a). The low- and high-frequency motions of electromagneto-
elastic structural elements are treated herein by chosing the
mechanical displacements and the electric and magnetic potentials
as the basic field variables. The resultants of stress, electric dis-
placements and magnetic inductions are defined, and then the con-
stitutive relations and the gradient equations are obtained using
the unified variational principle in the previous section.

4.1. Geometry of shell

In the Euclidean three-dimensional space Z, consider the region
of a thin shell V + S (see Fig. 2), called the shell space with its bound-
ary surface S and closure V(= V + S). The shell of uniform thickness
2 his bounded by its lateral surface S, lower face Sy and an upper
face Ss. The lateral or edge surface Se(= S N Sy, Sy = Sy U Syr) is aright
cylindrical surface with generators perpendicular to the middle (ref-
erence) surface A of shell, and it intersects the reference surface
along a Jordan curve C. An outward unit vector normal to the edge
surface is denoted by v; and to the faces by n;. The shell space is re-
ferred to by a fixed right-handed system of geodesic normal coordi-
nates ¢' situated on the reference surface, and the 0°(= z) axis is
taken upward so that

*(=z)=-h, z=h, f(',6*)=0 (4.1

define the lower and upper faces and the edge boundary surface,
respectively. The region of thin shell is defined mathematically by
the assumptions of the form

2h 2h

& =5<1, ”5:T<<1 (4.2)

and physically by

max |u;|
5 ="2n

Here, (&, 1, and /), Ro and L represent the shell parameters, the
least principal radius of curvature and the smallest structural dimen-
sion of the middle surface of shell, respectively, and u; is the mechan-
ical displacement components of shell. The thinness of shell (not
moderately thick or thick) is characterized by Eq. (4.2), and the range
of geometrical linearity primarily by Eq. (4.3). The first restriction in
Eq. (4.2) is a sufficient condition to ensure the existence of shell ten-
sor (or shifters) y, which plays an important role in the relationships
between the space and surface tensors (e.g., Naghdi, 1963).

Certain results from the differential geometry of a surface,
including some relations and identities between space and surface
tensors and their derivatives are freely used in the derivation of
shell equations in the next sections (see, e.g., Naghdi, 1963 and Lib-
rescu, 1975).

<1 (4.3)

4.2. Method of reduction

The two-dimensional equations of shells were deduced from
the three-dimensional fundamental equations by means of some
methods of reduction (e.g., the direct method, the method of series
expansions, the asymptotic method, Mindlin’s method of reduc-
tion, the variational-asymptotic method). The methods of reduc-
tion were essentially based upon the approximation of a field
variable, which is chosen as a basis of the derivation of shell equa-
tions at the outset. The approximation has no unique choice, but
cannot be arbitrary, and it has to be mathematically complete in
representing the field variable. A choice of kinematical type was
widely used for the basis, it involves with differentiation opera-
tions, which are generally, simpler than integration operation,
and also, with no additional equations of compatibility types arise
in the derivation. Nevertheless, any other type of field quantities,
for instance, strains, stresses and energy may be selected as a basis
of the derivation in place of deformation. An approximation of
kinematic type was expressed by some series expansions (e.g.,
power series, trigonometric series, series of Legendre and Jacobi
polynomials) of the thickness coordinate and extensively used in
the formulation of a large number of two-dimensional equations
of shells with various shape, material and type of vibrations. The
method of series expansions for a field of kinematic type, which
was introduced by Cauchy (1829) and Poisson (1829) for plates
and Basset (1890) for shells, allows taking into account of all the
significant effects of higher orders. Mindlin (1967) recapitulated
and used the method of series expansions with the integral method
of Kirchhoff (1850) in investigating the high frequency of vibra-
tions of beams and plates (see his collected works, Deresiewicz
et al., 1989). Motivated by Mindlin’s method of reduction, a num-
ber of authors systematically established the system of one or two-
dimensional equations for the high frequency vibrations of struc-
tural elements (e.g., Altay and Dokmeci, 2002a, Altay and Dékmeci,
2002b, Altay and Dékmeci, 2005; Altay and Dékmeci, 2006; Altay
and Dokmeci, 2007, and the references cited therein); but there
was no paper available on the high frequency motions of electro-
magnetoelastic plates or shells within the publications recorded
by “ISI-Web of Science”.

4.3. Basic field variables

The displacements and the electric and magnetic potentials are
chosen as a basic in deriving a system of two-dimensional approx-
imate equations of electromagnetoelastic functionally graded
shells. In view of the fundamental assumptions of shells (4.2)
and (4.3) together with their pertinent existence, single-valued,
suitable regularity, smoothness and continuity conditions, the
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shifted components of mechanical displacements and the electric
and magnetic potentials are chosen as the basic field variables,
and they are represented by a power series expansions of the
thickness coordinate in the form

N=o . o
(0 t) = ;x;’,ﬁy(é =2u™(0*t) inQxT (4.4a)
n=|
with
Uy = (W ouy, uy =iy, us =15
Wy =85 —zby,  ph(n')g =05 (4.4b)
and
. M:(X )
e(1 H ey
PO, t) = O X0 @pw(0",t) inQxT (4.5)
. P=x - —_
w6 => X0 @ (0%, t) inQxT (4.6)
n=0

Here, u; and ii; represent the components of mechanical displace-
ment and its shifted components, which are referred to the base
vectors of the shell space and the shell reference surface, respec-
tively, 1 is the shell tensor, b,; denotes the second fundamental
form of the middle surface of shell. The functions (1],(”) €
Ci2, ¢ € Cro, Yy € Cro) are unknown a priori and independent
functions of order (n) to be determined. From the mathematical
point of view, a separation of variables solution is sought for the
shell equations using Eqs. (4.6) and (4.7). The approximation func-
tions are consistently taken as

withM=N =P (4.7)

due to Weierstrass’s theorem. The order of approximation is indi-
cated by (N), and N =1 is the closest to the classical theory of elastic
shells (cf., The Kirchhoff-Love hypotheses). The series expansions of
field variables, (4.5)-(4.7) have sufficient freedom so as to incorpo-
rate as many higher order mechanical, electrical and magnetic ef-
fects as deemed desirable for a case of interest. The reader may
be referred to Qatu (2004), Altay and Dékmeci (2003a) and Karlash
(2008) for a discussion of the choice of the basic field variables.

4.4. Gradient equations

The choice of the basic field variables as in Eqgs. (4.4)-(4.7) leads
to similar series expansions for the rest of the field variables,
namely

{Slj(elvt)7 s 7Di7 e 7Mi(ei7t)7 - }
N=x .
-y {sgp(e% £),eee. Dl MO (07,1, .}z" (4.8)
n=0

Here, SEJ.”), En), .. ,M}”) represent the components of strain tensor,

electric displacement and magnetic field vector of order (1), respec-
tively. To obtain the quantities of higher orders, the gradient part
(3.25) of the variational principle (3.23) is written as

oLy — / dt / / (L86T" — 126D’ — L"oB) udAdz 4.9)
JT zZ JA

together with Eqs. (2.4)-(2.6). The strain-mechanical displace-
ments relations (2.4) are expressed by

10 ., . . - .
Sz/} = j [M;(uv:/ﬁ - bvﬁu3) + ,u}j(uv:a - bvau3)]7
10 .. ) .

