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Article history: With the subsequent goal of estimating effective properties of general n-phase composites, a recent
Revised 26 January 2019 (2016) paper from the author and a co-worker firstly addressed all “elementary” situations of one-level

Available online xxx phase arrangements from “all to none phases being co-continuous” and proposed relevant property esti-

mates within the mean field approximation homogenization framework. At the first time to the authors

IE(g/evcvg\r,isbmpemes knowledge was proposed an estimate for the arrangements (that occur from 3 phases and are the main
Heterogeneous materials type above 3) when several but not all the assembled phases are co-continuous. Use was made of a “lami-
Architectured composites nate system (LS) scheme” method inspired from a literature of the sixties on “fiber system schemes” likely
Phase connectivity to ensure phase co-continuity. Laminate systems were similarly figured as interpenetrated one-directional
Phase co-continuity layered structures with layer normal oriented in various directions of space, a realizable representation of

Multi-continuous materials which can be multiple slip activity in crystals. The relevancy of using such a LS scheme to obtain stiffness

property estimates that account for phase co-continuity in composites was then successfully exemplified
for various, elastic-like or other (piece-wise) linear properties and the possible use of a dual scheme in
terms of compliances was shown to likely correspond to a sort of phase “co-discontinuous” converse as-
semblage. After a few recalls and a clarification of this co-continuity/co-discontinuity duality, we propose
a description of a general phase arrangement from a specified “combination” of the elementary ones.
Testing it on a two-phase disordered assemblage, a remarkable relation between elementary estimate
types is established that comes in support to the relevancy of the proposed description and to the one
of the dual LS schemes to accounting for multiple phase continuity. A short application on experimental
literature data is also exemplified.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction and background that phase in the material,! and “infinite” being to be under-
stood as large enough compared to the characteristic dimen-
1.1. Introduction sion of the composite microstructure. It is worthy to remind
that if a phase is not continuous in that sense of a (simply or
Disregarding multi-phase materials with possible multi-scale multiply) connected medium it is discontinuous, say consti-
(multi-level) assemblages of constitutive phases, the present dis- tuted with disconnected finite domains (Serra, 1982; Coster

cussion and study starts from the following three observations: and Chermant, 1989; 2001);
(ii) For more than two phases, new elementary arrangements
(i) For assembled two-phases A and B, there are from combina- appear in addition to all, none or a single phase being con-
torial analysis and apart of full disorder, four “elementary” tinuous, which all associate several continuous phases with
one-level (homogeneous) arrangements: either phase A is at least one discontinuous (embedded) one, that is arrange-
embedded in phase B or conversely phase B is embedded ments in which several but not all phases are co-continuous,
in phase A, both phases A and B are co-continuous and the to be called “multiply continuous” or “multi co-continuous”

dual case of the latter, to be a priori said “none of A and B arrangements for short;

phases is continuous”, until clarifications given herein. Phase (iii) In contrast with the since long and widely studied (in the
continuity needs be taken in the connectedness topological so-called mean field approximation homogenization frame-

sense of a 3D through-sample spanning “infinite” cluster of
! In (Torquato et al, 2003), A bi-continuous composite is “one in which both
E-mail address: patrick.franciosi@univ-paris13.fr phases are connected across the sample”.
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work) inclusion-reinforced-matrix arrangements which are
cases with a single homogeneous continuous phase embed-
ding all other ones, it is only recently that the other three
arrangement types also have - in that same framework - a
relevant scheme for their effective property estimates. Mile-
stones of step-wise contributions from the author and co-
workers on that way will be referred to all along this work,
with a few pieces of figures borrowed to them.

For two-phase bicontinuous structures, several (quite many)
models have been proposed out of that homogenization framework
(e.g. Peng et al., 2001; Roberts and Garboczi, 2002; Gong et al.,
2005) that we do not include in our present discussion for in gen-
eral they do not extend to more phases than two and not to the
multi-continuous arrangements here of main concern.

After a few recalls of earlier results and an important clarifica-
tion concerning the dual situation to full phase co-continuity, the
main objective of this work is to propose, for effective properties of
general n-phase composites not reducible to a single one of its el-
ementary phase arrangements, a description from some combina-
tion or “mixture” of them. A formal application of a proposed such
a description to a two-phase disordered arrangement reveals that
it implies a remarkable relation between elementary property esti-
mates that gives it some support and particular interest. Also, ex-
perimental data from (Torres et al., 2012) allowed to present some
validating comparisons.

1.2. Background

In the above specified understanding, continuity (connected-
ness) of a phase can be one-directional (as for infinite parallel
fibers), two-dimensional (as for infinite parallel layers or multi-
directional infinite fiber arrangement normal to one direction) or
three dimensional (as beam networks, sponge-like or foam-like
structures etc.). An infinite 3D continuous network “embedded” in
an infinite matrix (Franciosi, 2018; Franciosi et al., 2019) is embed-
ded in a limit manner, and becomes co-continuous with the matrix
at this limit, as infinite parallel fibers (or layers) can be in the fiber
(or in-layer) direction(s). We will assume for sake of simplifying,
that morphologically anisotropic embedded infinite 3D networks
result from a stretch of an isotropic structure, what means that we
consider anisotropic composite structures of ellipsoidal symmetry
in the sense of (Ponte-Castaneda and Willis, 1995; Bornert et al.,
1996). Properties possibly be given to the constitutive phases of the
structures in concern can be considered of the (piece-wise) linear
“generalized-elastic-like” type, at the example of Magneto-Electro-
Elastic (MEE) coupled properties, what includes most of elastic-like
and dielectric-like sub-cases of interest (Kuoi and Huang, 1997; Lee
et al., 2005; Franciosi, 2013).

In composites with more than two (n say) phases, while the
number of arrangements with a single (p=1) continuous embed-
ding matrix increases linearly with n, there is always a single “fully
continuous” arrangement (p=n) and always a single dual “fully
discontinuous” one (p=0). The number of multi-continuous ar-
rangements (1 < p < n), the rest of the total one-level arrange-
ment number A(n), rapidly increases as that total does. From sim-
ple combinatory analysis, A(n) reads:

n!
Zp'(nﬂa)'
n-1

—(1>p0+(n>p1+2

A(”)n>2 = ZA(H)

——+ (1 , 1
p,(n i D (1)
as was introduced in (Franc1051 and Charles, 2016), and the repar-
tition of these four different arrangement types in A(n) obeys the
histogram of Fig. 1.
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Fig. 1. The various elementary arrangements of n phases up to n=5; no continu-
ous phase (bottom white); all continuous phases (top brown); a single continuous
phase (lower middle yellow); multi-continuous phase arrangements (upper middle
orange). (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

Considering that the Hashin and Shtrikman (HS) effective prop-
erty estimates (Hashin and Shtrikman, 1963; Hashin, 1979; 1983)
are reasonably good first order ones in the n cases of multi-
reinforced matrix structures (p=1), to be called type 1 phase ar-
rangement, the number of other arrangements needing specific
estimate schemes is A(n)—n: the all co-continuous phase (single
p=n) case, to be called type 2, the no continuous phase (sin-
gle p=0) case, to be called type 3 or the “multi-continuous” ar-
rangements (all remaining A(n)—(n+2)) cases, to be called type
4. A homogeneous medium (n=p=1) formally enters the type
1 arrangement as a reinforced matrix at the zero reinforcement
limit. It also figures for completeness in the histogram of Fig. 1,
although Eq. (1) does not hold for it as written and should be
A(1)=(0)p—0+(1)p—1-n. However, the forthcoming discussion is
concerned with n > 2 values.

Considering type 2 and type 3 phase arrangements, it is easier,
regardless of the value of n, to figure out how the co-continuity of
n phases may look like spatially than to figure out how their “co-
discontinuity” does. Although an obvious duality of these two ar-
rangements was shown in earlier papers Vn,? there is still a miss-
ing piece of formalization to properly define the arrangement type
that was called “co-discontinuous” as introduced in (Franciosi and
El Omri, 2011) as well as the appropriate understanding of this co-
discontinuity nature. This is the first point to be addressed for a
clarification that highlights the related estimate interpretation.

Considering the number of type 4 arrangements of multiple
phase continuity which does not exist for n=2, the Fig. 1 and
Eq. (1) show that it rapidly increases with n, from 3 assembled
phases with 3 over 8 arrangements, 10 over 16 arrangements for
n=4, 25 over 32 for n=5 and so on.

Descriptions of bi-continuous two-phase structures in terms
of “Fiber Systems” or “Laminate Systems” were first proposed
and examined in (Christensen and Walls, 1972; Boucher, 1974;
Christensen, 1979a; b): the “Fiber System” terminology names in-
terpenetrated one-directional bundles of infinite parallel fibers,
such that both the matrix and the fiber phases could be considered
as continuous in all directions where fibers were oriented, as a
multi-directional parallel assemblage of both phases. The effective

2 Cases with A embedded in B and B embedded in A are only dual ones for n=2.
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Fig. 2. Examples of (left) hierarchical tri-laminate structure, (middle) isotropic Fiber-System (Dendievel et al., 2002), (right) Laminate System as interpenetrated multiple slip

in crystals.

stiffness properties of such a Fiber System were then estimated
from the arithmetic average over all the directions @ on the unit
sphere 2 of the 1D bundle effective stiffness Cfﬁf‘é) = c’(‘jfg)-"”(e, o)
defining the considered system as (when isotropic):

iy =m0 0.0 sinoavds—am) [ it do
@

Similar moduli for anisotropic structures of that sort result
from appropriately weighting the C’(‘gfg) directional contributions in
Eq. (2), as will be seen in the following for any phase number n.

Indeed, phase co-continuity is expected to improve the compos-
ite stiffness in the direction(s) of co-continuity, as was for example
shown in (Torquato et al., 2003) in a search for topological two-
phase arrangements that optimize pairs of property moduli such as
conductivity and compressibility. This reference geometrically ex-
emplifies such a bi-continuous phase arrangement by a Schwarz
two-phase minimal surface of P type (see also Scriven, 1976; Zhou
and Li, 2007), to be exemplified in the following as being also a
basis for building families of n-phase composites with any p co-
continuous ones.

First regardless of practical realization, a similar arithmetic av-
erage over a set of directions in space is mathematically possible,
summing over the effective stiffness properties of directional lay-
ered (laminate) structures, which are planar (2D) assemblages of
two phases, while the fiber bundles are (1D). Similarly to the fiber
case, making use of the moduli tensors of the w-oriented laminate
(A,B) structure C’E/ﬁf‘g) :C’Zﬁfg;¢’)(0,¢), the moduli estimate reads
(for isotropic structures):

) = (dm)”! / /e Caie?®.9) sinbasdg

= (4m)”! fg Chn do, (3)

The obtained effective properties from “Laminate Systems” (LSs)
defined in (Christensen 1979a;b) as “implying intersecting platelets
of some kind” and “suggestive of morphology known as interpen-
etrating networks of (two) phases”,> were likely to account for
phase co-continuity in all the in-layer orientations of each di-
rectional laminate of the system, as discussed for n phases in
(Franciosi and El Omri, 2011).

Laminate System (LS) and Fiber System (FS) schemes conversely
present important differences:

3 What Christensen inappropriately figured as an isotropic aggregate of w-
oriented laminate domains.

— Laminated structures are very particular ones in the world of
composite materials, owing to several specific properties they
benefit from, which can be related to characteristics of their
representative Green operators (Walpole, 1981);

— while a n-phase w-oriented fiber bundle has not uniquely de-
fined effective directional properties (they depend on which
phase(s) act(s) as the necessary fiber-embedding matrix, such
that there is an upper FS(+) (resp. lower FS(—)) estimate when
the stiffest (resp. the weakest) phase is chosen as the matrix),
all n phases play an equivalent role in an w-oriented laminate
structure and the effective properties are uniquely and exactly
defined. This makes Laminate Systems more relevant than Fiber
Systems when none of the assembled phases is expected to
play a particular role;

— Conceiving how laminate structures could be interpenetrated to
make a Laminate System - not to be confused with hierarchi-
cal laminates (Quintanilla and Torquato, 1996; Milton, 2005),
which are multi-scale schemes for microstructure descriptions,
as exemplified in Fig. 2 left - is harder than conceiving how
fiber bundles can be, what was exemplified in (Dendievel et al.,
2002) and is shown in Fig. 2, middle. A helpful visualization
of interpenetrated laminate structures is provided by examin-
ing how multiple slip in crystals can be interpenetrated (shown
Fig. 2, right) and descriptions of slip activity in terms of Lami-
nate Systems were attempted in the context of polycrystal plas-
ticity modeling in (Franciosi and Berbenni, 2007; 2008; Fran-
ciosi, 2012a);

— One key point when describing effective properties of a multi-
continuous composite from a linear combination of the prop-
erties of directional structures is that whether performed in
terms of stiffness moduli C or in terms of compliances S=C-1,
the two schemes and their results are not equivalent: an arith-
metic average over stiffness moduli corresponds to a harmonic
average over compliance moduli and conversely. Consequently,
property estimates from either a Fiber System or a Laminate
System scheme go by pairs, (mFS/cFS) or (mLS/cLS) say, whether
stiffness moduli (m) or compliances (c) are considered, with the
difference that while the Fiber System pairs are many and in
increasing number with n (at least equal to the phase number
n when only considering single phased matrices) and in ranges
{mFS(—),mFS(+)} and {cFS(—),cFS(+)}, the Laminate System pair
(mLS,cLS) is unique for each n values. This stiffness/compliance
duality was neither examined nor commented in the early
works on Fiber and Laminate systems for co-continuous phases.
It was mentioned in (Franciosi et al., 2011) and studied first
time in (Franciosi and El Omri, 2011). Several fundamental in-
equalities were established rigorously there, showing that for
any n-phase set, all property estimates from FS and LS schemes
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Fig. 3. (a) Minimal Schwarz P surface; (b) a cubic variant of case a; (c) a tricontinuous composite from thickening the case a surface; (d) 1/8th of the unit cubic cell of
a tricontinuous composite made from thickening the case b surface; (e) a 3D checkerboard as minimally co-continuous two-phase composite; (f) a tri-phase minimally

co-continuous composite (cases d and f borrowed to Franciosi and Charles, 2016).

of both dual (stiffness and compliance) types were - as required
- interior to the Hashin & Shtrikman bounds, both defining a
subdomain in the HS one, with also the (mLS/cLS) domain be-
ing always interior to the (mFS(+)/cLS(-)) one.

