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Abstract

Higher harmonics in pipes of quadratic nonlinear material behavior have been analyzed in
this paper. Using shell theory, the mixing of axisymmetric longitudinal waves and torsional
waves, and the self-interaction of axisymmetric longitudinal waves, have been investigated. The
dispersion curves of longitudinal waves derived from the linear version of the ‘governing
equations show excellent agreement with the corresponding curves obtained from thick shell
theory and three dimensional theory, presented elsewhere. For torsionalswaves, only the lowest
mode is taken into consideration. Using the perturbation method, analytical’ expressions for the
resonant torsional waves generated by the mixing of longitudinal-and torsional waves have been
obtained. The resonant waves with difference frequencies propagate in the opposite direction of
the corresponding primary wave. The back-propagation effect has potential application for
nondestructive evaluation. The nonlinear shell theeryis further simplified for applicability to
thin pipes, to obtain expressions for the eumulative second longitudinal harmonics generated by
self-interaction of longitudinal waves. For this case, the phase-match conditions, which are used
to determine phase-match points, are also presented in analytical form.

Keywords: Higher harmanics; Analytical solution; Shell theory; Back-propagation; Pipe

1. Introduction
Ultrasonicwaves can effectively be used to detect macroscopic defects like cracks, cavities
andvdelaminations in an essentially linear elastic material. It is, however, important to detect
damage at a smaller scale, to obtain an earlier warning of subsequent macroscale damage.
Smaller scale damage causes nonlinear material behavior which causes ultrasonic waves to
generate higher harmonics. These higher harmonics can be detected to provide a measure of the

microscale damage. Many experiments have confirmed the generation of higher harmonics.
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Hikata et al. (1965) and Hikata et al. (1966) carried out several experiments to show the effect of
dislocations on the generation of second and third harmonics in solids. Deng et al. (2005) and
Zhang et al. (2014) made experimental observations of second harmonic generation of Lamb
waves in an elastic plate and in long bones. Bermes et al. (2007) developed an effective
procedure to measure the nonlinearity of metallic plates using second harmonics. The above
mentioned references show that second harmonics have been frequently considered to measure
the nonlinearity of materials. The quadratic terms cause, however, non-symmetry in the stresses
with respect to the origin of zero stresses.

Although, higher harmonics in dispersive and non-dispersive media have attracted wide
attention, including experimental, numerical and analytical investigations (Gol’dberg, 1961;
Bender et al., 2013; Matlack et al. 2015; Chen et ak; 2014), there are few investigations of
higher guided harmonics in dispersive structures like pipes and rods. Due to the dispersion of
guided waves, which will lead to frequency=dependent phase velocities and multi-modes, the
analysis of harmonics in wave guides becomes quite complex. Recent investigations about the
generation of higher guided harmonics have been made by Deng (1998, 1999), Pau and Scalea
(2015) and de Lima and‘Hamilton (2003) by using the method of normal mode expansion. De
Lima and Hamilton-(2005) adopted perturbation and modal analysis together with numerical
simulation to calculate.the second harmonics propagating in cylindrical rods and shells. Liu et al.
(2014a, 2014b)*proposed a generalized method and used a numerical approach to analyze the
cumulative nature and the physical interpretation of the generation of higher harmonics in hollow
circular cylinders. Liu et al. (2013a) formulated a mode selection method to consider strong
higher harmonics and then simulated the interaction of torsional and longitudinal waves in

nonlinear circular cylinders. Nonlinear finite element models have been adopted to analyze the



cumulative second harmonics in plates and shells by Liu et al. (2013b). Chillara and Lissenden
(2013) used a large radius asymptotic solution to analyze second harmonics in pipes. They
concluded that only asymptotic symmetric modes can be efficiently generated from primary
axisymmetric longitudinal modes. In the limits of long wavelength and weak nonlinearity, an
approximate one dimensional theory was used to obtain solitons in rods (Wang €t al., 20153,
2015b).

Since rods and pipes are widely used in structures such as pipelinesyit IS highly desirable to
increase our understanding of nonlinear waves propagating in cylindrical wave guides on the
basis of a theory that allows relevant analytical solutions (Morsbgl and Sorokin, 2015). In this
paper, we present an analytical investigation of higher harmenics in pipes based on shell theory
with quadratic nonlinear material behavior. An analytical approach based on shell theory
provides physical insight in the deformation modes,’Whereas exact three dimensional theory has
to be dealt with numerically, shell theory yields analytical solutions.