Sa =3 [(ugu,;,g Y ilg, + bﬁuﬂ)] Sz =133 (4.10)

where the relations of the form

. _ ) = —
Uy = Wty — bypll®),  Uys = Wllys, Usy = Uz, + by,
U3z =133 (4.11)

are used and the strain components are obtained in terms of the
shifted components of the displacements. Thus, the variational inte-
gral (3.25) is expressed in the form

oLy = / dt / dA / <{Saﬁf§[u;(uw,ﬁbvﬁmw 13 (1, byl 0T
T A z
10, o, S _
+2{5a3 -3 {(H{;u/ﬁ,a +u3,u+b£ll/;)] }(5T 3 4 (S33—1133)T3
+(Ei+ ¢,)0D'+ (M +)0B' Yudz (4.12)

Inserting Eqgs. (4.4)-(4.6) with Eq. (4.7) into Eq. (4.12), and integrat-
ing with respect to the thickness coordinate (z), one obtains

N
5L5g:/dt/ Z<2{S;’27%[(n+1)u§”*”+u§’f;—(nfl)b;'ui,”)}}
T A no

1 (-1 . (n—
ST+ {51y 3 [ 2 (b +

op _i
20, ) ] JoT7h +[(SH — (n+ Duf V1oTYy
—(E" +¢3)0D7, — [(ES” + (n+1)¢ " V)oDy,
—(M) 9/ )08, ~ (MY + (n+ 1)y"VIoB), hdA  (413)

Here, cy5(= amb;;') and a,, are the third and first fundamental form
of the reference surface A, and the stress, electric displacement and
magnetic induction resultants of order (n) are defined in the form

(T3 iy Blyy) = ‘/Z.(TU,Di,Bi)uz"dz, n=1,2,....N (4.14)
Also, they can be expressed by

T =th — 2Kt +Keth , n=12_..N (4.15)
and

Dy = diyy — 2Kndi, 1) + Ked(y ), n=1,2,....N

Bl = by — 2Kmbjy..y) + Kbl py, n=1,2,....N (4.16)

in terms of the mean and Gaussian curvatures, K,,(= 1/2b}) and
Kg(=|bj]), of the reference surface, and the quantities of the form

Fig. 2. An element of electromagnetoelastic shell.
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(e, diy Bl = /Z(TU7Di7Bi)z" dz, n=1.2,...N (4.17)
The quantities of order (n) are evidently the functions of the surface
coordinates and time t.

4.5. Constitutive relations

The constitutive coefficients of a material are known to be
dependent on position, orientation and time as well as on temper-
ature, moisture, stress, acceleration or other effects. All the effcets
are taken to be negligible but position for the material of electro-
magnetoelastic shell (i.e., functionally graded). The numerical val-
ues of material coefficients are usually reported in a specific
coordinate system, namely, the material coordinate system, where
the coefficients have maximum symmetry, and they can be readily
obtained from the material coordinate system to any system of
coordinates through the usual tensor transformation. The shell
material is assumed to be slowly and continuously varying and
graded across the thickness direction (e.g., Markworth et al.,
1995; Wu et al,, 1996). The material coefficients are given in the
fixed right-handed system of geodesic normal coordinates ¢, to
which the shell region is referred. A graded material was usually
modeled either by a power law or an exponential law, which
may be considered as a power law from the standpoint of numer-
ical computation. The mass density, the body force and the mate-
rial coefficients are expressed by a power law

N
{p@).f(@y=>_{pnfi}2" (4.18)
n=0

{c™(2),e%(2),6™(2),€"(2),€" (z

i)} = Z{c“"’, el el el &l cl}z"
(4.19)

in consistent with the series expansions of the basic field variables
(4.4)-(4.7). To obtain the constitutive relations of shell, consider the
constitutive part (3.26) of the variational integral (3.23) together
with Eq. (2.17) in the form

oH
1] i
ol = /dt/dA/ K 85U>5S,J (D +—8E>5E,

OH

~(B'+ —)bM,)} pdz (4.20)

oM,

and inserting Eq. (4.19) into Eq. (4.20) and integrating with respect
to the thickness coordinate, one obtains

N
olsc = /T dt /A 3 [(T'(’n) = T3, )5" — (Diy, — Diyyo) "
n=1

~(Bly — Bly)oM," | dA (421)
with
i 1({0H, oH ; oH
o2 Pl _pio_
(me =3 ( oSy oS )’ e = " g™
B’('n)czfaH(':), n=1,2,...,N, onAxT (4.22a)
oM

where the enthalpy function per unit area of the reference surface A

is given by

Hp = / HZ"udz (4.22b)
z

and the linear version of the constitutive equations (4.21) is ob-
tained as

N N
TU = Z z(:, Uk)lsl(;l]) - e%E;j’) - 8?;()M1(<q))u(p+q+n>7
p=0 g=
=1,2,...,N; onAxT (4.23)
N N
Z (el S + el B + el M)ty g
p= q:0
n=1,2,...,N; onAxT (4.24)
N N
:ZZ “" ;k +c” M +8“ E )up+w)7
p=0 g=0
n=1,2,...,N; onAxT (4.25)

in which Egs. (2.21)-(2.23) are used,and they are reduced to the
form

N
i _ ijkl c(P) ijk p(p) ijk pg(P)
T(n)c - Z(CJ Skl —e Ek —é& Mk ).u(p+n)7

p=0

n=1,2,...,N; onAxT (4.26)
N

Dipe = > _(e™SP + eTEP + eIMP)p,.y
p=0

n=1,2,...,N; onAxT (4.27)
N

Blne = _(e"S + MY + &EP )y, .
p=0

n=1,2,...,N; onAxT (4.28)

for a homogeneous material of shell. In the equations above, a quan-
tity of the form

= / ,uZ”dZ = In — 2Km1(n+1) -+ KgI(n+2)7 n= 172, . 71\]
z
(4.29a)

in terms of the curvatures of the reference surface and the moment
of inertia of order (n) by

2h(n+1)
In:/z"dz:—)5<n,2p)7 n=12,...N (4.29b)
z

(n+1

is introduced.

5. Equations of an electromagnetoelastic shell

This section deals with the derivation of the divergence equa-
tions and the natural boundary conditions for the high frequency
vibrations of electromagneoelastic shell in variational form. The
tractions are taken to be prescribed on the faces S¢(= Sy USy)
and on some part C; of the Jordan curve C on the edge surface S,
and the mechanical displacements on the remaining part C, of
the curve C. The electric and magnetic potentials are given on the
faces and the surface charge and the magnetic charge on the edge
surface.

5.1. Divergence equations

Consider the divergence part (3.24) of the variational principle
(3.23) in the absence of free charge and free current densities,
namely

SLa{tt, o} — /T dt /A dA /Z {(T]+F — pa)ou; + Doy + Bioy budz
(5.1)

which may be written in terms of the shifted components of the
mechanical displacements as
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SLafils, o} — /T dt/A dA/Z [T 1 1 f iz,
(T2 4+ T3 +£)o0; — piiiotl; + D', + Bfi(sl//} pdz

(5.2)

After using the identities (e.g., Naghdi, 1963) of the form

MDY, = (D"),, — (e ")bD? (53)

for a vector field D' and those by

LTS = (T — ()b — by T

T3 = (UT), + by T — pu(p )by T (5.4)

0TS = (T
for a tensor field T, together with the relations as
M =~ )b, (5.5)

the covariant differentiations are expressed with respect to the
metric tensor of the reference surface A in place of those of the
space. Thus, Eq. (5.2) is expressed in the form

dlatii gy = [ ar [ aa [ {[uiT™),

BT+ ETY) 5 + 7 — pir] o

— (b T

[T ppsbyg T = (LT 4 T3

+f? = pii*)ous + [(UD"), — (" );b,D’] o

+ [ (uB")., — p(i);bB v} dz (5.6)
Inserting the expansions of the basic field variables (4.4)-(4.7) into
Eq. (5.6) and considering Eq. (5.5), and then integrating with respect

to the thickness coordinate and applying the divergence theorem
for the shell region, one finally arrives at the divergence equations

as follows
}—/ df/ )()u + @) 5y
A n=o

}dA (5.7)

SLsa{u”, b,

In this equation, the quantities of the form

Vi, = (Tl - b“Tﬁ,;’+1 )y — Tty + (n = 1)byTEN
+ (F(;ﬂ - ,; (,, )+ Q (5.8a)
Vi =Tl + b Tl — o Til ) —nTor y + Fo + Q0
n=12,....N; onAxT (5.8b)
@y =D}, — 1D} 4+ D, n=12,... N, onAxT  (59)
Ow =B}, —nB, 4, +Bn, n=12,_...N; onAxT (510)

in terms of the resultants (4.14) are defined. The effective surface
quantities of order (n) are introduced by

Qén) = inm - 13('}1)? {Q3' 31 nt = (T - Zb;Tgﬂaic)zn.“]

atz={h,—h} (5.11)
Dy =D}y —Diys (D} Diy} =D’2'u, n=1,2,....N;

at z={h,—h} (5.12)
B(”) = Bi(n) - Bl3(n); {Bi(anf(n)} = B3Zn,u7 n=12,...,N;

at z={h,-h} (5.13)

and the acceleration resultants and body force resultants of order
(n) by

N
=3 WomipPamily, n=1,2,...,N; onAxT (514
mpfo
Zum  —2Zbyfh 8, n=1,2,...N; onAxT
(5.15)

Here, the series expansion (4.17) is used for the body force vector
components and the mass density for the shell graded functionally
across the thickness.

