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e Plastic flow instability in ductile plates subjected to dynamic biaxial loading.

The role of geometrical defects and loading path is analysed.
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Numerical results are compared against predictions of a linear stabili alysis.

The effect of the loading path and inertia on the necking @ is brought to light.
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Abstract

In this work we have investigated the emergence of aicritical wavelength which charac-
terizes the localization pattern in ductile plates stibjected to dynamic biaxial loading. For
that task we have used a linear stability analysissand finite element calculations. The linear
stability analysis follows the 2D approach ‘developed by Zaera et al. (2015) which includes
specific features to account for inertia’andstress triaxiality effects inside the necking. Two
different finite element models are™built: (1) a unitary cell model in which the localization
is favoured by a sinusoidal géometrical perturbation and (2) a plate with constant cross
section which allows to asSess‘the/collective behaviour of multiple necks. A wide spectrum
of loading paths whichyrange from plane strain to (almost) biaxial stretching has been ex-
plored. We have demonstrated that, if inertia plays a dominant role in the loading process,
the influence.of geometrical perturbations in the necking inception is substantially reduced
and the necking pattern shows a deterministic nature. The deterministic nature is directly
connected tojthe emergence of a critical wavelength which characterizes the neck spacing
at high strain rates. This critical wavelength increases (i.e. the neck spacing increases)
and becomes less prevailing (i.e. the necking pattern becomes less uniform) as we move
away from plane strain to biaxial stretching. This is a key outcome of our investigation

that, from the authors’ knowledge, has not been previously reported in the literature.
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1. Introduction

The problem of flow localization and fragmentation in ductile materials subjected to
dynamic loading has attracted the interest of the Solid Mechanics community for,almost
a century. The starting point of this research was the work of Mott (1947) who, moved by
the military concerns of that time, developed during the latter part of-World,War II a the-
oretical framework to describe the fragmentation of bodies subjeeted to intense impulsive
loads. Specifically, the attention of Mott was focused on the fragmentation resulting from
the explosive rupture of cylindrical cases. Seventy years have passed since the pioneering
research of Mott was published and, in Grady’s wordsy(Grady, 2002), the fragmentation
of hollow metal shells subjected to rapid expansion-by. impulsive internal pressure loading
continues to be a problem of both practical andwntelleetual interest. Grady’s statement be-
comes apparent if one considers the numberiof works that have been published over the last
years on this specific topic (e.g. SerenSemsand Freund (2000); Becker (2002); Guduru and
Freund (2002); Rusinek and Zaera=(2007); Vadillo et al. (2012); De Vuyst and Vignjevic
(2013)).

Within this context, the recent’and very significant experimental research relied on the
dynamic radial expansionef axially symmetric structures like tubes (Goto et al., 2008;
Hiroe et al., 2008;.Zhang and Ravi-Chandar, 2010) and hemispheres (Mercier et al., 2010).
The symmetry of these shell structures nearly eliminates the effects of wave propagation
before flow localization, which facilitates the interpretation of the experimental findings.
Thus, the shell uniformly stretches during loading until homogeneous deformation fails
at large strain, leading to flow localization in the form of multiple necks and subsequent

fragmentation. The experimental research have yielded two fundamental observations:

1. As the loading rate applied to the shell increases, the apparent ductility of the struc-
ture increases.

2. As the loading rate applied to the shell increases, the number of fragments increases.

To this day, there is a lack of consensus in the determination of the physical phenomena

which reside behind these two experimental observations. Particularly, the identification



of the specific mechanisms which control the fragmentation pattern is a critical concern
that has been debated for many years.

On the one hand we should mention the statistically-based theories, derived from the
(aforementioned) seminal work of Mott (1947), which consider that fragmentationproceeds
through the random spatial and temporal occurrence of fractures resulting in a‘distribution
in fragment lengths. These theories, significantly moved forward over the lastithree decades
by Grady and co-workers (Grady, 1981; Kipp and Grady, 1985; Grady, andyOlsen, 2003),
attribute the distribution of fragment sizes to statistical variability~in‘he strain to failure
of the material and obtain this distribution through an estimate of the propagation of
the unloading or release waves from each fracture eventd Very recently, this theoretical
framework has been taken by Ravi-Chandar and Triantafyllidis (2015) in order to show that
the localization and failure patterns of the structmre.may be dictated by the distribution
of intrinsic material or/and geometrical defects.

On the other hand we should mentionithe linear stability theories, derived from the
pioneering papers of Fressengeas and Molinari (1985, 1994), which consider that the com-
bination of stress multiaxiality effeets and’ inertia leads to the promotion of some specific
wavelengths which characterize the localization and fragmentation patterns at high strain
rates (Mercier and Molinar1,%2003; 2004; Mercier et al., 2010; Rodriguez-Martinez et al.,
2013a,b; El Mai et al.; 2014). In such a sense, this approach argues for the inclusion of
a deterministic compenent within the fragmentation mechanisms. Nevertheless, this idea
has been frequently disregarded in the classical statistical theories.

