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The fundamental equations of elasticity with extensions to electromagnetic effects are expressed in dif-
ferential form for a regular region of materials, and the uniqueness of solutions is examined. Alterna-
tively, the fundamental equations are stated as the Euler–Lagrange equations of a unified variational
principle, which operates on all the field variables. The variational principle is deduced from a general
principle of physics by modifying it through an involutory transformation. Then, a system of two-dimen-
sional shear deformation equations is derived in differential and fully variational forms for the high fre-
quency waves and vibrations of a functionally graded shell. Also, a theorem is given, which states the
conditions sufficient for the uniqueness in solutions of the shell equations. On the basis of a discrete layer
modeling, the governing equations are obtained for the motions of a curved laminae made of any num-
bers of functionally graded distinct layers, whenever the displacements and the electric and magnetic
potentials of a layer are taken to vary linearly across its thickness. The resulting equations in differential
and fully variational, invariant forms account for various types of waves and coupled vibrations of one
and two dimensional structural elements as well. The invariant form makes it possible to express the
equations in a particular coordinate system most suitable to the geometry of shell (plate) or laminae.
The results are shown to be compatible with and to recover some of earlier equations of plane and curved
elements for special material, geometry and/or effects.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Smart (intelligent, adaptive, functional) or responsive materials
refer to a class of contemporary materials, which are capable of
simultaneously sensing mechanical, electrical, thermal, magnetic
and even moisture effects. This type of materials (e.g.,piezoelectric,
thermopiezoelectric, hygrothermopiezoelectric, piezomagnetic,
electrostrictive, magnetostrictive, electromagnetoelastic and the
alike materials) and structures have considerable recent technolog-
ical applications in sensing, actuation and control, optics and elec-
tromagnetics, information processing, and material science (e.g.,
Wang and Kang, 1998; Tani et al., 1998; Chopra, 2002; Schwartz,
2002; Tzou et al., 2004; Leo, 2007; Reece, 2007). The sensitivity of
materials to various fields is a complex case involving with many
parameters, and it was modeled by introducing certain simplifying
assumptions with desirable accuracy. The principal simplifications
are only the retention of the mechanical and electrical fields
(piezoelectricity), the piezoelectric and thermal fields (thermopi-
ezoelectricity), the moisture and thermopiezoelectric fields (hygro-
thermopiezoelectricity), the mechanical and magnetic fields
ll rights reserved.

: +90 212 2856454.
i).
(magnetostrictive), the electrical and magnetic fields (electromag-
netism), the piezoelectric and magnetic fields (electromagnetoelas-
ticity). In electromagnetoelastic materials, the mechanical,
electrical and magnetic fields interact one with another, for in-
stance, they become magnetized when placed in an electric field
and electrically polarized when placed in a magnetic field or a
mechanical stress produces an electric and a magnetic field and,
conversely, a strain is produced in response to an applied magnetic
field and/or an electric potential. Only a few natural materials but
some synthetic materials and especially various piezoelectric/mag-
netostrictive composites were shown to exhibit the magnetoelec-
tric coupling effect (Ryu et al., 2002; Fiebig, 2005). The effect was
observed in either single phase materials (e.g, Alshits et al., 1992;
Wang and Mai, 2004) or as a result of the product property in com-
posite materials, of which the piezoelectric or magnetostrictive
constituents do not exhibit the effect (e.g., Rado and Folen, 1961;
van Suchtelen, 1972), as a new class of advanced materials, namely
the electromagnetoelastic materials. The materials are a growing
area of the basic and applied research due to their unique capability
of electromechanical and magnetomechanical energy conversion,
which is important in applications of smart and active structural
systems. The reader may be referred to the treatises on the
interaction processes, including its development, modeling, and
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applications (e.g., Landau and Lifshitz, 1960; Mason, 1966; Freeman
and Schmid, 1975; De Lacheisserie, 1993; Parton and Kudryavtsev,
1988; Kudryavtsev et al., 1990; Hutter et al., 2006; Reece, 2007;
Bardzokas et al., 2007).

The fundamental equations of electromagnetoelastic interac-
tions, which were corroborated with some experiments (e.g., Ryu
et al., 2002) may be expressed, as suggested by Mindlin (1974), by
the divergence equations, the gradient equations, the constitutive
relations and the boundary and initial conditions to supplement
them (e.g., Pao and Yeh, 1973; Pao, 1978; Kiral and Eringen, 1990;
Wang and Mai, 2007). The divergence equations (i.e., Newton’s and
Maxwell’s equations) were established in integral (global) form on
the basis of the well-known axioms of electromagnetism and
mechanics, and they were stated in differential form under certain
regularity and local differentiability conditions of the field variables.
The gradient equations, which are given in differential form, and the
divergence equations are the universal laws within the limits of con-
tinuum physics. The constitutive relations, which represent the
peculiarities of materials depending on the range of effects, were al-
ways stated in differential form under certain rules and require-
ments of continuum mechanics, except for the non-local case
where the nature of long-range intermolecular forces is of special
importance. In some high technology materials, namely the func-
tionally graded (FG) materials, the constitutive relations are prop-
erly conceived and tailored to vary gradually in certain direction
(e.g., Suresh and Mortensen, 1998; Miyamoto et al., 1999; Ichikawa,
2001; Shen, 2009). This type of materials is of a recent design feature
and demand so as to improve the working performance and lifetime
of the devices operating for sensing, actuating and control purposes.
Recently, Birman and Byrd (2007) presented a review of modeling,
analysis and developments of functionally graded materials, includ-
ing a list of extensive references. The initial and boundary conditions
were almost always stated in differential form, and they were given
so as to ensure the internal consistency of the fundamental equa-
tions (i.e., the existence and uniqueness of solutions), that is, the
equations well-posed. Some results were reported for the unique-
ness of solutions (e.g., Li, 2003; Aouadi, 2007; El-Karamany and
Ezzat, 2009), and the existence of solutions and one stability result
(Priimenko and Vishnevskii, 2007) in electromagneto elasticity.

In mathematically modeling the interactions, the fundamental
equations may be alternatively expressed in variational form in
lieu of integral and differential forms, as the Euler–Lagrange equa-
tions of some variational principles with their well-known fea-
tures. Aside an intuitive or a trial-and-error approach, variational
principles were systematically obtained either by use of a number
of mathematical methods or a general principle of physics and/or
by extending it through an involutory transformation. A mathe-
matical method, which leads to an integral type of variational prin-
ciple with an explicit functional, can be applied only for linear and
self-adjoint system of differential equations. On the other hand, a
physics principle can be applicable to any system of differential
equations, but generates a differential type of variational principle
without an explicit functional and with some constraint condi-
tions. The constraint conditions, which are undesirable in compu-
tation, can be removed by a variety of methods so as to derive a
unified variational principle, that is, a variational principle operat-
ing on all the field variables. The unified variational principles were
reported in elasticity (Hu, 1954; Washizu, 1955), in piezoelectricity
(Dökmeci, 1973; Vekovishcheva, 1974; He, 2001a), thermo- and
hygrothermo-piezoelectricity (Dökmeci, 1978; Altay and Dökmeci,
1996 and Altay and Dökmeci, 2008), piezoelectromagnetism (Altay
and Dökmeci, 2004; Altay and Dökmeci, 2005), and electromag-
netoelasticity (Wang and Shen, 1995; He, 2001b; Yao, 2003; Luo
et al., 2006). Some Laplace-transform-type and unconventional
Hamilton-type variational principles were presented in electro-
magnetoelasticity by Wang and Shen (1995) and Luo et al.
(2006), respectively. He (2001b) obtained a variational principle
by his semi-inverse method so as to describe the static physical
behavior of a magneto-electro-elastic medium. Recently, a review
of variational principles with an historical account of development
and an extensive list of references through the pertinent keywords
within the ‘‘ISI-Web of Science” was reported (Altay and Dökmeci,
2007; Altay and Dökmeci, 2009), which reveals that a unified var-
iational principle in invariant form or including the discontinuous
fields and/ or deduced from a general principle of physics, is
unavailable in electro-magneto-elastodynamics.

Structural elements, for instance, a shell or a curved laminae,
where one dimension is at least of order of magnitude lower than
the other two, was almost always mathematically modeled as a
two dimensional continuum. The physical response of a shell may
be analyzed by use of either the three dimensional fundamental
equations of materials or a system of two dimensional equations,
which was deduced from the former with the aid of a method of
reduction on the basis of some simplified assumptions (e.g., Ambar-
tsumian, 1964; Kil’chevskiy, 1965; Cicala, 1965; Naghdi, 1972; Koit-
er and Simmonds, 1973; Librescu, 1975; Gol’denveizer, 1997;
Villaggio, 1997; Libai and Simmonds, 1998; Pikul, 2000; Rubin,
2000). Both the three dimensional equations and two dimensional
equations of shells inherently contain at least some inevitable as
well as unpredictable errors of experimental nature in material
properties, which have to be more accurately determined in consis-
tent with efficient numerical techniques and powerful computers
nowadays. The relative merit of using either the three or two dimen-
sional equations depends on each specific case, though the former
seems to be more accurate and evidently less tractable in numerical
computation than the latter. Nevertheless, the two dimensional
equations were preferred in the bulk of analysis to predict the phys-
ical response of shells due to the complexity of the three dimensional
equations. The field variables together with their derivatives up to at
least second orders are assumed to be exist, single-valued and piece-
wise continuous functions of the space coordinates and time in the
shell space. In addition, the field variables are assumed not to vary
widely, and hence, they can be averaged across the thickness of shell,
as in the cross-section of rods introduced first by Leibniz (1684).
Other assumptions involve geometrical and/or material linearity,
low- and high-frequency motions, especially mathematical model-
ing of thin, moderately thick or thick shells. Only, a few authors
(e.g., Berger, 1973; John, 1965; Dikmen, 1982; Ciarlet, 2000; Libai
and Simmonds, 1998; Kaplunov et al., 1998; Kienzler et al., 2004)
were concerned with the range of applicability of some assumptions,
the internal consistency (i.e.,existence, uniqueness and stability) of
solutions, and the type of loadings, which still appeal to much great-
er elaboration involving intrinsic and especially extrinsic error esti-
mates, as was discussed in a comment (Altay and Dökmeci, 2003a).

A laminae type of plane or curved structural elements was appre-
ciated only recently as a new design feature and demand in electro-
magnetoelastic devices. The physical response of a laminae can be
analyzed either by a micromechanical model of mixture or lattice
types (e.g., Li and Dunn, 1998; Chen et al., 2002; Lee et al., 2005; Abo-
udi, 2007; Tang and Yu, 2008) or a macromechanical model (e.g.,
Milton, 2002). There basically exist two types of macromechanical
models: an effective medium model (e.g., Hashin, 1983; Avellaneda
and Harsche, 1994; Nan, 1994; Benveniste, 1995; Tan and Tong,
2002) or a discrete layer modeling (e.g., Dökmeci, 1992; Saravanos
and Heyliger, 1999; Delia and Shu, 2007). The former replaces the
laminae by a representative medium with the aid of averaged mate-
rial properties of its constituent elements. This conventional model,
although it is relatively simple, omits the mutual coupling of adher-
ent layers, and it is generally suitable in investigating a rather broad
class of the static responses of laminae. The discrete layer (or layer-
wise) modeling incorporates all the essential features of laminae
constituents, and it accounts for the dynamic responses of laminae
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as well. The extension of classical models (e.g., Lagrange’s or Kar-
man’s model of plates and Love–Kirchhoff’s model of shells) to a
laminae always leads to a conventional effective medium model,
and hence, it disregards the electromagnetoelastic interactions be-
tween adjacent layers. Nevertheless, Mindlin’s (1955, 1967) or other
shear deformable models may be used in a discrete layer modeling
so as to account for the interactions. Ghugal and Shimpi (2001,
2002) and Carrera (2002, 2003a,b) reviewed various single layer
and layerwise models for laminated structural elements, with an
extensive list of references, and they discussed their merits and
demerits, as did Qatu (2002a,b) and Alhazza and Alhazza (2004)
for laminated shells, and Dökmeci (1980, 1992), Saravanos and Hey-
liger (1999), Wang and Yang (2000) and Wu et al. (2008a,b) for lam-
inated piezoelectric elements.

The open literature relevant to a static and dynamic analysis of
electromagnetoelastic structural elements is rather scanty and direc-
ted, in general, toward solutions of specific problems of structural
elements. The static analysis includes, for instance, an analytical
solution to electromagnetoelastic beams with different boundary
conditions (Jiang and Ding, 2004), and an exact three dimensional
solution (Pan, 2001; Pan and Han, 2005), a state vector approach
(Wang et al., 2003), a discrete layer solution (Heyliger and Pan,
2004; Heyliger et al., 2004), and a partial mixed layerwise finite ele-
ment model (Garcia Lage et al., 2004) for multilayered magnetoelec-
troelastic plates. As for the dynamic problems, the vibrations of
layered beams (e.g., Annigeri et al., 2007), plates (e.g., Pan and Hey-
liger, 2002; Qing et al., 2005; Chen et al., 2005; Bhangale and Gane-
san, 2006; Chen et al., 2007a,b), hollow cylinders and spheres (Hou
and Leung, 2004; Hou et al., 2006; Dai et al., 2007; Wu and Tsai,
2007; Jiangong et al., 2008), and cylindrical and spherical shells
(e.g., Buchanan, 2003; Bhangale and Ganesan, 2005; Annigeri et al.,
2006; Tsai and Wu, 2008; Daga et al., 2008a,b; Wu et al., 2008a,b)
were studied. Pan and Heyliger (2002) solved the vibration problem
of a simply supported laminated rectangular plate, and Pan and Han
(2005) studied the problem in case of functionally graded material.
Buchanan (2004) determined and compared the natural frequencies
of layered and different multiphase models of plates using finite ele-
ment analysis. Ramirez et al. (2006) obtained a discrete layer solution
for the static and vibration analysis of a plate having different graded
materials. The transient responses of hollow cylinders for symmetric
and axisymmetric plain strain problems were investigated by Hou
and Leung (2004) and Hou et al. (2006), respectively, and the propa-
gation of longitudinal and torsional harmonic waves in functionally
graded hollow cylinders by Jiangong et al. (2008). Using the finite ele-
ment method, Annigeri et al. (2006) studied the free vibrations of lay-
ered and multiphase magnetoelectroelastic shells, and recently, Daga
et al. (2008b) made a comparative study of transient response of
magneto-electroelastic finite cylindrical shell under constant inter-
nal pressure. On the other hand, Green and Naghdi (1983) estab-
lished the non-linear and linear thermomechanical theories of
deformable shell-like bodies in which account is taken of electro-
magnetic effects by a direct approach with the use of the two-dimen-
sional theory of direct media called Cosserat surfaces.

In view of a most recent review with the pertinent key words
within the papers recorded by ‘‘ISI-Web of Science”, this study is
addressed (i) to deduce a unified variational principle from a gen-
eral principle of physics by removing its constraint conditions
through an involutory transformation for a regular region and/or
stratified region, (ii) to derive a system of two-dimensional shear
deformation equations, in invariant and/or fully variational form
for a functionally graded thin shell at high frequency motions,
including some results for its internal consistency, and (iii) within
the frame of a discrete layer modeling, to formulate the system of
shear deformation governing equations of a functionally graded
laminae, geometrically linear but physically non-linear and satisfy-
ing all the interface conditions, in electromagnetoelasticity.
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Specifically, the remainder of this section introduces the nota-
on to be used in the paper. First, with reference to a regular elec-
omagnetoelastic region of space, the fundamental equations are

ummarized in differential invariant form, including a uniqueness
esult for solutions in the next section. In Section 3, Hamilton’s
rinciple is stated for the region, a three-field variational principle
deduced from it, and then, this principle is modified through an
volutory transformation so as to derive a unified variational prin-

iple operating on all the field variables. Section 4 contains the ba-
ic field variables chosen a priori for a shell region, and the gradient
quations and the constitutive relations for the shell made of func-
onally graded materials. In Section 5, a system of two dimen-
ional shear deformation equations is derived for the high
equency motions of the shell. The uniqueness is investigated in

olutions of the shell equations, and then, a theorem of uniqueness
given in Section 6, which enumerates the initial and boundary

onditions sufficient to the uniqueness. In Section 7, the shell equa-
ons are extended to account for the motion of a laminae, which
ay have any number of perfectly bonded layers, for the case
hen the basic field variables vary linearly across the thickness

f each layer. In Section 8, some cases involving special material,
eometry and type of motion are recorded. The last section is de-
oted to some concluding remarks, future needs of research,
umerical results and even technological applications.

Notation. In this paper, standard space and surface tensors are
eely used in a Euclidean three-dimensional space N, and Einstein’s

ummation convention is implied for all repeated subscripts or
uperscript indices, unless they are enclosed with parentheses. Latin
dices with the range 1, 2 and 3 are assigned to space tensors and
reek indices with the range 1 and 2 to surface tensors. The hi-
ystem in the space is identified with a fixed, right-handed set of
eodesic normal coordinates. A superposed dot stands for time differ-
ntiation, a comma for partial differentiation with respect to an indi-
ated space coordinate hi, and a semicolon and a colon for covariant
ifferentiation with respect to the coordinate using the space and
urface metrics, respectively. Further, an asterisk is used to denote
prescribed initial or boundary quantity, and an overbar to indicate
field quantity, which is referred to the base vectors of the middle

urface of a shell of uniform thickness 2 h, with its thickness interval
= [�h,h]. A regular electromagnetoelastic region with its boundary

urface and closure is denoted by X [ @X; @X; Xð¼ X [ @XÞ,
espectively, the unit outward vector normal to the boundary surface
y ni, and the region at time t by XðtÞ, the time interval by T ¼ ½t0; t1Þ
nd their Cartesian product by X� T . Also, Cab refers to a class of
nctions with derivatives of order up to and including a and b with

espect to the space coordinates and time. The letters (a), (e) and (m)
re used to indicate the acoustic (mechanical), electrical and mag-
etic parts of a quantity, respectively. Essentially, new quantities
re defined when they are first introduced, and the following symbols
nd acronyms are used in the text.

omenclature
Euclidean three-dimensional space

i; ðha; h3Þ
 a fixed right-handed system of geodesic

normal coordinates of the space N

3 � z
 thickness coordinate
¼ ½�h;h�
 thickness interval

T ¼ ½to; t1�
 time, time interval
�
 prescribed value of v

_ Þ; ðvÞ;i
 time differentiation, partial differentiation

with respect to hi
Þ;i; ðvÞ:i
 covariant differentiations with respect to
the space and surface metrics
, e, m)
 a quantity belonging to mechanical
(acoustic), electrical and magnetic fields
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(d, g, c, b)
 indicates divergence and gradient
equations, constitutive relations, and
boundary conditions
X; @X; X
 regular region of space, its boundary
surface and closure ð¼ X [ @XÞ
aab; bab; cab
 first, second and third fundamental forms
of a surface
la
b
 shifters, shell tensor ðla

b ¼ da
b � zba

bÞ

V, S, A
 shell region and its boundary surface and

middle (reference) surface

C
 Jordan curve which bounds A

Kg ; Km
 Gaussian and mean curvatures of a surface

ðKg ¼ 1=2 ba
b

��� ���; H ¼ 1=2ðba
aÞ
dV, dS, dc
 volume, surface and line elements

2h
 uniform thickness of shell

2hn
 uniform thickness of nth layer of laminae

Sn;nþ1
 interface between nth and (n + 1)th layers
Tij; Ti
 stress tensor and stress vector (traction

vector Tj ¼ niT
ijÞ
Tij
ðnÞ; Ti

ðnÞ

stress and traction resultants of order (n)
ui; ai
 displacement and acceleration vectors
Ai
ðnÞ
acceleration resultants of order (n)
q
 mass density

