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This paper deals with the micromechanical modeling of particle reinforced elasto-plastic composites
under general non-monotonic loading histories. Incremental mean-field (MF) homogenization models
offer an excellent cost-effective solution, however there are cases where their predictions are inaccurate.
Here, we assess the applicability of the equivalent inclusion representation, which sustains many homog-
enization schemes. To this end, MF models are fully coupled with a finite element (FE) solution of the
equivalent inclusion problem (EIP). Consequently, Eshelby’s tensor is not used and most (but not all)
approximations involved in the generalization of MF models from linear elasticity to the nonlinear
regime are avoided. The proposal is implemented for Mori-Tanaka (M-T) and dilute inclusion models
and applied to several composite systems with elasto-plastic matrix and spherical or ellipsoidal particles,
subjected to various loadings (tension, plane strain, cyclic tension/compression). The predictions are ver-
ified against reference full-field FE simulations of multiparticle cells. Results show that the M-T model
coupled with the nonlinear FE solution of the EIP is very accurate at the macro level up to 25% volume
fraction of reinforcement, while the phase averages remain accurate as long as the volume fraction does
not exceed 15%. The strain concentration tensor computed almost exactly from single inclusion FE anal-
ysis is compared against approximate expressions assumed by classical MF models. Implications for the
development of advanced MF homogenization models are discussed.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Linking the mechanical response of particle-reinforced elastic–
plastic composites to the underlying microstructure is relevant in
a variety of technological applications. One example is the design
and the optimization of the forming operations of multiphase
metallic alloys. When constitutive phases have contrasted
strengths, both the anisotropic plastic flow and the hardening
(especially the kinematic hardening component which dictates
elastic springback) depend on the volume fraction, the size, the
shape and the topological distribution of the reinforcing phase(s)
(e.g. Corbin et al., 1996; Guillemer-Neel et al., 1999; Delannay
et al., 2009).

Accurate predictions of the effective response of such composite
materials may be derived from full-field calculation of the local
stresses and strains throughout a statistically representative vol-
ume element (RVE) of the microstructure subjected to periodic
boundary conditions. For instance, Segurado et al. (2002) and Pier-
ard et al. (2007) considered respectively spherical and ellipsoidal
ll rights reserved.
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inclusions randomly distributed in a continuous matrix, and solved
the boundary value problem with the finite element (FE) method.
In supplement to the overall mechanical response, the local fields
may be used to predict the onset of damage (Han et al., 2001; LLor-
ca and Segurado, 2004; Segurado and LLorca, 2006). Such modeling
is however too costly when applied to the simulation of real-scale
structures made of composite materials.

Alternatively, when one seeks only the homogenized response
of the composite, mean-field (MF) approaches can efficiently be re-
lied upon. Their remarkably low computational cost – as compared
to full-field computation over a RVE – allows them to be used as
implicit constitutive laws in large scale simulations. For particle-
reinforced, linear elastic materials, MF approaches are usually
based on the companion problem of a single inclusion embedded
in an infinite, reference medium. Interactions among inclusions
are accounted for, in a simplified way, through the mechanical
behavior assigned to the reference medium or through the defini-
tion of the far-field strain. For instance, the well-known Mori-
Tanaka model (M-T) (Mori and Tanaka, 1973) assumes that the
single inclusion is embedded in the matrix material and sees the
matrix average strain as far-field strain (Benveniste, 1987). In
the self-consistent scheme (Hershey, 1954; Kröner, 1958), the ref-
erence medium bears the effective properties of the composite and
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the system is subjected to the real macroscopic strain. The (semi-)
analytical solution of this ‘‘Equivalent Inclusion Problem” (EIP) is
based on the seminal work of Eshelby (1957). Strain localization
tensors relating the phase averages of the strain field to the macro-
scopic strain are then available in closed form.

When the composite constituents have nonlinear behavior,
additional assumptions are introduced in MF homogenization
schemes. For instance, one usually relies on the concept of Linear
Comparison Composite (LCC). In secant methods (Berveiller and
Zaoui, 1979; Tandon and Weng, 1988; Suquet, 1995), the phases
of the LCC are defined by the secant moduli of the actual phases,
computed at a well-chosen, reference strain or stress. More sophis-
ticated definitions of LCC’s were proposed by Ponte Castañeda
(1996, 2002) for instance, based on variational formulations. These
methods apply to elasto-plastic behavior within the framework of
the deformation theory of plasticity, which precludes their use in
non-monotonic loading conditions.

The work-around for dealing with general loading histories is
provided by incremental approaches, initially proposed by Hill
(1965) for the self-consistent modelling of polycrystals. Constitu-
tive equations of rate-independent materials are written in rate
form _r ¼ C : _e and linearized over each time interval. For rate-
dependent materials, in the affine formulation due to Masson
and Zaoui (1999), and enhanced by Pierard and Doghri (2006a),
thermoelastic comparison materials are defined from tangent
operators of the phases. As the tangent operator C of an elastic-
(visco)plastic material depends on the strain history, it is not
uniform throughout each phase of the EIP. Applying Eshelby’s
reasoning hence requires the definition of comparison materials
having uniform tangent moduli. It is long known that making use
of the algorithmic tangent operator computed for the average
strain and strain increment of the phase gives a too stiff response
(Gilormini, 1995). Better predictions are obtained when one com-
putes the isotropic part of the algorithmic tangent operator accord-
ing to a spectral decomposition due to Ponte Castañeda (1996).
However, the theoretical justification is not totally clear (Chaboche
et al., 2005; Pierard and Doghri, 2006b). Doghri and Ouaar (2003)
used this isotropic approximation together with a Mori-Tanaka
scheme to simulate the behavior of elasto-plastic composites un-
der cyclic loading. When applied to dual-phase steel, the model
correctly captures the macroscopic response, but tends to underes-
timate the inclusion stress level (Delannay et al., 2007).

The above-mentioned models mainly focus on the definition of
the linear comparison materials, while little attention is paid to the
localization problem, which is tackled within the framework of lin-
ear elasticity using available homogenization schemes for linear
composites. However, the definition of the LCC and the choice of
the linear homogenization scheme both influence the prediction
of the effective response of the nonlinear composite. Due to the
coupling between these two modeling assumptions, it is difficult
to assess each one of them separately. Recently, Rekik et al.
(2007) proposed a methodology for comparing several LCC’s pro-
posed in the literature, circumventing approximations related to
the homogenization of the LCC by a linear MF homogenization
scheme. To this end, the homogenization problem associated with
the LCC is solved by the FE method, considering identical micro-
structures for the actual nonlinear composite and the LCC. Local
fields in the LCC are then identified to the actual ones in the non-
linear composite. In order to reduce the computational cost, the
authors considered a very simple microstructure (although the
methodology is not restricted to this particular case), consisting
of a hexagonal array of inclusions. Considering axially symmetric
loading conditions, this periodic microstructure could be modelled
by a 2D axisymmetric cell containing a single inclusion.

The present work focuses on the applicability to nonlinear com-
posites of the equivalent inclusion representation, that is, a single
inclusion with infinitesimal volume fraction. Here, the EIP is solved
‘‘exactly” (in the FE sense) considering the actual nonlinear behav-
ior of the surrounding matrix. Therefore, Eshelby’s solution is nei-
ther needed nor used. In this way, the relevance of the EIP for
representing nonlinear composites may be assessed separately
from the choice of a LCC. Phase interactions are accounted for with-
in the framework of an extended Mori-Tanaka scheme. According
to the interpretation of this scheme due to Benveniste (1987),
the EIP is solved considering the (a priori unknown) matrix average
strain as far-field strain. The M-T model is coupled with the FE
solution of the EIP through an iterative procedure, and the ability
to capture phase interactions by an isolated inclusion model is dis-
cussed. This methodology was initially proposed by Brassart et al.
(2009) for hyperelastic composites subjected to interface decohe-
sion under hydrostatic loading conditions.

