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In this paper, the combined effects of texture and asymmetric single-crystal plastic deformation mecha-
nisms on the dilatational response of voided polycrystals are assessed for the first time. To this end, a full-
field dilatational viscoplastic Fast Fourier Transform (FFT)-based approach is used to generate gauge sur-
faces for porous polycrystals deforming by twinning at single crystal level, which are compared to yield
surfaces obtained according to a recent analytical criterion for porous materials. Both approaches are
cross-validated, revealing unusual features of the dilatational response, namely, a lack of symmetry of
the surfaces with respect to both the hydrostatic and deviatoric axes. This strong sensitivity to the third
invariant of the stress deviator is associated to the anisotropy and the tension–compression asymmetry
of the plastic response of the matrix.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Ductile failure in metals occurs due to the nucleation, growth
and coalescence of voids (McClintock, 1968). Voids are nucleated
in metals mainly by decohesion at particle–matrix interfaces, or
by micro-cracking of second-phase particles (see, for example,
Tvergaard, 1981). In materials deforming by mechanical twinning,
damage nucleation can also occur at twin boundary intersections
with other twin boundaries or grain boundaries (Mahajan, 1981;
Livescu et al., 2012). Voids can also nucleate in single crystals that
do not contain pre-existing voids or inclusions (see, for example,
Cuitino and Ortiz (1996), Lubarda et al. (2004), and the study on
cylindrical void growth in rigid-ideally plastic single crystals of
Kysar and Gan, 2007). In turn, these nuclei grow and eventually
coalesce inside a plastically-deforming matrix. Thus, the ability
to accurately describe the evolution of voids in a ductile metal is
a key element to accurately predict its failure. Micromechanics-
based models pioneered by Rice and Tracey (1969) and Gurson
(1977), and later extended by a number of authors (see, for exam-
ple, Tvergaard, 1981; Tvergaard and Needleman, 1984; Leblond
et al., 1994; Garajeu and Suquet, 1997; Gologanu et al., 1997) are
successful in describing void growth in an isotropic homogeneous
matrix. However, most metallic materials display strong anisot-
ropy and complex heterogeneous microstructure. With few excep-
tions (e.g. Benzerga and Besson, 2001; Monchiet et al., 2008;
ll rights reserved.

: +1 505 667 8021.
hn), cazacu@reef.ufl.edu (O.
Stewart and Cazacu, 2011) coupling between anisotropy and
porosity evolution remains largely unexplored. In what concerns
microstructural effects on void growth, some of which were re-
cently characterized experimentally (e.g. Escobedo et al., 2011),
even fewer theoretical and numerical studies (e.g. Lebensohn
et al., 2011) attempted to establish correlations between porosity
evolution and the polycrystalline character of the matrix.

In addition to texture-induced anisotropy, for certain polycrys-
tals, a significant tension–compression asymmetry (‘‘strength-
differential’’) is observed although no volume change accompanies
yielding. This asymmetry in yielding and strain-hardening behav-
ior is due, e.g. to activation of mechanical twinning (Tomé et al.,
2001; Proust et al., 2007; Nixon et al., 2010a,b), or non-Schmid-
type slip at the single crystal level (see, for example, Vitek et al.,
2004; Groger et al., 2008). In order to approximate the plastic re-
sponse in the presence of randomly-distributed spherical voids in-
side such polycrystals, Cazacu and Stewart (2009) carried out a
limit analysis of a hollow sphere obeying the isotropic form of Caz-
acu et al.’s (2006) yield criterion, which is pressure-insensitive, and
yet, able to capture ‘‘strength-differential’’ effects. In contrast to
Gurson’s yield surface, Cazacu and Stewart’s (2009) does not dis-
play the usual symmetry with respect to the deviatoric axis (i.e.
the predicted yield strength under hydrostatic tension is different
from the yield strength under hydrostatic compression) and shows
sensitivity of the dilatational plastic response to the stress third
invariant.

Materials with hexagonal crystal structure (e.g., Ti, Zr,
Mg), which are strongly textured display both anisotropy and
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tension–compression asymmetry in deformation and strength
(Tomé et al., 2001; Proust et al., 2007; Nixon et al., 2010a).
Although a lot of progress has been made in the past decade in
the characterization and modeling of the basic deformation mech-
anisms operating in such materials at single crystal level, and how
the latter affect the polycrystal behavior (e.g. Proust et al., 2007;
Tirry et al., 2011), experimental characterization of ductile damage
in such materials is very limited (Gray et al., 2000; Marya et al.,
2006; Millett et al., 2008). The existing evidence suggests that
the size of the pores is of the same order or larger than the average
grain size. Therefore, a representative volume element (RVE) of
such materials should consist of a polycrystalline matrix with
intergranular voids, and, if the dilatational plasticity problem is
to be treated with analytical homogenization, the yield criterion
for the matrix should account for the asymmetric plastic response
of the fully-dense polycrystal.

To capture the combined effects of anisotropy and tension–
compression asymmetry of the matrix on the response of a porous
material containing randomly-distributed spherical voids, Stewart
and Cazacu (2011) extended Cazacu and Stewart’s (2009) formula-
tion, performing analytical homogenization of a hollow sphere
obeying the anisotropic Cazacu et al.’s (2006) criterion. In contrast
to existing anisotropic yield surfaces for porous materials (e.g. Ben-
zerga and Besson, 2001; Monchiet et al., 2008), the resulting yield
surface depends on all the invariants of the stress deviator r0, as
well as on the mixed invariants of r0, and the symmetry tensors
associated with orthotropy. Thus, the criterion accounts for the
influence of both the direction and the sense of loading on the dila-
tational plastic response of the material. Finite-element (FE) unit
cell calculations were also conducted to verify the upper-bound
character Stewart and Cazacu’s (2011) criterion and assess its
validity. On the other hand, controlled experimental data on the
dilatational response of anisotropic materials with ‘‘strength-dif-
ferential’’ effects, e.g. polycrystals in which twinning is a predom-
inant deformation mechanism, are lacking, so the unusual trends
associated to the combined effects of the anisotropy and ten-
sion–compression asymmetry remain to be confirmed.