Also, as far as these two dual (Stiffness versus Compliance) av-
eraging assumptions are expected to correspond to two dual sit-
uations of phase arrangements, if the stiffness arithmetic average
finds supports to stand for phase co-continuity, the arithmetic av-
erage of compliances must “somehow” correspond to a sort of
“phase co-discontinuity”. Hence, for all assembled phases being on
equal ground, the two Laminate System estimates determine a do-
main for phase co-continuity situations, from all to none being
co-continuous, “none” being thought to mean all co-discontinuous
then in the early proposed interpretation. Co-discontinuity of n
phases being questioning, this duality will be here clarified in
terms of maximal versus minimal phase co-continuity, with a
simple demonstration that the latter arrangement is the closest
one to full co-discontinuity in the sense of all co-disconnected
phases which is a topological impossibility according to the
definitions.

The Fig. 3a-d, present how one can build n-phase fully co-
continuous composites from a mathematical minimal Schwarz sur-
face (Scriven, 1976; Torquato et al., 2003; Zhou and Li, 2007),
Fig. 3a, of which the Fig. 3b shows a cubic variant. Giving
some thickness to such surfaces which share space into two co-
continuous subspaces (Fig. 3¢ and d) yields a tri-continuous phase
arrangement (Fig. 3d represents one eighth of a unit cubic cell).
Duplicating this surface into n— 2 layers of different phases yields
a family of n co-continuous composites. Fig. 3e exemplifies a so-
called “3D checkerboard”, as for example claimed in (Torquato
et al, 2003) to correspond with some minimal situation of co-
continuous two-phases structures. The characteristic of the in-
terconnections between cubic domains of a same phase is to
have null areas (edge-connected phase homologous domains). The
Fig. 3f, shows a 3-phase example of such minimal co-continuity,

the polyhedral domains of a same phase being point-connected,
the cube center being the common top of 3 pairs of same two op-
posite pyramids whose bases are the cube sides. Fig. 3d and f are
from (Franciosi and Charles, 2016).

Coming in addition to the A(n) elementary phase arrangement
types of the nomenclature which is presented in Fig. 1, the dis-
ordered arrangement of n phases, is reasonably well described
in terms of effective property estimate from the use of a Self-
Consistent (SC) scheme (Kroner, 1958; 1961). In contrast with the
HS estimates that correspond to a same phase being the (con-
tinuous) matrix regardless of its concentration in the composite,
disordered composite structures are materials with the phase ar-
rangement being generally dependent on the relative phase con-
centrations: a dense phase becomes more likely a continuous
(connected) one while dilute phases expectedly turn to embedded
(disconnected) situations in it. In between, when several phases
are in comparable concentrations (provided them be in limited
number), disorder can correspond to situations of multiple conti-
nuity. For the two-phase case, the phase bi-continuity is a likely
arrangement for such a disordered mixture which is often seen
as a “percolation” (transition) concentration range separating two
domains where the dense (continuous) and dilute (discontinuous)
phases interchange their roles progressively with the concentration
varying.

If on the contrary the phase number is large, the “co-
discontinuous” (minimally co-continuous) arrangement becomes
an expectable one in the range of comparable concentrations.

These preliminaries on how a disordered structure may be
phase-arranged point out that phase multiple continuity may be
evolving with phase concentration changes and that any general
structure may be a combination of various elementary arrange-
ments of its phases, with relative weights of these arrangements
being phase volume fraction dependent.

The possible description of a general composite as some “mix-
ture” (in a way to be specified) of its elementary phase arrange-
ments is the major point that we finally address in this work.

“
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A comparison of property estimates from the Laminate Sys-
tem (LS) schemes with those from the related SC estimate in the
two-phase case (Franciosi, 2012b) has provided a first morpholog-
ical argument on how a LS estimate from a stiffness moduli av-
eraging (mLS) can be seen to well corresponds to (maximally) co-
continuously assembled phases and conversely how a LS estimate
from a compliance averaging (cLS) well corresponds to structures
with all of the assembled phases being co-disconnected (minimally
co-connected) throughout the sample: the SC(n) property estimate
for a n-phase disordered composite corresponds with all n phases
being embedded in a n+ 1" additional one of infinitesimal vol-
ume fraction, the properties of which are those of the composite
itself. This (n+ 1)-phase equivalent description for n-phase struc-
tures with the n+ 1% one being a reference embedding (contin-
uous) matrix in infinitesimal concentration is always permitted,
whether the composite has a disordered structure or a more spe-
cific one: for the HS estimates, this n+ 1% infinitesimal phase is
trivially the continuous one itself. The three-phase scheme of the
two-phase A, B composite when phase A (resp. phase B) is the ma-
trix, is then A and B phases embedded in an infinitesimal third
matrix made of phase A (resp. B).

The determination of this n+1%" matrix has been examined
(in the cited earlier papers) for the estimates from the Laminate
System schemes, first for n=2 and then for any n value. Then,
from the LS estimates of n-phases, the reference matrix for the
cases mixing several continuous phases with at least one embed-
ded one has also been defined. This will be briefly recalled in
Section 2.

Owing to these results, the important request for estimating
properties of a general n-phase composite case appears also be to
specifying the properties of its specific infinitesimal reference ma-
trix n+ 1" phase. We propose a possible description of that type
for any general one-level n-phase composite, based on the deter-
mination of a reference n+ 1" phase for it, which is assumed to
be a disordered mixture of the reference matrices of its A(n) el-
ementary arrangements. The proposed description is first tested
for the case of a disordered two-phase arrangement which is sup-
posed to have effective properties given by the SC estimate. In so
doing, a remarkable relation is established from this description,
between the property estimates for the two-phase elementary ar-
rangements. This relation provides support both to the relevancy of
the proposed description itself and to the relevancy of the two LS
schemes to estimate effective properties for all assemblages with
multiple phase continuity. An application on literature data is fi-
nally reported.

1.3. Paper organization

Section 2 briefly recalls the definitions of the various schemes
(HS(n), SC(n), mLS(n), cLS(n), mLS(p,n)) of property estimates that
will be here of concern, for n=2 first and for n>2 then. It also
briefly recalls insights from the earlier published works about
LS schemes which will be useful. In Section 3, the mLS(n) and
cLS(n) estimates are reintroduced such as to establish the du-
ality of these LS estimates in terms of maximal versus mini-
mal phase co-continuity. Section 4 examines the description of a
general n-phase composite in terms of the A(n) elementary ar-
rangements of its phases and proposes, based on determining the
n+ 1% reference infinitesimal matrix, a relevant effective prop-
erty estimate form. In Section 5, the proposed “reference ma-
trix mixture” description is first shown to fulfill a remarkable re-
lation in one-modulus isotropic symmetries. It then reports the
performed multi-moduli application on literature data. Section 6
concludes.

2. The laminate system schemes for phase multiple continuity
in composites

The discussion is held in the so-called mean field approxima-
tion framework for the effective properties of a composite mate-
rial (m*) constituted with a “reference matrix” (m°) of moduli ten-
sor €° and with assembled n phases (of moduli tensors C;,i=1,
n). Those are made of non overlapping congruent domains of el-
lipsoidal shape in homothetic* ellipsoidal spatial distribution rep-
resented by the same strain “Green operator” (for short®) tgg“ or
Eshelby tensor EX{E“. We here consider that this reference matrix
is a n+ 1™ continuous phase of volume fraction fi;e ~ 0, supposed
to embed all other ones. This includes the possibilities that the in-
finitesimal matrix identifies with one of the n constitutive phases
and that one or more of the embedded phases are co-continuous
with it. The phase domains are assumed to be shape-distributed
down to infinitesimal in order to allow total space filling. For this
background, one can refer to the two-point distribution modeling
proposed by (Ponte-Castaneda and Willis, 1995) (PCW) of which
it is the simple case that also matches with the classical (Hashin-
Shtrikman, 1963) (HS) frame and can be found in a huge fraction
of the later literature concerned with homogenization methods,
with also connections to new developments (e.g. Hu and Weng,
2000; Buryachenko, 2007). Dielectric-like properties are a sub-case
of elastic-like ones and various coupling types of such properties,
as the magneto-electro-elastic (MEE) type, can also be formalized
from the elastic type, using the extended notation of (Barnett and
Lothe, 1975; Alshits et al., 1992). We therefore develop our discus-
sions using the formalism of effective elastic properties, in which
case, the “moduli” strictly speaking refer to stiffness moduli. But
moduli of other (linear) properties are similarly represented which
may be also called “generalized” stiffness moduli by extension.
The same holds for the “inverse moduli” S° = (C")‘1 = C°, which
strictly speaking stand for compliances in elasticity but inverse
moduli of other properties may also be seen as “generalized” com-
pliances.

Accordingly, generalized stiffness (resp. compliance) tensors
link a generalized stress (resp. strain) tensor to a generalized strain
(resp. stress) tensor. The Eshelby tensor (Eshelby, 1957) and the
strain Green operator for a given ellipsoidal shape (or symmetry)
V in the infinite medium (m°) are linked by the relation ¢! =
EJel: 80 =80 : EXel = Yl where the upper-script “t” stands for
“transpose of”. In particular, this “strain” Green operator has a dual

“stress” one t've

sVell |

o = (el =50 -5t s, 4)

tg =C0—C:tf: C°
(Zeller and Dederich, 1973; Walpole, 1981). When elastic-like (say
rank four), both Green operators are ij/kl (super) symmetric while
the Eshelby tensor is not.° Both Green operators furthermore are
positive definite, what the Eshelby tensor is not either. Under the
specified conditions in this so-called “dilute approximation frame-
work” for the representative volume element (RVE) is an isolated
inclusion (or finite pattern) in an infinite medium (Berveiller et al.,
1987; Hashin and Shtrikman, 1963; Ponte Castaneda and Willis,
1995; Cherkaev, 2000; Buryachenko, 2001) the effective “stiffness
moduli” of any anisotropic n-phase composite as described can be

4 The phase spatial distribution is assumed of same ellipsoidal symmetry as the
shape of all embedded domains when any, what allows this same ellipsoidal sym-
metry to be globally assumed for the considered composite structures.

5 The twice differentiated strain Green operator integral over the ellipsoidal do-
main of shape VEIL

6 Although not used, a “stress Eshelby” dual tensor can be defined in connection
to the stress Green operator as the Eshelby tensor connects to the strain Green
operator, using compliance moduli instead of stiffness ones.
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) . -1 +f3((s° ~Sp) ' - t/!f”) ) + t/ﬁf“) =C, . (6b)

" _ -1

e =C = [ (L A(@ - —) |+ | , ,

i—1 The HS estimates, that correspond to either phase B embedded

0 in phase A or the converse, result from taking C°=C,4 or C°=Cp in
Zf 1 f =1 (5) Eq. (6a), identical to taking S° =S4 or S°=Sg in Eq. (6b).
i= 1= Jme = 1.

i=1

In Eq. (5), the estimate can be obtained for specified phase
properties and concentrations provided the properties €° of
the reference n+ 1™ matrix of infinitesimal volume fraction be
identified.” The (uniform) Green operator of ellipsoids can be
put, thanks to the Radon transform and its inversion formula
(Franciosi and Lormand, 2004), under the double integral form
0 = [fo & Yy (0. @) sin0dOde = fo tel” Yy (@) dew. 1t s
a weighted w integral over the unit sphere 2 of the Green oper-
ators téf,‘”) for w-oriented platelets or laminates, defined with re-
gard to the reference medium (m?). With the phase domains Vell
being ellipsoidal, the weight (or shape) function writes ¥ (w) =

(%)2(313‘/"@)3 ), where Dy(®) is the half breadth of Vell in the w

direction and v its volume.® In Eq. (5), the first occurrence of tgg”
in the innermost brackets stand for the common shape of all do-
mains and the second occurrence for their spatial distribution. This
operator identity is the simplest assumption consistent with to-
tal space filling by the inclusions. Non ellipsoidal or multimodal
spatial distributions of inclusions or of inclusion patterns (Bornert
et al., 1996; Franciosi and Lebail, 2004; Franciosi et al., 2019) are
here disregarded.

As already pointed, Eq. (5) provides the well known Hashin-
Shtrikman (HS) estimates for any choice among the n possibilities
of selecting a €° =C; n+ 1" reference matrix from the constitutive
phases of the composite.? Since fi,0 =0, Eq. (5) further provides
the implicit SC estimate when choosing C° =C;7.’;Mn)cm*, the ref-
erence infinitesimal matrix (m°) being the effective medium (m*)
itself then. Any other property estimate for the same n assembled
phases is expected to correspond to another arrangement type and
thus to another specific n+ 1% reference medium (m®). The esti-
mates resulting from Laminate System schemes do are character-
ized by a reference matrix as established in cited previous works
and recalled in the following.