5.2. Boundary conditions

The boundary part (3.27) of the variational principle (3.23) is
given by

éLb{Ab}:/Tdt/s (Ti—n;éTai)éu,-,udAJr/T dt/s (T — n30T*)su;udA
uf If

+/ dt/ dc/(Ti —vxT“")b'ui,udz-k/ dt/ dc/(ui—u;)va?iT”udz
T Ct z T u 4

+/T dt/g‘,(¢_¢*)n35D3udA+/r dt/Sll((;)_(b*)m(sDaudA

+/dt7{dc/ . — V,D%) (>(/>udz+/dt/
T C z

+/ dt (l//—n//*)ngéB3MdA+/ dt]{dc/(B*—vaB“)éwudz
T Jsy T JooJz

— Y )n3oB udA

(5.16)

As before, inserting the series exansions (4.4)-(4.7) and evaluating
the boundary surface and edge surface integrals in Eq. (5.16), one
obtains the boundary conditions of the form

5L5b{/1b} —/ dt/ u(n))éugn) dA
uf n=| O
N .
o / Q" dA + / at [ S (P
S/ 0 JT - JCG n=o
— VPl )ou" dc+/ dt/ u™ —u;™)v, (5T},
Cu = O
~ boL6T  yde + / dt / - o))ODY A
uf n= 0

/dt/ ~ i ODitn dA+/dt% D™
S'an Cno

— v, ), dc+/dtf23" VB )0
C n-o

/df/

uan

el
Sl[nO

where the prescribed electric and magnetic potentials and compo-
nents of mechanical displacements are expressed as in Egs. (4.4)-
(4.7). In this equation, the resultants of order (n) as

<p3
)()Bu(n) dA

- ‘I/EnﬁBﬁn) dA (5.17)
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(Th iy Toiy) = (TL = 2bTV5} ) 2" at z = (h,fh), n=1,2,....N
P = /z (T, —zby T8\ uz"dz, Pl =Ty — byT )80,
n=1,2,...,N (5.18)
and
{Di”),Bi’”}:/{D*,B*}uz”dz, n=1,2,....N (5.19)
z

are defined.
5.3. Initial conditions
In view of Egs. (4.4)-(4.7), the initial conditions of higher

orders are recorded for the mechanical, electric and magnetic fields
as

u™ (9“ to) — " (e“) =0, u"(0*t,)—w"(0") =0,
=1,2,...,N; onA(t,) (5.20)
¢(n)(0 7t0) - Tn)(Oﬁ) = 0, l//(11)(00(7 to) ﬁ (Oa) = 0
n=1,2,...,N onA(t,) (5.21)

where the expansions similar to Egs. (4.
prescribed initial functions.

4)-(4.7) are used for the

5.4. Variational shell equations

Thus far, a deterministic system of two-dimensional approxi-
mate shear deformation equations is derived for the high fre-
quency motions of a functionally graded electromagnetoelastic
shell. A substitution of the gradient equation (4.13), the constitu-
tive relations (4.20), the divergence equations (5.7), and the
boundary conditions (5.17) into the variational integral (3.23)
leads to the system of shell equations in variational form,
namely

5[,5{/15} = 5LS£I{ASCI} + (SLSg{Asg} + 5L5C{ASC} —+ 5L5b{/15} = 0}

(5.22a)
with its admissible state of the form
/15 = Asq U Asg U Agc
= {u" b Vw},  Asg = {Tly Dy Bin}-
Ase = {S{V E" MM} (5.22b)

The system of shell equations has only the initial conditions (5.20)
and (5.21), and the symmetry of the stress resultants, which is ex-
pressed using Eq. (2.1b) and Eq. (4.14) with the alternating tensor of
the reference surface, &,3{= &,53(0*,z = 0)} in the form

byl

(n+1)

faﬁT +eﬁaT =0, Sm,(T(”
n=12,....N onAxT

) =0,
(5.23)

as its constraint conditions.
5.5. Differential shell equations

The variational equation (5.22) generates the differential diver-
gence equation (5.7) by

Vi = (Tfm byTlu1))p = Ty + (0= DBETE) + (Ff) — biFG,)
+Q — Al =0

Viw = T+ Dus Tl = CopTia) = nT00y + Fioy + QG = AGy =0,
n=1,2,...,.N; onAxT (5.24)

in terms of Eq. (5.8), and

Dy =Df,, — anM) +Dm=0, n=1,2,....N; onAxT
(5.25)

Ouw =B}, —nB} 4 +Bwy=0 n=12,_...N; onAxT
(5.26)

in terms of Eqgs. (5.9) and (5.10), gradient equations (4.13) by

1
S = [y + ufly = 2bgyu?” — (bl + bjuV — 2¢,u V)]

2
n=1,2,....N
S =2 [+ g+ ul, — (0 - b,
S =m+1uf™" onAxT (5.27)
E) =~ E=-(n+1)¢"",
n=1,2,...,N; onAxT (5.28)
My ==y, My = —(n+ 1)y,
n=12,....N; onAxT (5.29)
constitutive relations (4.20) by
T = The=0, n=1,2.N; onAxT (5.30)
Dzn)—D'(mC:O, n=1,2...,N; onAxT (5.31)
By = Bpyc=0, n=12,...,N; onAxT (5.32)
and natural boundary conditions (5.17) by
TL(n)* - Q’L,m) =0 onSy xT, T;(n)* + Q;(n) =0 on Sy xT,
n=12,....N; onAxT
Pl — VPl =0 onC xT, ul” — =0 onC,xT,
n=12,....N; onAxT (5.33)
and
by — dﬁ,m) =0 onSyxT,¢u — ¢>7<n) =0 onSyxT,
n=12,....N; onAxT
D”—vxD =0 onCxT,
n:l,Z,..., onAxT (5.34)
and
Wi — z//,j(n) =0 onSy xT, ¥y — W?(n) =0 onSyxT,
n=12,....N;, onAxT
B" —v,B% =0 onCxT,
n:l,z,...,N; onAxT (5.35)

as the Euler-Lagrange equations.

In the next section, the boundary and initial conditions (5.20),
(5.21), and (5.33)-(5.35) are shown to be sufficient for the unique-
ness in solutions of the system of two dimensional approximate
equations of the shell.

6. Uniqueness of solutions

To investigate the internal consistency of solutions in the lower
order equations of structural elements and, in particular, the
uniqueness of solutions may be traced back to Kirchhoff (1850).
He gave the earliest proof of uniqueness for plates and Byrne
(1944) for shells using the classical energy argument. A uniqueness
theorem was also given by a number of authors for elastic shells at
low frequency vibrations (e.g., Gol'denveizer, 1944; Green and
Naghdi, 1971; Naghdi and Trapp, 1972; Weinitschke, 1988) and
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for piezoelectric, thermoelastic and thermopiezoelectric shells at
high frequency vibrations (Dékmeci, 1974a,b; Altay and Dékmeci,
2001; Altay and Dékmeci, 2002a,b). Naghdi (1972) discussed the
uniqueness theorems for solutions of the initial (isothermal)
boundary-value problems of elastic shells and plates based on
the assumption of the nonnegative free energy (or the strain en-
ergy) density. Now, a theorem of uniqueness is proved below for
the system of two-dimensional linear equations of an electromag-
netoelastic homogeneous or non-graded shell derived in the previ-
ous section.