A main goal of this paper is to show that the deterministic approach which follows from
the stability analysis theories actually captures key features of the necking inception at high
strain_rates. While defects play an important role in the localization and fragmentation
process, it seems that they are not the leading factor which controls the fragmentation
pattern of ductile metallic shells subjected to very high loading rates. In this paper we rely
on finite element calculations and a linear stability analysis to show that, at high strain
rates, there are selected wavelengths that characterize the localization and fragmentation
patterns. We demonstrate that the role played by these selected wavelengths in the neck

spacing and the fragments size is more significant as the contribution of inertia in the



process of flow localization increases. In addition, we present some results that confirm that
if inertia is the main controlling factor of the loading process, the geometrical defects may
not dictate the neck spacing and the fragments size. A salient feature of this investigation,
which generalizes the results of Xue et al. (2008), is that all these outcomes have been
proven for a wide range of loading paths ranging from plane strain to (almost),biaxial

stretching.

2. Problem formulation

We consider a rectangular sheet of initial thickness h° anid edges’of initial length L%
and LY, see Fig. 1. Capital letters representing coordinates, displacements, velocities or
accelerations will be used for the Lagrangian frame, andlower-case letters for the Eulerian
frame. The sheet is subjected to constant and ‘Opposed velocities on opposed sides and
therefore directions X and Y are of overall principal strain rates. During the stage of
homogeneous deformation, the initial straifyrates € and €% fully define the kinematics.

Note that our attention is limited to loadifig, paths for which y: = &), /é% > 0.

&5 1% /2
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Y. >
e
b Lg, >

{X, Y}: principal strain rate directions

Figure 1: Sheet domain and principal axes of deformation.

The fundamental solution S(X,Y,t) of the previous problem is obtained by integration
of the corresponding governing equations (see Zaera et al. (2015) for details) satisfying the

following initial



Vx(X,Y,Z,0) = XX W(X,Y,Z,0)=&}Y; Va(X,Y,Z,0)=— (X +&v) 2 (1)

and boundary conditions

VY(Xv L(}J//27za t) = _VY(X7 _L(X)//27Z7 t) zgong//Q (2)

The material behaviour is described with a rate dependent constitutive model based on
the standard principles of Huber-Mises plasticity: hypoelastic behaviour, additive decom-
position of the rate of deformation tensor, isotropic hardening, associated flow rule and

plastic power equivalence

oV =C:d°=C:(d-d") (3)
U=q7-— Oy = 0 (4)
ov . 3s .
gr = 22 _ P 5
30’8 265 (5)
where. gV is an objective derivative of the Cauchy stress tensor, d, d° and d” are the

totals elastic and plastic rate of deformation tensors respectively, C is the Hooke tensor
for isotropic elasticity (defined by the Young modulus F and the Poisson ratio v), ¥ the
yield function, & the equivalent stress, oy is the flow stress, s the deviatoric stress tensor
and &” is the equivalent plastic strain rate.

Following the work of Rodriguez-Martinez et al. (2013a), the flow stress is given as a

function of the equivalent plastic strain rate &’ through the following power-type relation
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Conventional material constants, elastic parameters and parameters related torthe flow

stress are given in Table 1.

Symbol Property and units Value
P° Initial density (kg/m?) 7800

E Young modulus (GPa) 200

v Poisson ratio 0.33

o0 Reference flow stress (M Pa), Eq. (6) 500
Eref Reference strain rate (s~ %), Bge(6) 1000
m Strain rate sensitivity exponent, Eq. (6)  0.01

Table 1: Conventional material constants, elastic ‘parameters and parameters related to the flow stress as

taken from Rodriguez-Martinez et al. (2013a).

No doubt, more sophisticated constitutive descriptions could be used to model the
material behaviour (seee.g. Nemat-Nasser and Guo (2000); Rusinek and Klepaczko (2001);
Molinari and Ravichandran (2005); Voyiadjis and Abed (2006)). Nevertheless, we claim
that this simple eonstitutive model is sufficient to uncover the dominant factors which
control the ‘emergence of a critical wavelength responsible for the fragmentation of ductile
plates subjected to high strain rates. Moreover, as pointed out by Rodriguez-Martinez
et al.’(2013a), this simple constitutive law is well suited to carry out critical comparisons

between finite elements calculations and stability analysis, see section 8.

3. Linear stability analysis

The linear stability analysis follows the approach developed in Zaera et al. (2015),
which is based on previous works of Dudzinski and Molinari (1988, 1991) and includes

specific features to account for inertia and stress triaxiality effects inside the necking. The



perturbation is imposed on lines X = constant (see Fig. 1) since this is the orientation
naturally selected by the material to trigger a neck (critical direction of perturbation).
Let S' be the corresponding value of the fundamental solution at time ¢!, when a small

perturbation dS given by

SS(X, t; 1) = §Ste” X ent=th) (7)