�ui; uðnÞi
shifted components of mechanical
displacements, referred to the base
vectors of the middle surface of shell A,
displacements components of order (n)
Sij; SðnÞij

strain tensor, strain tensor of order (n)
eijk; eab
 alternating tensor for the shell space and
middle surface
Di; Di
ðnÞ
electric displacement vector, electric
displacement of order (n)
Ei; EðnÞi

quasi-static electric field vector, electric
field vector of order (n)
/; /ðnÞ
 electric potential, electric potential of
order (n)
qe
 electric charge density

qm
 magnetic charge density

D; DðnÞ
 surface charge, surface charge of order (n)
f i; Fi
ðnÞ
body force vector, body force resultants of
order (n)
Bi; Bi
ðnÞ
magnetic induction vector, magnetic
induction of order (n)
Mi; Mi
ðnÞ
magnetic field vector, magnetic field
vector of order (n)
w; wðnÞ
 magnetic potential, magnetic potential of
order (n)
ni; mi
 unit vectors normal to the boundary
surface and the Jordan curve C
Se; Slf ; Suf
 edge boundary surface, lower and upper
faces of shell
2s; gs; ks
 shell parameters
cijkl; eijk; eijk; eij; eij; cij; cijkl
ðnÞ;

eijk
ðnÞ; eijk

ðnÞ; eij
ðnÞ; eij

ðnÞ; cij
ðnÞ
material coefficients, material coefficients
of order (n)
k; ki; kij
 Lagrange multipliers
k, K; KS
 kinetic energy and aerial kinetic energy
densities, kinetic energy of shell
u, U; US
 internal energy and aerial energy
densities, total internal energy of shell
ua; ue; um
 mechanical, electrical and magnetic
energy densities
H, W
 electromagnetoelastic enthalphy,
complementary enthalphy
Ka; Ke; Km
 admissible state of mechanical, electrical
and magnetic fields
Cab
 functions with derivatives of order up to
and including a and b with respect to the
space coordinates and time
2. Fundamental equations in differential form

Now, the time- domain, quasi-static approximate fundamental
equations are summarized for the motion of an electromagneto-
elastic continuum in which polar, non-local, and thermal, as well
as relativistic and quantum effects are excluded. Consider a finite
and bounded regular region of continuum in Kellogg’s sense
(1946), Xþ @X with its smooth boundary surface @X and closure
Xð¼ X [ @XÞ at time t ¼ t0 in the Euclidean 3-D space N. The fun-
damental equations are grouped as the divergence and gradient
equations, the constitutive relations and the boundary and initial
conditions, and stated in invariant differential form at the time
interval T ¼ ½t0; t1Þ , given by (e.g., Berlincourt et al., 1964; Pan,
2001), namely

2.1. Divergence equations (Maxwell’s and Newton’s equations)

Lj
a ¼ Tij

;i þ f j � qaj ¼ 0 in X� T ð2:1aÞ

La
i ¼ eijkTij ¼ 0 in X� T ð2:1bÞ

and

Le ¼ Di
;i � qe ¼ 0 in X� T ð2:2Þ

Lm ¼ Bi
;i � qm ¼ 0 in X� T ð2:3Þ

In these equations, Tij 2 C10; aið¼ €uiÞ and ui 2 C12, stand for the
symmetric stress tensor, the acceleration and mechanical displace-
ment vectors, respectively, f i 2 C00 for the body force vector per unit
volume of continuum, and eijk for the alternating tensor. Also,
Di 2 C10 stands for the electric displacement (i.e., electric flux den-
sity or electric induction) vector, qe 2 C00 for the electric charge
density, Bi 2 C10 for the magnetic induction (i.e., magnetic flux) vec-
tor, and qm 2 C00 for the electric current density ( or magnetic
charge density). In Eq. (2.1), the ponderomotive force (or electro-
magnetic force) is excluded, electromagnetic couples are omitted
and infinitesimal strains are considered (cf., Pao, 1978).

2.2. Gradient equations

La
ij ¼ Sij �

1
2
ðui;j þ uj;iÞ in X� T ð2:4Þ

Le
i ¼ Ei þ /;i ¼ 0 in X� T ð2:5Þ

Lm
i ¼ Mi þ w;i ¼ 0 in X� T ð2:6Þ

Here, Sij 2 C00; Ei 2 C00; Mi 2 C00; / 2 C10 and w 2 C10 denote the
linear strain tensor, the electric field vector, the magnetic field vec-
tor, the electric potential and the magnetic potential, respectively.

2.3. Constitutive relations of electromagnetoelastic continuum

The principle of conservation of energy is stated in an adiabatic
condition of the bounded regular region Xþ @X in the form

@

@t

Z
X
ðkþ uÞdV ¼

Z
@X

Ti _ui � nið/ _Di þ w _BiÞ
h i

dS

þ
Z

X
ðf i _ui � _qe/� _qmwÞdV ð2:7aÞ

Here, u is the postulated internal energy density and k is the kinetic
energy density of the form

k ¼ 1
2
q _ui _ui ð2:7bÞ

Eq. (2.7) states that the rate of increase of total (kinetic plus inter-
nal) energy is equal to the rate at which the work done by the body
force, electric charge density and magnetic charge density, and the
surface traction Tið¼ njT

ji, where ni is the unit outward vector nor-



470 G. Altay, M.C. Dökmeci / International Journal of Solids and Structures 47 (2010) 466–492
mal to the boundary surface @X) acting across the boundary surface
@X less the flux of electric and magnetic energies outward across
the surface @X. Recalling the fact that differentiation and integra-
tion operations can be permuted in the integral (2.7) with fixed
end points, the differentiation with respect to time is carried out.
Also, the surface tractions are replaced with the components of
the stress tensor and the rate of the kinetic energy with the compo-
nents of the mechanical displacements, and then the divergence
theorem is applied to the regular region with the resultZ

X
ðq€ui _ui þ _uÞdV ¼

Z
X
ðTij _ujÞ;i � ð/ _DiÞ;i � ðW _BiÞ;i
h i

dV

þ
Z

X
ðf i _ui þ _qe/þ _qmwÞdV ð2:8Þ

where the conservation of mass is considered. Eq. (2.8) is valid for
an arbitrary volume of the continuum, and hence it is written as

_u ¼ ðTij
;i þ f j � qajÞ _uj þ Tij _uj;i � /;i

_Di � /ð _Di
;i � _qeÞ � w;i

_Bi

� wð _Bi
;i � _qmÞ ð2:9Þ

With the use of the divergence equations (2.1–2.3), Eq. (2.9) is re-
duced to

_u ¼ Tij _uj;i � /;i
_Di � w;i

_Mi ð2:10Þ

Replacing the gradient of the electric and magnetic potentials with
the electric field and magnetic field vectors and considering the
symmetry of the stress tensor together with Eq. (2.4), one finally
has

_u ¼ Tij _Sij þ Ei
_Di þMi

_Bi ð2:11Þ

This relation is the first law of thermodynamics for the electromag-
netoacoustic continuum, and it is an extension of that for the piezo-
electric continuum (e.g., Tiersten, 1969).

Now, the enthalpy density H is introduced by

H ¼ u� EiD
i �MiB

i ð2:12Þ

in electromagnetoelasticity similar to that in piezoelectricity, and
after differentiating it with respect to time, one finds the rate of
the enthalpy as

_H ¼ _u� Ei
_Di � _EiD

i �Mi
_Bi � _MiB

i ð2:13Þ

After using Eq. (2.11), this equation becomes

_H ¼ Tij _Sij � _EiD
i � _MiB

i ð2:14Þ

and it evidently implies H ¼ HðSij; Ei;MiÞ, of which the differentia-
tion with respect to time takes the form

_H ¼ @H
@Sij

_Sij þ
@H
@Ei

_Ei þ
@H
@Mi

_Mi ð2:15Þ

But by combination of the rate of the enthalpy density in Eq. (2.14)
with Eq. (2.15), one finds

Tij � @H
@Sij

� �
_Sij � Di þ @H

@Ei

� �
_Ei � Bi þ @H

@Mi

� �
_Mi ¼ 0 ð2:16Þ

which holds for arbitrary quantities _Ei; _Mi and _Sij being consistent
with the symmetry condition _Sij ¼ _Sji and leads to the constitutive
relations of the form

Lij
ac ¼ Tij � 1

2
@H
@Sij
þ @H
@Sji

� �
¼ 0;

Li
ec ¼ Di þ @H

@Ei
¼ 0; in X� T ð2:17Þ

Li
mc ¼ Bi þ @H

@Mi
¼ 0
In a reversible processes, then through a Legendre transformation
W ðTij;Di;BiÞ of the enthalpy density H ¼ HðSij; Ei;MiÞ, that is, the
complementary enthalpy density is defined by

W ¼ ðTijSij þ DiEi þ BiMiÞ � HðSij; Ei;MiÞ ð2:18aÞ

and taking the time derivative as

_W ¼ @W

@Tij
_Tij þ @W

@Di
_Di þ @W

@Bi
_Bi ð2:18bÞ

for a case when the Hessian of the enthalpy density function H does
not vanish. As before, equating Eqs. (2.18a) and (2.18b), the consti-
tutive relations may be put in the inverted form

Sij ¼
1
2

@W

@Tij
þ @W

@Tji

� �
; Ei ¼ �

@W

@Di
; Mi ¼ �

@W

@Bi
in X� T

ð2:19Þ

and also, other forms of the constitutive relations were reported, for
instance, by Soh and Liu (2005). As in elasticity or piezoelectricity, a
quadratic homogeneous form of the electromagnetoelastic enthalpy
density H is given by

H ¼ 1
2
ðcijklSijSkl � eijEiEj � cijMiMjÞ � eijkEiSjk � eijkMiSjk � eijEiMj

ð2:20Þ

which, in view of Eq. (2.17) leads to the linear constitutive relations
of the form

Lij
ac ¼ Tij � ðcijklSkl � eijkEk � eijkMkÞ ¼ 0 in X� T ð2:21Þ

Li
ec ¼ Di � ðeijkSjk þ eijEj þ eijMjÞ ¼ 0 in X� T ð2:22Þ

Li
mc ¼ Bi � ðeijkSjk þ cijMj þ eijEjÞ ¼ 0 in X� T ð2:23Þ

where cijkl; eijk; eijk and eij stand for the elastic, piezoelectric, piezo-
magnetic and magnetoelectric moduli, and eij and cij for the dielec-
tric permittivity and the magnetic permeability, respectively. The
material coefficients are taken to be dependent only to the space
coordinate, that is, the functionally graded materials, excluding
their dependency on time, temperature and the alike.

They satisfy the usual symmetry conditions of the form

cijkl ¼ cjikl ¼ cijlk; eijk ¼ eikj; eijk ¼ eikj; eij ¼ eji; eij ¼ eji;

cij ¼ cji in X� T ð2:24Þ

and the positive-semidefinite conditions, namely

eijgigj P 0; cijgigj P 0; cijklgijgkl P 0 in X� T ð2:25Þ

for a non-zero vector gi and a non-zero tensor gij as well. In view of
the symmetry conditions, an electromagneoelastic material can
have 75 independent coefficients, of which the elastic coefficients
cijkl refer to free coefficients since they describe the strain-displace-
ment relations when the electric and magnetic fields are absent,
while the remaining coefficients refer to clamped coefficients (e.g.,
Venkataraman et al., 1975).

2.4. Boundary and initial conditions

Lj
a� ¼ Tj

� � niT
ij ¼ 0 on @Xt � T; L�ai ¼ ui � u�i ¼ 0 on @Xu � T

ð2:26Þ
Le� ¼ D� � niD

i ¼ 0 on @Xd � T; Le
/� ¼ /� /� ¼ 0 on @X/ � T

ð2:27Þ
Lm� ¼ B� � niB

i ¼ 0 on @Xb � T; Lm
w� ¼ w� w� ¼ 0 on @Xw � T

ð2:28Þ

and
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La�

i ¼ uiðhj; t0Þ � v�i ðh
jÞ ¼ 0; L�ia ¼ _uiðhj; toÞ �w�i ðh

jÞ ¼ 0 in XðtoÞ
ð2:29Þ

Le
� ¼ /ðhi; toÞ � a�ðhiÞ ¼ 0 in XðtoÞ ð2:30Þ

Lm
� ¼ wðhi; toÞ � b�ðhiÞ ¼ 0 in XðtoÞ ð2:31Þ

Here, an asterisk indicates the prescribed quantities. Besides, the
outside of the boundary surfaces in (2.27) and (2.28) is a point of
importance, which was discussed, for instance, by Lee (1991) and
Altay and Dökmeci (2005). The fundamental equations (2.1)–(2.6)
and (2.17) or (2.21)–(2.23) and (2.26)–(2.30), comprise the 29
equations governing the 29 dependent variables, that is,

K ¼ ui; Sij; T
ij; /; Ei;D

i; w;Mi;B
i

n o
, and hence, they are deterministic

and define an initial and mixed boundary value problem for the
electromagnetoacoustic continuum.

2.5. Uniqueness of solutions

In a mathematical modeling of the physical response of a con-
tinuum, the internal consistency, that is, the uniqueness and espe-
cially the existence of solutions, is of special importance. The
internal consistency was well established in solutions of the
three-dimensional fundamental equations (e.g., Gurtin, 1972;
Fichera, 1972), and only some uniqueness results were reported
in solutions of one or two dimensional equations (e.g, Green and
Naghdi, 1971 for shells; Dökmeci, 1975 for rods), in linear
elastodynamics. As for other types of materials, the uniqueness
of solutions was most often investigated, and some results were re-
ported for the existence of solutions only in a few cases. Mindlin
(1974) proved the uniqueness in solutions of both the three dimen-
sional fundamental equations of thermopiezoelectricity and the
two dimensional equations of thermopiezoelectric plates, as did
Altay and Dökmeci (2004, 2005) in piezoelectromagnetism and
piezoelectromagnetic plates. Some results involving with the
uniqueness and existence of solutions were reported on Maxwell’s
equations (e.g., Duvaut and Lions, 1979; Santos and Sheen, 2000),
and with the uniqueness of solutions in electro-magnetoelasticity
(e.g., Li, 2003), including the thermal effects. Nevertheless, the
uniqueness was completely overlooked in solutions of lower order
equations of electromagnetoelastic structural elements. To investi-
gate the uniqueness of solutions in the governing equations of
materials, various devices are available, for instance, the classical
energy argument, the logarithmic convexity argument, Protter’s
technique, the method of analyticity, and the alike (e.g., Knops
and Payne, 1972). The energy argument, which is based on the po-
sitive-definiteness of stored energies (e.g., Mindlin, 1967, 1974; see
also, Deresiewicz et al., 1989) and the logarithmic convexity argu-
ment which does not impose a definiteness conditions on the
material elasticity’s (e.g., Altay and Dökmeci, 1998, Altay and Dök-
meci, 2006) were most frequently used in studying the uniqueness
of solutions in structural elements. The energy argument due to its
physical nature and relative simplicity is used herein so as to prove
a theorem, which enumerates the boundary and initial conditions
sufficient to the uniqueness in solutions of the fundamental equa-
tions of electromagnetoelastic materials.

As usual, the possibility of two distinct sets of admissible solu-
tions is assumed, namely

KðaÞ ¼ ui 2C12;Sij 2C00; . . . ;/2C10;Ei 2C00;D
i 2C10;w2C10;Mi 2C00;

n
Bi 2C10

oðaÞ
in X�T ð2:32Þ

with both satisfying the divergence and gradient equations and the
constitutive relations, Eqs. (2.1)–(2.6) and Eqs. (2.21)–(2.23), for the
same boundary and initial data at each point of the regular region of
a electromagnetoelastic continuum. Since the system of the funda-
mental equations is linear, the difference set of the two solutions
given by

K ¼ Kð2Þ �Kð1Þ

¼ ui ¼ uð2Þi � uð1Þi ; . . . ;Di ¼ Di
ð2Þ � Di

ð1Þ; . . . ;Bi ¼ Bi
ð2Þ � Bi

ð1Þ

n o
ð2:33Þ

is a solution of the same system of equations in their homogeneous
form. In other words, they satisfy the homogeneous divergence and
gradient equations and the linear constitutive relations in the form

Li
a ¼ La

i ¼ Le ¼ Lm ¼ 0; La
ij ¼ Le

i ¼ Lm
i ¼ 0; Lij

ac ¼ Li
ec ¼ Li

mc ¼ 0

in X� T ð2:34Þ

the homogeneous boundary conditions as

Lj
a� ¼ niT

ij ¼ 0 on @Xt � T; L�ai ¼ ui ¼ 0 on @Xu � T ð2:35Þ
Le� ¼ niD

i ¼ 0 on @Xd � T; L/
e� ¼ / ¼ 0 on @X/ � T ð2:36Þ

Lm� ¼ niB
i ¼ 0 on @Xb � T; Lw

m� ¼ w ¼ 0 on @Xw � T ð2:37Þ

and the homogeneous initial conditions as

L�ai ¼ uiðhi; toÞ ¼ 0; L�ia ¼ _uiðhj; t0Þ ¼ 0 in XðtoÞ ð2:38aÞ

and

L�e ¼ /ðhi; toÞ ¼ 0; L�m ¼ wðhi; toÞ ¼ 0 in XðtoÞ ð2:38bÞ

in the denotations defined in Eqs. (2.1)–(2.6), (2.21)–(2.23) and Eqs.
(2.26)–(2.31). With the help of Eq. (2.34), one forms an integral by
non-zero ðui;/;wÞ as follows:

I ¼
Z

T
dt
Z

X
ðTij

;i � q€ujÞ _uj � _Di
;i/� _Bi

;iw
h i

dV ¼ 0 ð2:39Þ

which may be written as

I ¼
Z

T
dt
Z

X
�Tij _uj;i þ _Di/;i þ _Biw;i

h
þðTij _uj � _Di/� _BiwÞ;i � q€ui _ui

i
dV ¼ 0 ð2:40Þ

and applying the divergence theorem to the regular region Xþ @X
as

I ¼ IX � I@X ¼ 0 ð2:41Þ

with the denotations of the form

IX ¼
Z

T
dt
Z

X
ðTij _Sij þ Ei

_Di þMi
_Bi þ _kÞdV ;

I@X ¼
Z

T
dt
Z
@X

niðTij _uj � _Di/� _BiwÞdS ð2:42Þ

where the rate of the kinetic energy from Eqs. (2.7b) and (2.34) or
Eqs. (2.4)–(2.6) for the difference system is considered. Inserting
Eq. (2.11) in terms of Eq. (2.33) and performing the integration with
respect to time in the second integral of Eq. (2.42), one obtains

IX ¼
Z

T
dt
Z

X
ð _uþ _kÞdV ¼ 0 ð2:43Þ

I@X ¼
Z

T
dt
Z
@X

niðTij _uj þ Di _/þ Bi _wÞdS

�
Z
@X

niðDi/þ BiwÞjT dS ð2:44Þ

The boundary and initial conditions (2.35)–(2.38) evidently render
the integrands in Eq. (2.44) to zero, and hence, one writes

I ¼ IX ¼
Z

T
dt
Z

X
ð _uþ _kÞdV ¼

Z
T
ð _U þ _KÞdt ¼ 0 ð2:45Þ

which, after integration with respect to time, takes the form
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I ¼ Uðt1Þ þ Kðt1Þ � Uðt0Þ � Kðt0Þ ¼ Eðt1Þ � Eðt0Þ ¼ 0 ð2:46Þ

Here, U, K and E(=U + K) are the internal, kinetic and total energy of
the electromagnetoelastic region with no singularities of any type,
and they are calculated from the densities k and u by integration.
The densities are positive definite, by definition, and initially zero,
so that the total energy E calculated from the difference set of solu-
tions has the same property, namely

Eðt1Þ ¼ Eðt0Þ ¼ 0 ð2:47Þ

This clearly indicates a trivial solution for the difference set of solu-
tions as

K ¼ Kð2Þ �Kð1Þ ¼ 0; Kð2Þ ¼ Kð1Þ ð2:48Þ

and the uniqueness is assured in solutions of the fundamental equa-
tions of the continuum and a theorem which enumerates the condi-
tions sufficient to the uniqueness is concluded as follows.