The new proposal is applied to two-phase composites made of
an elasto-plastic matrix reinforced by linear elastic inclusions.
Random arrangements of spherical and aligned, ellipsoidal inclu-
sions with identical shapes are successively considered. More gen-
eral inclusions arrangements are not considered in this study, as it
is well-known that the M-T model may lead to unphysical results
when the inclusions have different aspect ratios and orientations
(Qiu and Weng, 1990; Benveniste et al., 1991). The validity of the
scheme is studied under cyclic loadings and for several volume
fractions of inclusions, by comparing the predictions of the MF
model to reference results obtained by the FE method on represen-
tative unit cells containing about thirty randomly dispersed inclu-
sions. We particularly focus on the predictive capabilities of the M-
T model of the inclusion response. Additionally, the FE solution of
the EIP is used to compute a strain concentration tensor by a pertu-
bation method. This ‘‘exact” strain concentration tensor is com-
pared to semi-analytical expressions used in the incremental MF
models of Pierard and Doghri (2006b) and Delannay et al. (2007).

This paper is organized as follows. First, the generation of rep-
resentative unit cells providing reference predictions of the com-
posite response and the reference solution of the EIP is presented
in Section 2. Section 3 is devoted to the MF homogenization model
based on a FE solution of the single inclusion problem. The predic-
tions are compared to the reference results in Section 4. Approxi-
mate solutions of the EIP provided by MF models are discussed
in Section 5 by comparing their strain concentration tensors to a
reference one computed by a perturbation method. Finally, results
of Sections 4 and 5 are discussed in view of their implications for
further improvements of MF schemes, before concluding.

Throughout the paper, Einstein’s convention is used, with
indices ranging from 1 to 3, unless otherwise indicated. The differ-
ent products are expressed as ðA : rÞij ¼ Aijklrlk;A :: B ¼ AijklBlkji, and
ðr� rÞijkl ¼ rijrkl. The symbols 1 and I stand for the second
and symmetric fourth-order identity tensors, respectively. Finally,
the spherical and deviatoric operators Ivo and Idev are given by:

Ivol � 1
3

1� 1; Idev � I � Ivol: ð1Þ
2. Model microstructures and FE simulations

The idealized microstructure considered in this study consists
of a random arrangement of spherical or ellipsoidal inclusions
embedded in a continuous matrix. The volume fraction of inclu-
sions is varied from 5% to 35% and the micro-macro transition
schemes are evaluated in every case. When the volume fraction
is very low, the mechanical response of the composite may be cap-
tured by considering a single, isolated inclusion. However, when
the volume fraction increases, nearby inclusions start to interact
and this affects the overall mechanical behavior. Simulations must
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then be performed on a Representative Volume Element (RVE) of
the microstructure. The number of inclusions is considered statis-
tically representative if the composite response is unchanged when
the number of inclusions is raised further at constant volume frac-
tion. Here, this number is set equal to 30, as already recommended
by Segurado et al. (2002) for an elasto-plastic composite reinforced
by spherical inclusions. Indeed, the scatter of the macroscopic re-
sponse for several distributions of 30 inclusions is lower than 5%.
Similarly, Pierard et al. (2007) have shown that dispersions of 30
aligned ellipsoidal inclusions form statistically homogeneous and
transversely isotropic composite cells.

The generation of the random distribution follows (Pierard et al.,
2007). Rectangular prisms of dimensions aL� L� L are filled with
identical and aligned ellipsoids whose longitudinal and transverse
semi-axes are ar and r, respectively. The RVE microstructure is peri-
odic along the 3 directions, allowing us to apply periodic boundary
conditions to the prism faces. In this way, the effective response of
the composite is closer to that of an infinite RVE than that obtained
under imposed force or displacement (Hazanov and Huet, 1994).
The inclusion positioning is constrained by the practical limitation
of generating an acceptable FE mesh. Therefore, the minimal dis-
tance between the surfaces of two ellipsoids has to be larger than
0:035ar. This also prevents some clustering effects, as the average
stress within an inclusion is influenced by the minimal distance be-
tween inclusions (Weissenbek et al., 1994; Delannay et al., 2007;
Segurado and LLorca, 2006). A similar criterion applies to the mini-
mal distance between each ellipsoid surface and the prism faces,
edges or corners, which must be larger than 0:05ar.
Fig. 1. Multiparticle vs. single particle modeling of composites. Multiparticle modeling o
spherical (a) or ellipsoidal ða ¼ 3Þ (b) inclusions in a continuous matrix, with volume
considered, in which the volume fraction is 0.1% (c). When symmetry conditions hold, t
The representative cells are meshed using NETGEN (2004) with
quadratic tetrahedra. A typical mesh comprises about 160,000 ele-
ments and 220,000 nodes. FE simulations are performed using
ABAQUS (2007) and the whole volume is meshed using 10-node
tetrahedra (C3D10M in ABAQUS), which have three extra internal
degrees of freedom compared with standard 10-noded tetrahedra,
enabling us to better capture the strain gradients in the matrix.
Convergence study was successfully conducted by comparing the
predictions (effective response and average inclusion response)
to those obtained with finer meshes (about 200,000 elements).
Fig. 1(a) and (b) show typical meshes for a composite with 15%
of spherical or ellipsoidal inclusions.

The macroscopic stress predicted by the FE analysis is com-
puted from a volume average of the stress tensor given at each
integration point over the RVE of domain x:

�r � 1
VðxÞ

XNk

k¼1

rkVk; ð2Þ

where rk is the stress at the integration point k, Vk is the volume
associated with the integration point k and VðxÞ is the total volume
of the RVE. The same method applies for computing the average of
stress and strain fields over the inclusion or matrix domains. The
stress–strain curves presented in the following were obtained by
averaging 3 simulations over cells with statistically equivalent
topologies.

The modeling strategy presented in the next section relies on a
FE solution of the EIP in elasto-plasticity. This solution is obtained
f composite is performed by FE computation on representative cells comprising 30
fractions ranging from 5% to 35%. Alternatively, an isolated inclusion modeling is
he FE computation is performed on one eight of the single inclusion cell (d).



Fig. 2. The Mori-Tanaka scheme coupled with a FE solution of the equivalen
inclusion problem (EIP). The inclusion average strain heix1

is given by the volume
average of the strain in the inclusion of the EIP subjected to the matrix average
strain heix0

as far-field strain. The latter is computed iteratively so tha
�e ¼ c0heix0

þ c1heix1
.
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by solving the boundary value problem on a cubic unit cell of
length L containing a single inclusion placed at its center
(Fig. 1(c)). In the EIP, the volume fraction of inclusion is infinitesi-
mal. In practice, the relative difference on the particle strain ob-
tained with cells containing respectively 1% and 0.1% volume
fraction of inclusion was close to 1% for the two-phase steel consid-
ered in this paper. Therefore, it is assumed that setting the volume
fraction of the single inclusion to 0.1% is an acceptable approxima-
tion of the dilute inclusion problem. Displacement boundary con-
ditions are applied as:

uðxÞ ¼ e1 � x 8x 2 @x�; ð3Þ
where x� is the domain of the isolated inclusion cell and e1 is the
far-field strain.