2.1. Laminate system schemes and estimates for the two-phase cases

For sake of siinpliﬁcation, omitting (m?) or (m*) and denoting
for room saving T instead of T-! the inverse of some tensor forms
T, we specialize for n=2 to write, for f4 +fg=1, Eq. (5) as:

_ -1
Gam = €~ ((fA((C" —Ca) ' ")
-1

+ fo(€ -Gt - tch“)”)f] + tvs”) , (6a)

with the compliance inverse equivalent counterpart, also using the

vell
stress Green operator t/go :

-1
Sias = 5° - ( (fA(<S° -5t e

7 If €° identifies to one of the C; phase tensors, the term with €° —C; vanishes
from the sum.

8 For spherical inclusions and more generally for isotropic symmetry,
Yspp(@)=V(w)=1/47 VYo=(0, ¢). The integral over Q is analytic only in
particular (the simplest) property symmetries of the reference matrix C°.

91t also yields the so-called HS lower and upper stiffness bounds when
C° =min (C;) or C°=max (C;), corresponding to the upper and lower compliance
bounds.

When assuming C° = C[’X%] (or equivalently S° = S[*/f%] = C[’ﬁ%])

for the SC estimate, the Eq. (6a) takes the implicit form
a5 — G — () + o(C5 ~Co) — ) =0 and  con-
versely Eq. (6b) with regard to the compliarice form. After some
manipulations and using (C) = (C)a 5 =faCa +fpCp the material's
Voigt upper bound (arithmetic average) for stiffness, C[*/f_%] can be
also written (Franciosi et al., 2011):

G = (©) + (GG —Ca) té’%ﬁl (GRS — Go) = S35 (7)

This identity between Eqs. (6a) and (7) for €3¢ in terms
of phase moduli can conversely be established in terms of
compliances to similarly yield $C. =C*C also using the

(A.B] = “[A.B]
WVell  _ ~«SC SC . ¢Vell . xSC
stress Green operator tcﬁB]_C[A‘B]_C[TA,B]'tc[*ASCB]'C[*A.B] and

(S) = (S) a8 =faSa +f5S-

The Eq. (6a) cannot be put under the form of Eq. (7) for
the effective properties CE‘M) of a general two-phase compos-
ite with reference stiffness matrix C°. The only possible cases,
as proved in (Franciosi, 2012b), are for (i) the composite whose
stiffness reference matrix is €°={C}={C}ja5 =f3Ca+f2Cs and
in dual manner (putting Eq. (6b) into the inverse form of
Eq. (7)) for (ii) the composite whose compliance reference ma-
trix is 8% =={S}={S}a 5 =f8Sa +faSp. {C} is the Voigt upper stiff-
ness bound for the two-phase [B, A] “harmonic material” (e.g.
the medium with interchanged phases or of same phases but
with interchanged concentration proportions) that we denote
JA, B[ and {S} is its Voigt upper compliance bound, such that
{CY={CYap;=(C)1ap, (S}={S)ap = (S))ap and {8} # {C}T.

These reference matrices are those characterizing the two-
phase composite effective properties from respectively the stiff-
ness and the compliance Laminate System Scheme (Franciosi et al.,
2011; Franciosi and EI Omri, 2011; Franciosi, 2012b), which can be
finally written:

Gig = (€ + (€} -G 1 (1" = (€} - Gy), (8a)
Siss = (S) + (S} —Sw) 1 t'fs) : (1S} —Sp) = (C55) . (8b)

As was established in the cited earlier papers, Eq. (8) result
from the more general Eq. (6) owing to fundamental properties
of the laminate Green operators, the exact effective properties of
which obey both Eq. (8) equivalently, provided the Green operator
of use is the laminate strain (in Eq. (8a)) or stress (in Eq. (8b)) one,
say:

Gl = (€) — fafs (€1 — o) : £+ (o — C)
= (C) + ({C} _CA) . t{Lé?)) . ({C} —CB), (93)

Sitl) = (S) — fafs(Sa =) S 1 (Sa—Sp)

= (S)+ (S} = Sn) 1 1" = ({S) - S8) =157 (9b)

Thus, by definition, the effective properties from the mLS
and cLS schemes of a two-phase material whose overall struc-
ture symmetry is characterized by an ellipsoidal shape Vell are
obtained by a weighted arithmetic averaging of the Eq. (9)
with weight function y.(w) of ellipsoidal (including isotropic
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Fig. 4. Examples of third phase wrapping reference matrix for a two-phase fiber bundle with properties ensuring maximal co-continuity (left) and minimal one (middle),
(from Franciosi, 2012b) and a zoomed view on two adjacent fibers of the in and out structures of the wrapping layer (right).

Y iso(@) =V spn(w) =1/47) symmetry ([ Yye(w)dw = 1), either in
terms of stiffness moduli (for mLS) or in terms of compliance ones
(for cLS). Thus, from Eq. (9), the effective mLS and cLS estimates for
two-phase composites read in terms of stiffness moduli:

Gt = [ Y (@) do

-1
G = Sii5) = ( /Q el (w)Sf‘,ﬁfg‘;’dw) , (10)

and conversely in terms of compliances. Owing to the form of the
Eq. (10) for the as defined LS schemes, the Eq. (8) amount to av-

eraging in Eq. (9) the laminate operators t{LC(;") or t’é‘}") (not cor-

responding to a same medium since {S} # {C}"1), over all w di-
rections around the unit sphere, according to the weight function
Y yen(w). This exactly corresponds with performing the calculation
of the strain (resp. stress) Green operator for the ellipsoidal shape
Vell in term of its Radon polar decomposition in R3. The compari-
son with the two-phase related SC estimate, i-e the SC estimate for
the same ellipsoidal symmetry, allowed to establish, with respec-
tively setting C°={C} and S° ={S}, the mLS and cLS estimates for
two-phase composites as:

et o 161 ({34060

! !
+E(QC}—(hy‘—t$$)l) +t$?) : (11a)

-1
i = 18) - ((fA(<{S} s -t)

-1
-1 -1
+f3<({5}—53)’1—t"(se}1”> ) +t’{vs"‘}‘”) . (1b)

which are the special (non equivalent) forms of Eq. (6) for the mLS
and cLS two-phase estimates.

The equivalency of Eq. (8) with Eq. (11) was a first help to fig-
uring the type of material architecture represented by the LS esti-
mates (in the two-phase case): they correspond with two embed-
ded phases in an infinitesimal matrix which is an inverse mixture
of these two phases in the bulk material, the dilute phase of the
bulk being the dense phase in the matrix layer and conversely the
dense phase of the bulk being in dilute concentration. With Voigt-
like stiffness moduli {C} this “harmonic matrix” [B, A] = ]A, B[ en-
sures at all concentrations for the mLS estimate the highest stiff-
ness for the two phases, what is likely corresponding to optimally
co-connected phases. With Voigt-like compliances {S} (Reuss-like
for stiffness) in the cLS Scheme, it conversely realizes the lowest
stiffness for the symmetric two-phase assemblage such as to cor-
respond to optimally co-disconnected phases.

From the effective property forms obtained for the reference
matrix phase, corresponding structures for isotropic co-continuous
and “co-discontinuous” two-phase materials have been tentatively
illustrated in (Franciosi and El Omri, 2011) and in (Franciosi 2012b,
2013) for 3D and 2D cases respectively. Basically, an infinitesimal
layer of matrix with {C} stiffness wrapping parallel fibers can be
seen (Fig. 4 left) as a sort of 2D welded structure with long stripes
of A and B phases normal to the fiber direction, the largest ones
for the densest phase in the matrix to connect the more dilute
- distant - phase domains in the bulk. A similar 2D layer with
{S}~1 stiffness can be seen (Fig. 4 middle) as a double faced, gener-
ally irregular, checkerboard with antagonist squares of phase A and
phase B through the thickness, such as to prohibit extended inter-
connections between bulk domains of same phase. The Fig. 4 right
illustrates an outer and an inner views of two such matrix wrap-
ping for adjacent fibers (the checkerboards can be similar at equal
two fiber phase concentrations in the composite bulk).This for-
mally hold for any type of linear properties of general anisotropy.
The n-phase cases do not result straightforwardly.

2.2. The n-phase fully continuous and “fully discontinuous” cases

The effective properties for directional n-phase laminates (in-
cluding the two-phase case), Cz‘ﬁ)(‘”) = (Sz‘ﬁg‘”))*l, can be exactly
obtained from considering stress and strain jump conditions at
each planar interface between layers of different phases, without
any reference to Green operators (Postma, 1955; Walpole, 1981; El

Omri et al., 2000). They read:
«L T
C (w) = ((Cc/d/a/b/) 1> = <Ccld/a’b/>

cd'ab(n) - )’
_ ot _ C.\® . C*L(®)
= Codab m = <Cabp’q’ p’q’a’b’>(n)(Cﬂ’b’C’d’)<n)’Cabcd )

@ ()
Cabc’d’ (n)

[

—_— w
= <Cabcd - Cabc’d’cc’d’a’b’ca’b’cd)(n)

+ (Cabc’d’cc’d’p’q’ )Z)") (Cp’q’r’s’ )Z;) (Cr’s’a’b’cu’b’ cd )?;) . (12)

Thanks to Eq. (12) there is an exactly known solution for
Cz‘lf)(“’) = (Szﬁg“’))‘l and it is then always possible to obtain the
mLS(n) and cLS(n) estimates for any n phases from the averaging
definitions given in Eq. (10) for two phases, that now becomes for
n phases:

* kL
Cn = /Q Yyen (@)Cin”de ;

-1
i =se = ( /Q Yran(@)S(i"do) (13)

- Full n-continuity: Unfortunately but expectedly, the simpler
relations of Eq. (8) obtained for the two-phase cases do not extend
in some comparably simple manner for larger phase numbers, for
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the exact solution for n-phase laminates do not take a form gen-
eralizing the two-phase laminate case of Eq. (9). However, Vn the
solution of first (resp. second) of Eq. (13) is still expected to obey
the general form of Eq. (5) for some n+ 1" reference matrix of
infinitesimal concentration which has moduli C,° say (resp. com-
pliances S,°) to be identified. This matrix is the solution of the in-
verse problem of solving Eq. (5) (resp. its inverse compliance form)
for C,° (resp. Sp°) when Cflfjf(m:))cmo =Cz*rrl')‘LS (resp. =Cz‘$5) from
Eq. (13) and using one of the Eq. (12). This provides an implicit
equation that can be solved similarly to the SC implicit scheme
(Ricotti et al., 2006). Since the matrix concentration is infinitesi-
mal, appropriate iterative schemes need be set up to reach an ac-
curate solution for C,° (resp. $,°), out of the present purpose.

Although no simple generalization of the two-phase case was
found, it was verified from analytically solving a few particular n-
phase cases (Franciosi and Charles, 2016) that the properties of the
reference matrix still were those of a combination of the n assem-
bled phases and that they were varying oppositely to the corre-
sponding properties of the bulk of the composite.

Fortunately, it is not necessary to have an explicit form of the
property tensor of this reference matrix in order to obtain the
CZ‘T’I’;LS (or C(*rf’)-s) estimate when all n phases are co-continuous (or
co-discontinuous), since the use of Eq. (12) in Eq. (13) does not call
for these matrix properties.

-Full n-discontinuity: The realization of “fully co-
discontinuous” structures corresponding to the cLS(n) estimate,
say assemblages of phases capable to prevent any of the phases,
even when in high concentration, from connecting into a through-
sample spanning cluster is more questioning for the interpretation
of phase co-discontinuity is still to be clarified. According to
(Scriven, 1976) for examples of such structures, “possibilities are
held to be blobs of one composition dispersed in another, or
tubules of one threading the other, or lamellae of one alternat-
ing with the other”. As for the two-phase composites (Fig. 4
right), the proposed idea in (Franciosi and El Omri, 2011) and in
(Franciosi, 2012b; 2013) for respectively isotropic and transversally
isotropic symmetry is in duality with the co-continuous case.
Wrap the phase grains into an infinitesimal coating matrix layer
with a phase arrangement such as to prohibit long distance chains
of connections between grains of a same phase. As for all co-
continuous phases, there is no extension of the reference matrix
definition from the two-phase discontinuous case to the one for
a general composite with all co-discontinuous n phases. But all
what was observed and obtained for the mLS(n) estimate holds in
dual manner for the cLS(n) estimate provided the appropriate sub-
stitutions of the involved quantities. The revisited interpretation of
this cLS(n) estimate to be discussed in Section 3 highlights how
the related structures look like.

2.3. The p multi-continuous cases among n>p=>1 phases

In the type 4 arrangement of n-phases (n>2) the number p
of continuous ones ranges between 2 and n—1 > 2, say p € (2,
n—1 > 2), the minimum value of g=n—p being now 1, for there
must be at least one discontinuous (embedded) phase. In order to
write a property estimate for this material in the form of Eq. (5),
the existence of an appropriate n+ 1t infinitesimal reference ma-
trix phase with properties Cﬁo say was questioned in (Franciosi and
Charles, 2016). This matrix has to satisfy i) the co-continuity of the
p infinite phases and ii) the embedded nature of the n —p remain-
ing ones and this for any (and down to all zero) concentrations of
these embedded phases.

The second condition is fulfilled if none of the g embedded
phases in the bulk belongs to the constitutive phases of the ref-
erence matrix, for no continuity of any of these g phases is then

made possible (as is the case for a g-phase reinforced single-
phased matrix A, the reference matrix of which is the phase A it-
self). For the first condition, the study of the fully co-continuous
arrangement type 2 has provided a characteristic matrix for n co-
continuous phases. Thus, one candidate for the reference matrix
defined by properties C,fo is the matrix with properties Cp, say the
one for the fully continuous p-composite in same p-phase relative
proportions as in the n-phase composite, into which g discontinu-
ous phases are additionally embedded.