Independently of the aforementioned studies within the frame-
work of limit analysis, Lebensohn et al. (2011) extended a full-field
formulation based on Fast Fourier Transforms (FFT) (Moulinec and
Suquet, 1998; Michel et al., 2000; Lebensohn, 2001) to study the
influence of different microstructural features (overall porosity,
texture of the matrix material, single-crystal anisotropy, etc.) and
type of loading on the dilatational viscoplastic behavior of voided
polycrystals with pre-existing intergranular voids. Numerical pre-
dictions obtained with this approach were compared with results
for porous non-linear materials obtained with homogenization
techniques alternative to Gurson-type approaches, based on the
variational formulations of Ponte Castañeda (Ponte Castañeda,
1991, 2002) extended to polycrystals (deBotton and Ponte Castañ-
eda, 1995; Liu and Ponte Castañeda, 2004). While Lebensohn et al.
(2011) studied both fcc and hcp polycrystals, they assumed plastic
deformation of the constituent grains by slip only, obeying the
standard Schmid law, i.e. without considering any source of
‘‘strength-differential’’ at grain level, thus resulting in a macro-
scopic response also symmetric in tension and compression.

In this paper, the combined effects of texture and specific sin-
gle-crystal plastic deformation mechanisms responsible for ten-
sion–compression asymmetry (namely, twinning) on the
dilatational response of voided polycrystals are assessed for the
first time. To this end, the FFT-based approach of Lebensohn
et al. (2011) is used to generate gauge surfaces for porous polycrys-
tals deforming by twinning at single crystal level while Stewart
and Cazacu’s (2011) criterion is also applied to describe yielding
of analogous porous materials. Both approaches reveal unusual
features of the dilatational response, namely, a lack of symmetry
of the yield surfaces with respect to both the hydrostatic and devi-
atoric axes.

2. Analytic anisotropic yield criterion for voided materials with
tension–compression asymmetry

Stewart and Cazacu (2011) used the kinematic non-linear
homogenization approach of Hill (1967) and Mandel (1972) to de-
rive an analytic criterion for porous materials with anisotropic and
incompressible matrix displaying tension–compression asymme-
try. This anisotropic yield criterion is of the form:

u ¼ m̂2
X3

i¼1

jr̂ij � kr̂i

rT
x

� �2

þ 2f cos h
3rm

hrT
x

� �
� ð1þ f 2Þ ¼ 0; ð1Þ

where k is a parameter describing the tension–compression asym-
metry of the matrix; h is a parameter that depends on the matrix
anisotropy and the sign of the mean stress, rm; f is the void volume
fraction (porosity); and r̂1; r̂2; r̂3 are the principal values of the
transformed stress tensor:

r̂ ¼ L : r0: ð2Þ

In Eq. (2), r0 is the deviator of the Cauchy stress tensor r (i.e.
r0 ¼ r� rmI, rm ¼ 1

3 r : I, with I being the second-rank identity
tensor), L is a fourth-rank symmetric tensor describing the anisot-
ropy of the matrix, and ‘‘:’’ denotes the doubled contracted product
between two tensors. Let (x,y,z) be the reference frame associated
with orthotropy, e.g. in the case of a rolled plate, x, y and z repre-
sent the unit vectors along the rolling, transverse and normal
directions, respectively. Relative to the orthotropy axes, tensor L,
represented in contracted Voigt notation, is written as:

L ¼

L11 L12 L13

L12 L22 L23

L13 L23 L33

L44

L55

L66

2
666666664

3
777777775
: ð3Þ

In expression (1), rT
x is the uniaxial tensile yield stress along a

given axis of orthotropy (e.g. the x-direction) of the matrix (fully-
dense material) while the constant m̂ depends on the anisotropy
coefficients Lij and the ‘‘strength-differential’’ parameter k, such
that:

m̂ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

q ; ð4Þ

where:

U1 ¼
2L11 � L12 � L13

3
; U2 ¼

2L12 � L22 � L23

3
;

U3 ¼
2L13 � L23 � L33

3
: ð5Þ

The hydrostatic parameter h is given by:

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r
5
ð4t1 þ 6t2Þ

r
; ð6Þ

with:

r ¼
1

m̂2
3

3k2�2kþ3

� �
if rm < 0;

1
m̂2 ð 3

3k2þ2kþ3
Þ if rm P 0:

8<
: ð7Þ

The scalars t1 and t2 involved in the expression of parameter h
account for the anisotropy of the matrix and are defined as:
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t1 ¼ 3 B13B23 þ B12B23 þ B12B13 þ 2B2
12 þ 2B2

13 þ 2B2
23

� �
; ð8aÞ

t2 ¼ B2
44 þ B2

55 þ B2
66; ð8bÞ

where B ¼ ðL : KÞ�1; with K denoting the fourth-rank deviatoric unit
tensor, i.e. (in Voigt notation):

K ¼

2=3 �1=3 �1=3
�1=3 2=3 1=3
�1=3 �1=3 2=3

1
1

1

2
666666664

3
777777775
: ð9Þ

The expressions of the components Bij in terms of the compo-
nents of the orthotropic tensor L are given in Appendix A. In the ab-
sence of voids (f = 0), criterion (1) reduces to the matrix’s yield
criterion, i.e. the quadratic form of Cazacu et al.’s (2006) orthotro-
pic criterion, denoted hereafter CPB06:

~re ¼ rT
x ; ð10Þ

with:

~re ¼ m̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

i¼1

ðjr̂ij � kr̂iÞ2
vuut : ð11Þ

Note that CPB06’s effective stress, ~re, accounts for the combined
effects of tension–compression asymmetry and anisotropy of the
matrix, since, for k – 0 it depends on all the invariants of the stress
deviator r0, as well as on the mixed invariants of r0, and the sym-
metry tensors associated with orthotropy, namely: M1 ¼ x� x,
M2 ¼ y � y, M3 ¼ z� z (see Cazacu et al., 2006; Boehler, 1987).
Consequently, it does not have the symmetry properties of Gur-
son-type criteria with respect to the deviatoric axis, rm ¼ 0. In-
deed, according to criterion (1), for tensile hydrostatic loading,
yielding of the porous material occurs when rm ¼ p̂þY ; with:

p̂þY ¼ �
rT

x

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

m̂2ð3k2 þ 2kþ 3Þ
4t1 þ 6t2

5

� �s
lnðf Þ ð12Þ

whereas, for compressive hydrostatic loading, yielding occurs when
rm ¼ p̂�Y ; with:

p̂�Y ¼
rT

x

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

m̂2ð3k2 � 2kþ 3Þ
4t1 þ 6t2

5

� �s
lnðf Þ ð13Þ

Furthermore, Stewart and Cazacu’s (2011) criterion is no longer
invariant with respect to the transformation ðrm;r0Þ ! ðrm;�r0Þ.
To further illustrate this dependence of the yield criterion on the
third invariant of the stress deviator J3 ¼ r01r02r03 and on the mixed
invariants associated with orthotropy, in what follows we present
the expressions corresponding to axisymmetric loading along the
x-axis, y-axis and z-axis of orthotropy, respectively. Let r1 denote
the axial stress and r3 denote the lateral stress (i.e. the value of
the two principal stresses that are equal). Thus, the von Mises
equivalent stress is re ¼ jr1 � r3j, the mean stress is rm ¼
ðr1 þ 2r3Þ=3, and the third invariant of the stress deviator is
J3 ¼ 2

27 ðr1 � r3Þ3.