When the principal loading axes are aligned with the ellipsoid
semi-axes, and considering isotropic response of the inclusion
and the matrix, symmetry allows us to reduce the problem size
by meshing only one eight of the EIP. The particle is placed at
the corner (0, 0, 0) of the cell, the ellipsoid semi-axes being aligned
with the symmetry directions (see Fig. 1(d)). Displacement bound-
ary condition (3) becomes:

u1ð0; x2; x3Þ ¼ 0
u2ðx1;0; x3Þ ¼ 0 0 6 x1; x2; x3 6 L

u3ðx1; x2;0Þ ¼ 0
uiðxÞ ¼ e1ij xj x1 ¼ L; x2 ¼ L or x3 ¼ L

8>>><>>>: ð4Þ

The discretization of the reduced unit cell comprises approximately
16,000 elements and 26,000 nodes, while the fully discretized cell
comprises about 40,000 elements and 60,000 nodes. In both cases,
convergence of the simulations was assessed by comparing the re-
sults with those obtained with finer meshes. Again, the FE simula-
tions are performed with ABAQUS (2007), and the whole volume
(matrix and inclusion) is meshed with modified 10-node tetrahedra
(C3D10M in ABAQUS, 2007).

3. Homogenization based on the finite element solution of the
equivalent inclusion problem

3.1. Methodology

In this section, a methodology is proposed to assess the rele-
vance of the single inclusion modeling of elasto-plastic composites.
The Mori-Tanaka scheme, as interpreted by Benveniste (1987), is
coupled to a FE resolution of the equivalent inclusion problem.
Therefore, approximations related to the definition of a reference
material for the nonlinear matrix are (to a large extent) circum-
vented and Eshelby’s solution is neither needed nor used.

Consider a representative volume element (RVE) of a two-
phase, nonlinear composite subjected to a given macroscopic
strain �e. In a mean-field approach, we aim to compute the strain
partitioning between the matrix (domain x0) and the inclusions
(domain x1), so that:

�e ¼ c0heix0
þ c1heix1

; ð5Þ

where c0 and c1 are the volume fractions of the matrix and the
inclusions, respectively, and h�i denotes a volume average over a gi-
ven domain. Let us assume that the average deformation state of all
inclusions is simulated by a single inclusion of domain x�1 embed-
ded in a fictitious matrix occupying a domain x�0. Hence, one needs
to solve an equivalent inclusion problem (EIP) over a domain
x� ¼ x�0 [x�1 in which the volume fraction of the inclusion is infin-

itesimal: Vðx�1Þ
Vðx�Þ � 1. It is further assumed that the surrounding, ficti-

tious matrix is given the properties of the actual matrix. The
displacement field uðxÞ through x� is the solution of the following
boundary value problem:
divðrÞ ¼ 0; 8x 2 x� ðequilibriumÞ
uðxÞ ¼ e1 � x 8x 2 @x� ðdisplacement B:C:Þ
eðxÞ ¼ 1

2 ðruðxÞ þ rT uðxÞÞ ðkinematicsÞ
ðconstitutive equationsÞ

8>>><>>>: ð6Þ
where divðrÞ is the divergence of the stress tensor and e1 is the im-
posed far-field strain, defined so as to account for interactions be-
tween inclusions. In the proposed model, the system of Eq. (6) is
solved ‘‘exactly” by the FE method, see Section 2. This allows us
to deal with the nonlinear constitutive behavior of the individual
phases. In the model, the average strain of the inclusions of the real
composite is assumed equal to the average strain over the single
inclusion in the EIP: heix1

¼ heix�1 .
A very simple homogenization scheme is obtained by taking the

macroscopic strain as far-field strain: e1 ¼ �e. This corresponds to
an extended dilute model, denoted by Dilute/FE1. This model is
suitable for very low volume fractions of inclusions, as interactions
between inclusions are not accounted for. The matrix average
strain is then computed according to Eq. (5). However, this paper
deals with composites with a higher volume fraction of reinforce-
ment (up to 35%). Therefore, an extended Mori-Tanaka scheme
(MT/FE1) is considered, in which the average strain in the actual
matrix is used as far-field strain on the EIP, according to Benven-
iste’s interpretation of the Mori-Tanaka scheme (Benveniste,
1987): e1 ¼ heix0

. As the matrix average strain is a priori unknown,
iterations over the values of heix0

are needed, each of them requir-
ing the FE resolution of the EIP and leading to an updated value of
heix1

, until Eq. (5) is satisfied. Therefore, the M-T scheme is much
more computer time demanding than the dilute model. The M-T
scheme coupled with the FE solution of the EIP is schematically de-
picted in Fig. 2.

Once the strain partitioning is determined, the average stress in
each phase of the original RVE must be computed. Similarly to the
average strain, the inclusion average stress is easily extracted from
the FE computation: hrix1

¼ hrix�1 . However, the matrix average
stress hrix0

cannot be directly extracted from the FE computation,
as the matrix phase of the EIP is a fictitious one, which should not
be confused with the matrix phase in the real composite although
both matrices have the same constitutive behavior and properties.
At this point, a modeling assumption must be introduced, which
consists in the definition of a homogeneous comparison material
for the matrix phase in the real composite. In the present model,
the constitutive box of the matrix material is simply called with
the current average strain, average strain increment and state vari-
ables of the real matrix. The stress that the box computes is taken
t

t
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as an estimate of the average stress of the matrix. This strategy was
also adopted by Doghri and Ouaar (2003) in the incremental tan-
gent M-T scheme, in which case good predictions of the effective
response of the composite were obtained. Finally, the macroscopic
stress is defined as the stress average over the composite:

�r � c0hrix0
þ c1hrix1

: ð7Þ
3.2. Numerical procedure

Consider a time interval ½tn; tnþ1	. The macroscopic strain �e is
known, as well as all history variables at tn. We aim to compute
the macroscopic stress �rnþ1. The homogenization procedure
according to the M-T model reads as follows (the subscript nþ 1
is omitted for simplicity):


 Initialization: heix0
 �e .


 Iteration (r) (upper index (r) omitted for simplicity):
1. Apply displacement boundary conditions to the EIP fol-

lowing (6)b.
2. Solve the EIP by the FE method for the considered time

increment, starting from the deformed state at tn.
3. Compute the average strain in the inclusions of the actual

composite as

heix1
¼ heix�1 ¼

1
Vðx�1Þ

XNk

k¼1

ekVk; ð8Þ

where ek is the strain at the integration point k;Vk is the
volume associated with the integration point k, and Nk

the total number of integration points in the discretized
domain x�1. The inclusion average stress is computed in
a similar way.

4. Check compatibility of average strain in the inclusions by
computing residual:

R ¼
�e� c1heix1

c0
� heix0

: ð9Þ

5. If jRj < TOL then exit the loop.

6. Else: new iteration with new heix0
:

heix0
 heix0

þ R: ð10Þ


 After convergence, the average matrix stress hrix0
is approxi-

mated by calling the constitutive box with the average strain
heix0

, average strain increment hDeix0
and the history variables

at tn. Finally, the macroscopic stress �r is computed as the aver-
age stress over the composite (Eq. (7)).

For the Dilute/FE1 model, iterations on the far-field strain are
not required and a unique FE computation on the single inclu-
sion cell is sufficient to compute the particle average strain
and stress according to relation (8). Next, the matrix average
strain is computed with Eq. (5). The computations of the matrix
average stress and the macroscopic stress are identical to the
M-T model.