Theorem. Given a regular region of space Xþ @X with its boundary
surface @X and closure X, then there exist at most one set of single-
valued state of solutions, namely

K¼ ui 2C12;Sij 2C00;T
ij 2C10;/2C10;Ei 2C00;D

i 2C10;w2C10;Mi 2C00;
n
Bi 2C10

o
in X�T ð2:49Þ

which satisfies the divergence equations (2.1)–(2.3), the gradient equa-
tions (2.4)–(2.6), the constitutive relations (2.19)–(2.21), and the
boundary and initial conditions (2.24)–(2.29), of the magnetoelectroa-
coustic continuum, under the symmetry of the stress tensor (2.1b) and
the material coefficients (2.24) as well as the usual existence and con-
tinuity conditions of the field variables in the region.
3. Hamilton’s principle and a unified variational principle

In formulating variational principles of mechanics, a general
principle of physics (e.g., Hamilton’s principle, the principle of vir-
tual work or power) was most often taken as a point of of depar-
ture. Hamilton (1834, 1835) presented a general principle of
physics for the dynamics of a discrete mechanical system. The
principle was originally deduced from D’Alembert’s principle by
means of integration over time, and later, was extended by Kirch-
hoff (1876) to a continuous medium. The application of the princi-
ple to a finite region of continuum always leads to a variational
principle, which has, as its Euler–Lagrange equations, the diver-
gence equations and the associated natural boundary conditions
only. The variational principle is either an integral type in case of
conservative forces or a differential type otherwise. In the varia-
tional principle, the variations of each of the field variables are
independent or unconstrained within the region and are con-
strained to vanish at the time t0 and t1 in the region and its bound-
ary surface. Hamilton’s principle, as a powerful and elegant tool,
was extensively used in systematically deriving some integral
and differential types of variational principles in mechanics (e.g.,
Miloh, 1984; Dökmeci, 1988 and references cited therein). Espe-
cially, the principle was used in deriving some unified variational
principle by modifying it through an involutory transformation.
Hamilton’s principle is now applied in order to derive a unified var-
iational principle operating on all the field variables for an electro-
magnetoelastic continuum.

Hamilton’s principle states that the action integral is stationary
between two instants of time to and t1, and it is expressed for the
regular region Xþ @X at the time interval T (e.g., Lanczos, 1986), by

dLH ¼ �d
Z

T
Ldt �

Z
T

dF dt þ
Z

T
d�W dt ¼ 0 ð3:1Þ
Here, L is the Lagrangian function and d�W is the virtual work done
by the external mechanical, electrical and magnetic forces as

dL¼ d
Z

X
½HðSij;Ei;MiÞ�k�dV ; d�W ¼

Z
@X
ðTi
�duiþD�d/þB�dwÞdS

dF¼
Z

X
ð�f iduiþqed/þqmdwÞdS ð3:2Þ

where an asterisk placed upon d� in Eqs. (3.1) and (3.2) is used to
distinguish it from the variation operator d. After inserting Eq.
(3.2) into Eq. (3.1), carrying out the variations, using Eq. (2.17),
and integrating the kinetic energy term by parts with respect to
time t, one obtains

dLH ¼
Z

T
dt
Z

X
�q€uidui �

1
2

@H
@Sij

dSij þ
@H
@Sji

dSji

� �
� @H
@Ei

dEi

�

� @H
@Mi

dMi

�
dV þ

Z
X
q _uiduijT dV �

Z
T

dF dt þ
Z

T
d�W dt ¼ 0

ð3:3Þ
In this equation and henceforth, the variation and integration oper-
ations are permuted for the time and volume integrals with fixed
end points, and the principle of conservation of mass is considered
[i.e., dðqdVÞ ¼ 0]. The gradient equations (2.4)–(2.6) and the consti-
tutive relations (2.17) are inserted into Eq. (3.3), and the symmetry
condition of the stress tensor (2.1b) is used with the result

dLH¼
Z

T
dt
Z

X
�q€uidui�ðTijduiÞ;jþTij

;iduj�ðDid/Þ;iþDi
;id/

n

�ðB;iwÞ;iþBi
;idw

o
dV�

Z
T
dFdtþ

Z
T
d�W dt¼0 ð3:4Þ

Here, the constraint conditions of the form

dui ¼ 0 in Xðt0Þ&Xðt1Þ ð3:5Þ

is imposed, which is customary in the use of Hamilton’s principle.
Applying the divergence theorem to the regular region Xþ @X in
Eq. (3.4), and combining the terms in the surface and volume inte-
grals, one finally obtains a three-field variational principle of the form

dLHfKH ¼ ui;/;wg ¼
Z

T
dt
Z

X
ðTij

;i þ f i � q€ujÞduj þ ðDi
;i � qeÞd/

h

þ ðBi
;i � qmÞdw

i
dV þ

Z
T

dt
Z
@X
ðTi
� � njT

jiÞdui

h
þ D� � niD

iÞd/þ ðB� � niB
iÞdw

� i
dS ¼ 0 ð3:6Þ

and in a compact form as

dLHfKHg ¼
Z

T
dt
Z

X
ðLi

adui þ Led/þ LmdwÞdV þ
Z

T
dt
Z
@X
ðLi

adui

þ Led/þ LmdwÞdS ¼ 0 ð3:7Þ

in terms of the denotations defined in Eqs. (2.1)–(2.3), and Eqs.
(2.26)–(2.28). The variational principle (3.6) or (3.7) leads to the
divergence equations and the natural boundary conditions, as its
Euler–Lagrange equations. The rest of the fundamental equations
remain as its constraint (subsidiary) conditions. The three-field var-
iational principle operating on the admissible state KH is an aug-
mented version of that operating on the two fields, KP ¼ fui;/g in
piezoelectricity (e.g., Tiersten, 1969).

The constraint conditions prevent a free and simple choice of
approximating (or trial, shape, coordinate) functions of which the
choice is crucial (Strang, 1975), and hence, the constraint conditions
of the variational principle (3.7) are now removed through an invol-
utory transformation (Friedrichs, 1929) so as to derive a unified var-
iational principle for the continuum. The transformation was widely
used in relaxing both holonomic and nonholonomic conditions in
deriving the unified variational principle of a continuum due to
its versatility in application. To apply the transformation, the



G. Altay, M.C. Dökmeci / International Journal of Solids and Structures 47 (2010) 466–492 473
dislocation potentials (de Veubeke, 1973), each constraint as a zero
times a Lagrange multiplier, for each of the constraint conditions as

D1
1 ¼

Z
T

dt
Z

X
ðkijLa

ij þ giLe
i þ liLm

i ÞdV ð3:8Þ

K2
2 ¼

Z
T

dt
Z
@Xu

kiL�ai dSþ
Z
@X/

gLe
/� dSþ

Z
@Xw

lLm
w�

" #
dS ð3:9Þ

are introduced in terms of the denotations (2.4)–(2.6) and (2.26)–
(2.28), and the Lagrange parameters (kij; gi; li; ki; g and l), which
are to be determined, and they are added into the variational inte-
gral (3.1) as

dLG ¼ dLH þ dDa
a ¼ 0 ð3:10Þ

As before, taking the variations, considering the Lagrange multipli-
ers as independent variables and integrating by parts with respect
to time, one obtains Eq. (3.10) in the form

dLG ¼ dLa ui; Sij; k
ij; ki

n o
þ dLef/; Ei;gi;gg þ dLmfw;Mi;li;lg ¼ 0

ð3:11Þ

with the denotations of the form

dLa ¼
Z

T
dt
Z

X
dkijLa

ij þ kijðdSij � dui;jÞ þ ðf i � q€uiÞdui �
@H
@Sij

dSij

� �
dV

þ
Z

T
dt
Z
@Xu

ðdkiL�ai þ kiduiÞdSþ
Z

T
dt
Z
@X

Ti
�dui dS ð3:12Þ

dLe ¼
Z

T
dt
Z

X
dgiLe

i þ giðdEi þ d/;iÞ
�

�qed/� @H
@Ei

dEi

�
dV

þ
Z

T
dt
Z
@X/

ðdgLe
/� þ gd/ÞdSþ

Z
T

dt
Z
@X

D�d/dS ð3:13Þ

dLm ¼
Z

T
dt
Z

X
dliLm

i þ liðdMi þ dw;iÞ � qmdw� @H
@Mi

dMi

� �
dV

þ
Z

T
dt
Z
@Xw

ðdlLm
w� þ ldwÞdSþ

Z
T

dt
Z
@X

B�dwdS ð3:14Þ

Applying the divergence theorem to the regular region Xþ @X, and
then, combining the terms in the integrands of the surface and vol-
ume integrals, one finally arrives at the variational equations of the
form

dLa ¼
Z

T
dt
Z

X
ðkij

;i þ f j � q€ujÞduj þ kij � @H
@Sij

� �
dSij þ dkijLa

ij

	 

dV

þ
Z

T
dt
Z
@Xu

ðki � njk
jiÞdui þ dkiL�ai

h i
dS

þ
Z

T
dt
Z
@X
ðTi
� � njk

jiÞdui dS ð3:15Þ

dLe ¼
Z

T
dt
Z

X
�ðgi

;i þ qeÞd/þ gi � @H
@Ei

� �
dEi þ dgiLe

i

	 

dV

þ
Z

T
dt
Z
@X/

ðgþ nigiÞd/þ dgL�e/
h i

dS

þ
Z

T
dt
Z
@Xd

ðD� þ nigiÞd/dS ð3:16Þ

dLm ¼
Z

T
dt
Z

X
�ðli

;i þ qmÞdwþ li � @H
@Mi

� �
dMi þ dliLm

i

	 

dV

þ
Z

T
dt
Z
@Xw

ðlþ niliÞdwþ dlL�mw

h i
dS

þ
Z

T
dt
Z
@Xb

ðB� þ niliÞd/dS ð3:17Þ

Substituting Eqs. (3.15)–(3.17) in Eq. (3.11), the Lagrangian multi-
pliers are identified by the physical quantities of the form
kij� @H
@Sij
¼0; kij¼ @H

@Sij
¼Tij; ki�njk

ji¼0; ki¼njk
ji¼njT

ji

gi�@H
@Ei
¼0; gi¼ @H

@Ei
¼�Di; gþnigi¼0; g¼�nigi¼niD

i

li� @H
@Mi
¼0; li¼ @H

@Mi
¼�Bi; lþnili¼0; l¼�nili¼niB

i ð3:18Þ

since the volumetric variations are arbitrary in the volume and
the surface variations on the boundary surface. Lastly, the Lagrange
multipliers in Eq. (3.18) are inserted in Eqs. (3.15)–(3.17), and then
into Eq. (3.11) to obtain a unified variational principled of the
form

dLAfKAg ¼ dLafKag þ dLefKeg þ dLmfKmg ¼ 0g ð3:19aÞ

with its admissible state by

KA ¼ Ka [Ke [Km; Ka ¼ fui; Sij; T
ijg;Ke ¼ f/; Ei;D

ig;
Km ¼ fw;Mi;B

ig ð3:19bÞ

and the denotations of the form

dLafKag¼
Z

T
dt
Z

X
ðTij

;iþ f j�qajÞdujþ Tij�1
2

@H
@Sij
þ @H
@Sji

� �	 

dSij

�

þ Sij�
1
2
ðui;jþuj;iÞ

	 

dTij
�

dVþ
Z

T
dt
Z
@Xu

ðuj�u�j ÞnidTijdS

þ
Z

T
dt
Z
@Xt

ðTj
� �niT

ijÞduj dS ð3:20Þ

dLefKeg¼
Z

T
dt
Z

X
ðDi

;i�qeÞd/� Diþ@H
@Ei

� �
dEi�ðEiþ/;iÞdDi

� �
dV

þ
Z

T
dt
Z
@X/

nið/�/�ÞdDi dSþ
Z

T
dt
Z
@Xd

ðD� �niD
iÞd/dS ð3:21Þ

dLmfKmg¼
Z

T
dt
Z

X
ðBi

;i�qmÞdw� Biþ @H
@Mi

� �
dMi�ðMiþw;iÞdBi

� �
dV

þ
Z

T
dt
Z
@Xw

niðw�w�ÞdBi dSþ
Z

T
dt
Z
@Xb

ðB� �niB
iÞdwdS ð3:22Þ

The variational principle is written in compact form by

dLAfKAg ¼
Z

T
dt
Z

X
ðLi

adui þ La
ijdTij þ Lij

acSijÞdV

þ
Z

T
dt
Z
@Xu

L�ainjdTji dSþ
Z

T
dt
Z
@Xt

Li
a�dui dS

þ
Z

T
dt
Z

X
ðLed/� Le

i dDi � Li
ecdEiÞdV

þ
Z

T
dt
Z
@X/

Le
/�nidDi dSþ

Z
T

dt
Z
@Xd

Le�d/dS

þ
Z

T
dt
Z

X
ðLmdw� Lm

i dBi � Li
emdMiÞdV

þ
Z

T
dt
Z
@Xw

Lm
w�nidBi dSþ

Z
T

dt
Z
@Xm

Lm�dwdS ð3:23aÞ

and

dLAfKAg ¼ dLdfKdg þ dLgfKgg þ dLcfKcg þ dLbfKbg ¼ 0g ð3:23bÞ

in terms of Eqs. (2.1)–(2.6), (2.17) or (2.21)–(2.23), and (2.26)–
(2.28). This equation is expressed in the form
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dLdfKdg¼
Z

T
dt
Z

X
ðLi

aduiþLed/þLmdwÞdV ;Kd¼fui;/;wg ð3:24Þ

dLgfKgg¼
Z

T
dt
Z

X
ðLa

ijdTij�Le
i dDi�Lm

i dBiÞdV ;Kg¼fTij;Di;Big ð3:25Þ

dLcfKcg¼
Z

T
dt
Z

X
ðLij

acdSij�Li
ecdEi�Li

mcdMiÞdV ;Kd¼fSij;Ei;Mig ð3:26Þ

dLbfKbg¼
Z

T
dt
Z

Xu

L�ainjdTji dSþ
Z

T
dt
Z

Xt

Li
a�dui dS

þ
Z

T
dt
Z

X/

Le
/�nidDi dSþ

Z
T

dt
Z

Xd

Le�d/dSþ
Z

T
dt
Z

Xw

Lm
w�nidBi dS

þ
Z

T
dt
Z

Xm

Lm�dwdS;Kb¼fui;T
ij;/;Di;w;Big ð3:27Þ

for the subsequent development in the next sections. The nine-field
variational principle is the counterpart of the Hu–Washizu varia-
tional principle of elasticity, in electromagnetoelasticity, and it is
expressed by the following theorem.

3.1. Unified variational principle

Let Xþ @X denote a regular, finite and bounded region of the
electromagnetoelastic continuum, with its piecewise smooth
boundary surface @X as

@X ¼ @Xu [ @Xt ¼ @X/ [ @Xd ¼ @Xw [ @Xb; @Xu \ @Xt

¼ @X/ \ @Xd ¼ @Xw \ @Xb ¼ ;

and its closure X . Then, of all the admissible states that satisfy the
initial conditions, (2.27)–(2.29), the symmetry of the stress tensor
(2.1) and also the usual existence, continuity and differentiability
conditions of the field variables, if and only if, that admissible state
which satisfies the divergence equations (2.1)–(2.3), the gradient
equations (2.4)–(2.6), the constitutive relations, (2.17), and the nat-
ural boundary conditions, (2.26)–(2.28), is determined by the vari-
ational principle, dLAfKAg ¼ 0 in Eq. (3.23), as its Euler–Lagrange
equations. Conversely, if these equations are identically met, the
nine-field unified variational principle is evidently satisfied.

3.2. Discontinuous field variables

Now, consider the regular region Xþ @X with a fixed internal
surface of discontinuity S, which splits the region into the subre-
gions Xa þ @Xa þ S with their boundary surface @Xa þ S (see
Fig. 1). The field variables undergo a jump across the internal sur-
face S as
Fig. 1. Regular region of electromagnetoelastic materials with a discontinuity
surface.
Lj
as ¼ mi[Tij] ¼ 0; Las

i ¼ [ui] ¼ 0; Lse ¼ mi[Di] ¼ 0; Les ¼ [/] ¼ 0

Lsm ¼ mi[Bi] ¼ 0; Lms ¼ [w] ¼ 0 on S� T ð3:28Þ

where the subregions are taken to have different electromagneto-
elastic materials,mi is the unit outward vector normal to S and point-
ing to X2 , and the bold-face brackets, [v] ¼ v2 � v1, introduced by
Christoffel (1877), is adopted in order to indicate the jump of a
quantity across a surface of discontinuity S. The variational princi-
ple (3.23) is expressed for the regular region as an eighteen-field
variational principle in the form

dLD KDf g ¼
X2

a¼1

dLAfKAg; KD ¼ Kð1ÞA [Kð2ÞA ð3:29Þ

which leads to all the fundamental equations of each subregion ex-
cept the initial conditions, the symmetry of the stress tensor and
the jump or continuity conditions on the interface S. To remove
the interface (jump) conditions from the variational principle, the
dislocation potential with the Lagrange parameters ki

a; ke and km

is introduced as follows:

D ¼
Z

T
dt
Z

S
ðki

aLas
i þ keLes þ kmLmsÞdS ð3:30Þ

and it is added into Eq. (3.1) as

dLD ¼
X2

a¼1

�d
Z

T
Ldt �

Z
T

dF dt þ
Z

T
d�W dt þ dDb

b

� �ðaÞ
þ dD ¼ 0

ð3:31Þ

in terms of Eqs. (3.8) and (3.9). As before in going from Eqs. (3.1) to
(3.23), the variations are executed in Eq. (3.31), the generalized ver-
sion of Green’s theorem of the formZ

X�S
vi

;i dV ¼
I
@X

nivi dS�
Z

S
mi[vi]dS ð3:32Þ

is applied and then the volumetric terms in Xa and the surface
terms on @Xa and S are collected with the result

dLDfKDg ¼
X2

a¼1

dLðaÞG fKGg þ dLSfKSg ¼ 0 ð3:33Þ

where

dLS ¼
Z

T
dt
Z

S
dki

a[ui]þ ki
a[dui]þ dke[/]þ ke[d/]þ dkm[w]

n

þkm[dw]gdSþ
Z

T
dt
Z

S
mif[kijdui]� [gid/]� [lidw]gdS ð3:34aÞ

which can be expressed in an appropriate form

dLS ¼
Z

T
dt
Z

S
fdki

a[ui]þ dke[/]þ dkm[dw]g

þ
Z

T
dt
Z

S

X2

a¼1

ðkj
a þ mik

ij
ðaÞÞduðaÞj þ ðke � migj

ðaÞÞd/ðaÞ
n

þðkm � milj
ðaÞÞdwðaÞ

o
ð�1ÞðaÞ dS ð3:34bÞ

The Euler–Lagrange equations of Eq. (3.33) are those of the varia-
tional equation (3.11) together with Eq. (3.18), the jump conditions
(3.28), and the equations of the form

kj
a þ mik

ij
ðaÞ ¼ 0; ke � migi

ðaÞ ¼ 0; km � mili
ðaÞ ¼ 0 ð3:35Þ

This equation with the result of Eq. (3.18) identifies the Lagrange
parameters in an appropriate form

kj
a ¼ �mi < kij >¼ �mi < Tij >; ke ¼ mi < gi >¼ �mi < Di >

km ¼ mi < li >¼ �mi < Bi > ð3:36Þ
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in terms of the physical quantities. Substituting Eq. (3.36) into Eq.
(3.33), one arrives at a unified variational principle in the form

dLDfKD ¼ KAg ¼
X2

a¼1

ðdLafKag þ dLefKeg þ dLmfKmgÞ

þ
Z

T
dt
Z

S
mi [Tij] < duj > � < dTij > [uj]þ [Di] < d/ >
n

� < dDi > [/]þ [Bi] < dw > � < dBi > [w]
o

dS ¼ 0

ð3:37Þ

in terms of the denotations introduced in Eqs. (3.20)–(3.22). This uni-
fied variational principle leads, as the Euler–Lagrange equations, to
all the fundamental equations, including the interface conditions on
their bonding surface, except the symmetry of the stress tensor and
initial conditions, for each of the electromagnetoelastic subregions.