The work presented in this paper. consists of three parts: the derivation of nonlinear
equations of axisymmetric material behavior of a shell, the mixing of axisymmetric longitudinal
and torsional waves, and‘theiself-interaction of axisymmetric longitudinal waves. To verify the
accuracy of the presentilinear version of the shell theory, the dispersion curves of longitudinal
waves have been compared with the corresponding curves obtained from thick shell theory and
three dimensional” theory. For axisymmetric longitudinal wave propagation in pipes, the
dispersion curves agree very well with the curves for the exact theory. For axisymmetric
torsional waves, we only take the lowest torsional wave mode, derived directly from the three
dimensional theory, into consideration. It is shown that for mixing of longitudinal and torsional

waves, no resonant longitudinal waves with sum or difference frequency exist. Using the



perturbation method, analytical expressions for the resonant torsional waves have next been
obtained. The resonant torsional waves with difference frequencies propagate in the opposite
direction of the primary waves, which may have potential application to the inspection of pipes.
For the self-interaction of longitudinal waves in pipes, we have employed a more simplified
shell theory for thin-walled pipes. A nonlinear displacement equation of motion with uncoupled
linear part was obtained, which is used to obtain analytical expressions of cumulative second
longitudinal harmonics. Since longitudinal waves according to this theory are ‘dispersive, the
phase velocities are frequency dependent. The phase-match conditions jhave been obtained,
which, together with the dispersion relations, have been used“to determine the phase-match
points. At the phase-match points, the phase velocity of4he'second harmonic is the same as the

corresponding phase velocity of the primary wave.

2. Basic equations of axisymmetric-mation in a pipe derived from nonlinear shell theory
Consider a pipe of thickness.h and'radius of the middle surface R, see Fig. 1, where r is

the distance from the middle surface, thus ¥ =R +r is the radial position of any particle in the

pipe. In this paper,”axisymmetric wave propagation in the pipe will be investigated. The

displacements for the shell theory are taken in the form:
T=u(xt), V= %v(x,t)f, W= W0 t) + rg(x.t). (1)

where uand w are the displacement components in the middle surface, in the radial and axial

direction, respectively, and ¢ is the slope of the axial displacement in the x—r plane. The forms

of U and w in Eq. (1) can also be found in Herrmann and Mirsky (1956). The expression of the



circumferential displacement v in Eq. (1) is chosen to represent the lowest torsional mode, see

Wang and Achenbach (2016).

\
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Nonlinear material behavior

Fig. 1 (Color online) Anelastic pipe
The simple form of the radial displacement given by Eq. (1;) has advantages, but it also
poses a problem in that it yields a zero radial.strain” ¢, =ou/or =0. As proposed by Herrmann
and Mirsky (1956), a much better assumptionsis that the linear radial stress is zero through the

thickness of the shell, i.e.

o-=0 )
This equation yields
a_uz—L g‘l‘% (3)
or 1-v\F ox

where v/is Poisen’s ratio. Here the linear stress-displacement relation (Achenbach, 1999, page
74) has been used. In this paper, we use Eq. (3), except when the thickness behavior of the shell
is irrelevant, when we use Eq. (1;). Substituting Eq. (3) into the general linear axisymmetric

stress-displacement relations, the resulting linear parts of stresses are



(4)

where A =[(1-2v)/(1-v)]A, and A and x are Lamé’s elastic constants. The superscripts “L”

and “NL” denote the linear and nonlinear parts of the stresses, respectively. The nonlinear parts
of stresses are caused by the nonlinear material behavior, which is given by Egs..(A1)-(A6) in
Appendix A. Employing Eq. (3) into the nonlinear stress-displacement relations, the nonlinear

parts of the stresses can be written as

(B—Z—V/lju b2, W (@+6—UJ (5)
1-v r 1-v oxJ\or ox
ow) 1 oW v\’
S R Sl Loy N (ki) Ny - N 6
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ov
NL_—A A oV 8
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2 1-v r ox)oX
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alarasict =D gic), 413G o v ¢
(1-v) (1-v) 1-v 10)
_ 2
=2 gio)- P, 4=201p
(1-v) 1-v 42

Here, A, B and C are the third-order elastic coefficients, and the relation v/ —v, =0, which

follows from Eq. (1,), has been used.



Since we only take axisymmetric motion into consideration, the differential equations of

motion are given by

0o, 00, O, =0y, o
+ + — =p—=
or OX r ot
do,, 0o, 20, oV
Ty Xy = 11
or OX r 7 ot? (1)
oo, Oo o O*W

X XX X __

or ox T =P ot?

where p is the material density. To obtain the equations of motion for the shell,,we multiply the

three equations in Eqg. (11) by © on each side, and then integrate the equations at both sides

through the thickness of the shell. We obtain

N, N, . &
x R h? 12
N, W\ P 0%
x PR R a3
N, N, 1 he \o%v
—&4 T == pRh| 1+ — 14
xo R 27 ( 12R? ) ot? 1)

We also multiply the third equation in Eq. (11) by rr, and integrate over the thickness of the
shell to obtain

3 3 12
oM, N - ph” 5? ph” o'w ow (15)
OX 12 ot° 12R ot

where

h/2 h/2 r

N, = .[ (o";g+0'gf9L)dr, N, = I (O'XLX+0'X'\)'(L)(1+—Jdr,
-h/2 -h/2 R
h/2 r h/2 r

N, = | (a}xmf“;)(u—jdr, M, = | (a;X+aXNXL)r(1+—jdr, (16)
-h/2 R -h/2 R
h/2 h/2 r

= I o, +oly)dr, N, = j (O';X-l-O';\‘XL)(l-F—)dI’

—-h/2 -h/2 R



Equations (12)-(15) are the equations governing axisymmetric motion of the shell. The

justification for these multiplications to obtain these equations stems from energy considerations

(Herrmann and Mirsky, 1956). By the use of Egs. (4)-(9), Eq. (16) can be written as