At this point, several aspects of the proposed approach should
be emphasized:


 The procedure is fully history-dependent: the deformation
state at each integration point in the FE discretization as well
as the current matrix average state depend on the corresponding
state at the previous time step. Consequently, any loading con-
dition, even non-monotonic or non-proportional may be
considered.

 One should distinguish two relatively independent tasks of the
model. The first task is to estimate the inclusion and matrix
average strains according to an extended Mori-Tanaka (or
dilute) model, for a given macroscopic strain tensor �e. Next, it
is still required to determine the average stress in each phase.
The inclusion average stress may be directly extracted from
the FE simulation. On the other hand, computing the average
stress for the nonlinear matrix is not trivial, as the model pro-
vides only the matrix average strain. Unfortunately, valid esti-
mates of higher order moments of the strain field are, to the
authors’ knowledge, not yet available in the framework of incre-
mental MF models. Therefore, a simple, first order approach is
adopted following Doghri and Ouaar (2003). As shown in the
next section, the first order approximation is successful when
the strain partitioning is properly predicted.


 The computation of the average stress in each phase affects only
the effective response of the composite, not the prediction of the
strain partitioning. This holds provided that all components of
the macroscopic strain are given. However, when simulating a
uniaxial tension test for example, outer iterations are required
in order to compute the macro transverse strains. In this case,
the two modeling parts described above are coupled, and it
might become difficult to assess the M-T assumption alone. In
this work, this problem is circumvented by considering strain
driven loading conditions only. Uniaxial and plane strain loading
conditions are reproduced by imposing at each time step in the
MF model the macro strain tensor from a given multiparticle
simulation with same material and topological parameters.
4. Results

The dilute and M-T models coupled with the FE solution of the
EIP are used to simulate two-phase composites consisting of an
elasto-plastic matrix reinforced by linear elastic inclusions. The
predictions of the mean-field models are compared to reference re-
sults from FE computations on representative cells containing a
random arrangement of multiple inclusions. Uniaxial and plane
strain loading are successively applied to the multiparticle cells.
The average of the macroscopic strain over a RVE computed at each
time step provides the loading history for the corresponding MF
models. Therefore, both reference and MF results correspond to
the same macroscopic strain history, consistently with a strain dri-
ven homogenization procedure.

4.1. Two-phase steel under tension/compression tests

Consider a two-phase steel made of a ferritic matrix reinforced
by martensitic inclusions. The ellipsoidal inclusions are character-
ized by Young’s modulus and Poisson’s ratio E1 ¼ 200 GPa and
m1 ¼ 0:3. The matrix elastic constants are E0 ¼ 220 GPa and
m0 ¼ 0:3. The elasto-plastic behavior of the matrix is described by
classical J2 theory with power law representation of hardening:

ry ¼ ry0 þ kpm
; ð11Þ

where ry0 and ry are the initial and current yield stresses, respec-
tively, k and m are hardening parameters and p is the accumulated
plastic strain. Here, the initial yield stress is ry0 ¼ 300 MPa and the
hardening parameters are k ¼ 1130 MPa and m ¼ 0:31. The ellip-
soids long diameter are aligned with the direction of traction. The
macroscopic strain (dilute model) and the average matrix strain
(M-T model) are successively applied to the boundaries of the single
inclusion cell. The equivalent stress req in the single inclusion for
both models is compared to the reference result in Fig. 3. It is ob-
served that the single inclusion models underestimate the inclusion



Fig. 4. Effective response of a two-phase steel reinforced by spherical (a) or aligned
ellipsoidal (b) inclusions, for different volume fractions of the reinforcing phase. The
multiparticle, FE predictions (FE30) correspond to a uniaxial tension test, while the
predictions of the coupled Mori-Tanaka/FE model (MT/FE1) and coupled dilute/FE
model (Dilute/FE1) were obtained imposing the same strain history as in the

Fig. 3. Average equivalent stress in the inclusions of a two-phase steel for different volume fractions of the reinforcing phase. The multiparticle, FE predictions (FE30)
correspond to a uniaxial tension test, while the predictions of the coupled Mori-Tanaka/FE model (MT/FE1) and coupled dilute/FE model (Dilute/FE1) were obtained imposing
the same strain history as in the multiparticle simulation. For comparison, the predictions of the incremental tangent model of Pierard and Doghri (2006b) (Inc. Tgt MT) are
also shown for uniaxial tension.
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stress whatever the inclusion volume fraction and shape, the dis-
crepancy increasing with the volume fraction. In the case of spher-
ical inclusions, the discrepancy between the MT/FE1 and
multiparticle models is smaller than 5% for c1 ¼ 5% and c1 ¼ 15%,
but it rises up to 15% with 25% volume fraction of inclusion. The
predictions are a little less accurate in the case of ellipsoidal inclu-
sions. On the other hand, the dilute (Dilute/FE1) assumption gives
softer responses than the M-T assumption, as expected, and is
therefore not suited for volume fractions larger than 5%. For com-
parison, results obtained with an incremental M-T scheme (as pre-
sented in Pierard and Doghri (2006b)) are also shown. In this case,
the EIP is solved semi-analytically, see Eq. (16) and Appendix B.1. As
mentioned in the introduction, the predictions of this scheme
underestimate the inclusion stress for all considered volume frac-
tions and shapes, and are even softer than the predictions of the
Dilute/FE1 model.

The macroscopic stress of the composite based on the single
inclusion modeling is computed according to Eq. (7), which implies
the definition of a comparison material for the matrix. It is clear
from Fig. 4(a) that the proposed M-T model (MT/FE1) correctly pre-
dicts the overall response of the composite up to 25% of spherical
inclusions during the whole cycle of deformation. Actually, macro-
scopic predictions are more accurate than the predictions of the
inclusion stress, even with c1 ¼ 25% for which the inaccuracy of
the MT/FE1 model was rather important (Fig. 3(c)). The underesti-
mation of the inclusions strain is compensated by a slight overes-
timation of the matrix strain, which combined with the present
choice of reference material provides accurate prediction of the
macroscopic stress. This is no longer the case at 35%, where the
effective response is clearly overestimated by the M-T model. In
the case of ellipsoidal inclusions aligned with the direction of trac-
tion (Fig. 4(b)), agreement between the macroscopic responses is
observed for all volume fractions up to 25%. In any case, the M-T
approach overestimates the effective response, and the accuracy
decreases with the volume fraction of inclusions. Here, the predic-
tions of the incremental M-T model of Pierard and Doghri (2006b)
are not shown for the sake of clarity.

A similar study is conducted when applying plane strain ten-
sion/compression on the same multiparticle cells, with �e of the
form:

�e ¼
�e11 0 0
0 �e22 0
0 0 0

0B@
1CA ð12Þ
and such that �r22 ¼ 0. Fig. 5 shows the inclusion response for differ-
ent inclusion volume fractions and shapes. Again, the dilute model
multiparticle simulation.
,



Fig. 6. Effective response of a two-phase steel reinforced by spherical (a) or aligned,
ellipsoidal (b) inclusions, for different volume fractions of the reinforcing phase. The
multiparticle, FE predictions (FE30) correspond to plane strain tension/compression
ð�e33 ¼ 0Þ, while the predictions of the coupled Mori-Tanaka/FE model (MT/FE1) and
coupled dilute/FE model (Dilute/FE1) were obtained imposing the same strain
history as in the multiparticle simulation.
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gives softer predictions than the M-T model, the latter being satis-
fying for spherical inclusions up to c1 ¼ 15%. Predictions are less
accurate for ellipsoidal inclusions. Similarly to the uniaxial tension
test, the incremental M-T scheme based on an approximate solution
of the EIP yields the softest (and least accurate) predictions, espe-
cially for ellipsoidal inclusions. On the other hand, the macroscopic
response given by the coupled M-T/FE model performs well what-
ever the volume fraction and shape (Fig. 6). On the contrary of
the uniaxial case, the prediction is still very accurate at 35% volume
fraction of inclusions.