Thus, the matrix that characterizes the mLS(p) estimate fulfills
the requests for multi-continuity of p phases among n. It is note-
worthy that this same CJ matrix for a fixed p-continuous phase
assemblage then holds for any ¢ embedded phase number addi-
tional to p and in any relative concentrations in addition to those
of the p phases. This means = Cp Vn > p, including the limit of
all null concentrations of the included q phases at which n=p and
C,’,Joz Cgoz C}. This conversely implies that any g number of phases
added to a fully continuous p-set without contributing to the refer-
ence matrix will be necessarily an embedded g-set of phases. Since
the C) matrix is characteristic of the mLS(p) scheme with effective
properties written as CZ‘I;';LS, we denote CZ‘I’)",% the effective proper-
ties for that multi-continuous (p, n) phase arrangement type, Vn >
p. This property estimate reads according to Eq. (5):

-1 -1

n -1
s -1
s =60 - [(Lh(ler-a) " —ge) ) +ee)|
i=1
n
Zﬁ:l—fmpaml, (14a)
i=1
with Eq. (5) also fixing C,° from inversely solving, using Cff;fff?p)
from Eq. (12) in Eq. (13):
s = [ @), do
N\ B
-1 -
=6 ([ CR(er-0) ) ) ]
i=1
n
ZF,- ~1. (14b)
i=1

In the simplest case of two co-continuous phases A, B with
q (= n—2) embedded ones D! down to zero concentration of all
of them, in both A and B (D' can possibly be found either fully
in phase A or in phase B and partly in both when along the
A/B interface), the infinitesimal reference matrix has properties
C,° ={C}4p. Note that if one of the D' phases becomes continu-
ous together with phases A and B, the reference matrix will be
modified from C,° ={C}4 5 to C5°. If all the (n—2) included phases
become co-continuous with A and B, the reference matrix will
change to C,° and conversely. Consistently, if one of the two co-
continuous phases (B say) totally vanishes too (in addition to all
the D' phases), the reference infinitesimal matrix becomes C;° =Cj,
that is a layer of the homogeneous phase A wrapping grains of
phase A and grains of the phases Di. This corresponds to the sin-
gle continuous phase A embedding all other ones with properties
obeying a HS estimate. Incidentally, this means that for p=1 one

can write Cflmj " =C2‘rf’)5/*, with the matrix phase A € (1, n), so

making a formal place for the HS estimates in the Cz‘ﬁf series.

In summary, Vn, for p=2, a Cg’ﬁ stiffness tensor estimate can

be explicitly obtained from Eq. (5) with using as n+ 1t" reference
matrix the medium with stiffness properties C,°={C}4p, while
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a)

Fig. 5. (a) Two embedded phases in one continuous matrix; (b) 1/8th of cubic cell for a 3-phase composite structures with one embedded phase in two co-continuous ones

from Fig. 3d (Franciosi and Charles, 2016); (c)

30
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a still tricontinuous composite with holes in the interfacial phase.
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Fig. 6. The 8 estimates for the elementary arrangements of 3 isotropic and incompressible elastic phases at 25% (left) and 65% (right) of the stiffest phase 1 (modified from

Franciosi and Charles, 2016) showing 4 transition examples in between pairs.

for p > 2 one must first solving Eq. (14b) for C,° prior to solve

Eq. (14a) for Cz‘”‘g, this inverse problem for obtaining C,° need-

ing to first solve for CE*S;LS in using Eq. (13) left. Some particu-
lar (isotropic dielectric-like or elastic-like) cases have been shown
(Franciosi and Charles, 2016) to have an explicit C,° solution up to
p=>5, Vn, what represents a substantial quantity of situations.

2.4. Continuous versus discontinuous phase status changes and
percolation-like transitions

As a new complement to what mainly is up to that point a
summary of earlier results, it is noteworthy in the proposed for-
mula for the C*mLS estimate (for any values of p and n>p) that
any time one (or several) of the assembled phases change(s) from
discontinuous to continuous or conversely, at fixed n value and
without changes in the phase concentrations, there is an expected
sharp discontinuity in the corresponding effective properties which
“jump” or “drop” from one phase arrangement description and es-
timate to another in the A(n) set. When the change is smooth
with phase concentration changes, it is a percolation-like process,
with a gradual transition over some concentration range simi-
lar to the documented ones for two-phase structures. We exem-
plify this in making use of the three-phase situation examined in
(Franciosi and Charles, 2016) for which the four estimate types
result in 8 estimate “branches” according to Fig. 1 and Eq. (1).
The two cases of tri-continuous (type 2) and “tri-discontinuous”
(type 3) assemblages correspond to the cubic cells exemplified in

Fig. 3d and f respectively. The corresponding cells for the type
1 and type 4 assemblages are reported on Fig. 5, which shows
(5a) one continuous phase separating disconnected cubes of the
two other phases, the classical inclusion-reinforced matrix struc-
ture, and (5b) a bicontinuous arrangement of two phases (obtained
from the tri-continuous structure of Fig. 3d) embedding a third
one (which occupies the cube centre and corners on the Figure)
as finite domains located either along their interface or in their
bulks.

The Fig. 5c recalls that holes in a continuous layer are not
enough to make it disconnected (the two different phases occu-
pying each subspace are at direct contact in the interface holes).
This structure changes from tri-continuous to 3-phase bicontinu-
ous when the interface becomes made of disconnected pieces. A
degrading joint or weld between two materials may correspond
to such a tri-continuous to bi-continuous arrangement change (re-
gardless of additional voids or cracks).

Jumps, drops and smooth, percolation-like, transitions in terms
of property estimate changes are exemplified in Fig. 6 which show
the 8 estimate “branches” taken from (Franciosi and Charles, 2016)
for the unique effective shear modulus for 3 isotropic and in-
compressible (I-I) elastic phases, at two fixed values of the me-
dian phase concentration of 25% (left) and 65% (right). High “stiff-
ness” contrasts (u1=100>p2=10>u3=1) are considered. On the
borrowed plots have been drawn four same examples of sharp
(vertical) and smooth (wavy oblique) transition paths between
shear estimate pairs:
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(1) the upward property transition from the mLS(3) - tri-
continuous - estimate to the HS(+) upper bound (continu-
ous stiffest phase 1) would result from (gradual) continuity
loss of both phases 2 and 3. In order to cross and pass above
the mLS(u1,u2) - bi-continuous - estimate, phase 2 must be-
come discontinuous together with phase 3 while only phase

3 needs be discontinuous otherwise;

the upward “jump” from the HS(—) lower bound (softest

phase 3) to the mLS(u2,u3) estimate would result from a

sharp discontinuous to continuous transition of the median

phase 2 in addition to the soft phase 3, what increases the
effective property;

(3) the downward transition from the median HS(u2) estimate
to the cLS(3) “tri-discontinuous” estimate by gradual conti-
nuity loss of the median phase 2 what decreases the effec-
tive property;

(4) the downward “drop” from the mLS(u1,u3) estimate to the
mLS(n1,u2) one by (dis)continuity interchange of phases 2
(median) and 3 (softest) at constant stiffest phase 1 vol frac-
tion. In this not obvious transition, the effective property is
decreased when the median phase 2 (in low concentration)
becomes continuous at the place of the softest one 3 (in
high concentration). At low volume fraction of the soft phase
3 (left hand sides of both figures), the drop becomes a jump.

—
N
—

Another particular example mentioned in (Franciosi, 2012b) is
worthy to be recalled: if under some loading, a sample spanning
continuous 3D network of fractures appears in a (homogenous or
not) undamaged material, the mLS estimate predicts a finite drop
of the effective stiffness from infinitesimal crack opening or void
fraction.

All such transitions (by changes of phase “connectedness” sta-
tus) occur in various physical, metallurgical, mechanical processes,
as during metal solidification/fusion (Limodin et al., 2007; Liang
et al, 2008; Pavot et al., 2015), phase precipitation/dissolution
in alloys (Mac Cue et al, 2015) or transition in polymers
(Veenstra et al.,, 2000) according to various extrinsic condition
changes. They also occur during metallic powder compaction pro-
cess (Poquillon et al., 2002; Martin and Bouvard, 2006; Mazaheri
et al., 2009) or metal fragmentation under (blowing or pressure)
load. Reciprocal events correspond with the converse continuous
to discontinuous transitions. All are examples of application fields
for the knowledge of effective properties corresponding to all ele-
mentary phase arrangements in n between which transitions can
occur. The case of a porous material with a varying porosity status
will be examined in section 5.

A formally important last case is the transition from one to zero
matrix phase for which the clarification given in next Section 3 on
the understanding of “co-discontinuity” will come in support to
the qualitative analysis here performed. Two distinct possibili-
ties correspond to this transition from a HS(n) estimate (p=1,
Vn > 2). The first one corresponds to a continuity loss of the
matrix phase (A say) which remains present in the assemblage
(p=1—p—-1=0atn > 2), and the second possibility corresponds
with the limit of the matrix decreasing concentration down to
zero, the composite structure changing then from n phases ton—1
ones (p=1—-p—-1=0and n > 2—-n—-1 > 1). In both possibil-
ities, excepted if n—1=1 in the second one (a two-phase BCA
composite that becomes single - homogeneously, say continuously
- phased B), such a transition would yield a n-phase composite
with none of the phases being continuous, if none of the dis-
continuous phase takes over to become continuous in turn. This
corresponds to the so far called “fully co-discontinuous” situation
associated with the cLS(n) estimate type. But this also amounts
to giving to phase co-discontinuity the meaning of simultaneous

disconnectedness for all the assembled phases, what is impossi-
ble in strict topological sense. Among the g=n—1 phases which
were discontinuous when embedded within the continuous A one,
all cannot remain discontinuous if A ceases be continuous or van-
ishes. At least one of these q phases is expected to now take the
status of being continuous to fill the new open gaps between the
disconnected (or vanished) elements of phase A. It is also note-
worthy that these transitions from one to zero continuous phase
would amount to writing for p=0, ¥n > 2 C*MLS = CxLS sych that,

(0,n) (m)
with G885 =€t and since for p=1, Vn > 2 we arrived at

Cfffin) =C;‘,’1”)5A, the four arrangement types would have found a
place in the same type 4 series. But from the topological argu-
ments, the identity Cz‘gﬁ =CE‘§§5 is clearly not correct. Hence, the
cLS(n) estimate type does not correspond to full co-discontinuity
in the full co-disconnectedness sense and the mLS/cLS duality is
still to be clarified. In relation to what precedes, even if a multi
continuous (p, n) composite structure of p co-continuous phases
among n, with g=n—p, is also a multi discontinuous (g, n) one,

this does not correspond to an identified duality of the Cz‘?rﬁ esti-

mate with some Cz‘éﬁf) = (Sz‘éﬁf))*1 one in the sense of the mLS/cLS
duality. An obvious dual of a multi-continuous (p, n) structure is
a multi-continuous (g, n) structure, with p and q permuted phase
types with effective properties Cz*é",f)s of the same type as CZ‘I’J”g
using in Eq. (12) the matrix C¢° for the g continuous phases in ap-

propriate concentrations. A dual estimate to Cz*g’g taking the form

Cz*gL,f) = (ngﬁf))*lhas no interpretation so far of the structure type
it may represent, if any.

The next section introduces the mLS(n) and cLS(n) estimates
in a clarifying way regarding the interpretation of the underlying
phase arrangements. It incidentally points a possible understand-
ing for the CE‘éer) = (Sz*;frf))*1 estimate type, to be let in purpose of
further developments.

3. Maximal and minimal p-phase co-continuity in composites

We here first propose a proof that composites having all their
phases being fully co-continuous as defined, must have effective
properties taking the form of the stiffness moduli Laminate Sys-
tem (mLS) scheme recalled in Section 2, Eq. (10) left for n=2 and
Eq. (13) left for n>2. The proof is first given for n=2, and is next
generalized to p-phase co-continuous materials, without or with q
embedded phases. From this first insight, it can then be proven
that both linear averaging of p-laminate stiffness moduli and lin-
ear averaging of p-laminate compliance moduli correspond to co-
continuity of the p phases, the difference being that stiffness lin-
ear averaging corresponds to maximal (strong) co-continuity while
compliance linear averaging corresponds to minimal (weak) co-
continuity. Minimal co-continuity of p phases is finally shown to
be the best representative of their topologically impossible full co-
disconnectedness.

3.1. Multiple continuity of phases implies laminate green operators
The main property between laminate operators can be written
for any two (A,B) media:
@ @ =t (G- Cy) )
S 3 O =) (S5 - Sp) 1. (1)

Within the here used homogenization framework from which
effective properties of n-phase materials can be characterized by
Eq. (5), the specific effective (stiffness-like or compliance-like)
properties of n-phase laminates can be expressed equivalently
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from any choice of one of the n constitutive phases (moduli
C;=S;"!) as reference matrix in finite concentration 1 > f; > 0,
say:

-1 -1

ok n _ -1
Ciny” =C'= Z{i:lﬂ(@f—q)]—tgw)) L]

i#r
Vre{l,n}, (16a)
4 -1
S =S Z”{,- (st oek) ) weke|
i#r
Vre{l,n}. (16b)

Eq. (16) hold - in addition to Eq. (12) - thanks to the lami-
nate property of Eq. (15) which is the sufficient condition. We here
demonstrate (with details in Appendix A) this sufficient condition
to also be the necessary one. That is if a n-phase medium has ef-
fective properties identically estimated by Eq. (5) for several (p say)
choices of the matrix phase among the n ones, then all involved
operators must fulfill the laminate operator property between all
phase pairs among p.

Considering first two-phase [A, B] bi-continuous composites
(p=n=2), the possibility of choosing either phase A or phase B
as the matrix, yields to assuming the equality:

Giop = G — fa((G —C) " — fot})
= Cea =CA—fB((CA—CB)7l _fAtX)71~ (17)

Eq. (17) is shown (Appendix A) to assign Eq. (15) left and thus tX =
t/ﬁ(w) (resp. B), Yo € Q.