Nga=(1+2y),8u+ih%'v+|\|;'; (17)
3
NXXI(Z+2,Ll) h%+h—% _}_Zhg_i_N;\)l(L (18)
ox 12R ox R
— 3 8W 8¢J "
M =(1+2u)—| —+R=-—L |+ M 19
! leR(@x ox x (19)
ou NL
er :Kﬂh(&+¢)+ er (20)
2
Ny, =%ﬂ% Rh(1+—1:R2J+ N 21)
N = Neo (22)
where
1+h/2 - h
p=in Tt "R 23)

Here « is the shear coefficient, which is introduced to modify the shear stress of the shell or

plate theory. The'motivation is to make the velocity of very short waves in the lowest mode

coincide with. the corresponding velocity of the three dimensional theory. Here « is taken as

0.86 when the/Poisson’s ratio v is 0.3 (Herrmann and Mirsky, 1956). The nonlinear parts of the

resultant forces can be expressed as

hi2 hi2
NL NL NL
Ny = _[ ogpdr, Ny = I

-h/2 -h/2
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R

r
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(24)



where the nonlinear stresses are given by Egs. (5)-(9).
Substitution of Egs. (17)-(22) into Egs. (12)-(15) yields the following displacement

equations of motion.

ow o°u o
h( —¢) (Z+2u )ﬂﬁ—ﬁh&—phatz = F,[u,V, W]
2 2 3 3
Iﬁa—+(2+2u)ha‘f— WOV (T 2u) %—ﬂ% F,[u, v, ]
ox ox 12R ox 12R ot 5)
- h® 6*w ou ph®ow - h® 0% ph® &%¢ o
A+2)—— W () POV T2 )L 9P PN OO e VW
A2 orae NGO r e TW 2L oe T e T W
1 h? Yov 1 h? o
= LJRh| 1+ oV 2 oRhl1+ Y E[uvW
% ( 12R2j6x2 27 [ 12R2j8t2 LUV, W]
where
h/2 NL NL
Flu.v,wl= [ %—%(uij dr (26)
JIR X R
hi2 NL
F,[u,V, W= — QT (1 —jdr 27)
—h/2 R
hl2 a NL r
F,[u/7, W)= j {agt 9 rj[l — |dr (28)
ro OX R
h/2 NL NL 7]
F[07, W) =~ | &L"X(ui}"i dr (29)
A ax R)T R |

Equations (26)<(29) define the nonlinear parts of Egs. (25). If they are omitted, Egs. (25) reduce
to the linear equations governing the propagation of axisymmetric waves in a pipe.
Since~EQs. (25) are a set of nonlinear equations, the perturbation method is used to

determine the effects of nonlinearity. Thus, we consider

u=u®+u® w=w + W, v=v@ +y® (30)
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. 0 2 1 . g _
where it is assumed that |.|‘ ) oc“om are satisfied, where “e” denotes u, V

>> “o|(1)

and “.|(°)

and w. Based on these order of magnitude considerations, we can obtain zero-order and first-
order linear governing equations. The zero-order equations are the ones presented in Egs. (25) if

the right-side terms are omitted. The first-order equations are given by

a2u(l) a¢(1) _ u(l) L aW(l) 62u(1)
+ —(A1+2 — —_2h —poh -F U(O),\T(O),V_V(O)
~ o) (Z+2u)p = P =Rl ]
__ au(l) _ aZW(l) aZW(l) _ h3 82¢(1) phs 62¢(1)
Ah +(A +2u)h —ph +(1+2 - =F [u® vO® w©
ox Tt ah T P A2 e TR e L ]
_ h o2w® ou® ph3 22w
A+2u)— — kuh(——+ W) - —
A2 or o o) " R o0
2.,@) 2.,(1)
o°v —lpRh ov

x> 2 ot?

xuh(

Di 62¢(1) 3 ph3 82¢(1)
12 ox° 12 ot?

= F[u®, v, W]

+(A+2m)

%th =F,[u®,v® w?]
(31)
Here, it has been assumed that terms of orders h®/R? << 1rcan be omitted.

The solutions to the zero-order equations are,taken in the forms:

. . d .. io(t-—)
u© —yeit@ kx)’ WOZ Wei kx),¢(0) ZEel(wt kx)1v(0) —De © (32)

where c; =Jy/p is the shear wave velocity, o is the circular frequency and k is the wave

number. Equations (25) show’ that, for the axisymmetric case, linear longitudinal waves are
uncoupled from-linear torsional waves, as is evident from the left-side of Eq. (254), which is
uncoupled from the/linear parts of the other three equations. Substituting Eq. (324) into Eq. (314)
and omitting the right side-term, the resulting equation governing torsional wave motion is

satisfied by

= _ 1

v _—(R+r)Dcosw(t—l) (33)
2 G
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where D is a constant. Equation (33) is the well-known representation of the lowest torsional
mode in a pipe (Wang and Achenbach, 2016).