3.3. Unified variational principle for a stratified region

Paralleling to the derivation of variational principle (3.37), a
unified variational principle can be readily formulated for a strati-
fied regular region Xþ @X of electromagnetoelastic materials. The
region contains a number of fixed internal surface of discontinuity
Sn;nþ1 or perfectly bonded dissimilar subregions (or layers)
Xn þ @Xn with its boundary surface @Xn and closure Xn, where
n = 1,2, . . . ,N. The interface or bonding surface between the (n)th
and (n + 1)th layers is denoted by Sn;nþ1 with a unit outward vector
mðn;nþ1Þ

i pointing the (n + 1)th layer. The motion of the electromag-
netoelastic region is governed by the divergence equations (2.1)–
(2.3), the gradient equations (2.4)–(2.6), and the constitutive
relations (2.17) given by

LjðnÞ
a ¼0; LðnÞe ¼0; LðnÞm ¼0 in XðnÞ �T; n¼1;2; . . . ;N ð3:38Þ

LaðnÞ
i ¼0 in XðnÞ �T; n¼1;2; . . . ;N ð3:39Þ

LaðnÞ
ij ¼0; LeðnÞ

i ¼0; LmðnÞ
i ¼0 in XðnÞ �T;

n¼1;2; . . . ;N ð3:40Þ
LijðnÞ

ac ¼0; LiðnÞ
ec ¼0; LiðnÞ

mc ¼0 in XðnÞ �T; n¼1;2; . . . ;N ð3:41Þ

the boundary conditions (2.26)–(2.28) by

LjðnÞ
a� ¼ 0; on @XðnÞt � T; L�ðnÞai ¼ 0 on @XðnÞu � T;

n ¼ 1;2; . . . ;N ð3:42Þ
LðnÞe� ¼ 0; on @XðnÞd � T; LeðnÞ

/� ¼ 0 on @XðnÞ/ � T;

n ¼ 1;2; . . . ;N ð3:43Þ
LðnÞm� ¼ 0; on @XðnÞb � T; LmðnÞ

w� ¼ 0 on @XðnÞw � T;

n ¼ 1;2; . . . ;N ð3:44Þ
the initial conditions (2.29)–(2.31) by

L�ðnÞai ¼ 0; L�ðnÞia ¼ 0; L�ðnÞe ¼ 0;

L�ðnÞm ¼ 0 in XðnÞðt0Þ � T; n ¼ 1;2; . . . ;N ð3:45Þ
and the interface conditions (3.28) by

fLj
as¼mi[Tij]gðnÞ ¼0; fLas

i ¼ [ui]gðnÞ ¼0; fLse¼mi[Di]gðnÞ ¼0; fLes¼ [/]gðnÞ ¼0

fLsm¼mi[Bi]g¼0; fLms¼ [w]¼0gðnÞ on Sðn;nþ1Þ �T; n¼1;2; . .. ;ðN�1Þ
ð3:46Þ

at the time interval T for the electromagnetoelastic region. The sys-
tem of Eqs. (3.38)–(3.41) comprises the twenty-nine N equations
governing the 29 N dependent variables

K ¼ ui; Sij; T
ij; /; Ei;D

i; w;Mi;B
i

n oðnÞ
with n ¼ 1;2; . . . ;N ð3:47Þ

The boundary and initial conditions (3.42)–(3.45) and the interface
conditions (3.46) ensure the uniqueness in solutions of the govern-
ing equations. The conditions may be shown to be sufficient for the
uniqueness as in the previous section.

Now, Hamilton’s principle (3.1) is expressed in a modified form
by

dLHL ¼
XN

n¼1

�d
Z

T
Ldt �

Z
T

dF dt þ
Z

T
d�W dt þ dDa

a

� �ðnÞ
¼ 0 ð3:48Þ

in terms of the dislocation potentials (3.8) and (3.9) for each con-
stitutents of the stratified region. Proceeding as before, an evalua-
tion of Eq. (3.48) yields a unified variational principle in terms of
Eq. (3.23) as

dLDLfKDLg ¼
XN

n¼1

ðfdLAfKAgÞðnÞ ¼ 0 ð3:49Þ

which has the fundamental equations of all the subregions under
the constraint conditions of the principle (3.19) or (3.23), that is,
the symmetry of the stress tensor (2.1b) and the initial conditions
(2.29)–(2.31) and the interface conditions (3.46). To incorporate
the latter conditions into the variational principle, the dislocation
potential is introduced as

DL ¼
XN�1

n¼1

Z
T

dt
Z

S
ðki

a[ui]þ ke[/]þ km[w]ÞdS
� �ðnÞ

ð3:50Þ

and it is added into Eq. (3.48), namely

dLLfKLg¼
XN

n¼1

�d
Z

T
Ldt�

Z
T
dFdtþ

Z
T
d�WdtþdDa

a

� �ðnÞ

þ
XN�1

n¼1

d
Z

T
dt
Z

S
ðki

a[ui]þke[/]þkm[w]ÞdS
� �ðnÞ

¼0 ð3:51Þ

As in the derivation of the variational principle (3.37), the evalua-
tion of Eq. (3.51) leads to Eq. (3.18) for each layer, and Eq. (3.36)
for adjacent layers, namely

kij
ðnÞ ¼ Tij

ðnÞ; k
i
ðnÞ ¼ ðnjT

jiÞðnÞ; n ¼ 1;2; . . . ;N ð3:52Þ

and

gi
ðnÞ ¼ �Di

ðnÞ; gðnÞ ¼ ðniD
iÞðnÞ

li
ðnÞ ¼ �Bi

ðnÞ; lðnÞ ¼ ðniB
iÞðnÞ; n ¼ 1;2; . . . ;N ð3:53Þ

which readily leads to

kjðnÞ
a ¼ f�mi < Tij > gðnÞ; kðnÞe ¼ f�mi < Di > gðnÞ;

kðnÞm ¼ f�mi < Bi > gðnÞ n ¼ 1;2; :::; ðN � 1Þ ð3:54Þ

With the use of Eq. (3.54) in Eq. (3.51), one obtains a unified varia-
tional principle as

dLLfKLg ¼
XN

n¼1

ðdLafKag þ dLefKeg þ dLmfKmgÞðnÞ þ dLSL ¼ 0 ð3:55Þ

Here, the last term represents the interface conditions of the form

dLSL ¼
Z

T
dt
XN�1

n¼1

ð
Z

S
mi [Tij] < duj > � < dTij > [uj]þ [Di] < d/ >
n

� < dDi > [/]þ [Bi] < dw > � < dBi > [w]
o

dSÞðnÞ ¼ 0 ð3:56Þ

Also, the variational principle may be expressed in an appropriate
form by

dLLfKLg ¼
XN

n¼1

hdLdfKdgþ dLgfKggþ dLcfKcgþ dLbfKbgiðnÞ þ dLSL ¼ 0

ð3:57Þ

in terms of the denotations of Eq. (3.24)–(3.27).
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This variational principle generates the divergence equations
(3.38), the gradient equations (3.40), the constitutive relations
(3.41), the boundary conditions (3.42)–(3.44), and the interface
conditions (3.46) of the stratified region, as its Euler–Lagrange
equations, under the symmetry of the stress tensor (3.39) and
the initial conditions (3.45), which can be relaxed as well (see,
e.g., Dökmeci, 1994).

4. Shell geometry. Basic field variables. Constitutive and
gradient equations

This section introduces the method of reduction in deducing the
system of two-dimensional approximate equations governing the
motions of a thin shell from the system of three- dimensional
fundamental equations of electromagnetoelasticity.The shell is
made of a functionally graded material, geometrically linear but
physically non-linear in the elastic range, and responding at the
short-wave length high-frequency motions. The long-wave length
low-frequency approximation was almost always employed in
the vibrations of shells (plates), where the wave length is large
as compared with the thickness. However, by piezoelectric excita-
tion, it is widespread to excite shells at both low and high fre-
quency vibrations, where the wavelength is of the order of
magnitude or smaller than the thickness. Perhaps, Ekstein (1945)
was the first to investigate the vibrations of thin crystal plates at
the high frequency vibrations. Mindlin (1961), Tiersten and Mind-
lin (1962) and Mindlin (1972), and then Mindlin (1974) studied the
high frequency vibrations of crystal plates, piezoelectric and ther-
mopiezoelectric plates, respectively. In addition, mention is made
of the papers which treat the high frequency vibrations of shells
(e.g., Berdichevskii and Khan’Chau, 1982; Langley and Bardell,
1998; Altay and Dökmeci, 2001; and Altay and Dökmeci, 2006;
Lee and Hodges, 2009a,b), piezoelectric shells (Dökmeci, 1974;
Le, 1999) and thermopiezoelectric shells (Altay and Dökmeci,
2002a). The low- and high-frequency motions of electromagneto-
elastic structural elements are treated herein by chosing the
mechanical displacements and the electric and magnetic potentials
as the basic field variables. The resultants of stress, electric dis-
placements and magnetic inductions are defined, and then the con-
stitutive relations and the gradient equations are obtained using
the unified variational principle in the previous section.

4.1. Geometry of shell

In the Euclidean three-dimensional space N, consider the region
of a thin shell V þ S (see Fig. 2), called the shell space with its bound-
ary surface S and closure Vð¼ V þ SÞ. The shell of uniform thickness
2 h is bounded by its lateral surface Se, lower face Slf and an upper
face Suf . The lateral or edge surface Seð¼ S \ Sf ; Sf ¼ Suf [ Slf Þ is a right
cylindrical surface with generators perpendicular to the middle (ref-
erence) surface A of shell, and it intersects the reference surface
along a Jordan curve C. An outward unit vector normal to the edge
surface is denoted by mi and to the faces by ni. The shell space is re-
ferred to by a fixed right-handed system of geodesic normal coordi-
nates hi situated on the reference surface, and the h3ð� zÞ axis is
taken upward so that

h3ð¼ zÞ ¼ �h; z ¼ h; f ðh1; h2Þ ¼ 0 ð4:1Þ

define the lower and upper faces and the edge boundary surface,
respectively. The region of thin shell is defined mathematically by
the assumptions of the form

2s ¼
2h
R0
� 1; gs ¼

2h
L
� 1 ð4:2Þ

and physically by
ks ¼
max juij

2h
� 1 ð4:3Þ

Here, (2s; gs and ksÞ; R0 and L represent the shell parameters, the
least principal radius of curvature and the smallest structural dimen-
sion of the middle surface of shell, respectively, and ui is the mechan-
ical displacement components of shell. The thinness of shell (not
moderately thick or thick) is characterized by Eq. (4.2), and the range
of geometrical linearity primarily by Eq. (4.3). The first restriction in
Eq. (4.2) is a sufficient condition to ensure the existence of shell ten-
sor (or shifters) la

b , which plays an important role in the relationships
between the space and surface tensors (e.g., Naghdi, 1963).

Certain results from the differential geometry of a surface,
including some relations and identities between space and surface
tensors and their derivatives are freely used in the derivation of
shell equations in the next sections (see, e.g., Naghdi, 1963 and Lib-
rescu, 1975).

4.2. Method of reduction

The two-dimensional equations of shells were deduced from
the three-dimensional fundamental equations by means of some
methods of reduction (e.g., the direct method, the method of series
expansions, the asymptotic method, Mindlin’s method of reduc-
tion, the variational-asymptotic method). The methods of reduc-
tion were essentially based upon the approximation of a field
variable, which is chosen as a basis of the derivation of shell equa-
tions at the outset. The approximation has no unique choice, but
cannot be arbitrary, and it has to be mathematically complete in
representing the field variable. A choice of kinematical type was
widely used for the basis, it involves with differentiation opera-
tions, which are generally, simpler than integration operation,
and also, with no additional equations of compatibility types arise
in the derivation. Nevertheless, any other type of field quantities,
for instance, strains, stresses and energy may be selected as a basis
of the derivation in place of deformation. An approximation of
kinematic type was expressed by some series expansions (e.g.,
power series, trigonometric series, series of Legendre and Jacobi
polynomials) of the thickness coordinate and extensively used in
the formulation of a large number of two-dimensional equations
of shells with various shape, material and type of vibrations. The
method of series expansions for a field of kinematic type, which
was introduced by Cauchy (1829) and Poisson (1829) for plates
and Basset (1890) for shells, allows taking into account of all the
significant effects of higher orders. Mindlin (1967) recapitulated
and used the method of series expansions with the integral method
of Kirchhoff (1850) in investigating the high frequency of vibra-
tions of beams and plates (see his collected works, Deresiewicz
et al., 1989). Motivated by Mindlin’s method of reduction, a num-
ber of authors systematically established the system of one or two-
dimensional equations for the high frequency vibrations of struc-
tural elements (e.g., Altay and Dökmeci, 2002a, Altay and Dökmeci,
2002b, Altay and Dökmeci, 2005; Altay and Dökmeci, 2006; Altay
and Dökmeci, 2007, and the references cited therein); but there
was no paper available on the high frequency motions of electro-
magnetoelastic plates or shells within the publications recorded
by ‘‘ISI-Web of Science”.

4.3. Basic field variables

The displacements and the electric and magnetic potentials are
chosen as a basic in deriving a system of two-dimensional approx-
imate equations of electromagnetoelastic functionally graded
shells. In view of the fundamental assumptions of shells (4.2)
and (4.3) together with their pertinent existence, single-valued,
suitable regularity, smoothness and continuity conditions, the
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shifted components of mechanical displacements and the electric
and magnetic potentials are chosen as the basic field variables,
and they are represented by a power series expansions of the
thickness coordinate in the form

�uiðhi; tÞ ¼
XN¼/
n¼0

XaðiÞ
ðnÞ ðh

3 � zÞ�uðnÞi ðh
a; tÞ in X� T ð4:4aÞ

with

�ua ¼ ðl�1Þbaua; ua ¼ lb
a�ub; u3 ¼ �u3

la
b ¼ da

b � zba
b ; lb

að�l1Þrb ¼ dr
a ð4:4bÞ

and

/ðhi; tÞ ¼
XM¼/
n¼0

XeðiÞ
ðnÞ ðzÞ/ðnÞðh

a; tÞ in X� T ð4:5Þ

wðhi; tÞ ¼
XP¼/
n¼0

XmðiÞ
ðnÞ ðzÞwðnÞðh

a; tÞ in X� T ð4:6Þ

Here, ui and �ui represent the components of mechanical displace-
ment and its shifted components, which are referred to the base
vectors of the shell space and the shell reference surface, respec-
tively, lb

a is the shell tensor, bab denotes the second fundamental
form of the middle surface of shell. The functions ð�uðnÞi 2
C12; /ðnÞ 2 C10; wðnÞ 2 C10Þ are unknown a priori and independent

functions of order (n) to be determined. From the mathematical
point of view, a separation of variables solution is sought for the
shell equations using Eqs. (4.6) and (4.7). The approximation func-
tions are consistently taken as

XaðiÞ
ðnÞ ¼ XeðiÞ

ðnÞ ¼ XmðiÞ
ðnÞ ¼ zn; with M ¼ N ¼ P ð4:7Þ

due to Weierstrass’s theorem. The order of approximation is indi-
cated by (N), and N = 1 is the closest to the classical theory of elastic
shells (cf., The Kirchhoff–Love hypotheses). The series expansions of
field variables, (4.5)–(4.7) have sufficient freedom so as to incorpo-
rate as many higher order mechanical, electrical and magnetic ef-
fects as deemed desirable for a case of interest. The reader may
be referred to Qatu (2004), Altay and Dökmeci (2003a) and Karlash
(2008) for a discussion of the choice of the basic field variables.

4.4. Gradient equations

The choice of the basic field variables as in Eqs. (4.4)–(4.7) leads
to similar series expansions for the rest of the field variables,
namely

fSijðhi; tÞ; . . . ;Di; . . . ;Miðhi; tÞ; . . .g

¼
XN¼/
n¼0

SðnÞij ðh
a; tÞ; . . . ;Di

ðnÞ; . . . ;MðnÞ
i ðh

a; tÞ; . . .
n o

zn ð4:8Þ

Here, SðnÞij ; Di
ðnÞ; . . . ;MðnÞ

i represent the components of strain tensor,
electric displacement and magnetic field vector of order (n), respec-
tively. To obtain the quantities of higher orders, the gradient part
(3.25) of the variational principle (3.23) is written as

dLg ¼
Z

T
dt
Z

Z

Z
A
ðLa

ijdTij � Le
i dDi � Lm

i dBiÞldAdz ð4:9Þ

together with Eqs. (2.4)–(2.6). The strain–mechanical displace-
ments relations (2.4) are expressed by

Sab ¼
1
2

lm
að�um:b � bmb�u3Þ þ lm

bð�um:a � bma�u3Þ
h i

;

Sa3 ¼
1
2
ðlb

a�ub;3 þ �u3;a þ bb
a�ubÞ

h i
; S33 ¼ �u3;3 ð4:10Þ

where the relations of the form
ua;b ¼ lm
að�um:b � bmb�u3Þ; ua;3 ¼ lm

a�um;3; u3;a ¼ �u3;a þ bb
a�ub;

u3;3 ¼ �u3;3 ð4:11Þ

are used and the strain components are obtained in terms of the
shifted components of the displacements. Thus, the variational inte-
gral (3.25) is expressed in the form

dLg ¼
Z

T
dt
Z

A
dA
Z

Z
fSab�

1
2

lm
að�um:b�bmb�u3Þþlm

bð�um:a�bma�u3Þ
h i

gdTab

�

þ2 Sa3�
1
2
ðlb

a�ub;3þ �u3;aþbb
a�ubÞ

h i� �
dTa3 þðS33� �u3;3ÞT33

þðEiþ/;iÞdDiþðMiþw;iÞdBi
E
ldz ð4:12Þ

Inserting Eqs. (4.4)–(4.6) with Eq. (4.7) into Eq. (4.12), and integrat-
ing with respect to the thickness coordinate (z), one obtains

dLSg ¼
Z

T
dt
Z

A

XN

n¼0

2 SðnÞa3 �
1
2
ðnþ1Þuðnþ1Þ

a þuðnÞ3;a�ðn�1Þbm
auðnÞm

h i� ��

dTa3
ðnÞ þ SðnÞab �

1
2

uðnÞa:bþuðnÞb:a�2babuðnÞ3 � bm
auðn�1Þ

m:b þbm
buðn�1Þ

m:a

�h�

�2cabuðn�1Þ
3

�io
dTab
ðnÞ þ ½ðS

ðnÞ
33 �ðnþ1Þuðnþ1Þ

3 �dT33
ðnÞ

�ðEðnÞa þ/ðnÞ;a ÞdDa
ðnÞ � ½ðE

ðnÞ
3 þðnþ1Þ/ðnþ1Þ�dD3

ðnÞ

�ðMðnÞ
a þwðnÞ;a ÞdBa

ðnÞ � ½ðM
ðnÞ
3 þðnþ1Þwðnþ1Þ�dB3

ðnÞ

E
dA ð4:13Þ

Here, cabð¼ aarbr
b Þ and aar are the third and first fundamental form

of the reference surface A, and the stress, electric displacement and
magnetic induction resultants of order (n) are defined in the form

ðTij
ðnÞ;D

i
ðnÞ;B

i
ðnÞÞ ¼

Z
Z
ðTij;Di; BiÞlzn dz; n ¼ 1;2; . . . ;N ð4:14Þ

Also, they can be expressed by

Tij
ðnÞ ¼ tij

ðnÞ � 2Kmtij
ðnþ1Þ þ Kgtij

ðnþ2Þ n ¼ 1;2; . . . ;N ð4:15Þ

and

Di
ðnÞ ¼ di

ðnÞ � 2Kmdi
ðnþ1Þ þ Kgdi

ðnþ2Þ; n ¼ 1;2; . . . ;N

Bi
ðnÞ ¼ bi

ðnÞ � 2Kmbi
ðnþ1Þ þ Kgbi

ðnþ2Þ; n ¼ 1;2; . . . ;N ð4:16Þ

in terms of the mean and Gaussian curvatures, Kmð¼ 1=2ba
aÞ and

Kgð¼ jba
b jÞ, of the reference surface, and the quantities of the form
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ðtij
ðnÞ; d

i
ðnÞ; b

i
ðnÞÞ ¼

Z
Z
ðTij;Di;BiÞzn dz; n ¼ 1;2; . . . ;N ð4:17Þ

The quantities of order (n) are evidently the functions of the surface
coordinates and time t.