4.2. Metal matrix composite under uniaxial tension

The single inclusion modeling is now applied to a metal matrix
composite (MMC) under uniaxial tension. The inclusions are
ellipsoidal with an aspect ratio a ¼ 3 and have a linear elastic
behavior with elastic constants E1 ¼ 400 GPa and m1 ¼ 0:2. The
matrix is characterized by Young’s modulus and Poisson’s ratio
E0 ¼ 70 GPa and m0 ¼ 0:33, and the equivalent stress is related to
the accumulated plastic strain according to the power law:

req ¼ kpm
; ð13Þ

with k ¼ 400 MPa. Two hardening exponents are successively con-
sidered: m ¼ 0:05 and m ¼ 0:4. The volume fraction of inclusions is
25%, which was a threshold volume fraction for the validity of the
single inclusion model in Section 4.1. This composite was previ-
ously studied by Pierard et al. (2007) using direct FE simulations
on RVE’s with 30 inclusions and periodic boundary conditions,
and all reference results are extracted from that paper. The macro-
scopic response of the MMC characterized by m ¼ 0:05 is plotted in
Fig. 7(a),(b) for two different configurations: in Fig. 7(a) the fibers
are aligned with the direction of traction, while the loading is ap-
plied transversely to the fibers in Fig. 7(b). The M-T and dilute mod-
els give very similar (and accurate) predictions of the effective
stress in both configurations. In the longitudinal case, the dilute
model gives better predictions than the M-T model. For a higher
matrix hardening exponent (Fig. 7(c) and (d)), the discrepancy be-
tween the reference and approximate models increases, so does
the difference between the dilute and Mori-Tanaka model. The lat-
ter is closer to the reference solution, and the maximal relative error
in the transverse case is about 7%. However, it has been shown pre-
viously that a good macroscopic prediction may be obtained despite
a poor prediction of the local strains. This is also the case of this
Fig. 5. Average equivalent stress in the inclusions of a two-phase steel for different v
correspond to a plane strain tension test, while the predictions of the coupled Mori-Ta
imposing the same strain history as in the multiparticle simulation. For comparison, the p
MT) are also shown for plane strain tension.
MMC: Fig. 8(a) shows that the equivalent stress computed on the
single inclusion is far from the reference inclusion response. The
accumulated plastic strain is plotted in Fig. 8(b) for the different
models. In the case of the MF approaches, this quantity is computed
from the comparison material, not from a volumetric average over
the matrix of the single inclusion problem. Again, an important dis-
crepancy between the reference and MF results is observed. Note
the very similar predictions of the accumulated plastic strain of
the M-T and dilute models.
5. Semi-analytical approximate solutions of the equivalent
inclusion problem

The previous section showed that a Mori-Tanaka assumption
can reasonably be used for the modeling of two-phase elasto-plas-
tic composites for low to moderate volume fraction of reinforce-
ment, provided that the EIP is solved ‘‘exactly”. Semi-analytical
mean-field schemes based on the M-T assumption should also pro-
vide valid predictions if they can relate on an acceptable semi-ana-
olume fractions of the reinforcing phase. The multiparticle, FE predictions (FE30)
naka/FE model (MT/FE1) and coupled dilute/FE model (Dilute/FE1) were obtained
redictions of the incremental tangent model of Pierard and Doghri (2006b) (Inc. Tgt



Fig. 7. Macroscopic response of a metal matrix composite for two hardening exponents: m ¼ 0:05 ((a) and (b)) and m ¼ 0:40 ((c) and (d)). Comparison between FE results on
multiparticle cells under uniaxial tension of Pierard et al. (2007) (FE30) and estimates for the same macroscopic strain history obtained with the coupled Mori-Tanaka/FE
model (MT/FE1) and the coupled dilute/FE model (Dilute/FE1). Fibers are either aligned with the direction of traction ((a) and (c)) or perpendicular to the direction of traction
((b) and (d)).

Fig. 8. Metal matrix composite with hardening exponent m ¼ 0:40 and fibers aligned with the direction of traction. Comparison between FE results on multiparticle cells
under uniaxial tension of Pierard et al. (2007) (FE30) and estimates for the same macroscopic strain history obtained with the coupled Mori-Tanaka/FE model (MT/FE1) and
the coupled dilute/FE model (Dilute/FE1). (a) Average of the equivalent stress in the inclusion. (b) Average accumulated plastic strain in the matrix.
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lytical localization equation relating the inclusion average strain to
the far-field strain applied to the EIP. In an incremental approach,
this problem can be reformulated as follows: Find the fourth-order
strain concentration tensor H� such that:

h _eix�1 ¼ H� : _e1: ð14Þ

When both phases are linear elastic, the strain concentration tensor
is given by Eshelby’s solution of the isolated inclusion problem:

H� ¼ I þ ðSðCel
0 Þ : ðCel

0 Þ
�1Þ : ðCel

1 � Cel
0 Þ

n o�1
; ð15Þ

where Cel
0 and Cel

1 are Hooke’s operators for the matrix and inclusion
phases, respectively, and S is Eshelby’s tensor, which only depends
on the matrix stiffness and the inclusion shape. When one of the
phases behaves nonlinearly, such exact expression for the strain
concentration tensor is not available, and approximate methods
must be used.

Following Hill (1965), incremental MF models assume that the
strain (rate) concentration tensor is form similar to its linear elastic
expression (15), taking homogeneous, reference tangent operators
for the nonlinear phases:

H� ¼ fI þ ðSðbC 0Þ : bC�1
0 Þ : ðbC 1 � bC 0Þg�1

: ð16Þ

For the elasto-plastic composite considered in this paper, bC 0 is a ref-
erence operator for the elasto-plastic matrix, and bC 1 is Hooke’s
operator of the inclusion. The problem of finding the ‘‘right” strain
concentration tensor is thus reduced to the definition of a proper
reference operator for the elasto-plastic matrix in the isolated inclu-
sion problem. In the incremental M-T scheme proposed by Pierard
and Doghri (2006b), the reference tangent operator is given by
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the isotropic decomposition of the algorithmic tangent operator
computed for the average strain of the matrix, see Appendix B.1.
The corresponding strain concentration tensor will be further de-
noted by HIso;spe. However, this scheme was shown to underestimate
the inclusion stress when applied to the two-phase steel of the pre-
vious section (see also Delannay et al., 2007; Pierard et al., 2007).
Therefore, Delannay et al. (2007) proposed a modified version of
this scheme based on a heuristic approach. The authors proposed
to modify the reference tangent operator of the incremental M-T
scheme by incorporating a dependence on the ratio of equivalent
stress in the inclusion and the matrix (Appendix B.2). In this way,
accurate predictions of the macroscopic response and inclusion re-
sponse were obtained when applied to the present two-phase steel.
However, the method remains heuristic and is a priori not predic-
tive for other composite materials. In the following, the strain con-
centration tensor obtained with this model will be denoted HIso;heur.
In both schemes, the tangent operators in Eq. (16) are isotropic. As a
consequence, when the inclusions are spherical, Eshelby’s tensor
and the strain concentration tensor are isotropic.