To prove the theorem, the existence of two possible sets of
admissible state of the shell equations as

o n ] i n) @)
AS{u, @ Wiyt Ty Dl Bl S B MV}

n=12,....N; onAxT (6.1)
and their difference by

As = AP, ST EM MM A AS (ul"

oo,

o 755]?1)755”)7,1\/15”)}(])
(6.2)

is considered at the outset. The difference set of admissible solu-
tions (6.2) satisfies the two-dimensional homogeneous system of
linear shell equations. The homogeneous shell equations consist
of the gradient equations (5.27)-(5.29), the linear constitutive rela-
tions (4.26)-(4.28), and the homogeneous divergence equations
from Egs. (5.8)-(5.10) as

(Tl = biTlay).p = byThe) = n(Tiyy = BTG + QG — pty =0,
n=1,2,...,.N; onAxT
Ti + bagTiy) — Cup i) — TG gy + QG — p/fyy = 0
onAxT, n=1,2,...,N; onAxT (6.3a)
where
N
=Y Mol n=1,2,...,N; onAxT (6.3b)
m=0
and
Dy — nD?nfl) +Dm =0, n=1,2,...,N; onAxT (6.4)
Bl — anrH) +Bm =0, n=1,2,....,N; onAxT (6.5)
the boundary conditions from Egs. (5.26)-(5.29) as
Qum =0 onSy xT,Qj, =0 onSyxT, n=1,2,....N; onAxT

VPl =0 onCxT,uf” =0 onCyxT, n=1,2,....N; onAxT

(6.6)
and
dm =0 onSyxT,dy =0 onSyxT,v,Dj =0,
n=1,2,...,N onCxT (6.7)
=0 onSyxT, =0 onSyxT, vaB(“n) =0,
n=1,2,...,N onCxT (6.8)

and the initial conditions by

ul" (0%, t) =0, W”(0*,t,)=0, n=1,2,....N onA(t,) (6.9)
dw(0",t)=0, n=1,2,...,N onA(t) (6.10)
Y (0%,6) =0, n=1,2,....N onA(t) 6.11)

in terms of the difference admissible state.

6.1. Energy of the electromagnetoelastic shell

Let K denote the kinetic energy per unit area of the reference
surface A and K; the total kinetic energy of the electromagnetoelas-
tic shell given by

K= /k,udz, Ks:/KdA, k:%pu,-uf (6.12)
JZ A

in terms of the kinetic energy density k from Eq. (2.7b). The density
k and its rate are expressed in the form

—

1 L grg g PR L
k= jp[,uﬁu,;(,ul)ﬁ‘,u" +Pus] = ipuiu', k = pa;il (6.13)
in terms of the shifted components of the mechanical displace-
ments, (4.6) and (4.7). Inserting Eq. (4.4) with Eq. (4.7) into Eq.
(6.12) and integrating with respect to the thickness coordinate,
the rate of the areal density K is obtained as

(6.14)

in terms of the acceleration components (6.3b).
From Eq. (2.11) the rate of the total internal energy of the shell
is given by

Us = Ua +Ue+Um (615)
where
Ua:/ dA/Tifs,,ﬂdz, Ue:/ dA/DiEi,“dZ
A z A z
U, = / dA / BMiudz (6.16)
A z

After inserting Egs. (5.23)-(5.29) into Eq. (6.16), and then integrat-
ing it with respect to the thickness coordinate, one obtains the rate
of the internal energies of the form

N
Lo [m o
= Z /A dA{iTm [“anﬁ Uy —
byt ) = 20,0 V)] + Toy [+ 1y

“(n— 1)b;u<v"] +(n+ TR gD }

2byu" — (bl
+ Uy
(6.17a)

Considering the symmetry of the stress resultants (5.23), the rate of
the mechanical energy takes the form

:nzN;A dA{ T2 [ — bl

U~ (= Db | + (n+ DT}

— byyly’ + il "]

+T2 [(n + 1)ii

(6.17b)
and the rate of the electromagnetic energy as
N .
=Y [ aalb, o + 1020} (6.18)
n—0 JA
/dA LB, 0+ (e DB, ™) (6.19)

is obtained. Applying the divergence theorem and collecting the
surface and line integrals, Eqs. (6.17)-(6.19) are written as
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U~ [ aay dA - b"Tﬁ,;+1 )l — T2 il
—(bomT - caﬁ)Tf‘,f i+ Ti [+ 1)agY — (n— 1)byul"]
+Hn+ )T } +T, (6.20)
= Z /A dA{DY), 6™ — (n+ 1)D},. 1 p™ "V} + T (6.21)
=0
. N .
Un=Y" {Bﬁn)ﬂt/f (4 1B, } 4T, (6.22)
n=0
Here, the denotations of the form
N
r.=% 7{ v (Tl —beTly Y+ 120 de (6.23)
n=0
N .
-3 7( D, pdc (6.24)
n=0 J/C
N .
Tn=-)Y 74 B,y dc (6.25)
n—0 /C

are defined.

6.2. Sufficient conditions

Now, as a last step toward proving the theorem, using Eqs. (6.3)
and (6.4) one writes the integral of the form as

pou o By o p3 30 ar3p o
/ dt/A y T mw = DuTiwy)p = by Ty = (TG00 = byTG) + Qe

n=|
—py ]u<"> [T baa Ty = Coa Tl = Ty + Q0
—p- Q[?n ]u Y — (D“n Yo nD?n—l) + D(”))(rb(n)
(Bl = 1B 1) + B JdA =0 (6.26)
This equation is readily expressed in the form
/dt/ ot Uet Up +K dA+/dt/ (@i
~Diwy by — B dA + / dt{To+ e+ Tm} =0 (6.27)

with the aid of Eq. (6.14) and Eqgs. (6.20)-(6.24). Integrating equa-
tion (6.27) with respect to time, one finally has

Us(tz) + 1<s(t2) — Us(ty) — Ks(ty)

- a3 fear
A =0

+/ dt{Ty+ Te+ Ty}
T

~ Db - B<n>‘ﬁ<n>}dA

(6.28)

The integrands in the right hand side of Eq. (6.28) vanish due to the
boundary and initial conditions (6.6)-(6.11). Moreover, the individ-
ual internal and kinetic energy densities are positive definite, by
definition, and initially zero. Hence, the total energies calculated
by integration from them in terms of the difference system have
the same properties. Guided by the usual arguments based on the
positive definiteness of the energies, one finally arrives at the con-
dition of the form

Us(tz) = Us(t1) = Ks(t2)

This implies a trivial solution for the difference admissible state
As(= AP — AV) = 0, that is, the two solutions are identical. Thus,
the following theorem of uniqueness is concluded.

=Ks(t;) =0 (6.29)

6.3. Theorem of uniqueness

In a ¢'- system of geodesic normal coordinates in the Euclidean
space =, consider a regular electromagnetoelastic shell region V+S
with its piecewise smooth boundary surface S(= S,y U Sy US,), clo-
sure V(V U S) and middle surface A at the time interval T = [to, t1],
under a prescribed initial data. The region is set in a motion by
application of assigned surface traction and electric and magnetic
potentials and prescribed mechanical and electric displacements
and magnetic induction on the edge boundary surface. Let

As = {u,— c C]z.d)
€ Clo;s,g- € Coo, E

c C]o,l,b S C](): Tij S C]o.Di (S C]o,‘Bin)
EC()(),M ECOO} onAxT

be an admissible state of single-valued continuous functions which
satisfies the hierarchic linear system of two-dimensional diver-
gence equations , 6.4 and 6.5, gradient equations (5.27)-(5.29), lin-
ear constitutive relations (4.26)-(4.28), boundary conditions (6.6)-
(6.8), initial conditions (6.9)-(6.11) and the symmetry of the stress
resultants (5.23). Also, let the mass density p is positive everywhere
on A and the symmetry relations of material elasticity’s (2.24) with
Eq. (2.25) hold. Then, there exist at most one admissible state As,
which satisfies the hierarchic linear system of electromagnetoelas-
tic shell equations.

The theorem of uniqueness is proved on the basis of the energy
argument, and the conditions are enumerated, which are sufficient
to the uniqueness in solutions of the system of two dimensional
shell equations. It is a generalization of the theorems reported
for the high frequency vibrations of plates and shells made of ther-
moelastic, piezoelectric and thermopiezoelectric shells (Dékmeci,
1974a,b; Altay and Dékmeci, 2001; Altay and Ddkmeci, 2002a).
The complementary existence theorem which states the conditions
for which there exists at least one solution to the initial-mixed
boundary value problems defined by the system of two dimen-
sional shell equations has yet to be investigated even in the case
of high frequency vibrations of elastic shells.

7. Electromagnetoelastic laminae equations

This section is an extension of the results reported in Section 5
to the motion of a functionally graded electromagnetoelastic
curved thin laminae within the discrete layer modeling of compos-
ite structures. A system of two dimensional approximate equations
is derived in variational and differential forms for the laminae at
the low frequency motions (i.e., long-wave approximation). All
the shear and transverse normal strains effects as well as the inter-
face conditions are taken into account.