4.5. Constitutive relations

The constitutive coefficients of a material are known to be
dependent on position, orientation and time as well as on temper-
ature, moisture, stress, acceleration or other effects. All the effcets
are taken to be negligible but position for the material of electro-
magnetoelastic shell (i.e., functionally graded). The numerical val-
ues of material coefficients are usually reported in a specific
coordinate system, namely, the material coordinate system, where
the coefficients have maximum symmetry, and they can be readily
obtained from the material coordinate system to any system of
coordinates through the usual tensor transformation. The shell
material is assumed to be slowly and continuously varying and
graded across the thickness direction (e.g., Markworth et al.,
1995; Wu et al., 1996). The material coefficients are given in the
fixed right-handed system of geodesic normal coordinates hi, to
which the shell region is referred. A graded material was usually
modeled either by a power law or an exponential law, which
may be considered as a power law from the standpoint of numer-
ical computation. The mass density, the body force and the mate-
rial coefficients are expressed by a power law

fqðzÞ; f iðzÞg¼
XN

n¼0

fqn; f
i
ngzn ð4:18Þ

fcijklðzÞ;eijkðzÞ;eijkðzÞ;eijðzÞ;eijðzÞ;cijðzÞg¼
XN

n¼0

fcijkl
ðnÞ;e

ijk
n ;e

ijk
n ;e

ij
n;e

ij
n;c

ij
ngzn

ð4:19Þ

in consistent with the series expansions of the basic field variables
(4.4)–(4.7). To obtain the constitutive relations of shell, consider the
constitutive part (3.26) of the variational integral (3.23) together
with Eq. (2.17) in the form

dLc ¼
Z

T
dt
Z

A
dA
Z

Z
Tij � @H

@Sij

� �
dSij � Di þ @H

@Ei

� �
dEi

	

�ðBi þ @H
@Mi
ÞdMiÞ



ldz ð4:20Þ

and inserting Eq. (4.19) into Eq. (4.20) and integrating with respect
to the thickness coordinate, one obtains

dLSc ¼
Z

T
dt
Z

A

XN

n¼1

Tij
ðnÞ � Tij

ðnÞc

� �
dSðnÞij � ðD

i
ðnÞ � Di

ðnÞcÞdEðnÞi

h

�ðBi
ðnÞ � Bi

ðnÞcÞdMðnÞ
i

i
dA ð4:21Þ

with

Tij
ðnÞc ¼

1
2

@HðnÞ
@SðnÞij

þ @HðnÞ
@SðnÞji

 !
; �Di

ðnÞc ¼ �
@HðnÞ
@EðnÞi

;

Bi
ðnÞc ¼ �

@HðnÞ
@MðnÞ

i

; n ¼ 1;2; . . . ;N; on A� T ð4:22aÞ

where the enthalpy function per unit area of the reference surface A
is given by

HðnÞ ¼
Z

Z
Hznldz ð4:22bÞ

and the linear version of the constitutive equations (4.21) is ob-
tained as
Tij
ðnÞc ¼

XN

p¼0

XN

q¼0

ðcijkl
ðpÞS

ðqÞ
kl � eijk

ðpÞE
ðqÞ
k � eijk

ðpÞM
ðqÞ
k ÞlðpþqþnÞ;

n ¼ 1;2; . . . ;N; on A� T ð4:23Þ

Di
ðnÞc ¼

XN

p¼0

XN

q¼0

ðeijk
ðpÞS

ðqÞ
jk þ eij

ðpÞE
ðqÞ
k þ eij

ðpÞM
ðqÞ
j ÞlðpþqþnÞ;

n ¼ 1;2; . . . ;N; on A� T ð4:24Þ

Bi
ðnÞc ¼

XN

p¼0

XN

q¼0

ðeijk
ðpÞS

ðqÞ
jk þ cij

ðpÞM
ðqÞ
k þ eij

ðpÞE
ðqÞ
j ÞlðpþqþnÞ;

n ¼ 1;2; . . . ;N; on A� T ð4:25Þ

in which Eqs. (2.21)–(2.23) are used,and they are reduced to the
form

Tij
ðnÞc ¼

XN

p¼0

ðcijklSðpÞkl � eijkEðpÞk � eijkMðpÞ
k ÞlðpþnÞ;

n ¼ 1;2; . . . ;N; on A� T ð4:26Þ

Di
ðnÞc ¼

XN

p¼0

ðeijkSðpÞjk þ eijEðpÞj þ eijMðpÞ
j ÞlðpþnÞ;

n ¼ 1;2; . . . ;N; on A� T ð4:27Þ

Bi
ðnÞc ¼

XN

p¼0

ðeijkSðpÞjk þ cijMðpÞ
j þ eijEðpÞj ÞlðpþnÞ;

n ¼ 1;2; . . . ;N; on A� T ð4:28Þ

for a homogeneous material of shell. In the equations above, a quan-
tity of the form

ln ¼
Z

Z
lzn dz ¼ In � 2KmIðnþ1Þ þ KgIðnþ2Þ; n ¼ 1;2; . . . ;N

ð4:29aÞ

in terms of the curvatures of the reference surface and the moment
of inertia of order (n) by

In ¼
Z

Z
zn dz ¼ 2hðnþ1Þ

ðnþ 1Þ dðn;2pÞ; n ¼ 1;2; . . . ;N ð4:29bÞ

is introduced.
5. Equations of an electromagnetoelastic shell

This section deals with the derivation of the divergence equa-
tions and the natural boundary conditions for the high frequency
vibrations of electromagneoelastic shell in variational form. The
tractions are taken to be prescribed on the faces Sf ð¼ Slf [ Suf Þ
and on some part Ct of the Jordan curve C on the edge surface Se,
and the mechanical displacements on the remaining part Cu of
the curve C. The electric and magnetic potentials are given on the
faces and the surface charge and the magnetic charge on the edge
surface.

5.1. Divergence equations

Consider the divergence part (3.24) of the variational principle
(3.23) in the absence of free charge and free current densities,
namely

dLdfui;/;wg¼
Z

T
dt
Z

A
dA
Z

Z
Tij

;iþ f j�qaj
� �

dujþDi
;id/þBi

;idw
n o

ldz

ð5:1Þ

which may be written in terms of the shifted components of the
mechanical displacements as
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dLdf�ui;/;wg ¼
Z

T
dt
Z

A
dA
Z

Z
ðTbr

;b þ T3r
;3 þ f rÞla

rd�ua

n
þðTa3

;a þ T33
;3 þ f 3Þd�u3 � q€�uid�ui þ Di

;id/þ Bi
;idw

o
ldz

ð5:2Þ

After using the identities (e.g., Naghdi, 1963) of the form

lDa
;a ¼ ðlDaÞ:a � lðl�1Þabbb

aD3 ð5:3Þ

for a vector field Di and those by

llm
aTab

;b ¼ ðllm
gTgbÞ:b � llm

aðl�1Þbkbk
bTa3 � lbm

bT3b

lT3a
;a ¼ ðlT3aÞ:a þ llm

abmbTab � lðl�1Þambm
bT33 ð5:4Þ

lb
aTa3

;3 ¼ ðlb
aTa3Þ;3

for a tensor field Tij, together with the relations as

l;3 ¼ �lðl�1Þabbb
a ð5:5Þ

the covariant differentiations are expressed with respect to the
metric tensor of the reference surface A in place of those of the
space. Thus, Eq. (5.2) is expressed in the form

dLdf�ui;/;wg ¼
Z

T
dt
Z

A
dA
Z

Z
ðlla

mTbmÞ:b � lla
mðl�1Þbkbk

bTm3
hn

�lba
mTm3 þ lðla

mTm3Þ;3 þ la
rf r � q€�ua

i
d�ua

þ ðlT3aÞ:a þ llm
abmbTab � lðl�1Þabbb

aT33 þ lT33
;3

h
þf 3 � q€�u3
d�u3 þ ðlDaÞ:a � lð�l1Þabbb

aD3
h i

d/

þ ðlBaÞ:a � lð�l1Þabbb
aB3

h i
dw
o

dz ð5:6Þ

Inserting the expansions of the basic field variables (4.4)–(4.7) into
Eq. (5.6) and considering Eq. (5.5), and then integrating with respect
to the thickness coordinate and applying the divergence theorem
for the shell region, one finally arrives at the divergence equations
as follows

dLSdfuðnÞi ;/ðnÞ;wðnÞg ¼
Z

T
dt
Z

A

XN

n¼0

ðVi
ðnÞ � Ai

ðnÞÞduðnÞi þUðnÞd/ðnÞ
n

þHðnÞdwðnÞ
o

dA ð5:7Þ

In this equation, the quantities of the form

Va
ðnÞ ¼ ðT

ba
ðnÞ � ba

mTbm
ðnþ1ÞÞ:b � nT3a

ðn�1Þ þ ðn� 1Þba
bT3b
ðnÞ

þ ðFa
ðnÞ � ba

bFb
ðnÞÞ þ Qa

ðnÞ ð5:8aÞ

V3
ðnÞ ¼ Ta3

ðnÞ:a þ babTab
ðnÞ � cabTab

ðnþ1Þ � nT33
ðn�1Þ þ F3

ðnÞ þ Q 3
ðnÞ;

n ¼ 1;2; . . . ;N; on A� T ð5:8bÞ

UðnÞ ¼ Da
ðnÞ:a � nD3

ðn�1Þ þ DðnÞ; n ¼ 1;2; . . . ;N; on A� T ð5:9Þ

HðnÞ ¼ Ba
ðnÞ:a � nB3

ðn�1Þ þ BðnÞ; n ¼ 1;2; . . . ;N; on A� T ð5:10Þ

in terms of the resultants (4.14) are defined. The effective surface
quantities of order (n) are introduced by

Q i
ðnÞ ¼ Q 3i

uðnÞ � Q 3i
lðnÞ; fQ 3i

uðnÞ;Q
3i
lðnÞg ¼ ½ðT

3i � zba
bT3bdi

aÞznl�
at z ¼ fh;�hg ð5:11Þ

DðnÞ ¼ D3
uðnÞ � D3

lðnÞ; fD3
uðnÞ;D

3
lðnÞg ¼ D3znl; n ¼ 1;2; . . . ;N;

at z ¼ fh;�hg ð5:12Þ
BðnÞ ¼ B3

uðnÞ � B3
lðnÞ; fB3

uðnÞ; B
3
lðnÞg ¼ B3znl; n ¼ 1;2; . . . ;N;

at z ¼ fh;�hg ð5:13Þ
and the acceleration resultants and body force resultants of order
(n) by

Ai
ðnÞ ¼

XN

m;p¼0

lðnþmþpÞqðmÞ€u
i
ðpÞ; n ¼ 1;2; . . . ;N; on A� T ð5:14Þ

Fi
ðnÞ ¼

XN

m¼0

lðnþmÞðf i
ðnÞ � zba

bf b
ðnÞd

i
aÞ; n ¼ 1;2; . . . ;N; on A� T

ð5:15Þ

Here, the series expansion (4.17) is used for the body force vector
components and the mass density for the shell graded functionally
across the thickness.
5.2. Boundary conditions

The boundary part (3.27) of the variational principle (3.23) is
given by

dLbfKbg ¼
Z

T
dt
Z

Suf

ðTi
� � n3dT3iÞduildAþ

Z
T

dt
Z

Slf

ðTi
� � n3dT3iÞduildA

þ
Z

T
dt
Z

Ct

dc
Z

Z
ðTi
� � maTaiÞduildzþ

Z
T

dt
Z

Cu

dc
Z

Z
ðui � u�i ÞmadTaildz

þ
Z

T
dt
Z

Suf

ð/� /�Þn3dD3ldAþ
Z

T
dt
Z

Slf

ð/� /�Þn3dD3ldA

þ
Z

T
dt
I

C
dc
Z

Z
ðD� � maDaÞd/ldzþ

Z
T

dt
Z

Suf

ðw� w�Þn3dB3ldA

þ
Z

T
dt
Z

Slf

ðw� w�Þn3dB3ldAþ
Z

T
dt
I

C
dc
Z

Z
ðB� � maBaÞdwldz

ð5:16Þ

As before, inserting the series exansions (4.4)–(4.7) and evaluating
the boundary surface and edge surface integrals in Eq. (5.16), one
obtains the boundary conditions of the form
dLSbfKbg ¼
Z

T
dt
Z

Suf

XN

n¼0

ðTi
�uðnÞ � Q 3i

uðnÞÞduðnÞi dA

þ
Z

T
dt
Z

Slf

XN

n¼0

ðTi
�lðnÞ þ Q 3i

lðnÞÞduðnÞi dAþ
Z

T
dt
Z

Ct

XN

n¼0

ðPi
�ðnÞ

� maPai
ðnÞÞduðnÞi dc þ

Z
T

dt
Z

Cu

XN

n¼0

ðuðnÞi � u�ðnÞi ÞmaðdTai
ðnÞ

� ba
bd

i
adT3b

ðnþ1ÞÞdc þ
Z

T
dt
Z

Suf

XN

n¼0

ð/ðnÞ � /�uðnÞÞdD3
uðnÞ dA

þ
Z

T
dt
Z

Slf

XN

n¼0

ð/�ðnÞ � /ÞlðnÞdD3
lðnÞ dAþ

Z
T

dt
I

C

XN

n¼0

ðDðnÞ�

� maDa
ðnÞÞd/ðnÞdc þ

Z
T

dt
I

C

XN

n¼0

ðBðnÞ� � maBa
ðnÞÞdwðnÞdc

þ
Z

T
dt
Z

Suf

XN

n¼0

ðwðnÞ � w�ðnÞÞdB3
uðnÞ dA

þ
Z

T
dt
Z

Slf

XN

n¼0

ðw�ðnÞ � wÞðnÞdB3
lðnÞ dA ð5:17Þ

where the prescribed electric and magnetic potentials and compo-
nents of mechanical displacements are expressed as in Eqs. (4.4)–
(4.7). In this equation, the resultants of order (n) as
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ðTi
�uðnÞ; T

i
�lðnÞÞ ¼ ðT

i
� � zba

bTb
�d

i
aÞlzn at z ¼ ðh;�hÞ; n ¼ 1;2; . . . ;N

Pi
�ðnÞ ¼

Z
Z
ðTi
� � zba

bTkb
� di

kÞlzn dz; Pai
ðnÞ ¼ Tai

ðnÞ � ba
bTkb
ðnþ1Þd

i
k;

n ¼ 1;2; . . . ;N ð5:18Þ

and

fDðnÞ� ;B
ðnÞ
� g ¼

Z
Z
fD�; B�glzn dz; n ¼ 1;2; . . . ;N ð5:19Þ

are defined.

5.3. Initial conditions

In view of Eqs. (4.4)–(4.7), the initial conditions of higher
orders are recorded for the mechanical, electric and magnetic fields
as

uðnÞi ðh
a; t0Þ � v ðnÞ�i ðh

aÞ ¼ 0; _uðnÞi ðh
a; toÞ �wðnÞ�i ðh

aÞ ¼ 0;
n ¼ 1;2; . . . ;N; on AðtoÞ ð5:20Þ

/ðnÞðha; toÞ � a�ðnÞðh
bÞ ¼ 0; wðnÞðha; toÞ � b�ðnÞðh

aÞ ¼ 0;

n ¼ 1;2; . . . ;N on AðtoÞ ð5:21Þ

where the expansions similar to Eqs. (4.4)–(4.7) are used for the
prescribed initial functions.

5.4. Variational shell equations

Thus far, a deterministic system of two-dimensional approxi-
mate shear deformation equations is derived for the high fre-
quency motions of a functionally graded electromagnetoelastic
shell. A substitution of the gradient equation (4.13), the constitu-
tive relations (4.20), the divergence equations (5.7), and the
boundary conditions (5.17) into the variational integral (3.23)
leads to the system of shell equations in variational form,
namely

dLSfKSg ¼ dLSdfKSdg þ dLSgfKSgg þ dLScfKScg þ dLSbfKSg ¼ 0g
ð5:22aÞ

with its admissible state of the form

KS ¼ KSd [ KSg [ KSc

KSd ¼ fuðnÞi ;/ðnÞ;wðnÞg; KSg ¼ fTij
ðnÞ;D

i
ðnÞ;;B

i
ðnÞg;

KSc ¼ fSðnÞij ; E
ðnÞ
i ;;M

ðnÞ
i g ð5:22bÞ

The system of shell equations has only the initial conditions (5.20)
and (5.21), and the symmetry of the stress resultants, which is ex-
pressed using Eq. (2.1b) and Eq. (4.14) with the alternating tensor of
the reference surface, eabf¼ eab3ðha; z ¼ 0Þg in the form

eabT3a
ðnÞ þ ebaTa3

ðnÞ ¼ 0; eamðTma
ðnÞ � bm

bTba
ðnþ1ÞÞ ¼ 0;

n ¼ 1;2; . . . ;N on A� T ð5:23Þ

as its constraint conditions.

5.5. Differential shell equations

The variational equation (5.22) generates the differential diver-
gence equation (5.7) by

Va
ðnÞ ¼ ðT

ba
ðnÞ � ba

mTbm
ðnþ1ÞÞ:b � nT3a

ðn�1Þ þ ðn� 1Þba
bT3b
ðnÞÞ þ ðF

a
ðnÞ � ba

bFb
ðnÞÞ

þ Qa
ðnÞ � Aa

ðnÞ ¼ 0

V3
ðnÞ ¼ Ta3

ðnÞ:a þ babTab
ðnÞ � cabTab

ðnþ1Þ � nT33
ðn�1Þ þ F3

ðnÞ þ Q 3
ðnÞ � A3

ðnÞ ¼ 0;

n ¼ 1;2; . . . ;N; on A� T ð5:24Þ

in terms of Eq. (5.8), and
UðnÞ ¼ Da
ðnÞ:a � nD3

ðn�1Þ þ DðnÞ ¼ 0; n ¼ 1;2; . . . ;N; on A� T

ð5:25Þ
HðnÞ ¼ Ba

ðnÞ:a � nB3
ðn�1Þ þ BðnÞ ¼ 0; n ¼ 1;2; . . . ;N; on A� T

ð5:26Þ

in terms of Eqs. (5.9) and (5.10), gradient equations (4.13) by

SðnÞab ¼
1
2

uðnÞa:b þ uðnÞb:a � 2babuðnÞ3 � bm
auðn�1Þ

m:b þ bm
b
�uðn�1Þ

m:a � 2cabuðn�1Þ
3

� �h i
;

n ¼ 1;2; . . . ;N

SðnÞa3 ¼
1
2
ðnþ 1Þuðnþ1Þ

a þ uðnÞ3;a � ðn� 1Þbm
auðnÞm

h i
;

SðnÞ33 ¼ ðnþ 1Þuðnþ1Þ
3 on A� T ð5:27Þ

EðnÞa ¼ �/ðnÞ;a ; EðnÞ3 ¼ �ðnþ 1Þ/ðnþ1Þ;

n ¼ 1;2; . . . ;N; on A� T ð5:28Þ
MðnÞ

a ¼ �wðnÞ;a ; MðnÞ
3 ¼ �ðnþ 1Þwðnþ1Þ;

n ¼ 1;2; . . . ;N; on A� T ð5:29Þ

constitutive relations (4.20) by

Tij
ðnÞ � Tij

ðnÞc ¼ 0; n ¼ 1;2; . . . ;N; on A� T ð5:30Þ

Di
ðnÞ � Di

ðnÞc ¼ 0; n ¼ 1;2; . . . ;N; on A� T ð5:31Þ

Bi
ðnÞ � Bi

ðnÞc ¼ 0; n ¼ 1;2; . . . ;N; on A� T ð5:32Þ

and natural boundary conditions (5.17) by

Ti
uðnÞ� � Q i

uðnÞ ¼ 0 on Suf � T; Ti
lðnÞ� þ Q i

lðnÞ ¼ 0 on Slf � T;

n ¼ 1;2; . . . ;N; on A� T

Pi
�ðnÞ � maPab

ðnÞ ¼ 0 on Ct � T;uðnÞi � u�ðnÞi ¼ 0 on Cu � T;

n ¼ 1;2; . . . ;N; on A� T ð5:33Þ

and

/ðnÞ � /�uðnÞ ¼ 0 on Suf � T;/ðnÞ � /�lðnÞ ¼ 0 on Slf � T;

n ¼ 1;2; . . . ;N; on A� T

DðnÞ� � maDa
ðnÞ ¼ 0 on C � T;

n ¼ 1;2; . . . ;N; on A� T ð5:34Þ

and

wðnÞ � w�uðnÞ ¼ 0 on Suf � T;wðnÞ � w�lðnÞ ¼ 0 on Slf � T;

n ¼ 1;2; . . . ;N; on A� T

BðnÞ� � maBa
ðnÞ ¼ 0 on C � T;

n ¼ 1;2; . . . ;N; on A� T ð5:35Þ

as the Euler–Lagrange equations.
In the next section, the boundary and initial conditions (5.20),

(5.21), and (5.33)–(5.35) are shown to be sufficient for the unique-
ness in solutions of the system of two dimensional approximate
equations of the shell.
6. Uniqueness of solutions

To investigate the internal consistency of solutions in the lower
order equations of structural elements and, in particular, the
uniqueness of solutions may be traced back to Kirchhoff (1850).
He gave the earliest proof of uniqueness for plates and Byrne
(1944) for shells using the classical energy argument. A uniqueness
theorem was also given by a number of authors for elastic shells at
low frequency vibrations (e.g., Gol’denveizer, 1944; Green and
Naghdi, 1971; Naghdi and Trapp, 1972; Weinitschke, 1988) and
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for piezoelectric, thermoelastic and thermopiezoelectric shells at
high frequency vibrations (Dökmeci, 1974a,b; Altay and Dökmeci,
2001; Altay and Dökmeci, 2002a,b). Naghdi (1972) discussed the
uniqueness theorems for solutions of the initial (isothermal)
boundary-value problems of elastic shells and plates based on
the assumption of the nonnegative free energy (or the strain en-
ergy) density. Now, a theorem of uniqueness is proved below for
the system of two-dimensional linear equations of an electromag-
netoelastic homogeneous or non-graded shell derived in the previ-
ous section.