(a) Case of axisymmetric loading with axial stress along the x-
axis, i.e. r ¼ r1ðx� xÞ þ r3ðy � y þ z� zÞ:

(a1) For J3 6 0 (i.e. r1 6 r3), Eq. (1) reads:
u¼

rT
x

rC
x

� �2
re
rT

x

� �2
þ2f cosh rm

rT
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15m̂2 3k2�2kþ3ð Þ

4t1þ6t2

r !
� 1þ f 2
� �

; if rm <0;

rT
x

rC
x

� �2
re
rT

x

� �2
þ2f cosh rm

rT
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15m̂2 3k2þ2kþ3ð Þ

4t1þ6t2

r !
� 1þ f 2
� �

; if rm �0

8>>>>><
>>>>>:

ð14aÞ
(a2) For J3 P 0 (i.e. r1 P r3), the yield criterion becomes:
u¼

re
rT

x

� �2
þ2f cosh rm

rT
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15m̂2 3k2�2kþ3ð Þ

4t1þ6t2

r !
� 1þ f 2
� �

; if rm <0;

re
rT

x

� �2
þ2f cosh rm

rT
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15m̂2 3k2þ2kþ3ð Þ

4t1þ6t2

r !
� 1þ f 2
� �

; if rm�0:

8>>>>><
>>>>>:

ð14bÞ

with rT

x and rC
x being the matrix’s uniaxial tensile and compressive

yield stress along the x-axis, respectively.

(b) Case of axisymmetric loading with axial stress along the y-
axis, i.e. r ¼ r1ðy � yÞ þ r3ðx� xþ z� zÞ:

(b1) For J3 6 0 (i.e. r1 6 r3):
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffir !

u¼

rT
x

rC
y

� �2
re
rT

x

� �2
þ2f cosh rm

rT
x

15m̂2 3k2�2kþ3ð Þ
4t1þ6t2

� 1þ f 2
� �

; ifrm <0;

rT
x

rC
y

� �2
re
rT

x

� �2
þ2f cosh rm

rT
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15m̂2 3k2þ2kþ3ð Þ

4t1þ6t2

r !
� 1þ f 2
� �

; if rm�0:

8>>>>>><
>>>>>>:

ð15aÞ

(b2) For J3 P 0 (i.e. r1 P r3):
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffir !

u¼

rT
x

rT
y

� �2
re
rT

x

� �2
þ2f cosh rm

rT
x

15m̂2 3k2�2kþ3ð Þ
4t1þ6t2

� 1þ f 2
� �

; if rm <0;

rT
x

rT
y

� �2
re
rT

x

� �2
þ2f cosh rm

rT
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15m̂2 3k2þ2kþ3ð Þ

4t1þ6t2

r !
� 1þ f 2
� �

; if rm�0:

8>>>>>><
>>>>>>:

ð15bÞ

where rT
y and rC

y denote the matrix’s uniaxial tensile and compres-
sive yield stresses along the y-axis, respectively.

(c) Case of axisymmetric loading with axial stress along the
z-axis, i.e. r ¼ r1ðz� zÞ þ r3ðx� xþ y � yÞ:

(c1) For J3 6 0 (i.e. r1 6 r3):
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffir !

u¼

rT
x

rC
z

� �2
re
rT

x

� �2
þ2f cosh rm

rT
x

15m̂2 3k2�2kþ3ð Þ
4t1þ6t2

� 1þ f 2
� �

; if rm <0;

rT
x

rC
z

� �2
re
rT

� �2
þ2f cosh rm

rT
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15m̂2 3k2þ2kþ3ð Þ

4t1þ6t2

r !
� 1þ f 2
� �

; if rm�0:

8>>>>>><
>>>>>>:

ð16aÞ

(c2) For J3 P 0 (i.e. r1 P r3):
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffir� �

u¼

rT
x

rT
z

� �2
re
rT

x

� �2
þ2f cosh rm

rT
x

3m̂2 3k2�2kþ3
� �

5
4t1þ6t2

� �
� 1þ f 2
� �

; if rm <0;

rT
x

rT
z

� �2
re
rT

x

� �2
þ2f cosh rm

rT
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3m̂2 3k2þ2kþ3

� �r
5

4t1þ6t2

� �� �
� 1þ f 2
� �

; if rm �0:

8>>>><
>>>>:

ð16bÞ

where rT
z and rC

z are the matrix’s uniaxial tensile and compressive
yield stresses along the z-axis, respectively. Details of the derivation
of expressions (14)-(16) are given in Appendix B.

Note that Stewart and Cazacu’s (2011) criterion has different
expressions depending on the signs of both J3 and the mean stress.
The combined effects of the matrix’s tension–compression asym-
metry and its orthotropy are evident by comparing expressions
(14)-(16) of the criterion. Note that in the case of axisymmetric
loading along the x-axis, the sensitivity to J3 results from the ma-
trix tension–compression asymmetry along the x-axis (i.e. due to
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rC
x – rT

x ). For axisymmetric loading along the y-axis, the sensitivity
to J3 is due to the matrix tension–compression asymmetry along
the y-direction of orthotropy (i.e. due to rC

y – rT
y ), while for axi-

symmetric loading along the z-axis, the sensitivity to J3 results
from the matrix tension–compression asymmetry along the z-axis
(i.e. due to rC

z – rT
z ). In other words, the sensitivity to J3 is due to

the tension–compression asymmetry ratio in the direction of the
applied axial stress.

If there is no tension–compression asymmetry in the matrix (i.e.
k = 0), p̂þY ¼ jp̂�Y j, and Stewart and Cazacu’s (2011) criterion reduces
to Benzerga and Besson (2001) (for more details, see Stewart and
Cazacu, 2011).