Alternatively, the strain concentration tensor in Eq. (14) can be
computed numerically by a perturbation method combined with
the FE solution of the EIP. First, relation (14) is integrated over a gi-
ven time increment ½tn; tnþ1	, which yields (subscript ðnþ 1Þ omit-
ted for simplicity):

hDeix�1 ¼ H�
nþa : De1; ð17Þ

where a generalized mid-point rule is used:

ð
Þnþa ¼ ð
Þðt¼tnþaÞ; tnþa ¼ ð1� aÞtn þ atnþ1; a 2 ½0;1	: ð18Þ

Seeing the inclusion strain increment as a nonlinear function of the
far-field strain increment: hDeix�1 ¼ f ðDe1Þ, the following expres-
sion of the strain concentration tensor is found:

H�
nþa ¼

@hDeix�1
@De1

 !
nþa

: ð19Þ

The pertubation method consists in estimating the derivatives in Eq.
(19) by finite differences, successively pertubating one of the 6 dif-
ferent components of the applied far-field strain increment at tnþa.
Here, a mid-point integration rule is used: a ¼ 1

2. A uniaxial tension
test is performed on a unit cell along direction 1 up to e111 ¼ 5%,
with 100 time increments. The cell contains a single spherical or
ellipsoidal inclusion of volume fraction 0:1% placed at its center.
The FE discretization has been described in Section 2. It was
checked that the relative error on the inclusion strain increment
computed according to Eq. (17) is less than 3% at the end of the
loading. The reference strain concentration tensor obtained with
the pertubation method will be denoted HFE.

In order to compare the numerical strain concentration tensor
HFE with its counterparts provided by MF models, its isotropic
and transversely isotropic projections are also computed. The iso-
tropic projection of HFE, noted HFE;Iso, is computed according to
the general method (see Appendix A.1). The method yields two
scalars jH

t and lH
t , so that:

HFE;Iso ¼ 3jH
t Ivol þ 2lH

t Idev: ð20Þ

Expressions of jH
t and lH

t are given by (A.4) and (A.5).
The transverse isotropic part HFE;TrIso of the strain concentration

tensor is found by a general method proposed by Walpole (1981)
and described in Appendix A.2. The transversely isotropic part is
totally described by 6 coefficients Hi, so that
HFE;TrIso ¼
X
i¼1;6

HiEi ¼ ðE1 :: HFEÞE1 þ ðE2 :: HEÞE2

þ 1
2
ðE3<HFEÞE3 þ

1
2
ðE4<HFEÞE4 þ

1
2
ðE6<HFEÞE5

þ 1
2
ðE5<HFEÞE6 ð21Þ

where the six fourth-order tensors Ei are given by Eqs. (A.12)–
(A.17). The direction of anisotropy w is supposed to be aligned with
the direction of the uniaxial tension: w ¼ e1.

5.1. Prediction of the inclusion stress

The approximated strain concentration tensors HIso;spe and
HIso;heur are now compared to the reference one HFE and to its iso-
tropic and transverse isotropic projections. To this end, the inclu-
sion response of an isolated inclusion system in uniaxial tension
is computed based on the different strain concentration tensors
in Fig. 9. The material properties are those of the two-phase steel
of Section 4.1, and the inclusion is spherical, with a volume fraction
equal to 0:1%. No homogenization is performed here, only the
localization problem in the EIP under uniaxial traction is consid-
ered. The strain concentration tensors relate the far-field strain
increment to the average inclusion strain increment, and the aver-
age stress in the inclusion is computed according to Hooke’s law.
Direct FE computation on the single inclusion cell provides the ref-
erence prediction of the average inclusion stress, denoted by (FE)
in the figure. It was checked that the same stress–strain curve is
found when using the numerical strain concentration tensor HFE

to compute the inclusion strain increment. It is obvious from the
figure that the isotropic projection of the reference strain concen-
tration tensor HFE;Iso gives far too stiff predictions of the inclusion
stress. Hence the ‘‘true” strain concentration tensor is not isotropic.
On the other hand, its transverse isotropic projection HFE;TrIso gives
predictions almost identical to the reference curve, so that the lat-
ter can be seen as transversely isotropic, which is most probably
correlated to the present loading. The strain concentration tensor
given by the incremental scheme of Pierard and Doghri (2006b),
HIso;spe underestimates the inclusion response hr11ix�1 . Therefore,
the inaccuracy of this model in predicting the inclusion stress dur-
ing a homogenization procedure is clearly related to the inaccurate
solution of the EIP associated with this scheme, as the M-T
assumption alone gives acceptable prediction of the inclusion re-
sponse at low volume fraction, see Fig. 3(a) and (b). Note however
that the slope of the curve far from the elastic–plastic transition is
correctly predicted. Finally, the strain concentration tensor of the
incremental MF model is modified according to the heuristic ap-
proach of Delannay et al. (2007), taking c1 ¼ 0:1% in Eq. (B.5).
Other parameters in Eq. (B.5) are given the same value as in Delan-
nay et al. (2007): A0 ¼ 7:5 and Vmax ¼ 0:53. It is found that this
strain concentration tensor HIso;heur gives the best prediction of
the inclusion stress hr11ix�1 , in spite of the use of an isotropic
tensor.

An important observation is that there exists at least two differ-
ent strain concentration tensors, one of them being isotropic,
which yield an accurate prediction of the inclusion response in
the single inclusion problem: the reference, FE one, and the strain
concentration tensor of the heuristically modified M-T scheme of
Delannay et al. (2007). However, the latter does not correspond
to the isotropic projection of the FE strain concentration tensor
(by means of the general isotropisation method).

A similar study is conducted in the case of the MMC of Section
4.2, with strain hardening exponent m ¼ 0:4. The isolated inclusion
is ellipsoidal with aspect ratio a ¼ 3, and aligned with the direction
of traction. Comparison of the average inclusion stress in the longi-
tudinal and transverse directions as predicted using several strain



Fig. 9. Average inclusion stress in the Equivalent Inclusion Problem (EIP) as predicted using different strain concentration tensors for a two-phase steel under uniaxial tension
along direction 1. The single inclusion is spherical. Predictions of the inclusion average stress are compared to the reference result provided by direct FE resolution of the
single inclusion problem.
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concentration tensors is presented in Fig. 10. Again, the numerical
strain concentration tensor HFE is found to be almost transversely
isotropic. Note that the slight difference with the reference curve
is due to some inaccuracy in the computation of the numerical
strain concentration tensor at the very beginning of the loading,
and not to the transverse isotropic projection. On the other hand,
the isotropic projection of HFE gives far too stiff predictions. The
strain concentration of the incremental MF scheme HIso;spe under-
estimates the inclusion stress in Fig. 10(a), and stiffer predictions
are obtained with its heuristic variant HIso;heur. Note however that
we use the same fitting parameters as in the case of the two-phase
steel. Better predictions are expected by choosing the fitting
parameters carefully, but this is not the purpose of the present
study.
5.2. Comparison of components of the strain concentration tensors

The study is pursued by comparing the coefficients of the iso-
tropic or transversely isotropic strain concentration tensors indi-
vidually. The numerical strain concentration tensor HFE is
represented by its transversely isotropic projection, HFE;TrIso, which
is very close the original tensor, as shown previously. The different
strain concentration tensors are represented by their symbolic
form proposed by Walpole (1981) for transversely isotropic tensors
(Appendix A.2):
Fig. 10. Average inclusion stress in the Equivalent Inclusion Problem (EIP) as predicted us
tension along direction 1. The single inclusion is ellipsoidal with aspect ratio a ¼ 3 and a
compared to the reference result provided by direct FE resolution of the single inclusion
HTrIso ¼ ðH1;H2;H3;H4;H5;H6Þ: ð22Þ

Isotropic tensors characterized by a volumetric term jH
t and a devi-

atoric term lH
t may be expressed under the same symbolic form:

HIso ¼ 2jH
t þ

2
3
lH

t ;j
H
t þ

4
3
lH

t ;2lH
t ;2lH

t ;j
H
t �

2
3
lH

t ;j
H
t �

2
3
lH

t

� �
:

ð23Þ

This (redundant) form is useful for the comparison of the isotro-
pic and transversely isotropic projections.