The following relations are introduced.

w=""" k=2 (34)

where ¢ =w/k is the phase velocity and A is the wavelength. After substituting the first three

expressions of Eq. (32) into the first three zero-order equations, the equations,governing the

relation between U, W and @ become

(nz Sl ﬂﬁ]u svhi—w ik =0 L R o

2 2 Ar%s? 275 27 215
b~ U+ [ e o1 |w =0 (35)
270 2
2
v 1 e[l s 1)
2 278 2 12 2 475t 12

where n=c/c, and §=h/A1 are the dimensionless phase velocity and the reciprocal of
dimensionless wavelength. For simplicity, the approximation has been made in the calculation
that the terms containing h*/R in.the zero-order equations are negligible. The validation will be

shown by comparison‘with the exact solution, see Fig. 2. As a consequence, part of the rotary

inertia and flexural stiffness are neglected. For non-dispersive structures, the value of n equates

to ¢ _/c, ,where c, :,/(ﬂ,+2y)/p is the longitudinal wave velocity.

The “determinant of the coefficient matrix of Eqg. (35) must vanish, which yields the
dispersion relation (also called the characteristic equation), which relates the dimensionless
phase velocity and the reciprocal of the dimensionless wavelength. The dispersion curves are

shown in Figs. 2a and 2b for two values of h/R.
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Fig. 2 (Color online) Comparison of phase velocity versus the reciprocal of wavelength

with the corresponding results obtained from thick shell theory (Mirsky and G. Herrmann, 1958)

and three dimensional theory (Herrmann and Mirsky, 1956) for x =0.86 and v =0.3
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Figures 2a and 2b show the comparison of the dispersion curves obtained from Eqg. (35)
with the ones obtained from three dimensional theory (Herrmann and Mirsky, 1956) and thick
shell theory (Mirsky and G. Herrmann, 1958). When the ratio of shell thickness to wavelength is
small, h/2<0.4 in this case, which can be called a lower frequency region, the dispersion
curves for the first and second mode agree very well with the curves obtained fromthe other two
theories. As the wavelength becomes smaller, the difference becomes larger for the second mode,
while the first mode still remains sufficiently accurate. The results confirm-that shell theory is
more suitable in the lower frequency region, where the wall thickness of /a pipe is sufficiently
smaller than the wavelength. As shown in Li and Rose (2006), at higher frequencies (i.e. shorter
wavelengths), guided waves in pipes can be treated as Lambwaves. The separation line between
higher and lower frequencies depends on the ratio of the wall thickness to the diameter. Pipes of
the same wall thickness with larger diameter will have a lower frequency value as the separation
line. As shown in Fig. 2b, the present shell=theory is still valid for fairly thick pipes. The
dispersion curves show that the curve obtained from the present theory is more accurate for the
first mode than the curve from.the, thick shell theory. One possible explanation is that the
assumption used in Eq..(2) releases the restriction due to the assumed form of the displacement
given by Eq. (11), whichincreases the stiffness. However, the discrepancy between three theories
is very small for a small ratio of the thickness to wavelength.

We(can express the radial displacement and the angle of rotation of the normal to the middle
surface,in terms of the axial displacement of the middle surface. The relations between the
amplitudes can be obtained from Egs. (35,) and (353) as follows:

U=inW, &=npW (36)

where

14



27 (1-v ,
=——90|—n"-1
L vh ( 2 j

12~ (l—v)/cé‘
h 2767 (1-v)n?—6(1—v)x— 4?6

=

It follows that the expressions of u® and ¢ can be written as

0@ =u® =ipw®, ¢ = %Ww) (37)
We then obtain
W =w® +rg® =1+ %UZ)W(O’ (38)

3. The mixing of longitudinal and torsional waves

Let us consider the case that a longitudinal wave and a torsional wave are excited at the
same time. As mentioned in the previous: Section, these two waves will not interact with each
other within the linear theory. HOwewver, when nonlinear material behavior is taken into
consideration, resonant waves‘and-higher harmonics will be generated. In this section, we are
interested in investigating mixing primary longitudinal and torsional waves, to obtain a resonant
wave with difference or'sum frequency.

We consider the,axial displacement in the middle surface in the form

w® =W cos(at —k;x) (39)
The primary longitudinal wave with frequency @, and wave number k, can then be determined
through Egs. (37,) and (38) as
u® = Re[imWei(”l"klx’] =W sin(at — k),

_ (40)
W = Re[(1+ %nz)el(qtklx)} = (1+%772)W Cos(a)lt — le)
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where 7, and 7, are defined by:

27 1-v
=—=5]|—n’-1 41
m oh 1( 5 1 ) (41)

127 (1—1/)1(51
h 2767 (1-v)n2—6(1—v)x— 4707

m,= (42)

Here o6,=h/4 , with 4, =2z/k being the wavelength of the longitudinal’ wave, and

n, = a,/(k.c;). The primary torsional wave with frequency w, and wavenumber k; is given by
vO = % D(R+r)cos(aw,t —k,X) (43)

where w,/k, =c, for the lowest torsional wave mode.
It is noted that there are no terms in the expressions(26)-(28) of F,,F, and F, containing

the coupling of v with u or W, which is evident by the absence of products of v with u or w
in the nonlinear stress-strain relation (5)<(7)=Thus, we can conclude that the mixing of primary
longitudinal waves and torsional waves will not give rise to nonlinear terms with sum or
difference frequency for the firstithree equations in Eqg. (31), which govern the generation of
resonant longitudinal waves. Thus, resonant longitudinal waves with sum or difference
frequencies cannot eccur through the mixing of primary longitudinal waves and torsional waves
in a pipe. A similar,conclusion that the mixing of primary transverse waves and longitudinal
waves in“an unboeunded nonlinear media cannot give rise to a resonant longitudinal wave with
difference or'sum frequency, was stated in Korneev and Demcenko (2014). However, a different

condition exists for the expression of F,. Substituting Egs, (40) and (43) into Egs. (8), (9) and