If the matrix is isotropic, the anisotropy tensor L reduces to the
fourth-rank identity tensor I4, i.e. Lijkl ¼ 1

2 ðdikdjl þ dildjkÞ, Eq. (2)
gives r̂ ¼ r0, and the matrix has the same uniaxial strength in
any direction i.e. rT

x ¼ rT
y ¼ rT

z �
def rT and rC

x ¼ rC
y ¼ rC

z �
def rC ,

respectively. Replacing the latter in Eq. (5) gives:
U1 ¼ 2=3;U2 ¼ U3 ¼ �1=3, and, further replacing these values in
Eqs. (4), (7) and (8), respectively, we obtain:

m̂jL¼I4
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

2ð3k2 � 2kþ 3Þ

s
; ð17Þ

rjL¼I4
¼

2=3; if rm < 0;
2
3 � 3k2�2kþ3

3k2þ2kþ3
if rm P 0:

(
ð18Þ

B ¼ K) t1 ¼ t2 ¼ 3: ð19Þ

Thus, Stewart and Cazacu’s (2011) anisotropic yield criterion
(Eq. (1)) reduces to Cazacu and Stewart’s (2009) isotropic criterion,
i.e.

m2
X3

i¼1

jr0ij � kr0i
rT

� �2

þ 2f cos h zs
3rm

2rT

� �
� 1þ f 2
� �

¼ 0; ð20Þ

with the material constants m and zs depending only on ‘‘strength-
differential’’ parameter k, i.e.

m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9

2ð3k2 � 2kþ 3Þ

s
; ð21Þ

zs ¼
1 if rm < 0;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3k2þ2kþ3
3k2�2kþ3

q
if rm P 0:

(
ð22Þ

Because Cazacu and Stewart’s (2009) yield criterion (Eq. (20))
depends on all principal values of the stress deviator and on the
sign of the applied mean stress through the parameter zs, it does
not have the symmetry properties of Gurson’s (1977) criterion.
Specifically, the yield locus (20) is not symmetric with respect to
the deviatoric axis. For tensile hydrostatic loading, yielding of the
porous material occurs when rm ¼ pT

Y (see Eq. (12)), with:

pT
Y �

def
p̂þY jL¼I4

¼ �2
3
rC lnðf Þ; ð23Þ

while for compressive hydrostatic loading, yielding occurs when
rm ¼ pC

Y ; (see Eq. (13)), with:

pC
Y �

def
p̂�Y jL¼I4

¼ 2
3
rT lnðf Þ: ð24Þ

Due to the tension–compression asymmetry of the matrix, Caz-
acu and Stewart’s (2009) criterion has different expressions
depending on the signs of both J3 and the mean stress. The expres-
sions of this criterion for axisymmetric loading are easily obtained
by setting L = I4 in either one of Eqs. (14–16). Thus, for axisymmet-
ric loading, r ¼ r1ðx� xÞ þ r3ðy � y þ z� zÞ;Cazacu and Stewart’s
(2009) reads:
(1) For J3 6 0 (i.e. r1 6 r3):

u ¼
rT
rC

� �2
re
rT

� �2
þ 2f cosh 3

2
rm
rT

� �
� 1þ f 2
� �

; if rm < 0;

rT
rC

� �2
re
rT

� �2
þ 2f cosh 3

2
rm
rT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3k2þ2kþ3
3k2�2kþ3

q� �
� 1þ f 2
� �

; if rm � 0;

8><
>:

ð25aÞ

(2) For J3 P 0 (i.e. r1 P r3):
u ¼
re
rT

� �2
þ 2f cosh 3

2
rm
rT

� �
� 1þ f 2
� �

; if rm < 0;

re
rT

� �2
þ 2f cosh 3

2
rm
rT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3k2þ2kþ3
3k2�2kþ3

q� �
� 1þ f 2
� �

; if rm � 0:

8><
>:

ð25bÞ
Furthermore, if the matrix material presents no tension–com-
pression asymmetry in its plastic response ðrT ¼ rCÞ, then: k = 0,
zs = 1, m ¼

ffiffiffiffiffiffiffiffi
3=2

p
, and the Cazacu and Stewart’s (2009) criterion

(Eq. (20)) reduces to Gurson’s (1977) criterion, i.e.

re

rT

� �2

þ 2f cosh
3
2

rm

rT

� �
� 1þ f 2
� �

¼ 0: ð26Þ

Finally, if the porosity f is equal to zero, Cazacu and Stewart’s
(2009) yield criterion reduces to the isotropic form of the quadratic
CPB06 (Cazacu et al., 2006) yield criterion, i.e.

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

i¼1

ðjr0ij � kr0iÞ
2

vuut ¼ rT : ð27Þ

In Section 4, the anisotropic criterion (1) will be applied to the
description of the anisotropy and asymmetry of the yield loci of
voided fcc polycrystals deforming only by twinning, and hcp poly-
crystals deforming by slip and twinning, and compared to the pre-
dictions of the full-field dilatational viscoplastic model of
Lebensohn et al. (2011), described next.

3. Full-field dilatational viscoplastic approach for voided
polycrystal

The FFT-based full-field formulation for viscoplastic polycrys-
tals, conceived for periodic unit cells, was originally developed
(Moulinec and Suquet, 1998; Michel et al., 2000) as a fast
algorithm to compute the elastic and elastoplastic effective and lo-
cal response of composites, then adapted (Lebensohn, 2001;
Lebensohn et al., 2005, 2008, 2009) to deal with the viscoplastic
deformation of power-law fully-dense (incompressible) polycrys-
tals, and later extended to the case of dilatational viscoplasticity
of porous polycrystals (Lebensohn, 2001), which is reminded in
what follows.