is imposed over the fundamental solution. In previous expression-dShis the perturbation
amplitude, £&Z the wavenumber in the Lagrangian configurationiand s the growth rate of
the perturbation at time t'. The physical solution is thé real part of S = S! 4 §S with
|0S| < |S!|. By substituting S into the governing equations and retaining only first-order
terms, linearised equations are obtained. A nomstrivial solution for dS! can be derived
only if the determinant of the system of linearsalgebraic equations is equal to zero. This
condition is found to be a polynomial in #which gives, for a certain value of the time at
perturbation ¢!, the value of 7 as a function.of the wavenumber in the material description
¢Z. The requisite for unstable growth, of S is given by the condition Re (n) > 0. The root
of the quoted polynomial which is real and positive n™ represents the unstable growth.
Note that, according to Rodriguez-Martinez et al. (2013b, 2015), the perturbation growth
n™ is assumed to represent the very first stages at which the plastic flow deviates from the
background deformation (the very first stages of diffuse necking). Moreover, imposing the
condition formaximum perturbation growth dn*/0¢% = 0, the critical wavenumber &7
and the critical pérturbation growth 7 are determined.

A full description of the linear perturbation analysis and of its salient features can be

found,in Zaera et al. (2015).

4. Finite element models

This section describes the features of the finite element models built to simulate necking
localization in ductile plates subjected to dynamic biaxial loading. The numerical analyses
are carried out using the finite element program ABAQUS/Explicit (Simulia, 2013). Two

different models are built: (1) a unitary cell model in which the localization is favoured



by a geometrical perturbation and (2) a entire plate with constant cross section which
serves to asses the collective behaviour of multiple necks. We anticipate that the results
obtained from these two models allow to derive relevant conclusions about the emergence
of a critical wavelength which dictates the neck spacing and the necking pattern at high

strain rates.

4.1. Unitary periodic cell

Inspired by the computational model proposed by Xue et al. (2008).for assessing the
necking localization in an infinite plate under plane strain constraint, aplate subjected to
biaxial loading and with geometrical periodic perturbations can. be modelled as an array
of unitary cells with sinusoidal spatial imperfections.

The reference configuration of the cell is given bysthésdomain —L% /2 < X < L% /2,
—L%/2<Y < LY%/2and —h°/2 < Z < h°/2, with LY = LY = LY. As further discussed in
forthcoming sections of this paper, the value of £.%has been systematically varied (while
hY = 2 mm is fixed) in order to assess the'relative contribution of stress multiaxiality
effects and inertia in flow localization. The spatial imperfection is defined by the following

expression

) 2 X
2 Z < hb/2— =
0Z<h’/2 2(1—|—COS<L9{)) (8)

where ¢ is the amplitude of the perturbation. According to the linear stability analysis
outlined in gection3 the perturbation is centred on X = 0 and aligned with the Y axis,
following theweritical direction of perturbation for x: > 0 (recall that our attention is limited
to loading cases such that x: > 0). Due to the symmetry of the model, only the Z > 0
half, of the specimen has been analysed (see Fig. 2). The applied initial and boundary
conditions are those given in Eqs. (1) and (2). As shown by Rodriguez-Martinez et al.
(2013a) and Zaera et al. (2014, 2015), these initial conditions minimize the intervention of
stress waves within the specimen during the loading process.

The finite element model is meshed using eight node solid elements, with reduced
integration and hourglass control (C3D8R). The elements have an initial aspect ratio

close to 1 : 1 : 1 with dimensions ~ 50 x 50 x 50 um?. A mesh convergence study has
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been performed, in which the time evolution of different critical output variables, namely
stress, strain and necking inception, were compared against different mesh sizes. While
we have found some mesh sensitivity in the numerical results, we have checked that it
does not affect significantly our results, neither quantitatively nor qualitatively. Qur belief
is that viscosity and inertia act as potent regularization factors that contribute to the
well-possessedness of the problem at hand (Needleman, 1988; Rodriguez-Martinez et al.,

2013a).

4.2. Entire plate

Based on the computational model proposed by Zaera (et _al. (2015) for assessing the
collective behaviour and spacing of multiple necks in plates.subjected to dynamic biaxial
loading, we rely on calculations performed using (entire) plates with constant cross section
to explore the interaction between necks at high strain rates.

The reference configuration of the sheet is givetirby the domain —L% /2 < X < LS /2,
—Ly/2 <Y < LY/2 and —h°/2 < Z < R with L% = LY = 100 mm and h° = 2 mm.
Only the Z > 0 half of the specimen has been analysed, see Fig. 3. The initial and
boundary conditions applied telthe model are those given in Egs. (1) and (2). These
initial conditions minimizedherpropagation of stress waves in the plate during loading.
The sheet has been meshed using a total of 1250000 C'3D8R elements, 500 in X and
Y directions, and 5 in Z direction. A mesh convergence study has revealed the mesh
sensitivity of outr numerical results. However, we have checked that the mesh dependence
does not affect theyeonclusions of our investigation. Qualitatively (and quantitatively to
a large extend),7all the results and trends presented in the paper regarding the necking
strain and neck spacing are consistent and independent of the discretization (as long as
a sufficiently fine mesh is provided). In absence of geometrical perturbations, localization
is triggered by the perturbation of the field variables caused by the discretization of the
workpiece and the explicit integration scheme used by the finite element code (Rusinek

and Zaera, 2007; Vadillo et al., 2012; Zaera et al., 2015).