(29), we have

F, :% P DK sin(w't —kX) —% L DK sin(e t —k x) (44)

16



where " =@, +, and o™ =@, —w,, also k™ =k +k, and k™ =k —k,, and

2u 1-v u
A

84 (6,+5,)\ h
T2:[_+1—ZVEJ\PO_1ﬁ hs, (27551771“72]
uo1-v op 8u(6,-5,)\ h

where

-
P, = —nd,n, +21° % n %(u 217,)

(45)

(46)

and 6, =h/4,, and 4, =2xz/k, is the wavelength of the torsional wave. It should be noted that

the special condition 6, —&8, =0, for which the resonant wave with difference frequency does not

exist, is not considered here. The quantities W, (i =0, 1, '2), as defined by Eqgs. (45) and (46),

defines three coefficients for the specified primary.waves. In view of Egs. (314) and (44), we

have

vy 1 oW WDk * WDk~

o T o =¥, Al sinffle't-k"x)-¥, sin(@ t—k"x)

The resonant waves have to meet'the phase-match conditions, which are given by

a)+

o

k+

‘a’_" i or
C

For case/one: |a)‘/cT| = |k*| , the longitudinal phase velocity can be expressed by

oG
l_k - lCT
1

Then, the first resonant condition in Eq. (48) becomes

w, n+1
o 20

(47)

(48)

(49)

(50)
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For this case, we assume n, 1. Thus, the wave solution to Eq. (47) will have the following form
v =a*sin(w't—k*x)+a xcos(wt —k X) (51)

Substituting Eq. (51) into Eq. (47), we can get the following equality

2

+2
a’ (w —k* Jsin(w*t —k*x)+ 2k a” sin(w t—k x)

(52)
_p, WOK intort—kx) -, YPK gin(wrt—kx)
Rh Rh
The values of amplitudes in Eq. (52) can then be calculated as
R(a(;z - k+zj
In view of Eq. (50), the phase velocities of the generated waves are given by

k' 3+n, Q k
The minus phase velocity in Eq. (54,)-means that the corresponding wave travels in the opposite
direction of the primary waves.Finally, by virtue of Eqgs. (51)-(54), the generated torsional wave

can be expressed by

70 = LR IR i - 2 Xy DWW s @ Xy 9)
o”? e 3n,+1c,” 2R h c
Rh| %k

which shows-that there is no cumulative behavior for the wave with sum frequency. For the wave
with difference frequency the amplitude increases, however, linearly with the propagation
distance. It should be noted that the waves with difference frequency propagates in the opposite
direction of the primary waves. This back-propagating resonant wave may be useful for
nondestructive testing purposes.

18



For case two: k*

af/cT|: , the value of n, must be equal to 1, which is possible for

longitudinal waves propagating in pipes, see Fig. 2. The wave solution has the following form
v® =a*xcos(w't —k*x) +a xcos(wt —kx) (56)

Substituting Eq. (56) into Eq. (47) and following the analysis procedure (i.e. Egs. (52)~(54)) used

in case one, the expression of the generated torsional wave for case two is obtained as

V(1)=1(R+r) ‘PlDV_chosaﬁ(t_l)_Qﬂxcosw’(t+i) (57)
2 2R h ¢;' 2R h Cr

To obtain this kind of resonant waves, the phase velocity of the primary longitudinal wave c, has
to be equal to c,, which implies that the primary longitudinal “wave has to propagate at a

frequency where its velocity equals to the shear wavewelocity.
The analytical expressions of resonant wavesswith sum and difference frequencies are

shown in Egs. (55) and (57). The coefficients W,sand W, can be calculated through Eq. (45) for

the specific primary longitudinal and-torsional'waves.

As examples, we determine the numerical values of ¥, and ¥, for several combinations of
primary longitudinal and-{orsional’‘waves, see Table I. The ratio of thickness to mean radius h/R
is taken as 1/10. The material constants are the same as used in Liu et al. (2013b), i.e.

A £116.2 GPa, 11 =82.7 GPa, A=-325 GPa, B =-310 GPa,C =-800 GPa (58)

The Poison’s ratio v is 0.3 and the shear coefficient « is 0.86.

TABLE I. Values of ¥, and ¥, calculated from Eq. (45) for several combinations of primary

torsional wave modes with the first and second modes of longitudinal waves

Group 6, =4 n=a/ke) o=h1 ¥ ¥,
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With the first mode of longitudinal waves

1 0.025 1.000 0.05 1.191 1.188

2 0.1 0.383 0.05 9.717  10.101
3 0.2 0.511 0.10 44355 48.808
4 0.3 0.633 0.15 109.220 124.499

With the second mode of longitudinal waves

5 0.1 1.692 0.05 -4.086  -4.086
6 0.2 1.691 0.10 -16.283 -16.283
7 0.3 1.691 0.15 -36.669 " -36:669

It is noted that the combination of primary waves in group.1 applies to case two (i.e. n, =1).