Lets consider next 3-phase [A,B,D] composites with phases A
and B being co-continuous while phase D is either co-continuous
a well or discontinuous, that is embedded.

- If phase D is co-continuous with phases A and B, three con-
ditions of co-continuity similar to Eq. (17) can be written. Assum-
ing them to be simultaneously fulfilled amounts to writing each
of them, for example between A and B phases (all involved op-
erators are assumed identical for the composite is taken to sat-
isfy a simple ellipsoidal spatial distribution symmetry of all 3
phases) as:

- -t -
Camyes =G~ ((ff\((cﬂ -G - t) 1 + o (G - €)' - tf) 1) +t,‘,(>

- i\l !
=Choycn =G~ <<f3((cA -G *tX) 1 +fD((CA ~Cp)”" *tf‘\/) ]) +t/‘q/)
(18a)

. O Tu— -1 -1
Cames =G~ (Mans+t) =Conea=C— (T ena+th) } (18b)

Eq. (18) yield after some simple manipulations (Appendix A2) and
(I, D)cJ written (J):
t) —ty —t):(CG—Cy) -ty
=(Mp): € —Ca) i Ty + t5 : (€ —Ca) = (T)a
+ (T : (CG—C):ty +(T) g — (T, (19)

This being expected to hold down to a zero volume fraction of
the third phase D, it must be consistent with the two-phase co-
continuity of A and B and therefore the left hand side must be
zero, with the implied conditions from the two-phase case, that

only laminate operators fulfil this relation type. We are thus left
with the additional condition (proved in Appendix A):

(T) g : (G —GCa) : (T)y
+ty 1 (C—Cy) i (T)
+ (T : (CG—Ca): ty + (T)g —(T)w =0, (20)

and the two complementary ones by circular A, B, D permutations
for full tri-continuity.

Thus, when the three-phase (A,B,D) material is a laminate, that
is when the three Green operators are a same laminate one, this
set of equations is simultaneously fulfilled. Other possibilities are
unexpected as far as the Green operator pair relation of Eq. (17) is
only fulfilled for laminates.

- If phase D is an embedded one while phases A and B
are co-continuous, there are no complementary equations to
Eq. (20) which however assigns the operator pair t}, t} to be lam-
inate operators. There is no such assignment on the operator that
represents the shape of the embedded phase D domains. Eq. (18
to 20) hold as well for D standing for several embedded phases D',
all the terms possibly being included in the (T>(A,(D,-))CB notation
type.

It results that beyond purely directional laminate structures,
Eq. (17) (and the p-set ones similar to the Eq. (20) for n > p=2)
can only hold for effective stiffness properties that take the form of
a linear combination (thus an arithmetic mean) of effective prop-
erties of directionally laminated structures, what correspond to
Eq. (13) left, exotic cases excepted if any.

3.2. Both linear combinations of strain or stress green operators hold
as well

For the dual situation a priori taken to correspond with all co-
discontinuous (all co-disconnected) phases to be associated with
an arithmetic average of laminate compliance properties over di-
rections in space, there would not be any reasoning similar to
the performed one for the stiffness average, for as far as none
of the constitutive n phases can be taken as a continuous ma-
trix, there would be no initial relation similar to Eq. (17) to start
from. However, the laminate property recalled in Eq. (15) holds
as well when it is inversely written in terms of the dual com-
pliance moduli and consequently the compliance counterpart of
Eq. (17) also holds equivalently with regard to the stress Green op-
erator (Eq. (15) right). It results of this stiffness/compliance equiv-
alency for directional laminates that all composites whose effec-
tive properties can be written as an arithmetic average of the
compliances of directional laminates (according to Eq. (13) right)
also obey the necessary condition for phase co-continuity. It cor-
responds to an harmonic average of the stiffness moduli, say the
weakest average in contrast with the arithmetic average which is
the strongest one. As a consequence, the duality of the two (arith-
metic and harmonic) stiffness moduli averaging does not corre-
spond to fully continuous (all co-continuous) versus fully discon-
tinuous (all co-discontinuous) n-phase structures but to maximally
stiff (strong) versus maximally compliant, minimally stiff, (weak)
all n co-continuous phase structures. This is consistent with the
conclusions arrived at in Section 2.4 from considering the conse-
quences of a continuous to discontinuous transition of a single ma-
trix phase in a composite assemblage. Some additional support will
be given from the last section analyses.

3.3. Minimal phase co-continuity as the closest to impossible full
co-disconnectedness

From a minimal 3D continuity definition for one phase as be-
ing a sample spanning cluster made of point- (or line-) connected
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finite domains of that phase into a 3D network, 3D discontinuity
of one phase will correspond to 3D disconnections of this min-
imal network. Hence, full co-discontinuity of all phases in the co-
disconnectedness sense in an assemblage is impossible for one phase
at least needs be available to fill the gaps in between the discon-
nected ones. Full disconnectedness can only at the best be repre-
sented by the arrangement of minimal co-continuity, say all phases
being clusters of point-connected (or line-connected, say null area
connections) domains, that is all the phases in their weakest con-
tinuity state at once. Thus minimal co-continuity does not iden-
tify to full co-discontinuity but can be seen as the closest-to-it
phase arrangement. This refined understanding of the initially pro-
posed interpretation of the co-continuity versus co-discontinuity
duality corresponding to the mLS(n) and cLS(n) estimates facili-
tates how to figure out structures corresponding to minimal co-
continuity and to the cLS(n) estimate type. The example of “tri-
discontinuous structure” given in Fig. 3f well corresponds to mini-
mally co-connected phases.

4. General n-phase composites in terms of the A(n) elementary
n-phase arrangements

For a general n-phase composite whose (one-level) microstruc-
ture does not match well enough with any of the elementary ar-
rangements, some “mixture” of those is likely representative. Such
a mixture can also be useful in composites where the continu-
ous/discontinuous status of certain phases is not well known, as
for the porosity in the experimental example from (Torres et al.,
2012) that will be examined next. We consider whether some
P(N) probability-weighted combination of the N=A(n) arrange-
ments can provide a microstructure description and a property es-
timate, still in the considered homogenization framework where
effective properties result from Eq. (5) or equivalent ones. Treating
this composite as being statistically homogeneous, each point r in
it may be given such a probability P(J) to match with the J elemen-
tary arrangements among the N=A(n) ones, whether most of them
be zero or not. Matching can a priori either be directly in terms of
their effective properties or more basically in terms of their “mi-
crostructural characteristics” that we here understand in the sense
of phase spatial arrangements as defined. With the needed key in-
formation being to determine an infinitesimal reference n+ 1" ma-
trix, the question turns into whether one can describe the compos-
ite, from its N=A(n) elementary arrangements, either in terms of
their effective properties or in terms of their reference matrices,
provided a set of P(N) probabilities.

For such a general (one-level) n-phase composite of effective
properties C*=(S$*)"1 and of n+ 1t" reference matrix with prop-
erties C° =(8°)~1, Eq. (5) can be rewritten equivalently as:

g - -1
(- -e) " =Y f((e-c) " -e) (21a)
i1
g o -1
((SO_S*)—l _tygu) 1 _ Zﬁ((so _ 1) 1 —t,};/o) ) (21b)
i1

The equivalency between Eqs. (21a) and (21b) is straightfor-
ward once having noticed that any difference of the form AC* =
(€% —¢*)~1 transforms into its dual form AS* = (§° —S$*)~! as any
strain Green operator t‘c/o transforms into its related stress one
t'% (see in Section 2) say AS* =C°—C°: AC*:C° or conversely
AC* = §° — §° : AS* : 8% such that:

AS 15 =C°— € AC: C°— (C° - C°: tf, : C°)
=-C:(AC-t) - .

When neither C*=(8*)"'nor €°=(s°)-! are known, the ad-
dressed question is essentially of formal interest as a method

yielding first a €° estimate and then a C* one. It may also be
helpful when only the composite effective properties are known
but not the reference matrix for estimating which reference matrix
characterizes the composite structure. It can be of practical interest
to help determining missing connectedness characteristics of the
constitutive phases. The here examined question is the relevancy
of either one of the two options below (only expressed in stiffness
form for room saving, thanks to the equivalency for the compliant
form).

- The first option can be written, from the C* properties for
each J of the A(n) arrangements:

R 1 -1 N=A®™ R 1 -1
<<Co _ c*> - %) = Z p <<co - C*J) - tg;) , (22a)
J=1

with probabilities P; that fix the composite properties C* provided

a reference matrix C° = (§°)~! which is not necessarily identical
to C°;

- The second option reads similarly, with the €% being the
properties of the reference matrices of the elementary arrange-
ments that are supposed to define the composite reference matrix
¢ for probabilities P; and provided a €%° =(5°°)~! N+ 1t reference
“super matrix”:

1 vy-! Al -1 v -1
((COO _ CO) _ tcoo) — Z P] ((COO _ CO] ) _ tcoo) .
J=1

Lets a priori consider that all the N elementary arrangements
N=AM
possibly contribute, that is P, = 0, ¥/ € (1, N) in Y} B=1.
J=1

(22b)

In both options, substituting the n-phase initial composite (of
N=A(n)>n arrangements) with an equivalent N-phase one for
which the A(N)=A(A(n)) > A(n) arrangement number rapidly in-
creases appears as a wrong route unless some relevant assump-
tion allows overcoming the difficulty of specifying which arrange-
ment(s) needs be selected in A(N).

An assumption which can be used for both options regardless
of the number of non zero contribution among N is to consider
the only one-level arrangement not contained in the A(N)=A(A(n))
set, that is a disordered arrangement of the N elementary ones.
If the SC estimate is assumed to hold in that case, it provides a
null left hand side in both Eq. (22), as well as for the compliance
corresponding forms. This assumption yields to assuming that any
n-phase composite could be described, provided probabilities P(N)
be specified, from a disordered “mixture” of its N-arrangements, in
terms of either the elementary effective properties (option 1) or
the elementary reference matrices (option 2). Note that the “mix-
ture” neither applies on stiffness tensors nor on compliance ones
but on the “neutral” quantity defined in Eq. (21).

Given this P(N) set, the SC solution for the “effective properties”
first option, Eq. (22a), corresponds to setting C° = C* (or §° = §* in
the equivalent compliance equation) in the right hand side. This
provides a C* effective stiffness tensor according to a direct SC
scheme without any new access to the related reference matrix C°
than the already evoked inverse problem.

For the second “reference matrices” option from Eq. (22b), the
SC solution corresponds to setting €% =C° (or S°° =S° in the com-
pliance equation) in the right hand side. This provides first (from a
direct SC scheme) a reference matrix C° for the composite of con-
cern, of which it is next possible to obtain (also in direct manner)
the composite C* properties using Eq. (21).

Alternative simple assumptions to this disorder one do not eas-
ily come out: in the first option, it could be assumed for exam-
ple, without a priori referring to any particular (SC or else) esti-
mate type for the combination of elementary effective properties,
that the same reference matrix should hold for both the n-phase
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composite and its N-arrangement representation, that is assuming

C% =(C° in Eq. (22a). It would then be possible to formally obtain
a solution for C° in equaling Eqs. (21a) to (22a) what is, as the SC
estimate, an inverse problem to solve which remains quite com-
plicated in general and without an ensured solution existence, in
contrast with a direct SC scheme to solve. There is no equivalent
to this assumption for the second option.

No other simple enough assumptions have been found worthy
of being here examined.

In order to check these two (indeed empirical) description pro-
posals (options 1 and 2), a validation test needs be applied to some
n-phase composite of well enough known microstructure in terms
of the probability set P(N) as well as of well enough known effec-
tive properties to perform comparisons. This is not easy to find out
from literature data owing to the problem difficulties to solve even
for n=2 and it is not easy to realize either, neither experimentally
nor numerically. Prior to any experimental campaign and to com-
parison tries with numerically realized structures, both being quite
complex to perform with the required accuracy in terms of struc-
ture control and property measurements, we report a check on a
purely theoretical case. This case has allowed to establish the re-
markable relation that we found worthy to be presented. The two
proposed optional descriptions have been applied to a two-phase
composite assumed to be disordered in the sense that its effec-
tive properties from Eq. (21) with n=2 are also assumed given by
the SC estimate. This assumption amounts to assuming C° =C* (or
S$° =§*) such that the left hand side of Eq. (21a) is zero together
with the one of Eq. (22a) in option 1 or of Eq. (22b) in option 2.
Both description options (1,2) in terms of the A(2)=4 phase ele-
mentary arrangements then read:

n —
0=Yfi((c-c) " -¢) " with
i=1

N=A® _
0=y P]<(c*—c*f)‘1 —tg> , (23a)
J=1
n 4 1
0= Zﬁ((c* -cy —tg> with
i=1
N=A("J 1 1
0=y n((c-c) " -x) (23b)
J=1

From having examined both inverse problems of finding the
P(4) solution set, the first part of Section 5 reports (with help in
Appendix B) the proof of the remarked relation that comes in sup-
port to the “reference matrix mixture" option (2) as well as to the
validity of the two dual Laminate System schemes for estimating
effective properties of “multi-continuous” composites.

This relation is that in the case of isotropic incompressible (I-
I) two-phase elastic-like composites, or isotropic (I) dielectric-like
ones, the probability set P(4) which is solution of Eq. (23b) is in-
dependent of the phase (shear or conductivity) modulus contrast.
This contrast independency is achieved because the properties of
the reference matrices (not the effective properties) for the four
elementary arrangements of two phases (A,B) fulfill a particular
match in relation with those of the SC estimate. These four prop-
erty estimates from the elementary two-phase arrangements are
those of the two HSA and HSB estimates (the reference matrices of
which are the phases A and B themselves, with stiffness tensors
C, and Cpg) plus the two mLS(2) and cLS(2) estimates from the dual
Laminate System schemes (the reference matrices of which are the
matrices with stiffness tensors {C}={C}j4 5 and {S}~" =({S}a5)) "
respectively). As far as the HSA =HS(2)p-4 and HSB=HS(2)p esti-
mates well hold for the two arrangements of the reinforced-matrix

type and that the SC=SC(2)4p estimate well holds for a disor-
dered arrangement, this contrast independency property would not
hold if the mLS=mLS(2)4p and cLS=cLS(2),p estimate pair was
not representing the two cases of phase bi-continuity (maximal co-
continuity) and “bi-discontinuity” (minimal co-continuity).