7.1. Geometry of laminae

Consider a regular, finite and bounded region of thin laminae
Q; + 0Q called the laminae space with its entire boundary surface
89 , closure Q(=QuUdQ) and overall thickness 2H in the
Euclidean space =. The laminae region (see Fig. 3) contains a num-
ber of regular sub-regions (or layers) Q) + 02, with its bounding
surface Q) (= S{” USnn-1) USnms1)), €ach of which may possess
distinct but uniform thickness 2h,, curvature, and electromagneto-
elastic properties. The layers are sequentially numbered starting
with (1) at the lowermost (or bottom) layer and terminating with
(N) at the uppermost (or top) layer. The laminae is referred to by a
fixed, right-handed system of geodesic normal coordinates ¢ situ-
ated on the reference surface A (= A) of the bottom layer. The 6*-
coordinate curves form a system of curvilinear coordinates on the
reference surface, and 0°(= z)-axis is chosen positively upward so
that
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Fig. 3. An element of electromagnetoelastic laminae.

z=-h, z=h, f(0',0°)=0 (7.1)

define the lower and upper faces and the edge boundary surface of
the bottom layer, respectively. An (n)-th layer is bounded by the
edge or lateral boundary surfaces Sfa”), its lower face S, -1y and
upper face S, ,;1, and edge surface S, which is a right cylindrical
surface with generators perpendicular to the middle (reference)
surface A (= A) of the layer. The edge boundary surface intersects
the reference surface along a smooth and non-intersecting Jordan
curve C,, an outward unit vector normal to the edge surface is de-
noted by v}”) and to the faces by n;. The bottom layer is bounded
by its lower face Sy, the interface S; ; and the edge boundary surface

(1, and the top layer by its upper face S,, the interface Sy_; v and
the edge boundary surface S". Furthermore, a set of local geodesic
normal coordinates 9; is introduced on the midsurface A, of the
(n)th layer, and hence, the midsurface A, and the interface S,
are defined by the parametric equations of the form

0=0", 0X(=z)=0"-d,=0; n=1,2,...,N (7.2)
and

—hy=0, 0, +hy1=0 (7.3)
03 - (dn + hn) = O» 03 - (dn+1 - hn+1) =0

where the distance d, is given by

n

dn = (2= 01y — du)hir (7.5)

r=1

between the middle surfaces of the first and (n)th layers.
7.2. Basic field variables

The laminae region under the assumptions of thin shells, similar
to those recorded in Eqgs. (4.1)-(4.3) and the alike, is mathemati-
cally treated as a two dimensional continuum. All the field vari-
ables together with their derivatives are assumed to be exist,
single-valued and continuous functions of the space coordinates
and time in the laminae region with the absence of any kind of sin-
gularities, and also, they are assumed, as usual, not varied widely
across the thickness. Lur'e and Shumova (1996) examined the
kinematic models used for construction of energetically consistent
equations of laminated structural elements, as did Vasiliev and
Lurie (1992), Reddy and Robbins (1994), and Reddy (2004). As be-
fore, a kinematic type of models is chosen, and the mechanical dis-
placements, and the electric and magnetic potentials are taken as a
basis for the derivation of laminae equations. The basic field vari-
ables are represented by a truncated version of the series expan-
sions (4.4)-(4.7) of order N = 1, namely

ur(6*, 03—zt) ol (0%, t) + zB1 (6%, 1) (7.6)
$u(07,6°, 1) = 0w (0%, ) + 2, (0%, 1)
Un(0%,07,£) = Ea(0%,£) + 2L (0%, ) (7.8)
with the denotations as
u = o (07,6), (0%, 6) = B0 1)
¢ = an(0%,6), @ = Ba(0%,0), Wy = E(078), w = La(0%0)
(7.9)

Alternatively, these equations may be expressed as

u"(0; = 0,0} = 20 0) = [ (0%, 0) + duf" (0%, )] + 2aB" (0%, 1)

d) (01,92> ) [O{n(f)“,t) +d(n)ﬂn(917 t)] +Znﬁn(9“,l')
!//(n)(oivoiv ) = [én(()a»t) + d(n)én(()i,t)} +Zn€n(0a,t)

in the system of local coordinates. In Eq. (7.6), «g stand for the
extensional motions (or the stretching), o} and g2 for the flex-
ural motions (or the bending), and 2 for the thickness stretching
of the nth layer. A linear approximation is introduced for the
mechanical displacement components in Eqs. (7.6) or (7.9) as a gen-
eralization of the Kirchhoff-Love hypothesis of classical shells,
namely

By =0, pi=

(7.10)

(03, + blot) (7.11)
where only three of the displacement components (i.e., o)) are se-
lected independently in lieu of six in the linear approximation
(7.9), which revokes the contradictions of Eq. (7.11). Thus, the ef-
fects of transverse shear and normal strains, the rotatory inertia
and the coupling of adherent layers are all taken into account with
the aid of Eq. (7.6).

7.3. Continuity conditions. Independent basic variables

The layers of the laminae are well attached one another, and the
relative deformations are prevented. Accordingly, the continuity of
the mechanical displacements as well as the electric and magnetic
potential is imposed at the interfaces of layers. The continuity con-
ditions are expressed from Eq. (3.28) by
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00" (0%,6) + (dn + M) B (0%, ) = 06"V (0%, 0) + (dnir — o)
B0 )
(0%, 8) + (dn +hn)5(n>(9a>t) = iy (0%, 8) + (dns1 — hnia)
ﬁn+1 (9 t)
(9& t)+ (dn + hn)C(n)(Gi, t) = f(n)(eav t) + (dni1 — hnia)
zm (*,t) onApn xT, n=12,... . (N-1) (7.12)

for the basic field variables. In addition, the continuity conditions
are recorded by

(T?m - T(Bi)) =0
n3(Dy,q) — D3yy) =0, n3(B,y —B) =0 onAy xT,
n=1,2,...,(N-1) (7.13)

for the components of traction, surface charge and magnetic
induction at the interfaces between the adjacent layers. Eq. (7.12)
represents 5(N — 1) constraint conditions for the basic field vari-
ables, and then, the number of independent functions (10N) in
Eqgs. (7.6)-(7.8) is reduced to 5(N + 1). The independent functions
are chosen as

(')Cl1 c C12
& €C; and

and ff € Cpp,00 €Cp and B, € Coy,

hreCy n=1,2,...)N (7.14)

Eq. (7.12) are solved for the rest of the dependent functions as

n n
Oczn = Oci1 + Z Knrﬂf% Olp = 01 + Z Knrﬁ(r)~
r=1 r=1

n

=04 +2Knrz(r)7 n=2,...,N (7153)
r=1

where

Knr(#Km) = (2 = 61r — 0nr)hy — Oprdy, n=1,2,..N

dy =0, dy=2H-(h +hy) (7.15b)

in terms of the independent functions (7.14).
7.4. Gradient equations

The approximations (7.6)-(7.8) for the basic field variables im-
ply similar distributions for the strain tensor, and the electric and
magnetic field vectors in the form

R=
Z(s;’ D M)z

r=0

(Syi, Ei, Mi) = (7.16)

The distributions are obtained by inserting Eqs. (7.6)-(7.8) into the
variational integral (3.23), and then integrating with respect to the
thickness coordinate with the result

SLig = / dtz / (59 — exg)oN" 4 (S — £,)0M*

+ (S5 = 7o) 0K + (S — €43)0Q" + (St — £43)0R”

+ (S — e33)0N* + (0 — e,)67* + ((EV — £,)36*
+ (B — €3)0%% + (M = 7,)0.0" + (M}
—0)ON* + (ML —3)5.4° ™ (7.17)

Here, the quantities of the form

1 1
sy = 2 ((XO‘ y + Uy — 2bv/ffx3), €53 = j (a3.1 + b;aa + ﬁa)v
e33 = f;
by =7 D Cbittiy — Bt + 20005 + By + B — b,
1
&3 = jﬁm
1 A v
Yov = i(—baﬁ/z:v —biBs +2Caf3), €3=73=0 onAxT
(7.18)
and
e =—0g, & =P e=—-F onAxT (7.19)
=—y Uy=-Ly4 YP3=-C ONAxT 7.20)
are defined. In the equations above, the stress resultants by
(1\1011371\/1cx/f7Koz/i7 ro — Qa37R1 — R3a7N33)
:/(T“",zT“”,zZT“/’,T“3,zT°‘3,T33)udz (7.21)
z

are introduced. Also, it is pertinent to note here that the conven-
tional stress resultants are defined in the form

NP — / T“",u’j,udz _ Nm/f _ bew7
V4

M = /Z T W uzdz = M* — K™ (7.22)

in terms of Eq. (7.21). Likewise, the gross electric displacement and
magnetic induction by

9,6 7e////7/‘/ = D.ZD 7B.,ZB ,udZ 723
z

are considered. The resultant quantities are measured per unit
length of coordinate curves on the reference surface A.