To prove the theorem, the existence of two possible sets of
admissible state of the shell equations as

KðaÞS uðnÞi ;/ðnÞ;wðnÞ; ;T
ij
ðnÞ;D

i
ðnÞ;;B

i
ðnÞ; SðnÞij ; E

ðnÞ
i ;;M

ðnÞ
i

n oðaÞ
;

n ¼ 1;2; . . . ;N; on A� T ð6:1Þ

and their difference by

KS ¼ Kð2ÞS fu
ðnÞ
i ; . . . ; SðnÞij ; E

ðnÞ
i ;;M

ðnÞ
i g

ð2Þ \Kð1ÞS fu
ðnÞ
i ; . . . ; SðnÞij ; E

ðnÞ
i ;;M

ðnÞ
i g

ð1Þ

ð6:2Þ

is considered at the outset. The difference set of admissible solu-
tions (6.2) satisfies the two-dimensional homogeneous system of
linear shell equations. The homogeneous shell equations consist
of the gradient equations (5.27)–(5.29), the linear constitutive rela-
tions (4.26)–(4.28), and the homogeneous divergence equations
from Eqs. (5.8)–(5.10) as

ðTba
ðnÞ � ba

mTbm
ðnÞÞ:b � ba

bTb3
ðnÞ � nðT3a

ðn�1Þ � ba
bT3b
ðnÞÞ þ Qa

ðnÞ � qAa
ðnÞ ¼ 0;

n ¼ 1;2; . . . ;N; on A� T

Ta3
ðnÞ:a þ babTab

ðnÞ � cabTab
ðnþ1Þ � nT33

ðn�1Þ þ Q 3
ðnÞ � qA3

ðnÞ ¼ 0

on A� T; n ¼ 1;2; . . . ;N; on A� T ð6:3aÞ

where

Ai
ðnÞ ¼

XN

m¼0

lðmþnÞ€u
i
ðmÞ; n ¼ 1;2; . . . ;N; on A� T ð6:3bÞ

and

Da
ðnÞ:a � nD3

ðn�1Þ þ DðnÞ ¼ 0; n ¼ 1;2; . . . ;N; on A� T ð6:4Þ

Ba
ðnÞ:a � nB3

ðn�1Þ þ BðnÞ ¼ 0; n ¼ 1;2; . . . ;N; on A� T ð6:5Þ

the boundary conditions from Eqs. (5.26)–(5.29) as

Q i
uðnÞ ¼ 0 on Suf � T;Q i

lðnÞ ¼ 0 on Slf � T; n¼ 1;2; . . . ;N; on A� T

maPab
ðnÞ ¼ 0 on Ct � T;uðnÞi ¼ 0 on Cu� T; n¼ 1;2; . . . ;N; on A� T

ð6:6Þ

and

/ðnÞ ¼ 0 on Suf � T;/ðnÞ ¼ 0 on Slf � T; maDa
ðnÞ ¼ 0;

n ¼ 1;2; . . . ;N on C � T ð6:7Þ
wðnÞ ¼ 0 on Suf � T;wðnÞ ¼ 0 on Slf � T; maBa

ðnÞ ¼ 0;

n ¼ 1;2; . . . ;N onC � T ð6:8Þ

and the initial conditions by

uðnÞi ðh
a; t0Þ ¼ 0; _uðnÞi ðh

a; toÞ ¼ 0; n ¼ 1;2; . . . ;N on AðtoÞ ð6:9Þ
/ðnÞðha; toÞ ¼ 0; n ¼ 1;2; . . . ;N on AðtoÞ ð6:10Þ
wðnÞðha; toÞ ¼ 0; n ¼ 1;2; . . . ;N on AðtoÞ ð6:11Þ

in terms of the difference admissible state.
6.1. Energy of the electromagnetoelastic shell

Let K denote the kinetic energy per unit area of the reference
surface A and KS the total kinetic energy of the electromagnetoelas-
tic shell given by

K ¼
Z

Z
kldz; KS ¼

Z
A

K dA; k ¼ 1
2
q _ui _ui ð6:12Þ

in terms of the kinetic energy density k from Eq. (2.7b). The density
k and its rate are expressed in the form

k ¼ 1
2
q lb

a
_�ubð�l1Þar _�ur þ _�u3 _�u3

� 

¼ 1

2
q _�ui

_�ui; _k ¼ qai _ui ð6:13Þ

in terms of the shifted components of the mechanical displace-
ments, (4.6) and (4.7). Inserting Eq. (4.4) with Eq. (4.7) into Eq.
(6.12) and integrating with respect to the thickness coordinate,
the rate of the areal density K is obtained as

_K ¼ q
XN

n¼0

Ai
ðnÞ _u

ðnÞ
i ð6:14Þ

in terms of the acceleration components (6.3b).
From Eq. (2.11) the rate of the total internal energy of the shell

is given by

_US ¼ _Ua þ _Ue þ _Um ð6:15Þ

where

_Ua ¼
Z

A
dA
Z

Z
Tij _Sijldz; _Ue ¼

Z
A

dA
Z

Z

_DiEildz

_Um ¼
Z

A
dA
Z

Z

_BiMildz ð6:16Þ

After inserting Eqs. (5.23)–(5.29) into Eq. (6.16), and then integrat-
ing it with respect to the thickness coordinate, one obtains the rate
of the internal energies of the form

_Ua ¼
XN

n¼0

Z
A

dA
1
2

Tab
ðnÞ _uðnÞa:b þ _uðnÞb:a � 2bab _uðnÞ3 � ðb

m
a _uðn�1Þ

m:b

h�

þbm
b

_uðn�1Þ
m:a � 2cab _uðn�1Þ

3 Þ
i
þ Ta3

ðnÞ ðnþ 1Þ _uðnþ1Þ
a þ _uðnÞ3;a

h
�ðn� 1Þbm

a _uðnÞm

i
þ ðnþ 1ÞT33

ðnÞ _u
ðnþ1Þ
3

o
ð6:17aÞ

Considering the symmetry of the stress resultants (5.23), the rate of
the mechanical energy takes the form

_Ua ¼
XN

n¼0

Z
A

dA Tab
ðnÞ _uðnÞa:b � bm

a _uðn�1Þ
m:b � bab _uðnÞ3 þ cab _uðn�1Þ

3

h in

þTa3
ðnÞ ðnþ 1Þ _uðnþ1Þ

a þ _uðnÞ3;a � ðn� 1Þbm
a _uðnÞm

h i
þ ðnþ 1ÞT33

ðnÞ _u
ðnþ1Þ
3

o
ð6:17bÞ

and the rate of the electromagnetic energy as

_Ue ¼ �
XN

n¼0

Z
A

dA _Da
ðnÞ/

ðnÞ
;a þ ðnþ 1Þ _D3

ðnþ1Þ/
ðnþ1Þ

n o
ð6:18Þ

_Um ¼ �
XN

n¼0

Z
A

dA _Ba
ðnÞw

ðnÞ
;a þ ðnþ 1Þ _B3

ðnþ1Þw
ðnþ1Þ

n o
ð6:19Þ

is obtained. Applying the divergence theorem and collecting the
surface and line integrals, Eqs. (6.17)–(6.19) are written as
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_Ua ¼
Z

A
dA
XN

n¼0

�ðTba
ðnÞ � ba

mTbm
ðnþ1ÞÞ:a _uðnÞb � Ta3

ðnÞ;a _uðnÞ3

n
�ðbabTab

ðnÞ � cabÞTab
ðn�1Þ _u

ðnÞ
3 þ Ta3

ðnÞ ðnþ 1Þ _uðnþ1Þ
a � ðn� 1Þbm

a _uðnÞm
� 


þðnþ 1ÞT33
ðnÞ _u

ðnþ1Þ
3

o
þ Ca ð6:20Þ

_Ue ¼
XN

n¼0

Z
A

dAf _Da
ðnÞ:a/

ðnÞ � ðnþ 1Þ _D3
ðnþ1Þ/

ðnþ1Þg þ Ce ð6:21Þ

_Um ¼
XN

n¼0

_Ba
ðnÞ:aw

ðnÞ � ðnþ 1Þ _B3
ðnþ1Þw

ðnþ1Þ
n o

þ Cc ð6:22Þ

Here, the denotations of the form

Ca ¼
XN

n¼0

I
C
ma Tba

ðnÞ � ba
mTbm
ðnþ1Þ

� �
_uðnÞb þ Ta3

ðnÞ _u
ðnÞ
3

h i
dc ð6:23Þ

Ce ¼ �
XN

n¼0

I
C

_Da
ðnÞ/dc ð6:24Þ

Cm ¼ �
XN

n¼0

I
C

_Ba
ðnÞwdc ð6:25Þ

are defined.
6.2. Sufficient conditions

Now, as a last step toward proving the theorem, using Eqs. (6.3)
and (6.4) one writes the integral of the form asZ

T
dt
Z

A

XN

n¼0

ðTba
ðnÞ � ba

mTbm
ðnÞÞ:b � ba

bTb3
ðnÞ � nðT3a

ðn�1Þ � ba
bT3b
ðnÞÞ þ Qa

ðnÞ

hn

�qAa
ðnÞ

i
_uðnÞa þ Ta3

ðnÞ:a þ babTab
ðnÞ � cabTab

ðnþ1Þ � nT33
ðn�1Þ þ Q 3

ðnÞ

h
�qA3

ðnÞ

i
_uðnÞ3 � ð _Da

ðnÞ:a � n _D3
ðn�1Þ þ _DðnÞÞ/ðnÞ

�ð _Ba
ðnÞ:a � n _B3

ðn�1Þ þ _BðnÞÞwðnÞ
o

dA ¼ 0 ð6:26Þ

This equation is readily expressed in the form

�
Z

T
dt
Z

A

_Ua þ _Ue þ _Um þ _K
n o

dAþ
Z

T
dt
Z

A

XN

n¼0

Q i
ðnÞ _u

ðnÞ
i

n

� _DðnÞ/ðnÞ � _BðnÞwðnÞ
o

dA þ
Z

T
dtfCa þ Ce þ Cmg ¼ 0 ð6:27Þ

with the aid of Eq. (6.14) and Eqs. (6.20)–(6.24). Integrating equa-
tion (6.27) with respect to time, one finally has

USðt2Þ þ KSðt2Þ � USðt1Þ � KSðt1Þ

¼
Z

T
dt
Z

A

XN

n¼0

Q i
ðnÞ _u

ðnÞ
i � _DðnÞ/ðnÞ � _BðnÞwðnÞ

n o
dA

þ
Z

T
dtfCa þ Ce þ Cmg ð6:28Þ

The integrands in the right hand side of Eq. (6.28) vanish due to the
boundary and initial conditions (6.6)–(6.11). Moreover, the individ-
ual internal and kinetic energy densities are positive definite, by
definition, and initially zero. Hence, the total energies calculated
by integration from them in terms of the difference system have
the same properties. Guided by the usual arguments based on the
positive definiteness of the energies, one finally arrives at the con-
dition of the form

USðt2Þ ¼ USðt1Þ ¼ KSðt2Þ ¼ KSðt1Þ ¼ 0 ð6:29Þ

This implies a trivial solution for the difference admissible state

KSð¼ Kð2ÞS �Kð1ÞS Þ ¼ 0, that is, the two solutions are identical. Thus,
the following theorem of uniqueness is concluded.
6.3. Theorem of uniqueness

In a hi- system of geodesic normal coordinates in the Euclidean
space N, consider a regular electromagnetoelastic shell region V+S
with its piecewise smooth boundary surface Sð¼ Suf [ Slf [ SeÞ, clo-
sure VðV [ SÞ and middle surface A at the time interval T ¼ ½t0; t1�,
under a prescribed initial data. The region is set in a motion by
application of assigned surface traction and electric and magnetic
potentials and prescribed mechanical and electric displacements
and magnetic induction on the edge boundary surface. Let

KS ¼ fui 2 C12;/ðnÞ 2 C10;wðnÞ 2 C10; Tij
ðnÞ 2 C10;D

i
ðnÞ 2 C10;;B

i
ðnÞ

2 C10; SðnÞij 2 C00; E
ðnÞ
i 2 C00;;M

ðnÞ
i 2 C00g on A� T

be an admissible state of single-valued continuous functions which
satisfies the hierarchic linear system of two-dimensional diver-
gence equations , 6.4 and 6.5, gradient equations (5.27)–(5.29), lin-
ear constitutive relations (4.26)–(4.28), boundary conditions (6.6)–
(6.8), initial conditions (6.9)–(6.11) and the symmetry of the stress
resultants (5.23). Also, let the mass density q is positive everywhere
on A and the symmetry relations of material elasticity’s (2.24) with
Eq. (2.25) hold. Then, there exist at most one admissible state KS,
which satisfies the hierarchic linear system of electromagnetoelas-
tic shell equations.

The theorem of uniqueness is proved on the basis of the energy
argument, and the conditions are enumerated, which are sufficient
to the uniqueness in solutions of the system of two dimensional
shell equations. It is a generalization of the theorems reported
for the high frequency vibrations of plates and shells made of ther-
moelastic, piezoelectric and thermopiezoelectric shells (Dökmeci,
1974a,b; Altay and Dökmeci, 2001; Altay and Dökmeci, 2002a).
The complementary existence theorem which states the conditions
for which there exists at least one solution to the initial-mixed
boundary value problems defined by the system of two dimen-
sional shell equations has yet to be investigated even in the case
of high frequency vibrations of elastic shells.

7. Electromagnetoelastic laminae equations

This section is an extension of the results reported in Section 5
to the motion of a functionally graded electromagnetoelastic
curved thin laminae within the discrete layer modeling of compos-
ite structures. A system of two dimensional approximate equations
is derived in variational and differential forms for the laminae at
the low frequency motions (i.e., long-wave approximation). All
the shear and transverse normal strains effects as well as the inter-
face conditions are taken into account.

7.1. Geometry of laminae

Consider a regular, finite and bounded region of thin laminae
Xl þ @Xl called the laminae space with its entire boundary surface
@Xl , closure Xlð¼ Xl [ @XlÞ and overall thickness 2H in the
Euclidean space N. The laminae region (see Fig. 3) contains a num-
ber of regular sub-regions (or layers) XðnÞ þ @XðnÞ with its bounding
surface @XðnÞð¼ SðnÞe [ Sn;ðn�1Þ [ Sn;ðnþ1ÞÞ, each of which may possess
distinct but uniform thickness 2hn, curvature, and electromagneto-
elastic properties. The layers are sequentially numbered starting
with (1) at the lowermost (or bottom) layer and terminating with
(N) at the uppermost (or top) layer. The laminae is referred to by a
fixed, right-handed system of geodesic normal coordinates hi situ-
ated on the reference surface Að1Þð� AÞ of the bottom layer. The ha-
coordinate curves form a system of curvilinear coordinates on the
reference surface, and h3ð� zÞ-axis is chosen positively upward so
that



Fig. 3. An element of electromagnetoelastic laminae.
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z ¼ �h; z ¼ h; f ðh1; h2Þ ¼ 0 ð7:1Þ

define the lower and upper faces and the edge boundary surface of
the bottom layer, respectively. An (n)-th layer is bounded by the
edge or lateral boundary surfaces SðnÞe , its lower face Sn;ðn�1Þ and
upper face Sn;nþ1, and edge surface SðnÞe , which is a right cylindrical
surface with generators perpendicular to the middle (reference)
surface AðnÞðffi AÞ of the layer. The edge boundary surface intersects
the reference surface along a smooth and non-intersecting Jordan
curve Cn, an outward unit vector normal to the edge surface is de-
noted by mðnÞi and to the faces by ni. The bottom layer is bounded
by its lower face Slf , the interface S1;2 and the edge boundary surface
Sð1Þe , and the top layer by its upper face Suf , the interface SN�1;N and
the edge boundary surface SðNÞe . Furthermore, a set of local geodesic
normal coordinates hi

n is introduced on the midsurface AðnÞ of the
(n)th layer, and hence, the midsurface An and the interface Sn;nþ1

are defined by the parametric equations of the form

ha
n � ha; h3

nð� znÞ ¼ h3 � dn ¼ 0; n ¼ 1;2; . . . ;N ð7:2Þ

and

h3
n � hn ¼ 0; h3

nþ1 þ hnþ1 ¼ 0 ð7:3Þ
h3 � ðdn þ hnÞ ¼ 0; h3 � ðdnþ1 � hnþ1Þ ¼ 0 ð7:4Þ
where the distance dn is given by

dn ¼
Xn

r¼1

ð2� d1r � dnrÞhðrÞ ð7:5Þ

between the middle surfaces of the first and (n)th layers.

7.2. Basic field variables

The laminae region under the assumptions of thin shells, similar
to those recorded in Eqs. (4.1)–(4.3) and the alike, is mathemati-
cally treated as a two dimensional continuum. All the field vari-
ables together with their derivatives are assumed to be exist,
single-valued and continuous functions of the space coordinates
and time in the laminae region with the absence of any kind of sin-
gularities, and also, they are assumed, as usual, not varied widely
across the thickness. Lur’e and Shumova (1996) examined the
kinematic models used for construction of energetically consistent
equations of laminated structural elements, as did Vasiliev and
Lurie (1992), Reddy and Robbins (1994), and Reddy (2004). As be-
fore, a kinematic type of models is chosen, and the mechanical dis-
placements, and the electric and magnetic potentials are taken as a
basis for the derivation of laminae equations. The basic field vari-
ables are represented by a truncated version of the series expan-
sions (4.4)–(4.7) of order N = 1, namely

�un
i ðh

a; h3 � z; tÞ ¼ an
i ðh

a; tÞ þ zbn
i ðh

a; tÞ ð7:6Þ
/nðha; h3; tÞ ¼ anðha; tÞ þ zbnðha; tÞ ð7:7Þ
wnðha; h3; tÞ ¼ nnðha; tÞ þ zfnðha; tÞ ð7:8Þ

with the denotations as

unð0Þ
i ¼ an

i ðh
a; tÞ; unð1Þ

i ðha; tÞ ¼ bn
i ðh

a; tÞ
/ð0Þn ¼ anðha; tÞ; /ð1Þn ¼ bnðha; tÞ; wð0Þn ¼ nnðha; tÞ; wð1Þn ¼ fnðha; tÞ

ð7:9Þ

Alternatively, these equations may be expressed as

�uðnÞi ðh
a
n � ha; h3

n � zn; tÞ ¼ aðnÞi ðh
a; tÞ þ dnb

ðnÞ
i ðh

a; tÞ
h i

þ znb
ðnÞ
i ðh

a; tÞ

/ðnÞðha; h3
n; tÞ ¼ anðha; tÞ þ dðnÞbnðha; tÞ

� 

þ znbnðha; tÞ

wðnÞðha; h3
n; tÞ ¼ nnðha; tÞ þ dðnÞfnðha; tÞ

� 

þ znfnðha; tÞ ð7:10Þ

in the system of local coordinates. In Eq. (7.6), ar
n stand for the

extensional motions (or the stretching), a3
n and b3

r for the flex-
ural motions (or the bending), and b3

n for the thickness stretching
of the nth layer. A linear approximation is introduced for the
mechanical displacement components in Eqs. (7.6) or (7.9) as a gen-
eralization of the Kirchhoff–Love hypothesis of classical shells,
namely

b3
n ¼ 0; bn

r ¼ �ðan
3;r þ bm

ra
n
mÞ ð7:11Þ

where only three of the displacement components (i.e., ai
nÞ are se-

lected independently in lieu of six in the linear approximation
(7.9), which revokes the contradictions of Eq. (7.11). Thus, the ef-
fects of transverse shear and normal strains, the rotatory inertia
and the coupling of adherent layers are all taken into account with
the aid of Eq. (7.6).