This contrast independency is in particular checked to not being
fulfilled by the probability set P(4) found to fulfill Eq. (23a) for the
“effective property” description option (1). Such a contrast inde-
pendency is unexpected in multiple moduli problems, a theoretical
problem whose examination is beyond the present scope. Expect-
edly, the more a composite microstructure is characterized in the
details, the more its effective properties have interdependencies.
This is why, if not impossible, the finding of “simple” (one-level)
n-phase mixtures to simultaneously match a given set of prop-
erties, is unlikely. In Section 5, one first establishes the contrast-
independent one-modulus relation. We next present a direct ap-
plication of the “matrix mixture method” on literature data for a
porous Ti composite structure characterized in (Torres et al., 2012),
the porous phase of which is partly connected and partly discon-
nected.

5. The “matrix mixture method”: a formal problem and one
application example

The SC estimate C[*/fg] for two-phase materials [A, B] of general

anisotropy is solution of:

2 -1 -1
+SC i\l v +SC A\~ v

2 lfi((C[ABl‘C') “ttg) = (G- -t

1=

-1 -1
+ fs((C[*,;Sg] -cf) - tgﬁé) =0, (24)

as the particular case for n=2 of Eq. (22) and (23) left. In order
to examines the two description options introduced in Section 4,
the corresponding SC formula for the A(2)=4 elementary arrange-
ments of the 2 phases, with either ¢/ =C¥ or ¢ =C9 for op-
tion 1 (Eq. 22 right) or option 2 (eq. 23 right), with notations

Nfiw] = ((C[*Ifg] - Cfi\B])*1 - t‘C/[*ASE )~1 and Pcy= Ppa=1—Pcy for the

probability that phase A (resp. B) is continuous or discontinuous,
can be written:

4 _ -1
(e -e) " -y) -
J=1

0 = PeaceN{i5, + PoapsN{j3; + PeapsN{j) + PoacsN{4g)- (25a)
0 = PoaPes (N5 — NiES) — NG + NS )
R (N — NGk, )+ P (SR — K ) + NG
(25b)

With unconditional probabilities Pcacg = PcaPcg, Pcapg = Pca(1
— Pcg), Pcgpa = Pcp(1 — Pca), Ppaps = (1 — Pca)(1 — Pcg) and writ-

ing dﬁfﬁw] = I;lfim] - I;l[clﬁg], Eq. (25b) can be put under the form:

PeaPen (AN — AN — dNES )
+Pen (AN ) + Pes (ANESE ) = ~NGR (26)

We address the simple situations of a single modulus to fix in
finding the probability set P(4).
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Fig. 7. The 4 (contrast independent) continuity and discontinuity probabilities of the two phases of a disordered two-phase I-I composite (left) and the related probabilities
of each elementary reference matrix contributions in the composite reference matrix (right).

5.1. Single modulus (I-1) elastic or (I) dielectric problem(s)

Material phases with isotropic elastic properties have at most
two independent (shear and compressibility “bulk”) moduli and a
single -shear - one when both phases are isotropic and incom-
pressible, the I-I case. There is also a single modulus for dielectric-
like isotropic properties. These moduli being tensor eigenvalues,
Eq. (26) takes a scalar form for each, with only the Green operator
term being different (Appendix B).

For cases with a single modulus, the two probabilities Pca,Pcp

can be connected from assuming symmetry in an A ~ B phase inter-
<

change such that Pcy(fa =f) =Pcp(fg =f) = Pcs(fa =1 —f). Thus, also
considering the dual (harmonic) material [B, A] = ]A, B[ with Pcy,Pcp
= P, P’ the same equation as Eq. (26) for fy =f=1—f holds with
permuted volume fractions such that fs =1 —f and permuted prob-

abilities P, :P/ . This symmetry assumption yields the system:

PP (ANpE — AN — AR ) P (AN )+ (ANESR ) = -k
(27a)

PP (dN[rggi —dNti —dNﬁsBB[> +P' (dejf,;*[) +P(dN§;§g> =—Nii3,
(27b)

with scalar coefficients. Eliminating the PP’ terms from the form:

{PP/[a] + P[b] + P'[d] = [K] (27¢)

PP'[a] + P[d] + P'[b] = [k]
yields a relation between P and P’ that reads P'=« + 8P, with
scalar o and B coefficients. In Eq. (27), the quantities NX — N read
in terms of shear moduli:

MO _ l}/*y

3/1/0 + Z,EL*Y
B mo(uy — wx)

(1= )we+ 5ux) (1= F)ne+5u)
with the coefficient 2/5 being characteristic of the involved Green
operator term for this I-I elastic shear case. This term being de-
fined on the disordered material of reference with effective shear

modulus ©° that results from a SC scheme, the resolution of Eq.
(27) in terms of existing probabilities (P, P’) is dependent on the

WO — X
3/1/0 + zﬁ*x

NX_NY =

(28)

expressions for the five pu®=u*SC, [tHSA, pHSB [ *mLS,;*mlS mod-
uli involved, with either pu* = u* (effective properties) in option
1 or u* = pu° (reference matrices) in option 2 (for the SC estimate,
MO — MOSC: M*SC)'

The analytical resolution (sketched in Appendix B) of this I-I
case establishes the contrast independency of the solution which
corresponds to:

/3=3f8_2fA. _2(fa—1fs) _
3fa—2f8 3fa—2fs
o fs _2(fa—fp)
S = fyt =t I
B~ "B~ 3h-25
The resulting solution for the P=Pc4,P' =Pcz probabilities
reads:

1(4f, -5 4f, -5\ 3f, (3-5f
P==3\3=3; % (3—5fA) _43—5fA(3—5fA>

for fA{i g;g P =+ fBP. (30)

—faB + fp with

(29)

The four probabilities Pcs,Pcp,Ppa,Ppg as well as the four prob-
abilities (and proportions) of the elementary references matri-
ces Pcacs,Pcaps,Ppace:Ppapg in the reference matrix of two-phase
I-I disordered elastic composites are plotted in Fig. 7 left and
right respectively, for several numerically checked moduli con-
trast values superposed with the analytical solution from Eqgs.
(29,30). It is observed on Fig. 7 right that, i) as expected, the
HSA (resp. HSB) matrix type becomes more and more dom-
inant when the phase A (resp. B) becomes the densest one
with the probabilities of all three other elementary arrange-
ments going to zero; ii) the intermediate range combines the
four matrix arrangements in more or less equal quantities
(near 25%) with a slightly larger “bi-continuous” mLS part at
30% and a (only slightly) smaller “bi-discontinuous” cLS part
at 20%, far from being a domain where phase co-continuity
dominates.

Hence, contrast independency clearly results from the use of
the mLS(2) and cLS(2) estimates together with the three HSA, HSB,
SC ones and it is lost when using other pairs of estimates instead
of the mLS(2) and cLS(2) one. This contributes to validate these two
LS estimates as representative of the properties of “bi-continuous”
(maximally continuous) and “bi-discontinuous” (minimally contin-
uous) two-phase structures first as well as their consistent mLS(n),
cLS(n) and mLS(p, n) extensions for multi-continuous n-phase
composites. In passing, if the latter extension well holds as an
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Fig. 8. From left to right; effective shear modulus and related reference matrix modulus for the five estimates of two-phase isotropic incompressible composites pA,uB at
(i) moderate and (ii) high phase contrast and the corresponding (iii,iv) weighted four elementary matrix contributions to the reference matrix modulus of a disordered
arrangement of the two-phases. The weights are the four functions of Fig. 7 right at any contrast.

estimate for g=n—p embedded phases in maximally co-
continuous p ones, the dual estimate cLS(p, n) evoked in
Section 2.4 as formally existing finds an interpretation as cor-
responding to minimally co-continuous p phases embedding the
q=n—p ones. This also reinforces the max/min co-continuity du-
ality for the stiffness and compliance LS schemes.

Generalizing the I-I elastic case, one easily verifies from the
Appendix details that if changing the Green operator coeffi-
cient 2/5 of the I-I shear modulus case into some 0 < w <
1 value (e.g. in taking a different (as cuboidal) Green opera-
tor'® or the one of a different one-modulus similar problem),
the contrast-independent solution of Eqs. (29,30) still applies
in substituting 2/5 with w (for isotropic dielectric-like moduli,
w=1/3""). The contrast-independent solution from the descrip-
tion option 2 thus is also shown morphology- and property-
dependent.

This characteristic relation between five “elementary property
estimates” for two-phase composites is illustrated in Fig. 8 for
two shear moduli contrasts pB/pA= 0.05 and 0.00005. The two
Fig. 8 left show the reference matrix and effective shear mod-
uli pairs for the four phase arrangements of the two phases to-
gether with the pair for the composite which are superimposed
since assumed given by the SC estimate. The 9 curves are well
distinct at moderate contrast while at high contrast several curves
are too close to zero to be distinguished but they remain in same
order. The two Fig. 8 right show for both contrasts how the four
matrix contributions from the two-phase elementary assemblages
yield a null sum for the composite reference matrix (according to
Eq. (23b)), when using the same four fixed probabilities from Eqs.
(29,30) and shown in Fig. 7 right (on both Fig. 8 right, the plot-
ted null sum confuses with the abscissa axis). In brief analysis, 3
contributions over 4 are negative (resp. positive) at low hard (resp.
soft) phase fractions and two are of each sign in the median zone.
The sharp transitions at high contrast near 40% of hard phase cor-
respond to the sharp slope change of the SC estimate. As far as the
modulus of the composite reference matrix is low (resp. high), the
negative term(s) come from the stiff (rep. weak) elementary ma-
trices.

10" All Green operators with a single term symmetry in the I-I elastic or I dielectric
cases yield a different w value.
' From the second part of the (iiii) term for elastic-like rank-four operators.

5.2. A multi-moduli problem example on an isotropic-compressible
(I-C) elastic composite

The direct problem of finding a probability set P(N) to fix a ref-
erence matrix for any n-phase composite following the proposed
“reference matrix mixture” method according to Eq. (23b) ap-
plies for any phase moduli symmetries. Two experimental com-
parisons have been possible from literature data concerning a par-
ticular type of 3-phase bicontinuous composite, made of a porous
medium (commercially pure titanium) in which the porosity is
partly connected and partly disconnected (Torres et al., 2012). It
is a multi-moduli I-C elastic situation, with a priori 6 distinct
phase moduli. This microstructure is representative of the type 4
phase arrangement presented in Sections 1 and 2. The reported
literature data concerning both the three phase relative concen-
trations and the corresponding effective Young moduli allow to
first compare with the proposed CZ‘glﬁ:Cz‘zmg estimate recalled
in Section 2.3 for which the fourth reference matrix phase of in-
finitesimal concentration has the properties of the reference ma-
trix CZ‘Z";LS for the bicontinuous composite part, according to Eq.
(14). If the data are not considered precise enough to ensure the
elementary arrangement szmg be the best estimate, it is possi-
ble to apply the “matrix mixture method” from determining a
likely probability set P(4) also based on the available data. We
here report and compare the obtained results from these two
estimates.

In the Isotropic-Compressible (I-C) elastic cases, considering
both shear p and bulk & moduli eigenvalues, the tensorial
Eq. (22b) for the moduli estimates from the reference matrix mix-
ture using the SC scheme yields to two similar scalar ones, one for
each modulus, as:

N=AM

1 -1
0=y A((w-n) " -d)
=1
_szmn)p 12 (ewrebn)\ (31a)
T & Nw—w s \a o))
N=AM™ » 1
0= > (e -0%)" -4)
J=1
N=A® -1
1 3
- ; Pf(e*_eof _4w+39*) ' (31b)
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Fig. 9. Effective Young moduli estimates from a cLS(2,3) scheme for a 3-phase bicontinuous composite associating connected and disconnected porosities in a titanium solid
phase. Experimental moduli and structure characteristics correspond to data from (Torres et al., 2012).

The particular explicit two-phase forms of this SC estimate are
given in Appendix C which sketches briefly the route to investi-
gate the two moduli inverse problem corresponding to the one-
modulus I-I case treated in the previous sub-section. The involved
Green operator terms in Eq. (31) take the coupled forms with re-
gard to the moduli eigenvalues u and 6 = W:

o 2 (4—5v>_i6u+9. o 1—-2v 3

EBu\1—v ) 5udpn+0" 0 2u(d-v) 4u+30°
(32)

that result from the terms of the isotropic (spherical) strain

Green operator recalled in (Franciosi and Lormand, 2004; Franciosi,
2010):

tfﬁhl = 5(2/4(71]7\))) + %(%) = %
+

—_

5

Sph _ 1 -1 1(1) _ _4-5v

to12 = ﬁ(Z;},(]—v)) E(ﬁ) = 30p(1-v)

Sph__ Sph Sph -1

th22 = tim — 2 (33)

1212 = 30u(1—v)

According to the SC scheme when n>2, Eq. (31) are solved
from a common iterative procedure applied on the scalar forms
of Eq. (5) in starting for any arbitrary matrix in the admissible (i.e.
within HS bounds) range and which easily converges to a moduli
pair (M*SC‘Q*SC).