The analytical expressions presented in this section are not.limited to the combinations in Table I.
They are applicable to any combination of primaty longitudinal and torsional waves, except the

case that 5,=5,. It can be noted from Fig. 2 and,Table | that the change of phase velocity is very

small for points lying on the dispersion curve of the second longitudinal mode. This means that
the dispersion effect of the longitudinal wave is weak in these regions. So the group velocity is

very close to the phase velocity and the longitudinal wave is undistorted in these regions.

4. The self-interaction of'longitudinal waves in a pipe

In this [section, we analyze the self-interaction of axisymmetric longitudinal waves
propagating in a thin-walled pipe. Compared with the equations of motion of plates in
rectangular coordinates, the equations of motion of pipes in cylindrical coordinates become quite
complex and require a numerical approach. Here, we will, however, investigate the second

longitudinal harmonics propagating in thin-walled pipes using shell theory with nonlinear

20



material behavior. For thin-walled pipes, we further simplify the nonlinear governing equations

(12)-(14) by neglecting rotatory inertia (the terms containing ph®/12). We then have

N, N o
> R 9
N, . ow
x o (60)
a(';:'(x N, =0 (61)

Substituting Eq. (61) into Eq. (59), we obtain

X

2 2
M, Ny _ S
OX R ot

(62)

For thin-walled pipes, we also assume that the shear deformation is very small and may be
neglected, which implies

grxza—u+@=0 or ¢:—a—u (63)
ox o OX

Using Eq. (63), the nonlinearistresses for longitudinal waves given by Egs. (5)-(7) are

further simplified to

2 __ __\2

oN-=0, O'HNHL=X12—2+2122?+23(?) ,
r r

X X (64)

AL ow' u ow u?
T ﬂl(axj /lzrax Asrz

In this_section, the definitions of N),-, N and M are the same as stated by Eq. (24),

while'the expressions of the nonlinear stresses (5)-(7) should be replaced by the corresponding
stresses in Eq. (64). Substituting Egs. (17)-(19) into Egs. (60) and (62), with consideration of

zero shear deformation (i.e. Eq. (63)), we obtain the displacement equations of motion as
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- h®o'u = how |, du MM NN
(ﬁ+2y)ﬁy+(ﬁ+2 )ﬁ +Al——+ph— = %

ou 65
Rax 7o o R (65

— o*'w —haéu o*'w ONM
Ti2pheW, zhau pow_ ONe 66
Ar2mh ozt A o o P o ox (66)

Here, the terms containing h?/ R’ have been neglected. The corresponding linear homogenous
equations of Egs. (65) and (66) are the Donnell’s equation for axially symmetricimotion of a thin
shell given by Junger and Feit (1986, page 217). After some simple manipulations, Eqgs. (65) and

(66) can be written as two equations with uncoupled linear parts.

ow 1 o%u h*® o*u u oMM N
— === - h—— A+2u)———(A1+2u e 67
OX ﬂh( ot? ( ) 2 ox* ( )'BR ox* R] (67)
and
o'u h® 6°u 2y o'u . h® o
—ph—— (1 + )—— r PV Sy
ox“ot 126 A+2u ot 12 ot“ox (68)
72 h 2 2 h A2
LD (742 )h LN
}t+2,u h R ox R ot
where
7 2 n N 4 NL 2 4 NL 2
Flu, ] = p) haN2 P alzle 1aN2 8M4X 1aN2 (69)
/1+2yh 1) A+2u\ ot’ox* R ot OX R ox
Note that for a thin.shelly(i.e. h <<1), we have
To selve Eq. (68), we consider in the usual manner.
u=u®+u®, w=w"+w® (71)

Substituting Eq. (71) into Eq. (68), we get a zero-order and a first-order equation. The zero-order
equation is the same as Eq. (68) when the right-hand side term F is omitted.
The first-order equation is obtained as
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a4u(l) h3 aGU(l) p2 a4u(l) h3 aﬁu(l)

P e A o YTz o P12 otor -
L s
The solution to the zero-order equation is taken in the following form.
u® =U cos(at —kx) = Re[ Ue'“* ™ | (73)

where “Re” denotes the real part of the quantity in the bracket. Substituting Eg. (73) into the

zero-order equation, we obtain the following dispersion relation for a thin pipe.
27 (1-v)o*n* +x° (1—1/)2 o’ +£7z454
3
5 4 (74)
~Eat (1-v)ntst (v ~1)R? <2 h?h? =0
3 2

where n and o are defined in Eqg. (35).

4 oy
:: = = == Thick shell theory for h/R = 1/30
35 il = = = = Thick shell theory for h/R = 1/10
' ¥ : ===« Phase-match condition
b Result of Donnell equation for h/R = 1/10
3 -: : Second mode Result of Donnell equation for h/R = 1/30
L -
2.5 4,1 ~
s I -
IL: 2 A Moy . /
c e o
1.5 - / "
. . First mode
Phase-match points .~
1 - ~ /
B - - - N P L i
0.5 _ e -
‘. R —
0 T T T T T T T
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

6=h/X

Fig. 3 (Color online) Dispersion curves and phase-match points for v =0.3
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Figure 3 shows the comparison between the dispersion curves obtained from the Donnell

equation and thick shell theory (Mirsky and Herrmann, 1958). When the ratio of wall thickness

to wavelength is small, these two results agree very well with each other. The thick shell theory

fits well with the exact theory for small values of &, as shown in Fig. 2. Therefore, on the basis

of dispersive behavior, the governing equation (68) is acceptable for waveS with long

wavelengths in a thin-walled pipe.