3.1. Unit cell construction

We start by describing the construction of the unit cells utilized
in this study. The fully-dense polycrystals considered here are peri-
odic, consisting of single crystal grains generated by Voronoi tes-
sellation, whose orientations were randomly chosen from
different sets (see below), to reproduce the required overall crys-
tallographic textures. In the case of voided polycrystals, intergran-
ular cavities were also randomly seeded until reaching the
required porosity. First, to generate the fully-dense polycrystals,
1000 grain nuclei were randomly distributed in a cubic domain
and, to ensure periodicity, they were periodically replicated imme-
diately outside the cube. In turn, the cubic domain was partitioned
into a regular grid of Fourier points (in all the examples that
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Fig. 1. Unit cells and textures used in FFT simulations. (a) fully-dense polycrystal with 1000 grains, generated by Voronoi tessellation; (b) voided polycrystal with the same
1000 grains and 100 voids (5% porosity) obtained by means of the void seeding procedure explained in Section 3.1. In the cases of unit cells representing isotropic fcc and bcc
polycrystals, grain orientations were randomly assigned from a Sobol (1967) sequence of orientations for cubic symmetry. In the cases of unit cells representing textured
polycrystals, the sets of 1000 orientations assigned to the grains correspond to: (c) fcc polycrystal with orthotropic texture, (111) pole figure shown; (d) hcp polycrystal with
transversely isotropic texture, basal pole figure shown. Intensity lines correspond to multiples of random distribution (mrd). Dots correspond to regions of the pole figures
with intensities lower than that of random distribution (1 mrd).
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follows a 128 � 128 � 128 grid was used). Each Fourier point was
assigned to its nearest nucleus (see Fig. 1a). Additionally, to gener-
ate porous polycrystals, all Fourier points at multiple junctions
were identified and picked in a random sequence to try to accom-
modate a cavity centered in that point of a radius r1 and sur-
rounded by a ‘‘security’’ zone of radius r1 + r2 where no other
cavity was allowed. These radii were adjusted such that the target
porosity was reached. Fig. 1b shows the resulting unit cell, repre-
senting a porous polycrystal with 1000 grains, 109 voids and 5%
porosity, obtained by setting r1 = 6 and r2 = 6.35 (in units of dis-
tance between adjacent Fourier points). Three different sets of
1000 orientations were assigned to the single crystal domains. In
the case of isotropic (i.e. uniform texture or ‘‘untextured’’) fcc
and bcc polycrystals (see Section 4.1), the orientations were chosen
from a Sobol (1967) sequence of orientations, in order to generate
polycrystals with an effective response as close as possible to isot-
ropy (Brenner et al., 2009). In the case of textured fcc (Section 4.2)
and hcp polycrystals (Section 4.3), the orientations were chosen to
represent the fcc orthotropic texture shown in Fig. 1c, and the
transversely-isotropic hcp texture of Fig. 1d, respectively.
3.2. FFT-based algorithm for voided polycrystals

The discretization of the periodic unit cells described above deter-
mines a regular grid in the Cartesian space {x} and a corresponding
grid of the same size in Fourier space {k}. The determination of gauge
functions (see below) requires a stress to be imposed to the unit cell.
Under this boundary condition, the local strain rate field, a function of
the local velocity field, can be split into its average and a fluctuation
term (denoted by ‘‘�’’):

_eijðvðxÞÞ ¼ _Eij þ ~_eijð~vðxÞÞ ð28Þ

The local constitutive relation between the strain rate and the
stress for material points (i.e. belonging to grains) is given by the
rate-sensitivity equation (Asaro and Needleman, 1985):

_eðxÞ ¼ _co

XNk

k¼1

mkðxÞ jm
kðxÞ : rðxÞj
sk

oðxÞ

� �n

sgnðmkðxÞ : rðxÞÞ; ð29Þ

where sk
oðxÞ and mkðxÞ are, respectively, the critical resolved shear

stress (CRSS) and the Schmid tensor, associated with each slip or
twinning system k of the Nk systems available, _co is a normalization
factor, and n is the stress exponent. The strain rate in material
points has no dilatational component. As for the Fourier points
belonging to voids, the stress vanishes and the strain rate is non-
traceless in general and needs to be determined. A fourth-order ten-
sor Lo is chosen as the stiffness of a linear reference medium, and a
polarization field is calculated as:

uijðxÞ ¼ ~rijðxÞ � Lo
ijkl

~_eklðxÞ: ð30Þ

Therefore, the stress deviation can be written as:
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~rijðxÞ ¼ Lo
ijkl

~_eklðxÞ þuijðxÞ; ð31Þ

which, combined with the equilibrium condition and ~_eklðxÞ ¼
symð~vk;lðxÞÞ gives:

Lo
ijkl ~vk;ljðxÞ þuij;jðxÞ ¼ 0: ð32Þ

The differential equation for the Green function of the velocity
field is then given by:

Lo
ijklGkm;ljðx� x0Þ þ dimdðx� x0Þ ¼ 0: ð33Þ

After some manipulation (see Lebensohn et al., 2011), the con-
volution integral that gives the velocity deviation field is:

~vkðxÞ ¼
Z

R3
Gki;jðx� x0Þuijðx0Þdx0; ð34Þ

which, written in Fourier space allows us to obtain (Lebensohn et al.
2011):

~̂v i;jðkÞ ¼ ĈijklðkÞûklðkÞ ð35Þ

where the symbol ‘‘^’’ indicates a Fourier transform and Cijkl ¼ Gik;jl.
The operators in Eqs. (34) and (35) can be calculated in Fourier
space as: ĜijðkÞ ¼ A�1

ij ðkÞ, where: AikðkÞ ¼ klkjL
o
ijkl, and ĈijklðkÞ ¼

�kjklĜikðkÞ.
The iterative procedure of Michel et al. (2000), based on an aug-

mented Lagrangians algorithm, was adapted (Lebensohn et al.,
2011) to the case of porous polycrystals, as follows. Supra-indices
in parenthesis indicate values corresponding to the current itera-
tion (e.g. ‘‘(0)’’ indicates the initial guess). The algorithm for a full
stress tensor R imposed to the unit cell needs an initial guess for
the average strain rate:

_Eð0Þij ¼ _E0ð0Þij þ
_Eð0Þkk

3
dij; ð36Þ

which will be adjusted iteratively. Initial guess values also need to
be assigned to the strain rate field in the regular grid:

~_e0ð0Þij ðxÞ ¼ 0) _e0ð0Þij ðxÞ ¼ _E0ij ðx 2material and voidsÞ; ð37Þ

~_eð0Þkk ðxÞ ¼ � _Ekk ) _eð0Þkk ðxÞ ¼ 0 ðx 2 materialÞ; ð38Þ

~_eð0Þkk ðxÞ ¼
1
f
� 1

� �
_Ekk ðx 2 voidsÞ: ð39Þ

With these initial values, the corresponding stress field in the
crystalline material points rð0ÞðxÞ is obtained inverting the local
constitutive relation (Eq. (29)). As for the points belonging to voids,
the stress simply vanishes. The initial specification of these fields
allows us to calculate the initial guess for the polarization field in
direct space (Eq. (30)), which can be, in turn, Fourier-transformed.
Furthermore, assuming:

kð0Þij ðxÞ ¼ rð0Þij ðxÞ ð40Þ

as initial guess for an auxiliary stress field associated with the com-
patibility constraint, the iterative procedure reads as follows. With
the polarization field after iteration (i) being known, the (i + 1)-th
iteration starts by computing the new guess for the kinematically-
admissible strain rate fluctuation field:

~̂dðiþ1Þ
ij ðkÞ ¼ �Ĉsym

ijkl ðkÞû
ðiÞ
kl ðkÞ; 8k – 0; and ~̂dðiþ1Þ

ij ð0Þ ¼ 0: ð41Þ

The corresponding field in real space is thus obtained by appli-
cation of the inverse FFT, and the new guess for the stress field in
the grains is calculated from:

rðiþ1ÞðxÞ þ Lo : _eðiþ1ÞðxÞ ¼ kðiÞðxÞ þ Lo : ð _EðiÞ þ ~dðiþ1ÞðxÞÞ; ð42Þ
which, combined with Eq. (29), gives a 6 � 6 system of nonlinear
algebraic equations to solve for rðiþ1ÞðxÞ. The iteration is completed
with the calculation of new guesses for the Lagrange multiplier
field:

kðiþ1ÞðxÞ ¼ kðiÞðxÞ þ Lo : ð~_eðiþ1ÞðxÞ � ~dðiþ1ÞðxÞÞ ð43Þ

and the new guess for the average strain rate (Michel et al., 2001):

_Eðiþ1Þ ¼ h _eðiÞðxÞi þ Lo�1
: ðR� hrðiþ1ÞðxÞiÞ; ð44Þ

where <.> indicates average over the entire Fourier grid. The algo-
rithm then advances until the normalized average differences be-
tween the stress fields rðxÞ and kðxÞ and strain rate fields _eðxÞ
and dðxÞ are smaller than a threshold.

3.3. Gauge functions

The constitutive equation (29) derives from a single-crystal
stress potential defined as:

uðx;rÞ ¼
XNk

k¼1

_cosk
oðxÞ

nþ 1
jmkðxÞ : rðxÞj

sk
oðxÞ

� �nþ1

ð45Þ

such that: _eðxÞ ¼ @uðx;rÞ=@r. Moreover, in a porous polycrystal, the
stress potential inside a void is uðx;rÞ ¼ 0 if r ¼ 0 and infinity
otherwise. The effective viscoplastic behavior of the aggregate is de-
fined as the relation between the average stress R ¼< rðxÞ > and
the average strain rate _E ¼< _eðxÞ > over the aggregate. Formally,
it is given by:

_E ¼ @U
@R
ðRÞ; UðRÞ ¼ min

r2SðRÞ
huðx;rÞi; ð46Þ

where UðRÞ is the effective stress potential for the aggregate and
SðRÞ denotes the set of statically-admissible stress fields with pre-
scribed average R .

The local potentials are in this case homogeneous functions of
degree (n + 1) in r, and consequently, the corresponding effective
potential UðRÞ is a homogeneous function of degree (n + 1) in R
(Ponte Castañeda and Suquet, 1998). Then, a single equipotential
surface: UðRÞ ¼ constant, fully characterizes U; any other equipo-
tential surface is simply a homothetic surface (Leblond et al.,
1994). Results for power-law polycrystals are reported here in
the form of equipotential surfaces given by:

R	 : UðR	Þ ¼ r�n
o

_co

nþ 1

	 

; ð47Þ

where ro is some reference flow stress (specific choices for ro are
discussed in Section 4.1). This is the so-called gauge surface of the
polycrystal, which characterizes completely the effective response
(Leblond et al., 1994). A more convenient equation for the gauge
surface can be obtained by writing the effective potential as:

UðRÞ ¼ ro _co

nþ 1
KðRÞ
ro

� �nþ1

ð48Þ

where the so-called gauge factor KðRÞ is a homogeneous function of
degree 1 in R, and R	 ¼ R=KðRÞ lies on the gauge surface. Thus, we
can obtain points of the gauge surface by computing the effective
stress potential for an applied macroscopic stress of arbitrary mag-
nitude, determining the corresponding gauge factor from Eq. (48),
and rescaling the applied stress accordingly.

Before ending this section, the implications of comparing gauge
surfaces obtained for a unit cell consisting of a rate-sensitive mate-
rial with distributed porosity (see Fig. 1b) with analytical yield sur-
faces obtained from limit analysis for a rate-insensitive hollow
sphere should be acknowledged. Due to the distinct characteristics
of the FFT-based and analytical models, i.e. distributed porosity in
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a periodic medium vs. hollow sphere geometry, exact full-field
solution vs. upper-bound estimate, and rate-sensitive vs. rate-
insensitive plasticity of the matrix, the comparison between the
predictions of the models should be regarded as qualitative, rather
than strictly quantitative.

Specifically, for a stress exponent n = 10 (see Eq. (29)), adopted
throughout this work to guarantee convergence of the FFT-based
algorithm, the gauge surface of a porous material with such visco-
plastic behavior will differ from the yield surface of an analogous
rate-insensitive material, the exact difference depending on poros-
ity and triaxiality. The order of the expected difference can be
exemplified by comparing the rate-insensitive Gurson (1977) mod-
el and the rate-sensitive Gurson extension of Leblond et al. (1994)
(LPS model). For 5% porosity, the difference between the LPS gauge
surface and Gurson’s yield surface varies from �2% (LPS softer
Gurson) to +4% (LPS harder than Gurson), going from purely devi-
atoric to purely hydrostatic loadings. Also, the consideration of dis-
tributed porosity is known to imply stronger void interaction, and
therefore a slightly softer effective response, compared with the
hollow sphere solution (Lebensohn et al., 2011). Finally, the use
of a single unit cell (of relatively large but still limited size, i.e.
not necessarily an RVE) may also imply some deviation from the
analytical results, although the latter has been mitigated in the
cases of isotropic behavior by the use of a Sobol sequence of orien-
tations (see Section 3.1), and by checking that the differences in the
predicted axisymmetric behavior of the resulting unit cell, de-
formed along each axis, was minimal.
4. Results

4.1. Isotropic porous materials

Let us first compare the analytical yield loci for isotropic porous
materials with matrix exhibiting ‘‘strength-differential’’, according
to Cazacu and Stewart (2009), with corresponding gauge surfaces
of fcc and bcc polycrystals with uniform texture and tension–com-
pression asymmetry induced by constituent grains deforming by
twinning, obtained with the full-field approach of Lebensohn
et al. (2011).