7.5. Constitutive relations

The material of electromagnetoelastic thin laminae is function-
ally graded along its thickness, and all the material coefficients of
each layer in Egs. (2.21)-(2.23) are taken to be continuously
dependent on the thickness coordinate z in a linear form

{M(2),e"(2),67(2),€"(2), 6 (2), " (2)}

= {(cd" + 2z, (c] +zch)} (7.24)

in consistent with Eqs. (7.6)-(7.8). To obtain the constitutive rela-
tions of laminae, the variational integral (3.26) with Eq. (4.17) is
written for all the layers, and then the distribution (7.16) is invoked
and the integration is performed with respect to the thickness coor-
dinate with the result

oLy = / dt / Z [N N2y + (M7 — M)
A

+ (K™ — 1<§/‘)5 Vup + (Q = Q¥)des3 + (R* — RY) 623
+ (N = N3)dess + (2% — 07)dey + (6% — 6%)dey
+(2% — D2)oes + (M* — M)y, + (N — N )V,
+ (P = )5y, dA (7.25)

Here, the constitutive denotations of the form
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NY = (3 pto + ¢ iy e+ (e 1y + 3 1y ) e
() s+ )y — (e o+l 1),
— (€8t + el ) e — (80 o+ &1 1) 7 — (60 1y + X 115) i
M= (e py + 3% g e+ (€5 + i 3 )
(05" s+ T ) g — (€5 1ty + €1 p1y e — (€5 11y + €1 i3 ) e
— (3" g + 7" 1) P — (&5t + 67" 150
K2 = (g™ phy + ™ i e + (g™ py + €77 1y e
(g™ g+ )y — (€5 1y + €1 p13)en
— (e + el p) e (et + 67 )= (e s + 677 )0
Q"=N", R*=M" (7.26)
with
N = N MY = MY — BIK® (7.27)
and
7 = (e o + €' 1y )ew + (e6' 1y + el ) e
+ (e ty + € as) . + (el 1o + ey e
+ (€ 1y + e 1) en + (e o + & 1) 7
+ (& g + &1 1y)Vr
6 = (e 1y + e y)en + (€5 1ty + €1ty ) e
+ (€5 s + e iy) v + (651 + e i e
+ (€5 1ty + e iy )er + (' 1y + &7 11,) 7
+ (' 1y + 7 )i (7.28)
and
M = (g5 o + €1 1y )ew + (65" 1y + 11y ) e
(86" 1y + 81 43)7 + (C6 Mo + CY 1) i
+ (Chpy + o + (8 g + &y e + (e 1y
+ 8i1kl'l’2)8k
NE= @ + ) en + (65t + €1 143) 6
+ (655 s + & )i + (5 + )
+ (3 + €T )0 + (e 1y + EF 1 e
+ (8t + &1 1) e (7.29)

are defined in terms of Eqgs. (4.18) and (7.18)-(7.20).
7.6. Divergence equations

Within the concept of a discrete layer modeling, the divergence
equations are derived for a thin electromagnetoelastic laminae
paralleling to the formulation of shell equations in Section 5. The
derivation is essentially based on the selection of the basic field
variables (7.6)-(7.8) as a linear function in the thickness coordi-
nate, and using a variational averaging procedure for smoothly
varying field quantities across the thickness of laminae. To begin
with, the mass density and the body force vector are expressed as

p2) = po+psz, f(2)=fo+hiz (7.30)

for a functionally graded material in consistent with the material
coefficients of the laminae given in Eq. (7.24). Also, the resultants
of traction, surface charge and quantities of the form
(PP} = (T% — 2bT¥s)u atz={h,~h},

(R, R} = (T* — zb;T*s})zu  at z = {h,—h}, (7.31)

and

{4/} =D’u, {e},e}} =D’zu atz={h,—h} (7.32)
(my.m}}" =B {nln}}=Fzu atz={h-hy,  (7.33)
and the displacements and the body force resultants by

A" = (Poko + P114)% + (Poby + P1H2) B

B' = (polty + p11) % + (Polly + p113) B (7.34)
and

F' = (fipo +fisy) — b5 (g 1y + £ 1),

G' = (forts +fiky) = by (fo pta + f 1ts) (7.35)

are defined. Now, Eqgs. (7.6)-(7.8) are inserted into the variational
integral (3.24) with Eq. (5.2), and then, it is evaluated for an individ-
ual layer as in the derivation of Eq. (5.7) and then for the laminae
with the following result

" " N . . . .
5LLd{A}=/T dt/A SOV 4 Pl — Phocy + (W' + R, — R)op;
r=1

+ (2% +dy — dp)do + (6% + e, — €)dp

+ (% A my —m)OE+ (N 4y =)o} =0 (7.36)
where
V= - DIQ + F — A", VP =Q% 4+ by /P + PP - A (7.37)
W= il} —Q*+F*—B*, W> =R}, —N» +b,,.t™ +F —B>  (7.38)
The variational integral (7.37) is expressed by
SLig{ g} = OLga{ Aa} + OLige{ At} + SLigm{Am} = 0 (7.39)
where
N . . .
SLiga{ A} = /T dt /A {(Z Vi Py - p;m>5up>
N
+ Wiy +h Y Vi + (P + Pfl(N))} spY
N-1 r:2N
S (wgn) 3 RVl ¢ 2th§§”>> 540
= =
+ [Wis) = (dy = h)Viy, + 2hPiV 05" }dA  (7.40)

for the mechanical field,

N
OLige{ A} = /T dt /A { (Z D+ Quwy — dzm) ooy
r=1

N
&%+ iy Dy + hi(du) + di)
r=2

+ i

N-1

N
i 7 N
+ Z(ﬂg(yﬂ):a + Z K"nrg(lf)::x + 2h”d£ ))5ﬁ(r))

n=1 r=n

+ ["’@%n):oc = (dy = hn) %y + 2hNdLN))] 5ﬂ<N>} dA (741)

for the electrical field, and

N
OLiam{Am} = / df/ { (Z My + M) — mlm) 6
T A r=1

N
+ ,/4/:0;( +hy Z e///‘(xr):a + hy (mu(N) + m[(l)):| Ofm

r=2

N-1 N
EY W+ D Ko+ 2,
n=1 r=n

[ W = (= ) 5, + 2hem |0 | (7.42)
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for the magnetic field. Their admissible states by

A= {0V MY, A = {oay, By s Am = {&1y: {m Js
n=12,...,N (7.43)

are given. Here, the variations are expressed with respect to the
independent basic functions (7.15), and the resultants of mechani-
cal, electrical and magnetic quantities are used. Also,the continuity
of traction, electric displacements and magnetic inductions across
interfaces of layers (7.13) are all taken all into account.