The set of equations describing the mechanical behaviour of the material are imple-

mented in the finite element code, considering a large deformation frame, through a



Symmetry with respect to the plane Z=0
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Figure 2: Finite element model. Unitary periodic cell. Mesh and boundary conditions.
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Symmetry with respect to the plane Z=0
Half of the plate analysed
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Figure 3: Finite element model. Entire plate. Mesh and boundary conditions.

user subroutine following the fully implicithintegration scheme developed by Zaera and
Fernédndez-Séez (2006). Note that the lower limit for the strain rate used in the integration

algorithm is 1071571,

5. Analysis and results: the eritical wavelength

In this section we rely on'the unitary cell calculations to show the existence of a critical
wavelength which plays-a key role in the necking and fragmentation patterns of ductile
plates subjected toshigh strain rates.

Fig 4 shows-the localized necking strain £"** versus the initial cell size L°/h° (where
hY = 2'mum) for y: = 0 (plane strain), A = 25 = 2% and % = 10000 s~'. This combination
of leading path, imperfection amplitude and initial loading rate will be considered as the
reference configuration for the analyses to be conducted in this paper. According to Xue
et al. (2008) and Triantafyllidis and Waldenmyer (2004) the localized necking strain, from
now on simply called necking strain, is measured when the condition f—f = 1079 is reached,

where ™ and £°%

are the strain rates inside and outside the localized region, respectively.
The strain rate inside the localized region £ is measured at the centre of the main neck(s)

developed in the cell. The strain rate outside the localized region £°* and the necking strain
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g™* are measured: (1) at the ends of the sample when the localization takes place in the
middle of the cell and (2) at the center of the sample when the localization takes place at

neck represents the onset of localized necking (this

the ends of the cell. The necking strain ¢
is not the onset of diffuse necking described by the linear perturbation analysis). Note
that the large strains attained in the simulations favour the formation of well-developed
necks. This is in contrast to more brittle metals which use to show failure by early shear
banding or micro-cracking prior to necking inception. In Fig. 4 e observe that the
necking strain first decreases when the cell size increases, reaches-a ‘minimum and then
increases. We have checked that the alternative sine perturbation, minimum section at the
ends of the sample, provides the same values of necking strain. On the one hand, the large
values of £"¢* obtained for small L°/h° ratios are catsed by the damping effect of stress
multiaxiality on short wavelengths (Mercier and Melinari, 2003; Zaera et al., 2015). On the
other hand, inertia slows down the growth of leng wayelengths which leads to the increase
of e"** obtained for large L°/h ratios (Fréssengeas and Molinari, 1985, 1994; Mercier and
Molinari, 2003; Zaera et al., 2015). Following Zaera et al. (2015), and within the context of

the 2D biaxial loading problem investigated in this paper, the dimensionless number which

represents inertia effects is

0
= 0- p

This dimensionless number accounts for the intrinsic material effects that density, sam-
ple dimensions, flow stress and loading rate all have on necking inception (Knoche and
Needleman, 1993; Mercier and Molinari, 2003, 2004; Zhou et al., 2006).

The combination of the stabilizing aspects of stress multiaxiality on short wavelengths
and\of imertia on long wavelengths leads to the promotion of an intermediate wavelength
which determines the minimum necking strain (Rodriguez-Martinez et al., 2013a). From
this point on, the cell size corresponding to the minimum necking strain will be denoted as
the critical cell size (L°/h"),. Recall that lengths are measured in the reference configura-
tion. Note that the value (L°/h°)_ ~ 3 reported in Fig. 4 coincides with the critical cell size
obtained by Xue et al. (2008) from numerical computations conducted under plane strain

conditions. Nevertheless, we have to note that this value of critical cell size varies with the
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imperfection amplitude and the initial loading rate, as further discussed in sections 6 and
7.

Fig. 5 shows contours of equivalent plastic strain &P for different cell sizes. As in Fig.
4, the reference combination of loading path, imperfection amplitude and initial loading
rate is selected. The pictures are taken at times beyond that corresponding to‘themecking
strain, once the plastic strain is fully localized. All the pictures follow,the same colour
coding such that plastic strains ranging from 0.4 to 1 correlate with=a colour scale that
comes from blue to red. Plastic strains below 0.4 remain blue and above 1 remain red.
In agreement with the results obtained by Xue et al. (2008), we observe that the plastic
deformation is concentrated in a smaller (narrower) region as the cell size approaches the

critical one. Thus, we identify three distinctive scenarios:

e The cell size is smaller than the critical one E°/h® < 2: there is a mild influence of
the imperfection on the necking pattern.\, The plastic strain is spread over a major
portion of the cell, the size of the necked region is large. The neck develops at late
stages of the deformation process due to stabilizing effects of stress multiaxiality. A

large amount of external energy is required to trigger full localization.