For isotropic porous materials, the analytic yield criterion is gi-
ven by Eq. (20) and involves only one material parameter, k, that
characterizes the tension–compression asymmetry ratio, rT=rC ,
of the matrix, such that (Cazacu et al., 2006):

k ¼ 1� aðrT=rCÞ
1þ aðrT=rCÞ

; ð49Þ

with:

a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� rT

rC

� �2

2 rT
rC

� �2
� 1

vuuuut : ð50Þ

For polycrystals, a first batch of simulations was carried out for
an untextured fcc aggregate, considering f111g < 11�2 > twinning
as the only deformation mechanism at the single crystal level.
The FFT-based model predicts for this artificial fully-dense fcc iso-
tropic polycrystal a ratio rT=rC ¼ 0:83, which corresponds to
k = �0.3014 (note that only two flow stresses, corresponding to
uniaxial tension and compression were necessary for this determi-
nation). It is worth noting that considering a more realistic single
crystal deformation (e.g. for low stacking-fault energy (SFE) fcc
materials) by a combination of slip and twinning, the difference
between the uniaxial yield stresses in tension and compression
would have been smaller, but of the same sign (Hosford and Allen,
1973). Fig. 2a shows the yield locus predicted by the isotropic form
of the CPB06 criterion (Eq. (27)) for k = �0.3014, in comparison
with points of the gauge surface (symbols) belonging to the p-
plane (i.e. plane normal the hydrostatic axis) predicted with the
FFT-based model, obtained by probing the untextured full-dense
polycrystal of Fig. 1a with strain rates imposed every 10� on the
p-plane. Clearly, this non-trivial agreement implies that the isotro-
pic CPB06 criterion describes very well the plastic behavior of the
fully-dense fcc polycrystal with uniform texture.

For an untextured bcc polycrystal deforming by twinning only,
the ‘‘strength-differential’’ is just the opposite of the one predicted
for the above fcc material. Fig. 2b shows similar comparison be-
tween points of the gauge function for an untextured fully-dense
bcc polycrystal deforming solely by f112gh�1�11i twinning, and
the yield locus according to the isotropic CPB06 criterion. The
FFT-based model predicts a ratio rC=rT ¼ 0:83 (the reciprocal of
the ratio for the fcc polycrystal) which, according to Eqs. (49)
and (50), corresponds to k = 0.3014 (minus the fcc value). Again,
the tension–compression asymmetry of the fully-dense isotropic
bcc polycrystal is very well captured by the CPB06 yield criterion.

Considering now the cases of porous fcc and bcc polycrystals of
the type described above, Figs. 3 and 4 show points belonging to
the gauge surfaces, corresponding to f = 0.05 and stress-triaxialities
Xr ¼ 0;
0:5;
1:5;
2:5;
6;
20;
1, obtained by means of the
FFT-based approach, together with the analytical yield loci accord-
ing to Cazacu and Stewart (2009), in the plane (rm/rT, re/rT), for
axisymmetric loadings corresponding to either J3 P 0 or J3 6 0
(for axisymmetric loading conditions, only the sensitivity to the
sign of the third invariant can be assessed). The tensile stress of
the fully-dense polycrystal, rT, is used as normalization factor,
such that, for the calculation of the gauge surface points (Eq.
(48)) we imposed ro ¼ rT . Note that, in all cases, the surfaces are
smooth at the purely hydrostatic points (i.e. no corners) (see also,
Revil-Baudard and Cazacu, 2012).

The main observation from these figures is that the strong effect
of the third invariant of the stress deviator on the dilatational re-
sponse, predicted by Cazacu and Stewart’s (2009) criterion is in-
deed confirmed by the full-field results. For the porous fcc
polycrystal, whose matrix is softer in tension than in compression
(rT/rC = 0.83), the FFT predictions corresponding to J3 < 0 are
above those for J3 > 0. The maximum split, corresponding to purely

deviatoric loading, is given by:
re jXr¼0;J3>0

re jXr¼0;J3>0
¼ 0:9186

1:077 ¼ 0:8529. Mean-

while, for the porous bcc polycrystal, whose matrix is softer in
compression than in tension (rC=rT ¼ 0:83), the opposite occurs
i.e. the FFT predictions corresponding to J3 > 0 are above those

for J3 < 0, with the maximum split being:
re jXr¼0;J3<0

re jXr¼0;J3>0
¼ 0:7698

0:9018 ¼
0:8536. Thus, within the precision of the numerical solutions, the
maximum splits for the fcc and bcc polycrystals are identical, as
they should be.

On the other hand, according to Cazacu and Stewart’s (2009)
criterion, for a material with matrix having rT < rC (rC < rT, respec-
tively) as in the case for the porous fcc (respectively, bcc) polycrys-
tal, the yield points corresponding to J3 < 0 should be higher
(respectively, lower) than that for J3 > 0. Furthermore, for J3 < 0,
the intersection of the analytical yield locus with the deviatoric
axis is (see Eq. (25a)):

ðre=rTÞjrm¼0;J3<0 ¼ ð1� f Þ rC

rT

� �
; ð51Þ

while, for J3 > 0, the intersection is at:

ðre=rTÞjrm¼0;J3>0 ¼ 1� f : ð52Þ

Thus, the maximum split between the yield loci for the fcc por-

ous polycrystal is:
ðre=rT Þjrm¼0;J3>0

ðre=rT Þjrm¼0;J3<0
¼ rT

rC
= 0.83, while for the bcc porous

polycrystal, the maximum split between the yield loci is:
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Fig. 2. Comparison between p-plane projections of gauge surfaces predicted with the FFT-based approach for fully-dense (a) fcc and (b) bcc polycrystals with uniform texture
deforming solely by twinning (symbols), with yield surfaces (line) according to the isotropic form of CPB06 yield criterion (Eq. (27)).

Fig. 3. Comparison between gauge surfaces from FFT full-field simulations (sym-
bols) of a fcc polycrystalline porous material (f = 0.05) with uniform texture
deforming solely by twinning, with Cazacu and Stewart’s (2009) yield surfaces
(lines) for a matrix displaying tension–compression asymmetry rT=rC ¼ 0:83
(k = �0.3014), for axisymmetric loadings with J3 P 0 and J3 6 0 .