7.7. Boundary conditions

In the laminae region, the mechanical displacements are taken to
be prescribed on some part of the lower face Sy, and of the edge sur-
face Sy, of the lowermost layer. The tractions are given on the upper
face S,r, and some part of the lower face Sy (= Sy N Sy) and the edge
surface St (= Se N Siey) of laminae. The electric and magnetic poten-
tials are given on the faces and the surface charge and the magnetic
charge on the edge surface. Accordingly, the variational surface inte-
gral (3.27) is expressed for the laminae as follows:

OLp{ A} = OLipa{Apa} + OLwe{Abe} + OLipm{ Abm} (7.44a)
with the denotations by

OLip{Ap} = 0Las 4+ OLae + OLqu, OLie = OLef + Olee,

OLim = OLmg + OLpe (7.44b)

where

SLay = / dt / [
T SufUSige
ol = [ dt/Q ch/{ v, T -
o M
5Lau7/dt/ dc{/ (o +2;) — uf] v, (6T — zb5! 5T""),uclz}
Cy V4

T’ TP — (T — n;T“)bf,«Si,} (60t; + 20 ;) dA

Z(T° —v;T*)b.8% )60y +zé[5,»),udz}(r)

/ dt/ (0 +2P;) — uins (6T — zb' 6! 5T’”)],udA} (7.45)
lfu
and
5Ly = / dt / (o0 + 2B) — §.Jn;0D* dA
T Sf
N "
OLee :/ dtf e {/(D* —vD%) (S0t +z&[3)} udz (7.46)
T c = Uz
and
OLms = / dt / [(¢+20) — y.]n30B dA
T Sf
N "
OLme = / dt / ch{ (B. —voB“)(auz&j)} pdz — (7.47)
T c = Wz

As before, taking the integration with respect to the thickness coor-
dinate in Egs. (7.45)-(7.47), using the resultants (7.21)-(7.23),
(7.27) and (7.31)-(7.33), and considering the independent functions
(7.15), the boundary conditions are expressed by

oo = / dt / (24 + Phom + hiop)] " da
Sm

/dt/{#” Y™ oo +Z 761,,115/3}
UI
N

5Lae=/dt oS (A — v ®

G n=1
+ Z op; (m) |:Z Knr (N, — VjV/‘,/»ou‘)(r) + (//fi _ V%ﬂoci)(n):| }dc
ooy = / dt/ ve{(o; (B, — B.)OM
a (1) o
+(Bs — B.2)0R"} dc+/T dt/s,,u {lGs—2) -

_ ,,&la/

b~ p))om ) dA
(7.48)

for the mechanical field. Here, the prescribed mechanical displace-
ment is approximated as in Eq. (7.6), and
{Z?}" =T,

m— /(Ti —zbiT/s,){1, 2} udz
z

—zbiTlsl)u atz={h,—h}, (7.49)

(i} (7.50)

are defined. Likewise, the boundary conditions are obtained as

oLy = / (o~ h]ﬁ)+¢]5d:3}“>dA
Sir

/dt/ { (z Sin)haf }Mﬁ}(N}dA
u[ n=1
OLee :/T dt}{ dc{5a1 EN: —V,9

N N
R {Z (2. — ,7)" + (6. - vw““f")} }dc
n= r=n

(7.51)

and

ooy = [ at [ (-
S
N ™)
/dt/ H t,b*—f—Z(Z—ém)hnC(n)}émﬁ} dA
uf n=1
3 (n)
OLme = [ dt ]{ dcs o M — Vo ™)
[acf { Y )
N

N
+3 o™ {Z Ko (M, = Voyl®) D + (N, — vx,wy“)} }dc
n=1 r=n

(7.52)

hi0) + . Jom? }

for the electromagnetic field.
7.8. Initial conditions
A set of initial conditions based on Egs. (2.29)-(2.31) is recorded

oV (0%, to) — vV (0%) = 0,

: ") =0,
n=1,2,...,N onA(t)

B (0%, t0) —

o7 (0%, to) — 1, (0%) =0, (0%, o) — " (0") =0,
n=1,2,...,N; onA(ty) (7.53)
and
oy (0%, t0) =1 (0%) = 0, Bpy(0%,t0) — A, (6%) = 0,
n=1,2,...,N onAt) (7.54)
Ey(0%t0) = 7°(0”) =0, L) (0%, t0) — @, (0%) =0,
n=1,2,...,N onAt) (7.55)

for the mechanical and electromagnetic fields, respectively.

8. Laminae equations in differential form. Some special cases

Thus far, the unified variational principles are formulated for
certain electromagnetoelastic regions in Section 3, and the approx-
imate two dimensional equations of a functionally graded thin
shell are derived in both variational and differential form in Sec-
tions 4-6, and those of laminae in variational form in Section 7.
The resulting equations in invariant form are capable of tackling
a large variety of similar results for piezoelectric, electromagnetic
and magnetoelastic regions and structural elements in a system
of coordinates most appropriate to their geometry. To begin with,
the approximate equations of laminae are given in differential
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form, and then, some cases involving with special geometry, mate-
rial and type of vibrations are indicated.

8.1. Differential laminae equations

The laminae equations in variational form consist of the gradi-
ent equations (7.17), the constitutive relations (7.25), the diver-
gence equation (7.40) with Eqgs. (7.41)-(7.43), and the boundary
conditions (7.48), (7.51) and (7.52), and the initial conditions
(7.53)-(7.55). These equations readily yield, as their Euler-La-
grange equations, to the laminae equations in differential form.
First, setting the variational integral (7.17) equal to zero and con-
sidering Eq. (7.14) with Eq. (7.15), the gradient equations in differ-
ential form are expressed by

e 1
av 2

n ] % T
e(m? = e(a]‘? + 2 Z Kur(Booy + By — 2b6\’ﬁ3)( )
r=1

(O(o':v + Oy.g — 2b\!a“3)(1>7

el = 5 (50 + 030 )",
) = el 4+ Z] e (B3 + DBo)" on AxT
ey = %(fbf',oc;,;v — b0 + 2C50003 + By + Prg — 2beuB3)";
e = £y el =p5
en) = &) +% TEH]: Knr (=3B = DB s + 2C0B3)"

(ﬁm + Brs = 2boufs)"”

v 5( 0B = biBrg +2CoP3) ",
7= %( D — B+ 2008)".

1 _ (1) (n)
€33 _§ﬂ3,a7 €3 —*/33“7( 713 =0 *533 —%3 =0,

n=23,...,(N) (8.1)
and

n
el = —g), - Z;cm[)’ onAxT

r=1

n=2.3,...,(N) (8.2)
and

n
i My megg, n=23,...,(N) onAxT
o =9, oP =05 9P =, 9 =,
o) =0, v’ =0 (8.3)

in terms of the independent functions. Likewise, the constitutive
relations in differential form follow from the variational Eq. (7.25)
as

(NOC/‘ _ N?ﬁ)(”) =0, (Mﬁlf _ M?ﬂ)(”) =0, (KOCﬂ _ K?ﬂ)(”) =0,
n=1,2,....N; onAxT

(Q3x Q3oc) n __ (R3oc Rga)(n) _ O7 (N33 _ N33)(n) — 07
nfl,Z,A..,N; onAxT (8.4)
and

(@ ~aH)" =0, (8-6)"=0, (Z’-2)" =0
n=12,...,N onAxT (8.5)

(=) " =0, (V=" =0, (4*—.u})" =0,
n=1,2,....N onAxT (8.6)

in terms of Egs. (7.26), (7.28) and (7.29), and the divergence equa-
tions in differential form by

N
> Vi + (Puw = Piyy)) =

0 onAxT
r=1
N
hy Vi) +hi(Py +Py) =0 onAxT
r=2
N-1 )
Wi+ KnVi, +20,PY =0, n=23,...,(N-1) onAxT

— (dy — hw)V{y, + 2R P =0 onAxT (8.7)

together with the symmetric stress resultants which readily follows
from Eq. (5.23) as

8y Qi + 61 Qiny = 0,0R0y) + EpaRip =0 n=1,2,3,.,N; onAxT
Sav(N% - b};M/m)(n) =0, & (™ - bl‘f‘//m)(") =0

n=1,2,3,.,N; onAxT (8.8)

from Eq. (7.41)-(7.43) for the mechanical field, and

N
D+ duy — digy =

r=1

N
Elyo 10> D+ ha(dugy + dir)) =

r=2

N
o 2 : N
6(“1‘):1 + K“r@?‘f):fx + Zh”di : = 07

r=n

n=23,...(N-1) onAxT

— (dy — )Py, + 2hyd") = (8.9)

for the electrical field, and

N
2 Miya

r=1

+ My — myqy = 0

N
JV?]):(X + h1 Z ‘//(Zr):u

r=2

+ hl(mu(N) +myqy) =0

N
Wt 3 il + 2 =

r=n

onAxT
-/‘/Z{N):x —(dn

for the magnetic field, with the admissible states (7.43). Lastly, the
boundary conditions in differential form are written as

0, n=23,... . (N-1)

— hN M +2th(N) =0 8.10
(N):0c u

PN PN —0 onSyxT, PY"+P""=0 onSpxT

N
S (N =v ™M =0, onAxT (8.11a)
n=1
> ke (N =y AN 4 (M= v, tt™)™ =0, along C;x T (8.11b)
r=n

and

oV —o =0, pY-pY =0, onSyxT and C,xT
8.11¢)

for the mechanical field, and
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hipy —b,=0, onSyxT
N
@ﬁz — 01)hafy =0, on Sy xT (8.12a)
n=1
and
N
> (@, —v,7*)" =0, along C x T
n=1
N
> k(2. = v, @)D + (6. - v,6")" =0 along Cx T (8.12b)
r=n
and
- -y, =0, onSyxT
N
—Yu+ D (2= 0m)haly =0, onSyxT (8.13a)
n=1
and
N
> (M= vytt”)" =0, along C x T
n=1
N
>t (M = Vo lt®)D 4 (N = VAW =0, along Cx T (8.13b)

r=n

for the electromagnetic field in terms of the prescribed quantities.