The comparison of the 6 coefficients Hi is presented for 3 strain
concentration tensors in Fig. 11 in the case of the two-phase steel.
The transversely isotropic projection of HFE and the tensors ob-
tained by mean-field approaches: the incremental M-T scheme
ðHIso;speÞ and the modified version ðHIso;heurÞ. The largest difference
is observed for the coefficients H3 and H4, which are directly re-
lated to the deviatoric term lH

t in isotropic tensors. However, the
influence of these coefficients is difficult to assess in this case as
the present far-field strain has no shear components. In general,
the different tensors differ during the elasto-plastic transition,
where the components of the heuristically modified tensor
HIso;heur are closer to those of the numerical tensor than the ones
of HIso;spe: increasing the inclusion stress increment at this stage
is precisely the purpose of the heuristic correction. Also note that
H5 differs from H6 in the case of the transversely isotropic
ing several strain concentration tensors for a metal matrix composite under uniaxial
ligned with the direction of traction. Predictions of the inclusion average stress are
problem.



Fig. 11. Comparison of the 6 coefficients of the transversely isotropic projection of the strain concentration tensors computed by the perturbation method and two mean-field
models: the incremental Mori-Tanaka scheme, and a heuristic variant, as a function of the far-field strain. The material parameters correspond to a two-phase steel.
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projection of HFE: this means that this numerical tensor is not ex-
actly pair-symmetric.
6. Discussion and conclusions

A new procedure for evaluating the relevance of the single
inclusion concept in the mean-field (MF) modeling of elasto-plastic
composites was presented. The inclusions response is predicted
based on the solution of a single inclusion isolated in an infinite
medium having the properties of the matrix. This equivalent inclu-
sion problem (EIP) is solved by the FE method, allowing field het-
erogeneities to take place in the fictitious matrix. In the extended
Mori-Tanaka model (MT/FE1), the average of the strain in the ac-
tual matrix of the composite is taken as far-field strain. For com-
parison, a dilute assumption is also tested. Both mean-field
models are fully coupled with a nonlinear FE analysis of the EIP.
In addition to the scheme governing the strain partitioning among
the phases (M-T or dilute), the effective predictions are also af-
fected by the chosen comparison material for the nonlinear matrix
which enables computing the average matrix stress from the aver-
age matrix strain. In general, these two assumptions are coupled
(for instance in uniaxial tension). Here, such coupling is avoided
by considering strain driven loading paths in the MF approach.
The new method is applied to two different composites made of
an elasto-plastic matrix reinforced by spherical or ellipsoidal elas-
tic inclusions. Macroscopic deformation histories corresponding to
non-monotonic uniaxial and plane strain tension/compression are
successively considered. In all case, predictions of the MF ap-
proaches are compared to reference results obtained by FE simula-
tions on cells containing about thirty inclusions.

It was found that the M-T assumption is able to simulate the
effective response of such composites up to about 25% of inclusion
volume fraction, provided that the single inclusion problem is
solved ‘‘exactly”. However, the predicted inclusion response is, in
general, less accurate than the macroscopic one: the stress level
in the single inclusion is underestimated by the mean-field model,
the discrepancy increasing with the volume fraction of inclusions.
This effect is, to a certain extent, compensated by the matrix pre-
diction which raises the stress level in the effective response. This
is due to a slight overestimation of the matrix average strain com-
bined with the present comparison material for the matrix. It is
also shown that a M-T hypothesis gives better prediction of the
inclusion response than a dilute model. This was expected, as the
dilute model is designed for very low volume fractions and does
not take particle interactions into account. On the other hand,
the M-T assumption accounts for particle interactions through
the use of the average strain in the actual matrix as far-field strain.
This particular choice is found to be relevant when applied to non-
linear composites. For higher volume fractions (from 25%) the sin-
gle inclusion modeling yields very poor predictions of the inclusion
response. This can be explained by plastic localization taking place
between inclusions in the real composites, which is overlooked by
the MF model.

The proposed MT/FE1 model cannot be used in practice as a
constitutive law in larger scale simulation, as its computational
time is much larger than that of any semi-analytical model, due
to several FE computations required at each time step. Neverthe-
less, the study underlined the importance of an accurate solution
of the equivalent inclusion problem for nonlinear materials. There-
fore, the resolution of the EIP in the context of incremental MF
schemes is studied. In incremental MF models, a semi-analytical
strain concentration tensor for the EIP is constructed based on
Eshelby’s result written in rate form and using reference tangent
operators for each phase. It is shown that solving the EIP with
the strain concentration tensor of the incremental M-T scheme
proposed by Pierard and Doghri (2006b) underestimates the inclu-
sion strain. Therefore, the underestimation of the inclusion re-
sponse in a composite homogenized with this model, as observed
in Figs. 3 and 5 and already reported by Delannay et al. (2007),
may be related to the use of an inaccurate solution of the localiza-
tion problem in the EIP. This, in turn, is linked to the choice of the
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comparison material for the elastic–plastic matrix. On the other
hand, using the comparison material defined heuristically in Del-
annay et al. (2007) gives a very good prediction of the inclusion
stress, both in the EIP (Fig. 9) and in the context of a M-T scheme
(Delannay et al., 2007). Note that the reference operators defined
in these two MF models are isotropic, leading to isotropic strain
concentration tensors when the inclusions are spherical. However,
it is shown that the numerical strain concentration tensor obtained
by a pertubation method is close to transverse isotropy for a uniax-
ial loading, even for spherical inclusions. Unfortunately, this obser-
vation does not support the isotropisation of tangent operators
commonly used in incremental MF schemes.

This study showed that one could take advantage of an accurate
solution of the equivalent inclusion problem for nonlinear compos-
ite materials. This point is most of the time overlooked by recent
models which rely on this solution in the linear elastic case,
through the use of linear comparison composite. Here, we empha-
size on its direct resolution in the nonlinear case. The final goal
(not achieved yet) is to gain insight from the FE solution of the
EIP – Figs. 9–11 – in order to enhance the predictive capabilities
(no fitting parameters) of advanced nonlinear semi-analytical MF
models. Next to the isolated inclusion modeling of the particles,
modeling assumptions concern the definition of the applied far-
field strain and the way of computing the matrix average stress
from the average strain: both can be adapted to compensate the
inaccuracy of the single inclusion modeling, in particular for high
volume fractions of reinforcements. For instance, one could incor-
porate higher order moments of strain in the computation of the
matrix average stress. A more detailed study of the influence of
these two factors is left for future work.
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Appendix A. Projection of fourth-order tensors

A.1. Extraction of isotropic part of anistropic tensors

Any isotropic fourth-order tensor can always be written as the
sum of two other tensors representing its volumetric and deviator-
ic parts:

CIso ¼ 3jIvol þ 2lIdev; ðA:1Þ

where j and l are arbitrary scalars. When CIso is a stiffness ten-
sor, these scalars are the bulk and shear moduli, respectively. The
isotropic part of an anisotropic fourth-order tensor CAni is given
by:

CIso ¼ 3jtI
vol þ 2ltI

dev; ðA:2Þ

where jt and lt depend on the chosen extraction method. Here,
two methods are briefly recalled.