The weak influence 0fithe geometrical imperfection on the geometrical pattern is
clearly apparent for £°/h% = 1.5. In this case, the necking does not develop from the
initial imperfeetion but it is located at the ends of the cell. This specific behaviour
occurs because the imperfection is smoothed during the loading process up to an
extent that it ultimately vanishes (see Rodriguez-Martinez et al. (2013b)). Next,
the cell shows a uniform cross section which allows for the inception of the neck
either‘at the center or at the edges. Then, we assume that the fact that the necking
occurs in one place (at the center) or another (at the edges, as in this specific case) is
determined to a large extent by the spurious disturbances caused by the discretization
of the workpiece and the explicit integration scheme used by the code, as discussed
in section 4.2. The condition to be fulfilled by the localization pattern is to keep the

symmetry enforced by the initial and boundary conditions.

e The cell size is close to the critical one 2 < L° / h? < 4: there is a strong influence of
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Figure 4: Unitary cell calculations. Necking strain
Reference configuration: loading path x: = 0 (plane strain), imperfection amplitude A = 2% and initial

loading rate & = 10000 s~*
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the imperfection on the necking pattern. The plastic strain is mostly concentrated
in a small region at the center of the cell. The geometrical imperfection triggers the
neck at early stages of the loading process. Little investment of external work is

required to reach the stage of full localization.

The cell size is greater than the critical one L°/h° > 4: there is a modétate influence
of the imperfection on the necking pattern. The plastic strain is spread ever a large
area in the center of the plate. Flow localization only takes.place at late stages of

the loading process.

For L°/h° = 8, instead of having a single neck, we have three that are symmetrically
placed with respect to center of the cell. Thisanakes apparent the mild effect of
the imperfection on the necking pattern. As deseribed by Rodriguez-Martinez et al.
(2013a), this specific behaviour occurs because_the material prefers to localize with
a shorter wavelength than that determined by the cell size since this requires lower
amount of external work to trigger theneek. This conclusion reinforces the idea of the
existence of a critical wavelength which plays a significant role in the necking pattern
of ductile plates subjectedito high strain rates. This role can become so important
that it governs the multiple)localization process, setting aside those theories which
assume that the localization pattern is exclusively controlled by material /geometrical
flaws. We have checked that, for cell sizes greater than L°/h = 8 the number of
necks continues increasing and the localization pattern becomes gradually more (and

more) regular.
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6. Analysis and results: the effect of imperfection amplitude

In this section, relying on the unitary cell calculations, we analyse the role played by
the imperfection amplitude in the necking process. Fig. 6 shows the necking strain 7¢*
versus the initial cell size L°/h° for different imperfection amplitudes A = 1% A = 2%
(reference) and A = 4%. While we have carried out calculations with smallér andjlarger
imperfection amplitudes, they are not shown in the paper for the sake of‘brevity: the effect
of the imperfection on the necking is properly captured by the simulations shown here. It
was reported by Rodriguez-Martinez et al. (2013a) that the in¢rease of the imperfection
amplitude essentially affects the stress state in the necked region, decreasing the damping
effect of stress triaxiality on short wavelengths. As in Figs. 4.and 5, the reference combi-
nation of loading path and initial loading rate is selécteds, As a general rule, we observe a
significant decrease in the necking strain with theuincrease of the imperfection amplitude
(there is one exception discussed in the followingwparagraph). This causes that, as A in-

neck LY /hP becomes weaker and tends to move to

creases, the minimum of the curve ¢
(slightly) larger values of L°/R°.

In addition, the strong connection between the imperfection amplitude and the multi-
dimensional character of the/Stress state in the cell serves to explain the drastic drop in the
necking strain obtained if the ‘¢ase of L°/h® = 1 (smallest cell size) and A = 4% (greatest
imperfection amplitude). For'this specific case we do not observe the inception of a neck.
The localization/process, takes the form of a pair of shear bands which are incepted at a
early stage of the leading process, see Fig. 7. This dominant shear stress state is caused by
the large*eurvature of the imperfection which results from the combination of a short cell
and a large defect amplitude. Shear banding becomes the dominant instability mode. We

have cheeked that the development of the shear bands is suppressed as the imperfection

amplitude is reduced.

7. Analysis and results: the effect of inertia

In this section the unitary cell computations are used to illustrate the main role played

by inertia effects on the emergence of a critical cell size which controls the localization

neck

pattern at high strain rates. Fig. 8 shows the necking strain ¢ versus the initial cell
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Figure 7: Unitary cell calculations. Contours of equivalent plastic strain &? for cell size L°/h® = 1, loading

path x¢ = 0, imperfection amplitude A = 4% and initial loading rate &% = 10000 s~ 1.
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size LO/h? for different values of the initial loading rate & = 5000 s~!, & = 10000 s~
(reference), £ = 20000 s~ and &” = 50000 s~!. The reference combination of loading path
and imperfection amplitude is selected.

The necking strain shows a significant increase with the loading rate. This rise is em-
phasized as the ratio L°/h° increases, since inertia (via strain rate, see Eq. (9))%articularly
contributes to the stabilization of long wavelengths (Molinari et al., 2014).