By the use of Egs. (13) and (63), the following relations can be obtained.

~(0)
—a\g =g = Re[kiu(o)]
r

In view of Egs. (67) and (73), the relation between w® anthu® can be written as

w® = Re[iClu(o)]
where

1—_Vin25_§ﬂsli53_iiﬁi

C=r
v h 2rv O

V.

We can then express the axial diSplacement by

WO =ieu® +ikru® = Re[i(C, +kr)u®]

(75)

(76)

(77)

(78)

Using Eqgs. (73) and*(78);.together with Egs. (24) and (64), the nonlinear resultant forces become

U 2
NO-=T" 4, . cos® (@t —kx)
MM =T",4,U?cos’ (at —kx)
U 2
Ny =T34, . cos’ (et — kx)

where

(79)

(80)

(81)
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Fl=47r2ﬁ152(C +=725? +17rhC5j+47rCh5+ﬂ3
z 3 3 z

r,=-4r22s cfﬁ Lco+2aths? o2+ 227hs?, (82)
L1123 20 3

r,= ARy 47hC,68 + ﬁ(mzchaz 3 7[454j
2, y) 3

2
These expressions define three coefficients for the longitudinal primary wave. Substituting Egs.
(79)-(81) into Eq. (69), we obtain

F [U (0) ’ V—V(O)]

T T 83
—artsta,| 2R, +| = n? _1|(32r,7%5 + 2RT, ) | SCos 2(at - kx) (83)
A+2u A+2u h

Let us consider a solution to Eq. (72) in the form
u® =Uxsin 2(wt —kx) (84)

Substituting Egs. (83) and (84) into Eq. (72), we getithe following equation:

232
3f”ﬁz\Uz sin 2(wt —kz)
h*(1-v)
_16:’25/1 [8n262n2 _164 ﬂ.454 +6_;7Z-454n2 — [‘_]2 (V +1):|UCOS 2(6011 - kZ) (85)
%

2

=871°5°4, {vﬁ T+ (1_7" n? —1) (16F27r252 +hT, )} Uh—4 cos 2(wt —kz)

where
A=—8(1—V)7Z’252n2+%7l'45 ( ) on*
3 86
32 4 o4..2 Ih 2 1 I~ ( )
-5 (1=v)#s'n ~(v*-1)h 7h

Equation (85) has a solution which does not depend on time when A =0, which implies
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—8(1—1/)7r252n2 +%7r454 + 47? (1—1/)2 o°n*
3 (87)

32 — 1-vo
-5 (A-v)rtet? ~(v*-1)h? -=hn*=0

Since A =0, we can obtain the amplitude of the second longitudinal harmonic, Eq. (84), from

Eqg. (85) as
U 2
U = lP3 —2 (88)
h
where
nﬂza[vﬁ T, +(1‘2V n? —1)(4T24712§2 + ﬁrs)}
Y= 64 64 (89)
2/1[—872’252n2 —?71'454n2 + 1v7r454 +(1+v) ﬁz}
-V

Basically, Eq. (87), which gives the relation.between 2w and 2k, is the dispersion relation
for second harmonics. For a non-dispersive structure like an unbounded medium, the dispersion
relation for the primary wave is the same as'the corresponding relation for the second harmonics,
and the phase velocities keep unchanged when the frequencies vary. For waves in dispersive
structures, there exist only dimited phase-match points where the phase velocities of primary
waves are the same as-the corresponding phase velocities of second harmonics. If we plot the
two dispersion relations, (74) and (87) in the same figure, the intersections of the two curves are
phase-match ppoints.; In this paper, we obtain a relation between ¢ and n by subtracting Eq. (74)

from Eq. (87). The resulting equation can be reduced to

{57;252 —3(11}#}( —1_—Vn2j =0 (90)
2 2

which gives rise to the following relations

’ 10
n=rx 3(1—1/)5 (91)
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and

n=,— (92)

Equations (91) and (92) are phase-match conditions, which are independent of the ratio of the
thickness to radius of a pipe. Equation (91) defines a straight line in the 6 —n plane, shown in
Fig. 3. The intersections of the line with the dispersion curves yield the phase-match points. The
numerical values of the phase-match points have been verified by substitution tn Egs. (74) and
(87). Another two phase-match points can be obtained by substitution’of Eq.(92) into Eq. (74) or
Eq. (87) for the two different ratios of wall thickness to mean radius considered here. For the
pipes with the ratio of thickness to mean radius of 1/10 and.1/30,\the phase-match point lying on
the dispersion curve of the first mode is in the region«of-accuracy of the Donnell theory, see Fig.
3. The dispersion curves of the second harmonics are.neglected in Fig. 3. Since the ratio of
thickness to wavelength of the second harmonicyis 26, the region of accuracy of the second
harmonic is smaller. The phase-match=points’lying on the dispersion curve of the second mode
are out of the accuracy region shownin Fig. 3. Considering the second longitudinal harmonics in
the pipe with ratio of thickness tormean radius of 1/10 and 1/30, we can determine the phase-
match points by usingthe present theory, which lie on the dispersion curves of the first mode in
Fig. 3. Once thephase-match points have been calculated, the amplitudes of the second
harmonics~can_be/obtained through Eqgs. (89) and (94). The phase-match points and the
corresponding/amplitude coefficients of the second harmonics in Egs. (89) and (94) are given in
Tabledl. The material constants used here are given by Eq. (58).