The general method (see Bornert et al., 2001) may be applied to
any fourth-order tensor, even if it does not represent stiffness
moduli. The isotropic part C Iso of CAni is defined as follows:

CIso � ðIvol
<CAniÞIvol þ 1

5
ðIdev

<CAniÞIdev; ðA:3Þ

and the two scalars jt and lt are readily found as:
3jt ¼ Ivol
<CAni ðA:4Þ

10lt ¼ Idev
<CAni: ðA:5Þ

The second method applies to fourth-order tensors representing
material tangent operators. It further requires that the tangent
operator may be written according to the following spectral decom-
position proposed by Ponte Castañeda (1996):

CAni ¼ 3k1Ivol þ 2k2 Idev � 2
3

N � N
� �

þ 2k3
2
3

N � N
� �

; ðA:6Þ

where N is typically normal to a yield surface in stress space and
satisfies:

Nij ¼ Nji; Nmm ¼ 0; N : N ¼ 3
2
: ðA:7Þ

The method relies on the assumption that the strain rate _e is collinear
with N. Hence, the incremental relation Dr ’ CAni : De reduces to
Dr ’ C Iso : De, where C Iso is the isotropic part of CAni and is defined as:

jt ¼ k1; lt ¼ k3: ðA:8Þ
A.2. Extraction of transversely isotropic part of anistropic tensors

The projection method described here for extracting the trans-
versely isotropic part of any fourth-order tensor was first proposed
by Walpole (1981). First observe that any transversely isotropic
second-order tensor c can be written as a combination of two basis
tensors a and b:

c ¼ aaþ bb; ðA:9Þ

where

a ¼ w�w; b ¼ 1� a; ðA:10Þ

w being the direction of anisotropy and kwk ¼ 1.
The general fourth-order tensor T for transverse isotropy may

be constructed as an arbitrary linear combination of six elementary
tensors as:

T ¼
X6

i¼1

TiEi; ðA:11Þ

where the six basis tensors Ei are constructed from a and b as:

ðE1Þijkl ¼
1
2

bijbkl ðA:12Þ

ðE2Þijkl ¼ aijakl ðA:13Þ

ðE3Þijkl ¼
1
2
ðbikbjl þ bjkbil � bijbklÞ ðA:14Þ

ðE4Þijkl ¼
1
2
ðbikajl þ bilajk þ bjlaik þ bjkailÞ ðA:15Þ

ðE5Þijkl ¼ aijbkl ðA:16Þ
ðE6Þijkl ¼ bijakl ðA:17Þ

The six coefficients Ti are given by (see Pierard and Doghri, 2006b):

T1 ¼ E1<T ; T2 ¼ E2<T ;

T3 ¼
1
2

E3<T; T4 ¼
1
2

E4<T;

T5 ¼
1
2

E6<T; T6 ¼
1
2

E5<T:

ðA:18Þ

The transversely isotropic tensor T may be rewritten in the follow-
ing symbolic form:

TTrIso ¼ ðT1; T2; T3; T4; T5; T6Þ: ðA:19Þ

For the particular case of w aligned with direction 1, the 6 coeffi-
cients are related to components as:
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T1 ¼ T2222 þ T2233; T2 ¼ T1111

T3 ¼ T2222 � T2233; T4 ¼ 2T1212

T5 ¼ T1133; T6 ¼ T3311

ðA:20Þ

Let us now consider any anisotropic fourth-order tensor TAni. Appli-
cation of the double contractions in (A.18) on TAni gives the projec-
tion of TAni onto the subspace generated by Ei and yields a
transversely isotropic tensor with direction of anisotropy w:

TTrIso ¼ ðE1<TAniÞE1 þ ðB2<TAniÞE2 þ
1
2
ðE3<CAniÞE3 ðA:21Þ

þ 1
2
ðE4<TAniÞE4 þ

1
2
ðE6<TAniÞE5 þ

1
2
ðE5<TAniÞE6: ðA:22Þ
Appendix B. Reference tangent operators in incremental mean-
field schemes

B.1. Incremental Mori-Tanaka scheme

In the M-T incremental scheme of Pierard and Doghri (2006b),
the reference operator is defined as the isotropic part of the algo-
rithmic J2 tangent operator Calg according to the spectral isotropi-
sation method (Appendix A.1). This isotropic extraction softens
Calg in a direction orthogonal to N (Chaboche et al., 2005). The iso-
tropic operator writes:bC Iso;spe ¼ 3jelIvol þ 2lIso;speIdev; ðB:1Þ

with

lIso;spe ¼ l0 1� 3l0

h

� �
: ðB:2Þ

where l0 is the elastic shear modulus of the matrix and h ¼
3l0 þ

dry

dp .
In the original method proposed by Doghri and Ouaar (2003),bC Iso;spe is only used for computing Eshelby’s tensor. The anisotropic

algorithmic operator is used for other occurrences of bC 0 in Eq. (16).
However, the study conducted by Pierard and Doghri (2006b)
showed that it was desirable to compute Eshelby’s tensor S and Hill’s
tensor P � ðS : bC�1

0 Þwith the same tensor in order to avoid unphys-
ical results in some cases. Moreover, they showed that using bC Iso;spe

in all occurrences of bC 0 gives good results as well. For simplicity, only
this combination will be considered in this work.

The approach was used to model the macroscopic behavior of
elasto-plastic composites reinforced by spherical (Doghri and
Ouaar, 2003) and ellipsoidal (Pierard et al., 2007) inclusions, and
provides very good predictions of the macroscopic response in
many cases. However, it was shown by Delannay et al. (2007) that
the method underestimates the inclusion response when applied
to two-phase steel.
B.2. Modified incremental Mori-Tanaka scheme

In order to improve the inclusion response of the incremental
M-T scheme, Delannay et al. (2007) proposed a modified scheme
which is able to raise the stress level in the inclusion. The method
relies on a heuristic correction of the shear modulus of the matrix
reference tangent operator. The latter is defined as intermediate
between the elastic shear modulus and the shear modulus given
by the spectral isotropisation method:

lheur ¼ Vlel þ ð1� VÞlIso;spe ðB:3Þ

where:

V ¼ exp �A0 1� c1

Vmax

� � rI
eq

rM
eq
� 1

 ! !
if rI

eq > rM
eq ðB:4Þ
V ¼ 1 if rI
eq 6 rM

eq: ðB:5Þ

In Eqs. (B.4) and (B.5), rI
eq and rM

eq are the average equivalent stress
of the inclusion and matrix, respectively, c1 is the inclusion volume
fraction and Vmax and A0 are fitting parameters. Delannay et al.
(2007) initially designed this model for simulating two-phase steel
under cyclic loading, taking A0 ¼ 7:5 and Vmax ¼ 0:53. In this case,
the method improves significantly the inclusion response, leading
to accurate predictions of the macroscopic as well as phase re-
sponses. However, the method suffers from a lack of theoretical jus-
tification, and is a priori not predictive for other composite
materials.
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