The initial conditions (7.53)-(7.55) and the boundary
conditions (8.11)-(8.15) are sufficient to ensure the uniqueness
in solutions of the system of two dimensional equations of electro-
magnetoelastic laminae. The proof of the uniqueness is similar to
that in Section 6 for the thin shell (cf., Dokmeci, 1978).

8.2. Electromagnetoelastic plates and layered plates

In the absence of curvature effects, that is, bjj = 0 and the shell
tensor uj = 5;, the results of the thin shell and laminae are reduced
to a system of two dimensional equations governing the motions of
a functionally graded electromagnetoelastic plates at high frequen-
cies, and also, plane laminae or layered plates. In addition, omitting
the dependency on one of the aerial coordinates, one recovers the
system of one-dimensional equations for a functionally graded
beam and laminated beam. Further, discarding one of the effects,
the results are easily seen to reduce to those of elastic, piezoelec-
tric or magnetoelastic beam, plate and shell, and laminated ele-
ments as well (e.g., Dokmeci, 1974b, and the Altay and Doékmeci,
2003b).

8.3. Special variational principles

The variational principles are quite general and contain some of
earlier ones as special cases. The variational principle (3.55) oper-
ating on all the field variables are readily reduced to the variational
principles of piezoelectric and magnetoelastic stratified regions by
simply dropping out the magnetic and electric terms, respectively.
Also, it is noteworthy to mention a variational principle of the form

5LLa{/1a = (uj € 12,55 € C007TU)(H)}

N
= (0LefAa})™ + oLs, = 0 (8.16a)
n=1
with
Ni] a2 as
L :/ dtZ(/ vi{[T] < ou; > — < 6T" > [y;]}dS)™  (8.16b)
T =1 JS

and its reciprocal variational principle as

5LLem{Aem = (¢,E.,D'; lﬁ,M,—,Bi)(n)}

N
= (0Le{Ae} + OLn{An})™ + SLsem = 0, (8.17a)
n=1
with
N-1 )
SLsom :/T dt; (/5 vi{[D'] < ¢ >
— < oD' > [¢] +[B]< oy >— < B > [w]}ds)“” (8.17b)

from Egs. (3.53) together with Egs. (3.20)-(3.22).

9. Some concluding remarks

Presented in the first part of this study are the fundamental
equations of an electromagnetoelastic material, including some re-
sults for their internal consistency, which is of special importance
from the mathematical as well as physical point of view in modeling
the response of a continuum. Certain unified variational principles
operating on all the field variables with their well-known features
are derived so as to express the fundamental equations of the regu-
lar region and stratified regular region of an electromagnetoelastic
material, as the appropriate Euler-Lagrange equations. The princi-
ples are deduced from a general principle of physics by relaxing
its constraint conditions through an involutory transformation,
and thus, allowing for simultaneous approximation upon all the
field variables. They generate all the divergence and gradient equa-
tions, the constitutive relations, and the boundary conditions of the
regions. Their admissible states are subjected to Cauchy’s second
law of motion (i.e., the symmetry of the stress tensor), which always
remains as a constraint conditions for a non-polar continuum (cf., a
polar continuum, Altay and Dékmeci, 2006) and the initial condi-
tions, which can be either directly included or implicitly considered
through Laplace transformation (e.g., D6kmeci, 1992; Altay and
Dokmeci, 2000). The weight functions of the variational principles
are not purely formal as in the weighted residual methods but found
in terms of the original field variables, which provide their physical
interpretation. The variational principles are the counterpart of the
Hu-Washizu variational principle in elasticity, and they are com-
patible with and contain some of earlier variational principles in
elasticity, piezoelectricity, magnetoelasticity, electromagnetism
and electromagnetoelasticity, as special cases. However, the unified
variational principle (3.55), which generates all the interface condi-
tions for a stratified electromagnetoelastic region as well, has no
counterpart for the coupled fields of continua. The reader may be re-
ferred to a review of variational principles with an extensive list of
references for a regular region of materials subjected to coupled
mechanical, electrical, thermal, magnetic and moisture fields (e.g.,
Altay and D6kmeci, 2007, and references cited therein).

In the second part, a system of two dimensional shear deforma-
tion equations of a electromagnetoelastic thin shell graded func-
tionally across its thickness is systematically derived with the
use of Mindlin’s method of reduction at the short wave approxima-
tion. The mechanical displacements and the electric and magnetic
potentials are chosen as the basic field variables in terms of the
power series expansions in the thickness coordinate. The varia-
tional principles are used to derive consistently a system of two
dimensional approximate equations of shell at high frequency mo-
tions in invariant and fully variational and differential forms,
including all the mechanical, electric and magnetic effects of high-
er orders. The invariant form is useful in expressing the system of
equations in any particular system of coordinates, which is most
appropriate to the geometry of shell, and the variational form is
desirable in making simultaneous approximation upon all the field
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variables by freely choosing the shape functions in a direct approx-
imate solution of the shell equations. The initial-mixed boundary
value problem defined by the shell equations is shown to be
well-posed and deterministic. The uniqueness in solutions of the
problem is investigated and the boundary and initial conditions
are shown to be sufficient for the uniqueness, and then a theorem
of uniqueness is stated. The resulting equations are quite general
and agree with some of earlier ones, and they can be readily re-
duced to a system of two dimensional shear deformation equations
of a functionally graded plates by simply neglecting the curvature
effects, that is, replacing the shell tensor p by the Kronecker delta
d;. The shell equations, which are geometrically linear but physi-
cally nonlinear recover the high frequency equations of shells, pie-
zoelectric crystal surfaces, and even bars and piezoelectric bars by
simply eliminating the dependency on one of the aerial coordi-
nates, that is, u{” = ul" (0",t), ¢ = ¢(0",t) and y(0',t), as well
as the curvature effects (Dokmeci, 1972, 1974b). Moreover, dis-
carding the electric and curvature effects, the shell equations gov-
ern the motions of a magnetoelastic plate and shell at the short
wave approximation, and also, retaining only the linear terms in
Egs. (4.4)-(4.7) with N=1 at long-wave approximation.

In the third part, the system of two dimensional shear deforma-
tion equations is developed for the motions of a functionally
graded electromagnetoelastic laminae under the long-wave
approximation within a discrete layer modeling. The laminae
may comprise any number of bonded layers, each with a distinct
but uniform thickness, curvature and physical properties. The sys-
tem of laminae equations is derived for the case when the mechan-
ical displacements and the electric and magnetic potentials vary
linearly across the thickness of each layer. In the derivation, the
Kirchoff-Love hypothese of shells and its contradictions are elimi-
nated, and hence, the dynamic interactions among the constituents
are fully taken into account. Also, the usual continuity of field vari-
ables are fully maintained in accordance with perfectly bonded
constituents. Paralleling the uniqueness theorem for the shell case
in Section 6, the boundary conditions (8.10)-(8.15) and the initial
conditions (7.53)-(7.55) can be shown to be sufficient to assure
the uniqueness in solutions of the laminae equations (cf., D6kmeci,
1978). As before, the resulting equations in invariant form are
applicable to arbitrary shaped laminae in a desirable system of
coordinates. Besides, they can be reduced to those of piezoelectric
and magnetoelastic layered beams, plates and shells, which are
unavailable in the open literature. In closing, what remain to com-
plete this work are applications to structural elements with special
geometry, material and motion, including numerical results which
can provide an evaluation of the formulation, some experimental
results and technological applications as well.
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