Substitution of Egs. (80), (81), (84) and (88) into Eq. (67) yields the expression for the axial

strain as
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(1) 2 2 2
agx =T4%%sin 2(a)t—kx)—‘I’5Uh—2cos2(a)t—kx)—‘1’6Uh—2 (93)

where the amplitude coefficients in Eq. (93) are given by

— 4 h
¥, =(87Z’21—_V52n2 —@ﬂ“‘s—_—ﬂ]\ys

vh 3 vh v
3 — —
g B30 g a4 el ep 1V A (94)
3 vh uh v dv u
lI16 = 1-v ﬁrs

vy Y7,
As the propagation distance increases, the cumulative second harmonic¢ ‘with the amplitude
coefficient ¥, will be dominant in Eq. (93).

TABLE Il. The phase-match points and the correspondingucoefficients of the amplitudes of

second harmonics

h/R S=h/A n=c/c Y, Y, Y, ¥,

1/10 0.065 0.445 1.80x10%  -5.11x10"* -2.80x10°  -8.77x107°

1/30 0.037 0.252 2.45x10°  -3.67x10°  -1.53x10"*  -9.34x10°

From Table Il,owe observe that the amplitudes of second harmonics in the thinner-walled pipe
are smaller-than_the amplitudes of second harmonics in the thicker-walled pipe. That means a
lower power.flux from the primary wave to the second harmonic occurs in the thinner pipe.

To validate the analysis in this section, the phase-match point lying on the dispersion curve
of first mode is compared with the corresponding point given by Liu et al. (2013b). The ratio of
thickness to mean radius is 150/975. Our result is (6 =0.080, n=0.546) compared with the

result of Liu et al. (6 =0.086, n=0.536). The discrepancy between the two results is small.
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5. Conclusions

In this paper, guided waves propagating in pipes with quadratic material nonlinearity have
been investigated. The paper is composed of three main parts: the derivation of the shell
equations, the mixing of longitudinal and torsional waves, and the self-interaction of longitudinal
waves. Analytical expressions of cumulative second harmonics have been obtained based on
shell theory.

The derivation of governing equations of axisymmetric motion of a pipe with nonlinear
material behavior has been given in the first part. By use of the perturbation method, the zero and
first order equations have been derived. The dispersion.curves obtained from the linear version
of the present theory, the linear thick shell theory and“the linear three dimensional theory show
excellent agreement. It was shown that no resenant\longitudinal harmonic with sum or difference
frequency exists. Analytical expressions 0f the.resonant torsional harmonics with difference and
sum frequencies were obtained. The resonant torsional harmonics generated by the mixing of
longitudinal and torsional waves propagate in the opposite direction of the primary wave.

For thin-walled shells, the shell theory has been further simplified to yield uncoupled linear
and nonlinear parts~of the governing equations. The simplified shell theory has been used to
analytically investigate” the self-interaction of longitudinal waves in thin-walled pipes. To
validate the thin=shell theory, the dispersion curves for longitudinal waves were compared with
the ‘earresponding curves obtained from thick shell theory. It was shown that the dispersion
curvesyagree very well with each other when the ratio of thickness to wavelength is small. For
second longitudinal harmonics in pipes, analytical expressions for the phase-match conditions

are presented, which together with the corresponding dispersion relation, have been used to
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determine the phase-match points. The analytical solutions presented in this paper may provide a
benchmark to numerical and experimental investigations
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Appendix A:

In cylindrical coordinates, the nonlinear parts of “the ‘Cauchy stress components only

including quadratic material nonlinearity for axisymmetrie wave fields are given by (Wang and
Achenbach, 2016)

2
(B+C)(—+W j+2C—+(ZB+2C) UFWXJ+(A+3B+C)UE
r r o ‘
=2
+EBV§ (1A+1Bj(u iw
2 4 2

(A1)
1 W,
— +V, [+ A+B |0 W, ——
r , ’ 2 1 1
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4 X, r F r r F‘ F‘ X r-,x

a’ au W, B(V* _,

oy =(A+3B+C)W; +(B+C)| - +U: |[+2C—--B _"+E —+V;
' r ’ r r re

+(1A+EBJ(U§+\7§+V_\&+ZU v_\/r)+(ZB+2C)(uv_V’X +U ij
4 2 ’ ’ ’ oo r T

Equations. (Al1)-(A6) can also be reduced from the corresponding equations.in Liu et al.
(2013a) if we only consider axisymmetric motion with small deformations (but considering
material nonlinearities). The subscript letter following the comma denotes the corresponding

differential derivative.
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