Moreover, the cell length corresponding to the minimum necking strain decreases with
loading rate running to L°/h® ~ 2 for & = 50000 s~'. Furthér, the minimum of the
curve £"¢* — [0 /h0 is more pronounced as the loading rate increases. These results suggest
that as the role of inertia in the loading process becomies more dominant the necking
pattern will be more regular and the neck spacing shorter. The conclusions derived from
our unitary cell calculations agree with the experimental and theoretical considerations
reported by Mercier et al. (2010) and Merciervand Melinari (2003) who developed specific
investigations to demonstrate the dampingieffect of inertia on ductile materials subjected
to plane strain extension. They showed that as the loading rate increases the contribution
of inertia takes a dominant role imsthe localization process leading to the emergence of
regularly spaced necks with similar rates of growth. We further elaborate on this specific
question in section 9.

The profound effect that,inertia has on the neck spacing is clearly revealed, for instance,
in the case of L°/h%= 8 and g% = 20000 s~ for which the localization pattern consists
of multiple necksdocated all along the cell, Fig. 9. This behaviour occurs because the
imperfection is largely smoothed during loading (it is not extinguished, but it is largely
smoothed) and the cross section of the cell becomes rather constant. Then, with little
influence of the geometrical imperfection, the material is prone to develop a neck spacing
which requires less investment of energy than the neck spacing corresponding to the cell

length.
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Figure 9: Unitary cell calculations. Contours of equivalent plastic strain & for cell size L°/h° = 8,

loading path y: = 0, imperfection amplitude A = 2% (unit cell calculations) and initial loading rate

&Y — 20000 s~
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8. Analysis and results: the interplay between loading path and critical cell

size

In this section, relying on the unitary cell calculations and the linear stability analysis,
we uncover the interplay between the loading path and the critical cell size./This is a
salient feature of this paper which, from the authors’ knowledge, has not béen addressed
before.

neck versus the initial cell size L°/hY for different

Fig. 10(a) shows the necking strain ¢
loading paths y: = 0 (reference), x: = 0.25, x: = 0.5 and ¥: = 0.75. The reference
combination of imperfection amplitude and initial loading/Tate is=selected. It is shown
that as the parameter y. increases the whole £"¢** — L°/h%cuzye is shifted upwards. This
means that the material becomes more stable as Ave moye away from plane strain, in
agreement with the experimental evidences and the theoretical considerations reported by
Verleysen et al. (2011) and Zaera et al. (2015) whe analysed the effect of loading path
on necking inception at high strain rates., Moreover, the cell size corresponding to the
minimum necking strain is shifted to larger values of L°/h° as the loading parameter y.
increases. This is because the interplay between inertia and stress multiaxiality leads to
greater values of the critical’wavelength as the loading path parameter y.: increases. This
finding agrees with the smumerigal results obtained by Zaera et al. (2015) who reported a
monotonic increase of the neck spacing with the increase of y..

Moreover, Fig. 10(bh) shows the normalized necking strain £"°* versus the normalized
initial cell size L fh%for x: = 0 (reference), . = 0.25, x: = 0.5 and x: = 0.75. The refer-
ence combination of imperfection amplitude and initial loading rate is selected. For each
loading\path; we have calculated the normalized necking strain as the ratio between ™%
and, theyminimum necking strain. Similarly, the normalized cell size has been calculated
as thé ratio between L°/h° and the critical cell size. This plot brings to light that the

eck

minimum of the &me* — [0/ hY curve is weaker as the parameter y. increases. This result
suggests that the critical wavelength becomes less prevailing as we move away from plane
strain, i.e. the neck spacing shall be less regular as x. increases. This is a key point of our
research that is further investigated in section 9.

Further, in Fig. 11 we compare the critical cell size (L°/h°)_ obtained from our unitary
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cell calculations (blue shaded points in Fig. 10(a)) with the predictions of the linear
stability analysis. In order to obtain the critical cell size from the stability analysis we
have considered, relying on the lack of strain hardening of our material (see Eq. (6)),
that the instability process (onset of diffuse necking) starts at t' = 0 (see Bq. (7)).
Moreover, as discussed by Rodriguez-Martinez et al. (2013a), the selection 6f th= 0 as
the onset of diffuse necking is consistent with the high level of the dimensienless critical
perturbation grow 77 = Z—% (always above 3) observed for all the values of % considered.
Then, following the procedure described in section 3, we calculate-the ¢ritical wavenumber
¢Z as a function of .. We associate to this critical wavenumber a prevailing neck spacing;

Lo =

C

520;. The critical cell size (L°/h°),_ obtained from thie linear stability analysis shows
very good agreement with the predictions of the unitary cell calculations, see Fig. 11.