7.3. Continuity conditions. Independent basic variables

The layers of the laminae are well attached one another, and the
relative deformations are prevented. Accordingly, the continuity of
the mechanical displacements as well as the electric and magnetic
potential is imposed at the interfaces of layers. The continuity con-
ditions are expressed from Eq. (3.28) by
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aðnÞi ðh
a; tÞ þ ðdn þ hnÞbðnÞi ðh

a; tÞ ¼ aðnþ1Þ
i ðha; tÞ þ ðdnþ1 � hnþ1Þ

bðnþ1Þ
i ðha; tÞ

aðnÞðha; tÞ þ ðdn þ hnÞbðnÞðha; tÞ ¼ aðnþ1Þðha; tÞ þ ðdnþ1 � hnþ1Þ
bðnþ1Þðha; tÞ

nðnÞðha; tÞ þ ðdn þ hnÞfðnÞðha; tÞ ¼ nðnÞðha; tÞ þ ðdnþ1 � hnþ1Þ
fðnþ1Þðha; tÞ on An;nþ1 � T; n ¼ 1;2; . . . ; ðN � 1Þ ð7:12Þ

for the basic field variables. In addition, the continuity conditions
are recorded by

n3ðT3j
ðnþ1Þ � T3j

ðnÞÞ ¼ 0

n3ðD3
ðnþ1Þ � D3

ðnÞÞ ¼ 0; n3ðB3
ðnþ1Þ � B3

ðnÞÞ ¼ 0 on An;nþ1 � T;

n ¼ 1;2; . . . ; ðN � 1Þ ð7:13Þ

for the components of traction, surface charge and magnetic
induction at the interfaces between the adjacent layers. Eq. (7.12)
represents 5(N � 1) constraint conditions for the basic field vari-
ables, and then, the number of independent functions (10N) in
Eqs. (7.6)–(7.8) is reduced to 5(N + 1). The independent functions
are chosen as

a1
i 2 C12 and bn

i 2 C12;a1 2 C12 and bn 2 C12;

n1 2 C12 and fn 2 C12 n ¼ 1;2; . . . ;N ð7:14Þ

Eq. (7.12) are solved for the rest of the dependent functions as

an
i ¼ a1

i þ
Xn

r¼1

jnrb
ðrÞ
i ; an ¼ a1 þ

Xn

r¼1

jnrbðrÞ;

nn ¼ n1 þ
Xn

r¼1

jnrfðrÞ; n ¼ 2; . . . ;N ð7:15aÞ

where

jnrð–jrnÞ ¼ ð2� d1r � dnrÞhðrÞ � dnrdðnÞ; n ¼ 1;2; :::N
d1 ¼ 0; dN ¼ 2H � ðh1 þ hNÞ ð7:15bÞ

in terms of the independent functions (7.14).

7.4. Gradient equations

The approximations (7.6)–(7.8) for the basic field variables im-
ply similar distributions for the strain tensor, and the electric and
magnetic field vectors in the form

ðSij; Ei;MiÞ ¼
XR¼2

r¼o

ðSðrÞij ; E
ðrÞ
i ;M

ðrÞ
i Þz

r ð7:16Þ

The distributions are obtained by inserting Eqs. (7.6)–(7.8) into the
variational integral (3.23), and then integrating with respect to the
thickness coordinate with the result

dLLg ¼
Z

T
dt
XN

n¼1

Z
A
fðSðoÞab � eabÞdNab þ ðSð1Þab � eabÞdMab

þ ðSð2Þab � cabÞdKab þ ðSð0Þa3 � ea3ÞdQa þ ðSð1Þa3 � ea3ÞdRa

þ ðSð0Þ33 � e33ÞdN33 þ ðEð0Þa � eaÞdDa þ ððEð1Þa � eaÞdEa

þ ðEð0Þ3 � e3ÞdD3 þ ðMð0Þ
a � caÞdMa þ ððMð1Þ

a

� taÞdNa þ ðMð0Þ
3 � c3ÞdM3gðnÞ ð7:17Þ

Here, the quantities of the form
erm ¼
1
2
ðar:m þ am:r � 2bmba3Þ; er3 ¼

1
2
ða3;a þ br

aar þ baÞ;

e33 ¼ b3

erm ¼
1
2
ð�bk

ruk:m � bk
mak:r þ 2crma3 þ br:m þ bm:r � 2brmb3Þ;

ea3 ¼
1
2

b3;a

crm ¼
1
2
ð�bk

rbk:m � bk
mbk:r þ 2crmb3Þ; e33 ¼ ci3 ¼ 0 on A� T

ð7:18Þ

and

er ¼ �a;r; er ¼ �b;r; e3 ¼ �b on A� T ð7:19Þ
ca ¼ �n;a; ta ¼ �f;a; c3 ¼ �f on A� T ð7:20Þ

are defined. In the equations above, the stress resultants by

ðNab;Mab;Kab;Qa ¼ Qa3;Ra ¼ R3a;N33Þ

¼
Z

Z
ðTab; zTab; z2Tab; Ta3; zTa3; T33Þldz ð7:21Þ

are introduced. Also, it is pertinent to note here that the conven-
tional stress resultants are defined in the form

Nab ¼
Z

Z
Tamlb

mldz ¼ Nab � bb
mMam;

Mab ¼
Z

Z
Tamlb

mlzdz ¼ Mab � bb
mKam ð7:22Þ

in terms of Eq. (7.21). Likewise, the gross electric displacement and
magnetic induction by

ðDi;Ea;Mi;NaÞ ¼
Z

Z
ðDi; zDa; Bi; zBaÞldz ð7:23Þ

are considered. The resultant quantities are measured per unit
length of coordinate curves on the reference surface A.

7.5. Constitutive relations

The material of electromagnetoelastic thin laminae is function-
ally graded along its thickness, and all the material coefficients of
each layer in Eqs. (2.21)–(2.23) are taken to be continuously
dependent on the thickness coordinate z in a linear form

fcijklðzÞ; eijkðzÞ; eijkðzÞ; eijðzÞ; eijðzÞ; cijðzÞg

¼ fðcijkl
0 þ zcijkl

1 Þ; . . . ; ðcij
0 þ zcij

1Þg ð7:24Þ

in consistent with Eqs. (7.6)–(7.8). To obtain the constitutive rela-
tions of laminae, the variational integral (3.26) with Eq. (4.17) is
written for all the layers, and then the distribution (7.16) is invoked
and the integration is performed with respect to the thickness coor-
dinate with the result

dLLc ¼
Z

T
dt
Z

A

XN

r¼1

ðNab � Nab
c Þdeab þ ðMab �Mab

c Þdeab

n
þ ðKab � Kab

c Þdcab þ ðQ
a � Qa

c Þdea3 þ ðRa � Ra
c Þdea3

þ ðN33 � N33
c Þde33 þ ðDa � Oa

c Þdea þ ðEa � Ea
c Þdea

þ ðD3 �D3
c Þde3 þ ðMa �Ma

c Þdca þ ðNa �Na
c Þdta

þ M3 �M3
c Þdc3

� �r
dA ð7:25Þ

Here, the constitutive denotations of the form
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Nij
c ¼ðc

ijkl
0 l0þcijkl

1 l1Þeklþðcijkl
0 l1þcijkl

1 l2Þekl

þðcijkl
0 l2þcijkl

1 l3Þckl�ðe
ijk
0 l0þeijk

1 l1Þk
�ðeijk

0 l1þeijk
1 l2Þek�ðeijk

0 l0þeijk
1 l1Þck�ðe

ijk
0 l1þeijk

1 l2Þtk

Mai
c ¼ðcaikl

0 l1þcaikl
1 l2Þeklþðcaikl

0 l2þcaikl
1 l3Þekl

þðcaikl
0 l3þcaikl

1 l4Þckl�ðeaik
0 l1þeaik

1 l2Þek�ðeaik
0 l2þeaik

1 l3Þek

�ðeaik
0 l1þeaik

1 l2Þck�ðeaik
0 l2þeaik

1 l3Þtk

Kab
c ¼ðc

abkl
0 l2þcabkl

1 l3Þeklþðcabkl
0 l3þcabkl

1 l4Þekl

þðcabkl
0 l4þcabkl

1 l5Þckl�ðe
abl
0 l2þeabk

1 l3Þek

�ðeabl
0 l3þeabk

1 l4Þek�ðeabl
0 l2þeabk

1 l3Þck�ðe
abl
0 l3þeabk

1 l4Þtk

Qa¼Na3; Ra¼Ma3 ð7:26Þ

with

Nab
c ¼ Nab

c � bb
mMma

c ;M
ab
c ¼ Mab

c � bb
mKam

c ð7:27Þ

and

Di
c ¼ ðeikl

0 l0 þ eikl
1 l1Þekl þ ðeikl

0 l1 þ eikl
1 l2Þekl

þ ðeikl
0 l2 þ eikl

1 l3Þckl þ ðeik
0 l0 þ eik

1 l1Þek

þ ðeik
0 l1 þ eik

1 l2Þek þ ðeik
0 l0 þ eik

1 l1Þck

þ ðeik
0 l1 þ eik

1 l2Þtk

Ea
c ¼ ðeakl

0 l1 þ eakl
1 l2Þekl þ ðeakl

0 l2 þ eakl
1 l3Þekl

þ ðeakl
0 l3 þ eakl

1 l4Þckl þ ðeal
0 l1 þ eak

1 l2Þek

þ ðeal
0 l2 þ eak

1 l3Þek þ ðeal
0 l1 þ eak

1 l2Þck

þ ðeal
0 l2 þ eak

1 l3Þtk ð7:28Þ

and

Mi
c ¼ ðeikl

0 l0 þ eikl
1 l1Þekl þ ðeikl

0 l1 þ eikl
1 l2Þekl

þ ðeikl
0 l2 þ eikl

1 l3Þckl þ ðcik
0 l0 þ cik

1 l1Þck

þ ðcik
0 l1 þ cik

1 l2Þtk þ ðeik
0 l0 þ eik

1 l1Þek þ ðeik
0 l1

þ eik
1 l2Þek

Na
c ¼ ðeakl

1 l1 þ eakl
2 l2Þekl þ ðeakl

0 l2 þ eakl
1 l3Þekl

þ ðeakl
0 l3 þ eakl

1 l4Þckl þ ðcal
0 l1 þ eak

1 l2Þck

þ ðcal
0 l2 þ cak

1 l3Þtk þ ðeik
0 l1 þ eik

1 l2Þek

þ ðeal
0 l2 þ eak

1 l3Þek ð7:29Þ

are defined in terms of Eqs. (4.18) and (7.18)–(7.20).

7.6. Divergence equations

Within the concept of a discrete layer modeling, the divergence
equations are derived for a thin electromagnetoelastic laminae
paralleling to the formulation of shell equations in Section 5. The
derivation is essentially based on the selection of the basic field
variables (7.6)–(7.8) as a linear function in the thickness coordi-
nate, and using a variational averaging procedure for smoothly
varying field quantities across the thickness of laminae. To begin
with, the mass density and the body force vector are expressed as

qðzÞ ¼ q0 þ q1z; f ðzÞ ¼ f0 þ f1z ð7:30Þ

for a functionally graded material in consistent with the material
coefficients of the laminae given in Eq. (7.24). Also, the resultants
of traction, surface charge and quantities of the form

fPi
u; P

i
lg
ðnÞ ¼ ðT3i � zba

bT3bdi
aÞl at z ¼ fh;�hgðnÞ

fRi
u;R

i
lg
ðnÞ ¼ ðT3i � zba

bT3bdi
aÞzl at z ¼ fh;�hgðnÞ ð7:31Þ

and
fd3
u;d

3
l g
ðnÞ ¼ D3l; fe3

u; e
3
l g ¼ D3zl at z ¼ fh;�hgðnÞ ð7:32Þ

fm3
u;m

3
l g
ðnÞ ¼ B3l; fn3

u; n
3
l g ¼ B3zl at z ¼ fh;�hgðnÞ ð7:33Þ

and the displacements and the body force resultants by

Ai ¼ ðq0l0 þ q1l1Þai þ ðq0l1 þ q1l2Þb
i;

Bi ¼ ðq0l1 þ q1l2Þai þ ðq0l2 þ q1l3Þb
i ð7:34Þ

and

Fi ¼ ðf i
0l0 þ f i

1l1Þ � br
m di

rðf m
0 l1 þ f m

1 l2Þ;
Gi ¼ ðf i

0l1 þ f i
1l2Þ � br

m di
rðf m

0 l2 þ f m
1 l3Þ ð7:35Þ

are defined. Now, Eqs. (7.6)–(7.8) are inserted into the variational
integral (3.24) with Eq. (5.2), and then, it is evaluated for an individ-
ual layer as in the derivation of Eq. (5.7) and then for the laminae
with the following result

dLLdfKg ¼
Z

T
dt
Z

A

XN

r¼1

fðVi þ Pi
u � Pi

lÞdai þ ðWi þ Ri
u � Ri

lÞdbi

þ ðDa
:a þ du � dlÞdaþ ðEa

:a þ eu � elÞdb

þ ðMa
:a þmu �mlÞdnþ ðNa

:a þ nu � nlÞdfgðrÞ ¼ 0 ð7:36Þ

where

Va¼Nba
:b �ba

mQ mþFa�Aa
; V3¼Qa

:aþbabN
abþF3�A3 ð7:37Þ

Wa¼Mba
:b �QaþFa�Ba; W3¼Ra

:a�N33þbabM
abþF3�B3 ð7:38Þ

The variational integral (7.37) is expressed by

dLLdfKldg ¼ dLLdafKlag þ dLLdefKleg þ dLLdmfKlmg ¼ 0 ð7:39Þ

where

dLLdafKlag ¼
Z

T
dt
Z

A

XN

r¼1

Vi
ðrÞ þ Pi

uðNÞ � Pi
lð1Þ

 !
dað1Þi

(

þ Wi
ð1Þ þ h1

XN

r¼2

Vi
ðrÞ þ h1ðPi

ðlÞ þ Pi
uðNÞÞ

" #
dbð1Þi

þ
XN�1

r¼n

Wi
ðnÞ þ

XN

r¼n

jnrV
i
ðrÞ þ 2hnPiðNÞ

u

 !
dbðrÞi

þ Wi
ðNÞ � ðdN � hNÞVi

ðNÞ þ 2hNPiðNÞ
u

h i
dbðNÞi

o
dA ð7:40Þ

for the mechanical field,

dLLdefKleg ¼
Z

T
dt
Z

A

XN

r¼1

Da
ðrÞ:a þ duðNÞ � dlð1Þ

 !
dað1Þ

(

þ Ea
:a þ h1

XN

r¼2

Da
ðrÞ:a þ h1ðduðNÞ þ dlð1ÞÞ

" #
dbð1Þ

þ
XN�1

n¼1

ðEa
ðnÞ:a þ

XN

r¼n

jnrD
a
ðrÞ:a þ 2hndðNÞu ÞdbðrÞÞ

þ Ea
ðnÞ:a � ðdN � hNÞDa

ðNÞ:a þ 2hNdðNÞu Þ
h i

dbðNÞ
o

dA ð7:41Þ

for the electrical field, and

dLLdmfKlmg ¼
Z

T
dt
Z

A

XN

r¼1

Ma
ðrÞ:a þmuðNÞ �mlð1Þ

 !
dnð1Þ

(

þ Na
:a þ h1

XN

r¼2

Ma
ðrÞ:a þ h1ðmuðNÞ þmlð1ÞÞ

" #
dfð1Þ

þ
XN�1

n¼1

ðNa
ðnÞ:a þ

XN

r¼n

jnrM
a
ðrÞ:a þ 2hnmðNÞu ÞdfðrÞ

þ Na
ðnÞ:a � ðdN � hNÞMa

ðNÞ:a þ 2hNmðNÞu

h i
dfðNÞ

o
ð7:42Þ
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for the magnetic field. Their admissible states by

Kla ¼ fað1Þi ;bðnÞi g; Kle ¼ fað1Þ;bðnÞg; Klm ¼ fnð1Þ; fðnÞg;
n ¼ 1;2; . . . ;N ð7:43Þ

are given. Here, the variations are expressed with respect to the
independent basic functions (7.15), and the resultants of mechani-
cal, electrical and magnetic quantities are used. Also,the continuity
of traction, electric displacements and magnetic inductions across
interfaces of layers (7.13) are all taken all into account.

7.7. Boundary conditions

In the laminae region, the mechanical displacements are taken to
be prescribed on some part of the lower face Slfu and of the edge sur-
face Sleu of the lowermost layer. The tractions are given on the upper
face Suf , and some part of the lower face Slftð¼ Slf \ SlfuÞ and the edge
surface Setð¼ Se \ SleuÞ of laminae. The electric and magnetic poten-
tials are given on the faces and the surface charge and the magnetic
charge on the edge surface. Accordingly, the variational surface inte-
gral (3.27) is expressed for the laminae as follows:

dLlbfKlbg ¼ dLlbafKbag þ dLlbefKbeg þ dLlbmfKbmg ð7:44aÞ

with the denotations by

dLlbfKlbg ¼ dLaf þ dLae þ dLau; dLle ¼ dLef þ dLee;

dLlm ¼ dLmf þ dLme ð7:44bÞ
where

dLaf ¼
Z

T
dt
Z

Suf [Slft

ðTi
� � n3T3iÞ � zðTr

� � n3T3rÞbm
rdi

m

h i
ðdai þ zdbiÞldA

dLae ¼
Z

T
dt
Z

Ct

dc
XN

r¼1

Z
Z
½ðTi
� � maTaiÞ � zðTr

� � mkTkrÞbm
rdi

m�dai þ zdbiÞldz
n oðrÞ

dLau ¼
Z

T
dt
Z

Cu

dc
Z

Z
ðai þ zbiÞ � u�i
� 


mkðdTki � zbg
rdi

gdTkrÞldz
� �ð1Þ

þ
Z

T
dt
Z

Slfu

ðai þ zbiÞ � u�i n3ðdT3i � zbg
rdi

gdTkrÞ
h i

ldA
n oð1Þ

ð7:45Þ

and

dLef ¼
Z

T
dt
Z

Sf

ðaþ zbÞ � /�½ �n3dD3 dA

dLee ¼
Z

T
dt
I

C
dc
XN

r¼1

Z
Z
ðD� � mrDrÞðdaþ zdbÞ

� �ðrÞ
ldz ð7:46Þ

and

dLmf ¼
Z

T
dt
Z

Sf

ðnþ zfÞ � w�½ �n3dB3 dA

dLme ¼
Z

T
dt
Z

C
dc
XN

r¼1

Z
Z
ðB� � mrBrÞðdnþ zdfÞ

� �ðrÞ
ldz ð7:47Þ

As before, taking the integration with respect to the thickness coor-
dinate in Eqs. (7.45)–(7.47), using the resultants (7.21)–(7.23),
(7.27) and (7.31)–(7.33), and considering the independent functions
(7.15), the boundary conditions are expressed by

dLaf ¼
Z

T
dt
Z

Slft

ðPi
l� þ Pi

lÞðdai þ h1dbiÞ
h ið1Þ

dA

þ
Z

T
dt
Z

Suf

ðPi
u� � Pi

uÞ
ðNÞ dað1Þi þ

XN

n¼1

ð2� d1nÞhndbðnÞi

" #
dA

(

dLae ¼
Z

T
dt
Z

Ct

dað1Þi

XN

n¼1

ðNi
� � maN

aiÞðnÞ

þ
XN

n¼1

dbðnÞi

XN

r¼n

jnrðNi
� � maN

aiÞðrÞ þ ðMi
� � maM

aiÞðnÞ
" #)

dc

dLau ¼
Z

T
dt
Z

Cu

mr ðak � a�kÞdNrk þ ðbk � b�kÞdMrk
�

þðb3 � b�3ÞdRr�ð1Þdc þ
Z

T
dt
Z

Slfu

ðai � a�i Þ � h1ðbi � b�i Þ
� 


dPi
l

n oð1Þ
dA

ð7:48Þ
for the mechanical field. Here, the prescribed mechanical displace-
ment is approximated as in Eq. (7.6), and

fPi
�u;P

i
�lg
ðnÞ ¼ ðTi

� � zba
bTb
�d

i
aÞl at z ¼ fh;�hgðnÞ ð7:49Þ

fNi
�;M

i
�g
ðnÞ ¼

Z
Z
ðTi
� � zba

bTb
�d

i
aÞf1; zgldz ð7:50Þ

are defined. Likewise, the boundary conditions are obtained as

dLef ¼
Z

T
dt
Z

Slf

f �ða� h1bÞ þ /�½ �dd3
l g
ð1Þ dA

þ
Z

T
dt
Z

Suf

�/� þ
XN

n¼1

ð2� d1nÞhnbðnÞ

" #
dd3

u

( )ðNÞ
dA

dLee ¼
Z

T
dt
I

C
dc da1

XN

n¼1

ðD� � maD
aÞðnÞ

(

þ
XN

n¼1

dbðnÞ
XN

r¼n

jnrðD� � maD
aÞðrÞ þ ðE� � maE

aÞðnÞ
" #)

dc

ð7:51Þ

and

dLmf ¼
Z

T
dt
Z

Slf

f �ðn�h1fÞ þ w�½ �dm3
l g
ð1Þ dA

þ
Z

T
dt
Z

Suf

�w� þ
XN

n¼1

ð2� d1nÞhnfðnÞ

" #
dm3

u

( )ðNÞ
dA

dLme ¼
Z

T
dt
I

C
dc df1

XN

n¼1

ðM� � maM
aÞðnÞ

(

þ
XN

n¼1

dfðnÞ
XN

r¼n

jnrðM� � maM
aÞðrÞ þ ðN� � maN

aÞðnÞ
" #)

dc

ð7:52Þ

for the electromagnetic field.