- The porous titanium as a 3 phase bicontinuous com-
posite. The difference with the exemplified curves for the sole
shear modulus in Fig. 6 for a I-I elastic material is that here
the three (isotropic) phases have different compressibility moduli
6 =Y/(1-2v), where Y=2u(1+V) is the Young modulus, with at
most one phase being nearly incompressible (v=0, 5), say the dis-
continuous (embedded) part of the porosity. Compressibility and
shear moduli for Ti are 61;=275MPa and w1 =42, 31MPa respec-
tively from the given Young modulus Y;;=110MPa and a litera-
ture Poisson ratio vy =0, 3. The connected (continuous) poros-
ity phase has been taken of null Poisson ratio (compressibility
modulus 6 pycons =24po ). The whole porous phase has an assumed
shear modulus pp,=110"3MPa <<p. The shear moduli ratio

ﬁ—‘;‘; = 14;(‘)3713 ~2,3.107> is arbitrarily chosen and not varied. The
only varied modulus in our performed simulations is the Poisson
ratio for the incompressible porosity embedded part vpygisc from
0.4 to 0.5, such that the compressibilty modulus range is 6 pogisc

e {0, 03 —15.108}. According to Eq. (14), the two moduli u, § of

Table 1

Data for the curves plotted in Fig. 8 (the asterisks indicate the parameters
estimated from the data in (Torres et al., 2012) and estimated Young moduli
from the mLS(2,3) scheme for a three-phase bicontinuous I-C elastic com-

posite.
fPo fTi fPocont  fPodisc  fBicontMatr Y MPa Y MPa
* * * * * * mLS(2,3)
038 062 0312 0,068 0,932 28-33  26-29,2
047 053 03896 0,0804 09196 19-23  22,5-256
058 042 05452 0,0348  0,9652 12-15 18,8-20
067 033 06539 0,0161 0,9839 8-11 15,1-15,4

the infinitesimal reference matrix fourth phase made of the two

co-continuous phases take the form {X}ri pocont = Mf#ﬁ‘m
- 'ocon 1

Then the effective moduli are obtained from embedding the three
(Ti, Pocont, Podisc) phases in this reference matrix.

The plotted comparisons with Cg%f estimated Young moduli in
Fig. 9 for 4 different phase relative volume fractions correspond
to the data collected in Table 1 for the phase concentrations and
for the effective Young moduli, including the obtained CZ‘%? esti-
mate. The HS bounds are also indicated. The composite is issued
from a powder compaction technique that we do not enter in. The
selected set of comparison data corresponds to those obtained for
the highest compaction pressure of 800 MPa used in elaboration.
They do not differ noticeably from a second group (obtained at
600 MPa pressure) in terms of phase concentrations, but the mea-
sured Young moduli slightly differ. The min/max reported interval
in Figs. 9 (and 10) for the measured Young moduli to compare with
estimates is based on these two (800-600) MPa data series.

With regard to general accuracy of porosity measurements, the
obtained Y(*fg estimate pretty well matches the measured mod-
uli and any better matching attempt (especially at the lowest Ti
volume fraction points) needs more accurate phase (moduli and
concentrations) characteristics which are the only information con-
tributions to insert in the estimate expression from Eq. (31) for
the two (shear and bulk) moduli eigenvalues. In particular, varying
O pogisc € {0, 03 —15.10°} in varying the Poisson ratio to the closest
to 0.5 is shown to have very little effect on the resulting Young
moduli estimates (bounded at Y*=3u*) and all other moduli can-
not be varied much.?

12 Taking vy;=0, 31 also frequently found in literature yields 64 =290MPa and
Wy =42MPa.
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Fig. 10. Effective Young moduli estimates for a (porous titanium) two-phase composite, based on the proposed “matrix mixture description” from the four elementary

two-phase arrangements with given probabilities. Experimental moduli and structure characteristics correspond to data from (Torres et al., 2012).

- The porous titanium as a two-phase composite of which
the connected versus disconnected porosity status is not precisely
known. For application of the “reference matrix mixture” method
as proposed, the need is a four-probability set P(4) to obtain a
reference matrix for the (porous titanium) composite as the SC
effective moduli of the assemblage of the reference matrices of
the four two-phase elementary arrangements. These four reference
matrices have the moduli pairs which are those of the two con-
stitutive phases, with the additional consideration that the pore
compressibility depends on the continuous versus discontinuous
nature of its arrangement, as done for the 3-phase analysis re-
ported first. For the HS estimates, the phase moduli are (ur,07;)
and (/tpy,fp,) with 8p, being incompressible when included and
compressible if it were (although unlikely as seen next) embed-
ding the Ti phase. Similarly for the mLS(2) and cLS(2) estimates,

the moduli pairs are ({14}ripo, {€}ripo) and ({t}i po, {0111 po), With
the given definitions of the Voigt and Reuss averages on the har-
monic two-phase medium, for both moduli, {X}7;p, =/fpoX7i + friXpo
and [®7ipo = (foo(1/%11) + fri(1/%p0)) 1. Op, is taken compress-
ible in the bicontinuous mLS(2) scheme and incompressible in the
cLS(2) one.

Then taking the probability Pcon(Ti) = 1 — Ppis(Ti) = 1, yields
for the probability of the lower HS estimate that P(HS™)gp, =
Pricp, = 0, regardless of the probabilities for the pore phase
Pcone(Po) = 1 — Ppi(Po) to be continuous or discontinuous. If
these probabilities were unconditional to those on Ti (what is not
known), the probability of bicontinuity would be Pcycone(Ti,P0) =
Pcont(Ti) x Pcone(Po) = Pcone(Po) and the one of “bi-discontinuity”
Pcodisc(Ti,Po) = Ppisc(Ti) x Ppisc(Po) = 0. Similarly for probability
P(HS*)gipo = Ppoctr it would read Peon(Ti) x Ppisc(Po) = Ppjsc(Po).
In which case, the non zero probabilities are P(HS* )5 p, = Pp;sc(Po),
and Pcocont(Ti,Po) = P(MLS)1;p, = Pcone(P0). This is already different
from the previous pure bicontinuous description plotted in Fig. 9.
The addition of a probability that the structure may have a part
with all embedded porosity makes it stiffer, as expectedly.

Considering the third probability P(cLS)r;p, to not be neces-
sarily zero can for example be justified by conditional probabil-
ities (that we do not know either). It is noteworthy that while
the co-discontinuous interpretation of the phase arrangement type
associated to the cLS(2) estimate prohibits a non zero P(cLS)r;p,
value for Ti cannot be discontinuous, the interpretation of min-
imal co-continuity allows it, corresponding to a weakly continu-
ous part of the Ti phase mixed with a weakly connected porous
part. In order to compare the first estimate (with P(cLS)f;p, =0)

Table 2

Estimated probabilities for the four elementary two-phase arrangements to con-
tribute to the two-phase porous titanium structure examined and characterized in
(Torres et al., 2012).

fPox 1L '}Og;“* %* P(HS*)  P(mLS) P(cLS) P(HS-)
038 018 0,82 0,18 082x(A) 082x(1-A) 0
047 017 0,83 017 083x(A) 083x(1-A) 0
058 0,06 0,94 0,06 094x(A) 094x(1-A) 0
067 0,024 0,976 0024  0976x(A) 0976x(1—-A) 0

with estimates obtained with a non zero P(cLS)p,, one intro-
duces a coefficient A in order to consider probability forms as
P(mLS)ri po = Pcont(Po) x A and  P(CLS)r; pp = Pcont(P0) x (1 —A), while
keeping P(HS™ )i pp = Ppjsc(Po). In Table 2 are collected the data con-
cerning the continuous and discontinuous parts of the porosity
as measured in (Torres et al., 2012). Using the assumption that
Peont (P0) = £ “;?,C,g;t) and Py (Po) = %, the Table 3 summa-
rizes the 3 cases of A values from which estimated Young moduli
are compared with the measured ones. Since the compressibility
of the porosity has been taken different whether it is connected
or not, pairs of Young moduli have been estimated for the two-
phase composite, corresponding to a pore phase being either to-
tally incompressible or totally compressible. The obtained values
are plotted in Fig. 10, in comparison with the measured moduli:
case 1, with A=100%, corresponds to the strict two non zero prob-
ability case which yields an effective modulus interval stiffer than
measured one, with a globally increasing tendency. Case 2 assumes
a constant A=50% value independently of the (Ti, Po) partition.
This estimate interval also increases regularly but in remaining be-
low the experimental interval. The third test makes use of roughly
adjusted A values on the measured Young moduli to determine
which variation with the Ti volume fraction must have the ratio

cLS)tiro _ 1-A :
m = -z~ (note that the estimated two (lower and upper)

moduli, for compressible and incompressible pores, approximately
match the min/max experimental interval limits such as to com-
pare the middle lines of both intervals, but it is not meant that
there must be a one-to-one matching of these curve pairs). One
can notice that the satisfyingly matching A values are larger than
the fTi volume fraction they correspond to and that, in the fTi range
of the data, A increases between the two previously tested con-
stant values of 50% and 100%. Hence, the fraction of phase arrange-
ment represented by the cLS(2) estimate decreases drastically in
comparison to the increase of the one represented by the mLS(2)
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Table 3

Data for the curves plotted in Figure 13 (the asterisks indicate the parameters estimated from the data in
(Torres et al., 2012) and estimated Young moduli from the “matrix mixture” method for a two-phase I-C

elastic composite.

fPo fTi Avalues Avalues Avalues Y MPa Y MPa Y MPa Y MPa
* * Case 1 Case 2 Case 3 Case 1 Case 2 Case 3 *

038 0,62 1 0,5 0,87 31,25-37.3 11,37-18,8  27,3-339 28-33
0,47 0,53 1 0,5 0,72 26,1-31,37 9-15,25 17,84-24 19-23
058 042 1 0,5 0,68 19,5-24,06  4,25-8,54 10,8-15,85 12-15
0,67 033 1 0,5 0,65 15,1-18,96 2,75-5,9 7,07-11,3 8-11

estimate. An interpretation would be that a weakly co-connected
composite fraction is significantly present at medium Ti concentra-
tions and decreases with the decrease of the total porosity, such
that only a strongly co-connected composite remains at higher Ti
concentrations. This encouragingly shows that the mLS(p, n) esti-
mate type appears relevant for stiffness estimate of multi continu-
ous composites and that the proposed “matrix mixture method”
is consistent as well and is also capable of providing insights
on phase arrangement characteristics in composite structures. Fur-
ther examination of this method will be the topic of forthcoming
papers.

6. Conclusion

Starting from previously obtained new results concerning the
effective property estimates for the various one-level (opposed
to multi-scaled) phase arrangement possibilities in n-phase com-
posite structures, we here elaborate further on multiple phase
continuity in composites as viewed from Laminate System (LS)
schemes. These Laminate Systems were defined first as interpene-
trated directional laminate structures to represent 3D co-continuity
of several assembled phases, none of them playing a priori a
particular role. This phase co-continuity having been shown to
enhance the composite effective stiffness in a way well repre-
sented by arithmetic (weighted) average of the stiffness prop-
erties of directional laminate structures constitutive of the sys-
tem, the dual approach considering arithmetic averaging of com-
pliances (harmonic average of stiffness) were first associated to
the converse phase co-discontinuity assumption without clear
representation.

Continuity being to be taken in the sense of connected-
ness, phase discontinuity is necessarily a set of disconnected do-
mains of same phase. This definition makes impossible full co-
discontinuity in the sense of simultaneous disconnectedness of n
assembled phases. The minimum of connectedness for a single
phase being 3D through-sample spanning infinite clusters made
of point-connected finite domains, minimal co-continuity of n
phases appears to be the closest possible arrangement correspond-
ing to co-discontinuity. Hence, the duality co-continuity versus
“co-discontinuity” is substituted with maximal versus minimal co-

continuity. This is one first clarification of the present work to
associate the arithmetic stiffness averaging to maximal phase co-
continuity and conversely the arithmetic compliance averaging to
minimal phase co-continuity.

This refined interpretation makes easier to figure out min-
imally co-continuous phase arrangements. The made availabil-
ity of estimates for any possible elementary phase arrangement
among n opens on potential applications in physical processes
involving possible changes of connectedness status for some of
the constitutive phase of a mixture. This happens during solidi-
fication/fusion, precipitation/dissolution, compaction/fragmentation
and other many phenomena characterized by percolation-like
sharp or gradual transitions.