On the one hand this comparison shows that there.is a critical wavelength which plays
a key role in the neck spacing at high strainprates,yen the other hand it becomes clear
that this critical wavelength increases withithe increase of the loading path parameter y..
In line with previous works of the authors\(e.g. Fressengeas and Molinari (1985, 1994);
Molinari (1997); Mercier and Molimari (2003, 2004); Rodriguez-Martinez et al. (2013a);
Zaera et al. (2014)), these resultsyshould be understood as an additional evidence of the
ability of the linear stability analysis to predict and rationalize fundamental aspects which

control flow localization in'ductile materials subjected to dynamic loading.

9. Analysis and/results: the effect of loading path and loading rate on the

necking pattern

In this sedtion, relying on unitary cell and entire plate calculations, we explore the effect

of loading path and loading rate on the necking pattern.

Fig. 12 shows results obtained from numerical simulations conducted using the entire
plate model for y: = 0 and y: = 0.25. The initial loading rate is £ = 10000 s~!. On the
one hand we show contours of equivalent plastic strain &7 which illustrate the emergence of
multiple necks aligned with the Y axis. On the other hand we show the equivalent plastic

strain &P versus the normalized plate coordinate X = % for different loading times. These



c

Critical cell size, (Lh°)

10 =

ACCEPTED MANUSCRIPT

S A=2%
- ¢°=10000s™

©
TTTTT

o
TIT

Stability analysis

0,25 0,5

Loading path, X

®  Unitary cell calculations -

27

Figure 11: Critical initial cell size (LO / ho)c versus loading path y:. Comparison between linear stability

analysis and unitary cell calculations (with the reference imperfection amplitude A = 2%). Initial loading

rate £2 = 10000 s~ 1.
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results are enlightening:

1. The number of necks is larger for x: = 0 than for x: = 0.25. The average (Lagrangian)
normalized neck spacing is ~ 2.2 for y: = 0 and ~ 2.5 for y: = 0.25. The trends find
satisfactory agreement with the results reported in Fig. 10(a). It becomesgiclear that
the Lagrangian neck spacing increases with the loading parameter y../The difference
with the values found in the unitary cell calculations, (L°/h°), =8 fory: = 0 and
(L/R°), = 4 for x: = 0.25, comes from the fact that the necking strains in the entire
plate simulations are larger than those registered in the unitary cell calculations for
the same loading conditions (see comments below for(Fig. 18). This is because the
geometrical perturbations included in the unitary, cellcalgulations affect the necking
process to a greater extent than the numerical, errors’which trigger localization in
the entire plate simulations. Decreasing theramplitude of the defect in the unitary
cell calculations will provide values of the critical cell size closer to the average neck
spacing obtained in the entire plate simulations.

2. The neck spacing is more regular for x. = 0 than for y: = 0.25. This result is in
agreement with the unitary cell calculations reported in Fig. 10(b). It appeared in
Fig. 10(b) that the midimum of the curve e"*— L% /h? is sharper as x. decreases, thus
demonstrating thatithe dispersion observed in neck spacing has to be tighter for small
values of x.: (ie. more regular neck spacing). This is a key result of our research
that seems to.confirm that the critical wavelength which controls the localization
procesS at high strain rates becomes less prevailing as the parameter y: increases.
Therefore,.the proportion of necks that will develop into fracture sites increases as
we.approach plane strain. In other words, the proportion of arrested necks increases
as we move away from plane strain. Indeed, it is apparent that the occurrence of
neck arrest by unloading waves is increased when the neck spacing is less uniform.
Theoretically, a perfectly periodic distribution of identical necks would lead to an
identical distribution of fracture sites. By contrast, in the case of a non-uniform
neck distribution, some necks could be early arrested by unloading waves emanating
from dominant localization sites. Then, fracture only occurs at the sites of dominant

necks (Mott, 1947; Grady, 1981; Kipp and Grady, 1985; Grady and Olsen, 2003). A
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thorough discussion of the role of defects and unloading waves on the proportion of

arrested necks can be found in Molinari et al. (2014).

Previous results show the effect of the loading path on the flow localization pattern.
Specifically, we have shown that the necking pattern and the neck spacing ome less
uniform as . increases. Next, we explore the role played by the strain r n the flow

&

localization pattern.
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Fig. 13 shows results obtained from unitary and entire plate calculations. We have
explored initial loading rates which range from 5 - 10% s7! to 5 - 10* s7!. Two different
loading paths are investigated: y: = 0 (reference) and x: = 0.25. In the unitary cell
calculations we have taken the critical cell size and the reference imperfection amplitude

A =2%.

neck

Fig. 13(a) shows the necking strain ¢ versus initial strain rate £ As’ anticipated

neck

in previous paragraphs, the values of ¢ are smaller in the case=of the unitary cell
calculations due to effect of the geometric perturbation included“in the model (see Fig.
6). This is a clear illustration of the role of defects’ amplitudejin the necking strain. It
is apparent that the magnitude of the numerical perturbations which trigger localization
in the entire plate calculations is smaller than the geometric)imperfection included in the
unitary cell model. Note that (irrespective of thesinitial strain rate) the necking strain is
larger for x: = 0.25 than for y: = 0. Furthermore, the ™% — &% curves corresponding to
Xe = 0.25 run practically parallel to thosefebtained for y: = 0.