7.8. Initial conditions

A set of initial conditions based on Eqs. (2.29)–(2.31) is recorded
as

að1Þi ðh
a; t0Þ � v�ð1Þi ðh

aÞ ¼ 0; bðnÞi ðh
a; t0Þ �w�ðnÞi ðh

aÞ ¼ 0;
n ¼ 1;2; . . . ;N on Aðt0Þ

_að1Þi ðh
a; t0Þ � g�ð1Þi ðh

aÞ ¼ 0; _bðnÞi ðh
a; t0Þ � k�ðnÞi ðh

aÞ ¼ 0;
n ¼ 1;2; . . . ;N; on Aðt0Þ ð7:53Þ

and

að1Þðha; t0Þ � g�ðhaÞ ¼ 0; bðnÞðha; t0Þ � k�ðnÞðh
aÞ ¼ 0;

n ¼ 1;2; . . . ;N on Aðt0Þ ð7:54Þ
nð1Þðha; t0Þ � c�ðhaÞ ¼ 0; fðnÞðha; t0Þ �u�ðnÞðh

aÞ ¼ 0;

n ¼ 1;2; . . . ;N on Aðt0Þ ð7:55Þ

for the mechanical and electromagnetic fields, respectively.

8. Laminae equations in differential form. Some special cases

Thus far, the unified variational principles are formulated for
certain electromagnetoelastic regions in Section 3, and the approx-
imate two dimensional equations of a functionally graded thin
shell are derived in both variational and differential form in Sec-
tions 4–6, and those of laminae in variational form in Section 7.
The resulting equations in invariant form are capable of tackling
a large variety of similar results for piezoelectric, electromagnetic
and magnetoelastic regions and structural elements in a system
of coordinates most appropriate to their geometry. To begin with,
the approximate equations of laminae are given in differential
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form, and then, some cases involving with special geometry, mate-
rial and type of vibrations are indicated.
8.1. Differential laminae equations

The laminae equations in variational form consist of the gradi-
ent equations (7.17), the constitutive relations (7.25), the diver-
gence equation (7.40) with Eqs. (7.41)–(7.43), and the boundary
conditions (7.48), (7.51) and (7.52), and the initial conditions
(7.53)–(7.55). These equations readily yield, as their Euler–La-
grange equations, to the laminae equations in differential form.
First, setting the variational integral (7.17) equal to zero and con-
sidering Eq. (7.14) with Eq. (7.15), the gradient equations in differ-
ential form are expressed by

eð1Þrm ¼
1
2
ðar:m þ am:r � 2bmra3Þð1Þ;

eðnÞrm ¼ eð1Þrm þ
1
2

Xn

r¼1

jnrðbr:m þ bm:r � 2brmb3Þ
ðrÞ

eð1Þr3 ¼
1
2
ða3;r þ bm

ra
þ
m brÞ

ð1Þ
;

eðnÞa3 ¼ eð1Þa3 þ bðnÞa þ
1
2

Xn

r¼1

jnrðb3;a þ br
abrÞ

ðrÞ on A� T

eð1Þrm ¼
1
2
ð�bk

rak:m � bk
mak:r þ 2crma3 þ br:m þ bm:r � 2brmb3Þ

ð1Þ;

eð1Þ33 ¼ bð1Þ3 ; eðnÞ33 ¼ bðnÞ3

eðnÞrm ¼ eð1Þrm þ
1
2

Xn

r¼1

jnrð�bk
rbk:m � bk

mbk:r þ 2crmb3Þ
ðrÞ

þ ðbr:m þ bm:r � 2brmb3Þ
ðnÞ

cð1Þrm ¼
1
2
ð�bk

rbk:m � bk
mbk:r þ 2crmb3Þ

ð1Þ
;

cðnÞrm ¼
1
2
ð�bk

rbk:m � bk
mbk:r þ 2crmb3Þ

ðnÞ
;

eð1Þa3 ¼
1
2

bð1Þ3;a; eðnÞa3 ¼
1
2

bðnÞ3;a; ðeð1Þ33 ¼ cð1Þi3 ¼ 0; eðnÞ33 ¼ cðnÞi3 ¼ 0;

n ¼ 2;3; . . . ; ðNÞ ð8:1Þ

and

eð1Þr ¼ �að1Þ;a ; eðnÞr ¼ �að1Þ;r �
Xn

r¼1

jnrb
ðrÞ
;r on A� T

eð1Þr ¼ �bð1Þ;r ; eðnÞr ¼ �bðnÞ;r ; eð1Þ3 ¼ �bð1Þ; eðnÞ3 ¼ �bðnÞ; eð1Þ3 ¼ 0;

n ¼ 2;3; . . . ; ðNÞ ð8:2Þ

and

cð1Þr ¼ �nð1Þ;a ; cðnÞr ¼ �nð1Þ;r �
Xn

r¼1

jnrf
ðrÞ
;r ; n ¼ 2;3; . . . ; ðNÞ on A� T

tð1Þr ¼ �fð1Þ;r ; tðnÞr ¼ �fðnÞ;r ; cð1Þ3 ¼ �fð1Þ; cðnÞ3 ¼ �fðnÞ;

tð1Þ3 ¼ 0; tðnÞ3 ¼ 0 ð8:3Þ

in terms of the independent functions. Likewise, the constitutive
relations in differential form follow from the variational Eq. (7.25)
as

ðNab � Nab
c Þ
ðnÞ ¼ 0; ðMab �Mab

c Þ
ðnÞ ¼ 0; ðKab � Kab

c Þ
ðnÞ ¼ 0;

n ¼ 1;2; . . . ;N; on A� T

ðQ3a � Q 3a
c Þ
ðnÞ ¼ 0; ðR3a � R3a

c Þ
ðnÞ ¼ 0; ðN33 � N33

c Þ
ðnÞ ¼ 0;

n ¼ 1;2; . . . ;N; on A� T ð8:4Þ

and
ðDa �Da
c Þ
ðnÞ ¼ 0; ðEa � Ea

c Þ
ðnÞ ¼ 0; ðD3 �D3

c Þ
ðnÞ ¼ 0;

n ¼ 1;2; . . . ;N on A� T ð8:5Þ
ðMa �Ma

c Þ
ðnÞ ¼ 0; ðNa �Na

c Þ
ðnÞ ¼ 0; ðM3 �M3

c Þ
ðnÞ ¼ 0;

n ¼ 1;2; . . . ;N on A� T ð8:6Þ

in terms of Eqs. (7.26), (7.28) and (7.29), and the divergence equa-
tions in differential form by

XN

r¼1

Vi
ðrÞ þ ðP

i
uðNÞ � Pi

lð1ÞÞ ¼ 0 on A� T

Wi
ð1Þ þ h1

XN

r¼2

Vi
ðrÞ þ h1ðPi

ðlÞ þ Pi
ðNÞÞ ¼ 0 on A� T

Wi
ðnÞ þ

XN�1

r¼n

KnrV
i
ðrÞ þ 2hnPðNÞu ¼ 0; n ¼ 2;3; . . . ; ðN � 1Þ on A� T

Wi
ðNÞ � ðdN � hNÞVi

ðNÞ þ 2hðNÞP
ðNÞ
u ¼ 0 on A� T ð8:7Þ

together with the symmetric stress resultants which readily follows
from Eq. (5.23) as

eabQ3a
ðnÞ þ ebaQa3

ðnÞ ¼ 0;eabR3a
ðnÞ þ ebaRa3

ðnÞ ¼ 0 n¼ 1;2;3; ::;N; on A� T

eamðNma
ðnÞ � bm

bMbaÞðnÞ ¼ 0;eamðNma � bm
bM

baÞðnÞ ¼ 0

n¼ 1;2;3; ::;N; on A� T ð8:8Þ

from Eq. (7.41)–(7.43) for the mechanical field, and

XN

r¼1

Da
ðrÞ:a þ duðNÞ � dlð1Þ ¼ 0

Ea
ð1Þ:a þ h1

XN

r¼2

Da
ðrÞ:a þ h1ðduðNÞ þ dlð1ÞÞ ¼ 0

Ea
ðrÞ:a þ

XN

r¼n

jnrD
a
ðrÞ:a þ 2hudðNÞu ¼ 0; n ¼ 2;3; . . . ðN � 1Þ on A� T

Ea
ðNÞ:a � ðdN � hNÞDa

ðNÞ:a þ 2hNdðNÞu Þ ¼ 0 ð8:9Þ

for the electrical field, and

XN

r¼1

Ma
ðrÞ:a þmuðNÞ �mlð1Þ ¼ 0

Na
ð1Þ:a þ h1

XN

r¼2

Ma
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XN
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jnrM
a
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on A� T

Na
ðNÞ:a � ðdN � hNÞMa

ðNÞ:a þ 2hNmðNÞu ¼ 0 ð8:10Þ

for the magnetic field, with the admissible states (7.43). Lastly, the
boundary conditions in differential form are written as

PðNÞi�u �PðNÞiu ¼0 on Suf �T; Pð1Þi�l þPð1Þil ¼0 on Slft�T

XN

n¼1

ðNi
� �maN

aiÞðnÞ ¼0; on A�T ð8:11aÞ

XN

r¼n

jnrðNi
� �maN

aiÞðrÞ þðMi
� �maM

aiÞðnÞ ¼0; along Ct�T ð8:11bÞ

and

að1Þi � að1Þ�i ¼ 0; bð1Þi � bð1Þ�i ¼ 0; on Slfu � T and Cu � T

ð8:11cÞ

for the mechanical field, and
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a1 � h1b1 � /�l ¼ 0; on Slf � T

� /�u þ
XN

n¼1

ð2� d1nÞhnbn ¼ 0; on Suf � T ð8:12aÞ

and

XN

n¼1

ðD� � maD
aÞðnÞ ¼ 0; along C � T

XN

r¼n

jnrðD� � maD
aÞðrÞ þ ðE� � maE

aÞðnÞ ¼ 0 along C � T ð8:12bÞ

and

n1 � h1f1 � w�l ¼ 0; on Slf � T

� w�u þ
XN

n¼1

ð2� d1nÞhnfn ¼ 0; on Suf � T ð8:13aÞ

and

XN

n¼1

ðM� � maM
aÞðnÞ ¼ 0; along C � T

XN

r¼n

jnrðM� � maM
aÞðrÞ þ ðN� � maN

aÞðnÞ ¼ 0; along C � T ð8:13bÞ

for the electromagnetic field in terms of the prescribed quantities.
The initial conditions (7.53)–(7.55) and the boundary

conditions (8.11)–(8.15) are sufficient to ensure the uniqueness
in solutions of the system of two dimensional equations of electro-
magnetoelastic laminae. The proof of the uniqueness is similar to
that in Section 6 for the thin shell (cf., Dökmeci, 1978).

8.2. Electromagnetoelastic plates and layered plates

In the absence of curvature effects, that is, ba
b ¼ 0 and the shell

tensor la
b ¼ da

b , the results of the thin shell and laminae are reduced
to a system of two dimensional equations governing the motions of
a functionally graded electromagnetoelastic plates at high frequen-
cies, and also, plane laminae or layered plates. In addition, omitting
the dependency on one of the aerial coordinates, one recovers the
system of one-dimensional equations for a functionally graded
beam and laminated beam. Further, discarding one of the effects,
the results are easily seen to reduce to those of elastic, piezoelec-
tric or magnetoelastic beam, plate and shell, and laminated ele-
ments as well (e.g., Dökmeci, 1974b, and the Altay and Dökmeci,
2003b).

8.3. Special variational principles

The variational principles are quite general and contain some of
earlier ones as special cases. The variational principle (3.55) oper-
ating on all the field variables are readily reduced to the variational
principles of piezoelectric and magnetoelastic stratified regions by
simply dropping out the magnetic and electric terms, respectively.
Also, it is noteworthy to mention a variational principle of the form

dLLa Ka ¼ ðui 2 C12; Sij 2 C00; T
ijÞðnÞ

n o

¼
XN

n¼1

ðdLafKagÞðnÞ þ dLSa ¼ 0 ð8:16aÞ

with

dLSa ¼
Z

T
dt
XN�1

n¼1

ð
Z

S
mif[Tij] < duj > � < dTij > [uj]gdSÞðnÞ ð8:16bÞ

and its reciprocal variational principle as
dLLem Kem ¼ ð/; Ei;D
i; w;Mi;B

iÞðnÞ
n o

¼
XN

n¼1

ðdLefKeg þ dLmfKmgÞðnÞ þ dLSem ¼ 0; ð8:17aÞ

with

dLSem ¼
Z

T
dt
XN�1

n¼1

Z
S
mif[Di] < d/ >

�

� < dDi > [/]þ [Bi] < dw > � < dBi > [w]gdS
�ðnÞ

ð8:17bÞ

from Eqs. (3.53) together with Eqs. (3.20)–(3.22).
9. Some concluding remarks

Presented in the first part of this study are the fundamental
equations of an electromagnetoelastic material, including some re-
sults for their internal consistency, which is of special importance
from the mathematical as well as physical point of view in modeling
the response of a continuum. Certain unified variational principles
operating on all the field variables with their well-known features
are derived so as to express the fundamental equations of the regu-
lar region and stratified regular region of an electromagnetoelastic
material, as the appropriate Euler–Lagrange equations. The princi-
ples are deduced from a general principle of physics by relaxing
its constraint conditions through an involutory transformation,
and thus, allowing for simultaneous approximation upon all the
field variables. They generate all the divergence and gradient equa-
tions, the constitutive relations, and the boundary conditions of the
regions. Their admissible states are subjected to Cauchy’s second
law of motion (i.e., the symmetry of the stress tensor), which always
remains as a constraint conditions for a non-polar continuum (cf., a
polar continuum, Altay and Dökmeci, 2006) and the initial condi-
tions, which can be either directly included or implicitly considered
through Laplace transformation (e.g., Dökmeci, 1992; Altay and
Dökmeci, 2000). The weight functions of the variational principles
are not purely formal as in the weighted residual methods but found
in terms of the original field variables, which provide their physical
interpretation. The variational principles are the counterpart of the
Hu–Washizu variational principle in elasticity, and they are com-
patible with and contain some of earlier variational principles in
elasticity, piezoelectricity, magnetoelasticity, electromagnetism
and electromagnetoelasticity, as special cases. However, the unified
variational principle (3.55), which generates all the interface condi-
tions for a stratified electromagnetoelastic region as well, has no
counterpart for the coupled fields of continua. The reader may be re-
ferred to a review of variational principles with an extensive list of
references for a regular region of materials subjected to coupled
mechanical, electrical, thermal, magnetic and moisture fields (e.g.,
Altay and Dökmeci, 2007, and references cited therein).

In the second part, a system of two dimensional shear deforma-
tion equations of a electromagnetoelastic thin shell graded func-
tionally across its thickness is systematically derived with the
use of Mindlin’s method of reduction at the short wave approxima-
tion. The mechanical displacements and the electric and magnetic
potentials are chosen as the basic field variables in terms of the
power series expansions in the thickness coordinate. The varia-
tional principles are used to derive consistently a system of two
dimensional approximate equations of shell at high frequency mo-
tions in invariant and fully variational and differential forms,
including all the mechanical, electric and magnetic effects of high-
er orders. The invariant form is useful in expressing the system of
equations in any particular system of coordinates, which is most
appropriate to the geometry of shell, and the variational form is
desirable in making simultaneous approximation upon all the field
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variables by freely choosing the shape functions in a direct approx-
imate solution of the shell equations. The initial-mixed boundary
value problem defined by the shell equations is shown to be
well-posed and deterministic. The uniqueness in solutions of the
problem is investigated and the boundary and initial conditions
are shown to be sufficient for the uniqueness, and then a theorem
of uniqueness is stated. The resulting equations are quite general
and agree with some of earlier ones, and they can be readily re-
duced to a system of two dimensional shear deformation equations
of a functionally graded plates by simply neglecting the curvature
effects, that is, replacing the shell tensor la

b by the Kronecker delta
da

b . The shell equations, which are geometrically linear but physi-
cally nonlinear recover the high frequency equations of shells, pie-
zoelectric crystal surfaces, and even bars and piezoelectric bars by
simply eliminating the dependency on one of the aerial coordi-
nates, that is, uðnÞi ¼ uðnÞi ðh

1; tÞ; /ðnÞ ¼ /ðh1; tÞ and wðh1; tÞ, as well
as the curvature effects (Dökmeci, 1972, 1974b). Moreover, dis-
carding the electric and curvature effects, the shell equations gov-
ern the motions of a magnetoelastic plate and shell at the short
wave approximation, and also, retaining only the linear terms in
Eqs. (4.4)–(4.7) with N = 1 at long-wave approximation.

In the third part, the system of two dimensional shear deforma-
tion equations is developed for the motions of a functionally
graded electromagnetoelastic laminae under the long-wave
approximation within a discrete layer modeling. The laminae
may comprise any number of bonded layers, each with a distinct
but uniform thickness, curvature and physical properties. The sys-
tem of laminae equations is derived for the case when the mechan-
ical displacements and the electric and magnetic potentials vary
linearly across the thickness of each layer. In the derivation, the
Kirchoff–Love hypothese of shells and its contradictions are elimi-
nated, and hence, the dynamic interactions among the constituents
are fully taken into account. Also, the usual continuity of field vari-
ables are fully maintained in accordance with perfectly bonded
constituents. Paralleling the uniqueness theorem for the shell case
in Section 6, the boundary conditions (8.10)–(8.15) and the initial
conditions (7.53)–(7.55) can be shown to be sufficient to assure
the uniqueness in solutions of the laminae equations (cf., Dökmeci,
1978). As before, the resulting equations in invariant form are
applicable to arbitrary shaped laminae in a desirable system of
coordinates. Besides, they can be reduced to those of piezoelectric
and magnetoelastic layered beams, plates and shells, which are
unavailable in the open literature. In closing, what remain to com-
plete this work are applications to structural elements with special
geometry, material and motion, including numerical results which
can provide an evaluation of the formulation, some experimental
results and technological applications as well.
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