Beyond this, the essential purpose of this work is a descrip-
tion proposal for any composite when not well defined in terms
of its elementary phase arrangement as a combination or “mix-
ture” of them. In examining how a two-phase disordered com-
posite could be so described, it is first shown that a description
based on defining a reference matrix for the composite as a disor-
dered assemblage of the reference matrices of its elementary phase
arrangements provides access to an admissible solution. This de-
scription is supported by a remarkable relation found in the simple
cases of disordered two-phase materials with Isotropic (dielectric-
like) or Isotropic-Incompressible (elastic-like) one-modulus (physi-
cal) symmetry: a definition of the reference matrix of such a dis-
ordered two-phase composite as a disordered mixture of the refer-
ence matrices of its elementary phase arrangements proves to be
independent of the phase moduli contrast. This relation between
the elementary estimate types for two-phase composites is a re-
sult of the use of the two dual Laminate System (LS) estimates
for representing the effective properties of bi-continuous (max-
imally continuous) and of bi-discontinuous (minimally continu-
ous) phase arrangements. They complement the Hashin-Shtrikman
(HS) estimates for the two other arrangements of the well known
reinforced-matrix types to provide that unique relation with the
SC estimate. Application to experimental data from literature on a
3-phase material both supports the relevancy of the proposed es-
timate for multi-continuous composites and of the proposed “ref-
erence matrix mixture” method for estimating effective properties
of general composites.
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Appendix A. Effective properties of multi-continuous materials obey LS schemes

The first considered co-continuous two-phase case is next extended to p co-continuous ones among n.
Al: for two-phase cases (A,B), assuming Eq. (15) yields the relations (with ACgy =Cg —Cp):

ACpy = fA(ACBAA - thV)i] + fB(ACBAq + fAtX)i]

= AGgy : ( Fa(T= fatd - D) ™" + fo(I+ fat : ACBA)’l)’ (AL1)
I= fA(l — faty : ACBA)A + fB(1+ faty ACBA)AV (A1.2)
(I + faty : ACs) = (I - faty : ACsa) = fa(I+ faty : ACsa) + fa(I — faty : ACs), (A13)
I+ (faty — foty — fafaty © ACpa 1 ty) 0 ACsy : I+ (fFt) — f3ty) : ACs. (A14)
faty — foth — f2t) + faty = fafs(t) —t3) = fafsty : ACsa s 8y, (A15)

what yields the laminate property of Eq. (13) that t} —t¥ =t} : AG, : t].
A2: for three phases A,B,D, assuming phases A and B to be continuous yields from Eq. (16b):

ACBA = ((T>(B) + t)‘gl)il - ((T>(A) + tX)71, (A21)

((T)(B) +t3) AC : ((T) ) +tA) ( ) +tA) ((T)(B) +tt‘3/) =t —ty + (T)ay — (T)p), (A2.2)
=T : Az (Tygp) +8) - ACoa s (T + Ty - ACoa 1 £ +1 2 A < £, (A2.3)

with over barred tensors standing for their inverse. This arrives at the equality of Eq. (17).
Next multiplying left by (T), and right by (T)), it comes, with:

(T) oy = fa(C -G " = tV)’1 + (€ -6 - tVD)’l = fiTf + fDTA} (A2.4)

(T) 5 = fA((CB )7 —t)) 4+ fo(G-C) T ) = faTf + foTE

ACpp + (T) ) : tg : ACps + A : tA Ty +(T)ay — (T) g =0. (A2.5)
One arrives at Eq. (18), noting that ¢ : ACgy =11t} : a and AGg, : t) = g : ty —1I, such that:

(T) ) : 8 2 ACo + AGy < £ : (T)p) = (T) s, - (I £ ﬁ) + (@ Y 1) (T) - (A2.6)

Appendix B. Elementary structure analysis for disordered two-phase isotropic-incompressible composites

In the isotropic incompressible (I-I) elastic case that reduces to a single (shear) modulus to estimate, all terms of the form NX—NY

X 0_7 %Y O (kY 1 *X . . .
read, for the two description options considered in Section 4, =X po-p¥ SUAWY —pX) __ \When directly considering the
3u0+2*X 3po+2u*Y Buo+2u*X) (3uo+2u*Y)

reference matrix option 2 (u* = °) which numerically proved to satisfy the remarkable contrast independency property, the system to
solve from Eq. (27¢), simplifies to'3:
v A A GO G NN R G v e -
3ulel + ZM&WE%]S 3plol +2uA * 3plel 2B 3plol +2uA 3ulel +2uB = 5yl

5

OcLS omLS OcLS A OcLS B OcLS B OcLS A OLS
O S .V el Rl T Ve A ki
3pulol + ZM%T};'[S 3plol £ 2uA  3plol +2u8 3ulol 428 3pll 424 /'L]O[

3u[01+2;¢3ﬁ§] 3plol 424, 0cLs

EMo) n 50 ABL respectively and use is made of j*HSA —  OHSA —

All terms of each these equations were multiplied by B = Miap = uh,

7,*HSB _ ,,OHSB _ /B [o] lo]
Hiag) = Hias) = 1 N)jap = 0. IN}y gy =
Further multiplying all (scalar) coefﬁc1ents by respectively () and {u}, yields, without modifying the Equation system to solve in

Eq. (27c), for the two left hand sides:

P/(““A““B — (i) (/L*‘(/LB —(w) (= () )) L) (et = )

(3pelel +2{pu}) (3ulol +2u4) " (3lo] +21u5) (3ulo] +24) (3ulol +2u8)”

13 The notation [A, B] (resp. ]A, B[) stands for the material with f; fraction of phase A (resp. B) and f; of phase B (resp. A), while [o] (resp. ]o[) stands for the matrix of the

related SC estimate, by definition of which both quantities (N){f‘]ﬁ] and {N}}f‘[ﬁ[ are simultaneously zero.
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P,(Myﬁ —(win (ILA(MB —{u})  uB(ut - {M})>) +Pu’g(/ﬂ‘ —{u}) +P,u" nE—{u})
(

(Bl +2(u)) (Bulel+2p8)  (3pulel +21uB) (3ulol +2uB) 3ol 4+ 28)”
to be respectively equal to the related right hand sides b 5t ’[‘DIIO]( 1) and “in Sul]j:’][l)[{ b
Use was here made of the definitions M&%S: {u}, M&CLBS] ={a}= M%mé'[s (), M%CLBS[ =) = % for the reference ma-
trices of the two Laminate System schemes related to the two [A B] and JA, B[ dual two-phase I-I composites. Additional re-
arrangements using relations such as uAu® —(u >{M}—— Safa(uf — B2 A — () =fapA(uB — ph); pnB(uh — () =feuB(uh — uby;

AU — () =fapA(uB — uA); uB(uA —{u}) =fauB(uA — uB) and also introducing the reduced notations ji! = u!/uA with the contrast
r = jiB = uB/uA, yields finally (after having divided by the common term r— 1) to the left hand side forms:

pp(_ Jafsr=1) 1/ S 1 p_ S
C3all+2{a)  3all+2 T 3l 4+ 2r 3l +2 3ol +2r°

pp(_Jafer =D __ fz _ Jar _p_ S p_ S
3l +2(@)  3pll4+2 ° 3kl +2r 3plel + 2r 3jlel +2°
to be respectively equaled with fA(r_ﬂ;g[);]’(fr’*IS_’l[D]) nd 0= “5]2])0?(’;’”8 L0
This is still the system of Eq. (27c) with simplified coefficients which can be shown related as:
3l +2f{p}  3alt+2  3pll+2r 1 (r— 1D)[b][d]
= + — + — =>[a] = [d] - [b] - L
A 7 B - T
3ally2¢a)y  3pll4+2  3plkly2r 1 r (r—1)]b[]d[
= + =— 4+ -—=> la[ =|d] - || - —-7F—F—
Tl 7 7R A R R B

. _ 2_ 2
and with also [a] = % and Ja[= ]%HHZ{ .

The effective shear moduli (% and 1%l from the SC estimate forms in each equation are solution of the relations which read (once
reduced accordingly to the stepwise coefficient modifications and wit p=2fy —2fs=fa— 2 andq=32fs— 2fa = fz — 2):

3. - 2
A — @l (p+qr) - fr =0and M]O[Z g+ pr)-zr=0, (B1)
such that:

i [0]2 flol — filol flol( g lol —

_3M£u] AClp 39 —p. 1 (1 ~l)(f-i,u +2);r—ﬂ[°]= SfA,u: (Al —1)
aelg +2 flolg +2° alelg +2 aelg +2
— o3 =q). = @)Ear2) . s _ S @)
(resp. r = jill p_]U[p+2)' r—1 M2 — ol = 2fs T3 ).
Then, the coefficients in the Equation system to solve can be simply written:

D PO e | N LR

3T+ 2r ~ (q+2)AlI(r—1) ~ 5alI(r—1)’

ol — 1 r— fulol

b B )

3all+2 (g +2)(r—1)  SALI(r—1)
[d] +r[b] = r(@-1) +r (r— ) [d)* —r[b]* = 701[0]2 —r

T 54ll(r—1) 5pll(r—1) 5 lol' 25402(r — 1)’

P —rbP R —r o fa(r— A) + for(1 - A
91 ="ar ey = saea =1y SALI(r—1)

Similarly (note that compared with the series [x], f4 and p interchange with fz and q):

[k] =

= falb] — fold].

T3AM2r T (pr2)AM(r—1) T SAF(r-1)’
W S LED B Y 1)
C3ak 42 (@llp42)(r—1) S5AM(r-1)
(@ -1) () S )
W+ = s + e =y = s 1C 8 = saspmg o1y

[ Y L SV L

Jaf = [+ b~ sakl(r—1) "7 500(r—1)

= fe]bl — fald[.
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Suppression of the common denominator in each equation finally yields the coefficient set:
[a] = A% —r, [b] =r— @], [d] =r(@lt = 1), [k] = falb] — fold]. (B.2a)

lal = @l —r, bl =1 — @, Jd[ = r(@ - 1), Ik = fz]bl — faldl, (B.2b)
from which it comes (for [d]]a[ + [a]]b] # 0):
_ [bllal +[ald[ _ (7= A1) (A2 1) + (A - 1) (A 1)

p= [d]]al + [a]]lB] — r(ﬂ[O] - 1)(,110[2 — r) + (r - ﬂ]O[)(ﬂIOIZ - r) ’ (B.3a)
_ la]lk[ —[k]la[ _ . [a]]b[ + [d]lal . [a]ld[+[b]lal _
= (dllal +alll ~ *{dllal+ allBl ~ *{allal+ [allbl ~ 7+ (B:3b)
The calculation of the coefficient 8 suffices. The Eq. (B.1) also yield:
A p =200 4 L (7209 1) = 2 (p(a — 1) + qr(a - 1)), (B4a)
Al —r =27MQ 4 L (AMp—1) = %(q(mﬂ — 1)+ pr( — 1)), (B.4b)
such that:
g _ bllal+[aldl _ (r— (A —r) ekt - 1) (A2 - r)
~ [d]la[ + [a]]b] — r(atl — 1) (ahl2 —r) + (r— o) (o —r)
_ (r - ﬂ["])(CI(ﬂ]"[ — 1)+ pr(pll — 1)) + T(ﬂ]"[ - 1) (P(ﬂ["‘ —1) +qr(al! - 1))
r(ater = 1) (gt —r) + pr(all — 1)) + (r— akl) (p(alel = r) +qr(ale - 1))
_(r-0)@X-r+prX-1) +rX-1)(pO-1) +qr(0-1))
rO-1D@X-r+prX-1)+ T -X)(p(0-1)+4qr(0-1))
:Q(rZ(X—l)(O—l)—(X—f)(O—f))_g_3f3—2fA (B5)

p(PX-1)(O0-1)-(X-n(O-1) P 3fa-2fs

. 3fg—2 3f4—2 20f42—fg? 2(f4—
From , it comes @ = —fu 351 + fogfyft = 20 = S,

The analytical resolution for P P then follows from Pla+ 8C)a]+P[b]—(«+ BP)d]=[k], what simply vyields P=
—([b]+a[a]—ﬂ[dl)i\/([bl+a[ﬂ]—ﬂ[d])2+4ﬁ[ﬂ](Ol[d]+[’<])

2p[a]
Everything solved without difficulty to be reported, one finds:
2
1 4fy, -5 4fy -5 3fa 3-5f4
(l)ForfA<3/5,P_—j 3—5fA+\/<3—5fA _43_5fA 3-5], , (B.6a)
2
1 4f, —5 4fy -5 3fa 3-5f4
(2)ForJ‘A>3/5,P_—j 35fA\/<35fA 743*5fA 35S, , (B.6b)

2(fa—fp) N 3fp— ZfAP _ (2-4f)+(Bfs-2)P
3fa—2fs  3fa-2fp 3-5fp '

which are all shear contrast-independent quantities.

For [d]]a[+[a]]b[=0 (at f4=0.4), the solution comes from ([a]lk[—[k]la[)+ C([b]la[+[a]ld[)=0 say from Eq. (B.7), Pj,_o4=
(4fg—2)/(5fg—2) = 0.4:P}B=0_4, and P}A=O_4=([k] —0.4[b])/(0.4][a] - [d])fA:0.4= 9/13 ~ 0.692="P;,_q4, in the continuity of the plots
of Fig. 7. All equations from the beginning still hold when the coefficient 2/5, as it appears in particular in p and q, is substituted with
coefficient w. Thus, the solution for two-phase I-I elastic-like composites also holds for isotropic dielectric-like ones, in which case w=1/3.

(B.7)

and P =« + BP =

Appendix C. The Self-Consistent estimate for a two-phase I-C composite

Using Eq. (7) for the shear u and bulk 6 = 3*# = %"(sz"v) moduli eigenvalues yields the two scalar coupled relations:

Wiey = () + (reiasy — 1) = G5+ (reiahy — 1°): Oy = (0) + (Bag — 0%) = 6 : (6535 — 0°). (€1
With the two involved Green operator terms recalled in Eq. (32), they take the forms:

2 GM*SC + 39*SC
*SC *SC *SC
= () + (5 = a) (5wsc 4075 1 30+ (15 = pp), (C.2a)
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*, 3 *,
Q*SC = (9) + (9 SC —OA)(W)(G sC —63)

From the bulk equation one obtains the relation:
4005 4 3@
430y

4(0) >+ 3040 (
4 +3{0)

O*SC —

m5G;March 13, 2019;2:9

(C.2b)

(C3)

that allows to first solving the shear equation of rank four in ©u*5¢ once #*5C is eliminated in it and then the bulk equation. Thanks to
this I-C elastic SC solution that we do not need explicitly here, one can admit the ratio zi. = 0*5C/u*C be definite such as to write the

two-equation system as:

#SC _ +SC W sc . _ 2643z
W= (1) + (//L - MA) s (M - /vLB) with w = 5 m,
SC _ +SC W : 3%

(C4a)

(C.4b)

In the I-I case that corresponds to an infinite z§. ratio, w' — 1 but the bulk equation becomes undetermined and w — 2/5, what results

in the one-modulus I-I problem solved in Appendix B.
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