Moreover, we observe that the necking strain increases with the loading rate which
brings to light the neck retardationseaused’by inertia (Xue et al. (2008)). The relationship
between necking strain and initialstrain rate for unitary cell and entire plate calculations
is very similar. This comfirms that the main trends reported in this paper are rather
insensitive to the amplitude of the defects which trigger localization, provided that those

defects are sufficiently/small. The quantification of the neck retardation with increasing

strain rate, and therefore of the inertia effects, is addressed using two different measures:

e Absoluteameasure: we rely on the difference between the necking strains correspond-

neck neck

ing,to.the greater and the smaller strain rates investigated, i.e. €055 -1 — €505 -1

neck _ 2 curves for x: = 0 and x: = 0.25 are virtually parallel, this mea-

Since the €
sure suggests that the role played by inertia effects on necking localization is largely

independent of the loading path.

e Relative measure: we rely on the normalized difference between the necking strains

neck _gneck
corresponding to the greater and the smaller strain rates investigated 1% St
5103 s—1
Since the £k — & curves for xe = 0 and y: = 0.25 are virtually parallel, the relative



32

measure (contrary to the absolute measure) suggests that the role played by iner-
tia effects on necking localization decreases as we move from plane strain to biaxial

loading.

Form previous analysis it becomes apparent that to provide a precise idea‘about the
interplay between loading path and inertia effects is a complicated task that still needs
further investigation. In this regard we should note that, at least, our” analysis rules out

that the role played by inertia in flow localization increases with theyparameéter y..

Fig. 13(b) shows the critical cell size (unitary cell caldulations) and the average La-
grangian neck spacing (entire plate calculations) versus the initial strain rate &%, As antic-
ipated in previous paragraphs, the values of (L°/h°)_ ‘are greater in the case of the unitary
cell calculations due to effect of the geometric perturbation. Moreover note that, irrespec-
tive of the initial strain rate, the critical cell size / néeck spacing is larger for x: = 0.25 than
for xe = 0. Furthermore, the (L9/h%)_— &"\ cwves obtained for x: = 0 and x: = 0.25 run
practically parallel. We also observe that the critical cell size and the neck spacing decrease
with the strain rate. The lattet, behaviour is caused by inertia effects, as anticipated in

section 7.

10. Summary and conclusions

In this paperwe hayve studied necking localization in ductile plates subjected to dynamic
biaxial loading. For that task we have used a 2D linear stability analysis and fully 3D finite
element calculations. The linear stability analysis was developed by Zaera et al. (2015)
and includes specific features to account for inertia and stress triaxiality effects inside the
necking.” The finite element computations are conducted using two different models: (1) a
unitary cell in which the localization is favoured by a sinusoidal geometrical perturbation
and (2) a plate with constant cross section which allows to asses the collective behaviour
of multiple necks. A key feature of this investigation is that we have explored a wide
spectrum of loading paths ranging from plane strain to (almost) biaxial stretching. Below,

we summarize the main outcomes of this work:
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e We have run unitary cell calculations using various cell sizes in order to show the
emergence of a critical wavelength which characterizes the neck spacing at high strain
rates. This critical wavelength, which defines the minimum investment of energy
required to trigger the neck, is promoted because short wavelengths are stabilized by

stress multiaxiality effects and long wavelengths by inertia.

e Unitary cell computations conducted for different loading rates have shown the sta-
bilizing effect of inertia on neck localization. As the role played by inertia on the
loading process increases the deterministic character of thé necking pattern becomes
more significant. It is suggested that at sufficiently high strain rates the geometri-
cal defects may play a secondary role in the necking pattern of viscoplastic shells

subjected to impulsive loading.

e Unitary cell and entire plate calculations performed for different loading paths have
shown that the neck spacing increases astwe move away from plane strain to biax-
ial stretching. This is because thesinterplay between inertia and stress multiaxiality
leads to greater values of thescritical’ wavelength as the loading path parameter y:
increases. This finding.ds an original outcome of this investigation that, from the
authors’ knowledge,hasmnot been previously addressed in the literature. It has to be
highlighted that the values of the neck spacing obtained from the numerical computa-
tions find satisfactory agreement with the predictions of the linear stability analysis.
This agréement should be understood as an additional evidence of the ability of the
linear stability analysis to capture fundamental aspects which control flow localiza-

tion in ductile materials subjected to dynamic loading.

e Entire plate calculations performed for different loading paths have revealed that the
necking pattern becomes less regular as we move away from plane strain to biaxial
stretching. This is because the critical wavelength which controls the localization
process at high strain rates becomes less prevailing as the parameter y.: increases,
as deduced from the unitary cell calculations. This is an original outcome of this

investigation which has not been reported before in the literature.
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All in all, the combination of analytical and numerical approaches shows that there is
a critical wavelength which plays a key role in the necking pattern of plates subjected to
dynamic biaxial loading when very high strain rates are considered. The salient feature of
this paper was to shed light into the close connection between this critical wavelength and

the loading path.
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