Fig. 4. Comparison between gauge surfaces from FFT full-field simulations (sym-
bols) of a bcc polycrystalline porous material (f = 0.05) with uniform texture
deforming solely by twinning, with Cazacu and Stewart’s (2009) yield surfaces
(lines) for a matrix displaying tension–compression asymmetry rC=rT ¼ 0:83
(k = 0.3014), for axisymmetric loadings with J3 P 0 and J3 6 0 .
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ðre=rT Þjrm¼0;J3<0

ðre=rT Þjrm¼0;J3>0
¼ rC

rT
¼ 0:83. Thus, the maximum splits for the Cazacu–

Stewart’s (2009) materials representing the fcc and bcc polycrys-
tals, are the same, and very close, but not identical, to the FFT
predictions.

While the numerical predictions of the maximum split (i.e. for
purely deviatoric loading) between surfaces for the porous poly-
crystals are close to the analytical value, the purely deviatoric re-
sponses predicted by the FFT-based method for the both types of
polycrystals are softer than those given by Cazacu and Stewart’s
(2009) criterion. This softer behavior predicted by the full-field ap-
proach is to be expected since, in the derivation of the analytic
plastic potential, homogenization was carried out using Rice and
Tracey’s (1969) velocity field. While for hydrostatic loading this
velocity field is the only field compatible with uniform strain-rate
boundary conditions, and, consequently, the purely hydrostatic
estimates coincide with the exact solution for the hollow sphere
(see also Cazacu and Stewart, 2009), this field is less accurate (stif-
fer) for purely deviatoric loading (see also Nahshon and Hutchin-
son, 2008).
Note also that the full-field predictions for the porous polycrys-
tals show a clear effect of the sign of applied hydrostatic loading on
the material’s response. For the voided fcc polycrystal, with matrix
having rT < rC, the FFT prediction corresponding to tensile hydro-
static loading (Xr ¼ 1) is larger than the one corresponding to
compressive hydrostatic loading (Xr ¼ �1), the ratio being:
jrm jXr¼�1j
rm jXr¼1

¼ 1:958
2:272 ¼ 0:8618. For the voided bcc polycrystal, with

matrix having rT > rC, the FFT prediction corresponding to com-
pressive hydrostatic loading is larger than the one corresponding

to tensile hydrostatic loading, i.e. rm jXr¼1
jrm jXr¼�1j

¼ 1:639
1:903 ¼ 0:8613, i.e.

identical, within the precision of the numerical solutions, as they
should be. On the other hand, the intersections of the analytical
yield loci with the hydrostatic axis are (see Eqs. (23) and (24)):
rm=rT jXr¼1 ¼ pT

Y=rT ¼ � 2
3 ð

rC
rT
Þ lnðf Þ and rm=rT jXr¼�1 ¼ pC

Y=rT ¼
2
3 lnðf Þ, respectively. Therefore, for the voided fcc polycrystal,
rm jXr¼1
jrm jXr¼�1j

¼ rT
rC
¼ 0:83 (and reciprocal, in the bcc case), which is very

close, but not identical, to the full-field predictions.



Fig. 5. Gauge surfaces (symbols) predicted with the FFT-based approach for
axisymmetric loadings with J3 P 0 and J3 6 0, respectively, for a porous (f = 0.05)
fcc polycrystal with uniform texture, deforming solely by slip, in comparison with
Cazacu and Stewart’s (2009) yield function (lines) for rT=rC ¼ 1 (k = 0), which in
this case is unique and coincides with Gurson’s (1977) model.

Fig. 6. Comparison between the p-plane projection of the gauge surface predicted
with the FFT-based approach for a fully-dense fcc polycrystal with orthotropic
texture deforming solely by twinning (symbols), with yield surfaces (line) according
to the orthotropic CPB06 yield criterion (Eq. (10)).
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Comparison between the full-field results and Cazacu and Stew-
art’s (2009) model are also presented for an isotropic porous mate-
rial with a matrix that does not display tension–compression
asymmetry (Fig. 5). As already mentioned, in the case of a matrix
with no ‘‘strength-differential’’ effects, Cazacu and Stewart (2009)
reduces to Gurson (1977). Specifically, adopting {111}<110 > slip
obeying Schmid law as plastic deformation mechanism at single
crystal level for the untextured fcc polycrystal, the fcc polycrystal-
line matrix has no tension–compression asymmetry, i.e. rT = rC,
k = 0, and the isotropic form of Cazacu et al. (2006) reduces to
von Mises criterion (see Eq. (27)). Under these conditions, the yield
surface for J3 P 0 coincides with that for J3 6 0 (see Eqs. (25)). The
FFT-based calculations for the voided polycrystal with no tension–
compression asymmetry confirm that: (a) the purely deviatoric
point is insensitive to the sign of J3, and (b) the yielding of the por-
ous aggregate under purely hydrostatic loading does not depend
on the sense of loading. Interestingly, for stress-triaxialities differ-
ent from 0 and ±1, the full-field predictions do differ (slightly)
depending on the sign of the third invariant. The same trend was
observed by means of standard FE unit cell calculations by Cazacu
and Stewart (2009). Moreover, the numerical results show that a
point belonging to one of the gauge surfaces (e.g. J3 P 0) corre-
sponding to a given stress-triaxiality Xr is symmetric, with respect
to the deviatoric axis, to the point on the other gauge surface (e.g.
J3 6 0) corresponding to �Xr. To our knowledge, this very specific
dependence on the third invariant of the dilatational plastic behav-
ior of porous materials predicted with full-field approaches has not
been realized before, and may deserve more attention in the
future.

4.2. Textured porous fcc polycrystals

In this section, Stewart and Cazacu’s (2011) criterion is applied
to represent a porous fcc polycrystal with orthotropic texture (see
Fig. 1c). The material parameters involved in the CPB06 criterion
are the coefficients Lij and the ‘‘strength-differential’’ parameter k
that describe the anisotropic and asymmetric plastic response of
the fully-dense matrix material, respectively. The numerical values
of these parameters are determined using the uniaxial tensile and
compressive flow stresses along the axes of orthotropy, calculated
using FFT-based simulations for the fully-dense polycrystal. As in
the previous isotropic case, the deformation mode at single crystal
level was assumed to be f111g < 11�2 > twinning. The full-
field simulations predict for the solid material: rC

x =rT
x ¼ 1:273;

rT
y=rT

x ¼ 0:985; rC
y=rT

x ¼ 1:311; rT
z =rT

x ¼ 0:962; and rC
z =rT

x ¼
1:226. The numerical values of the CPB06 coefficients are:
L12 = 0.0315, L13 = �0.0076, L22 = 1.0373, L23 = 0.0224, L33 =
0.9958, with the coefficient L11 set to 1 (due to the homogeneity
in stresses of the criterion), and k = �0.43 (see Cazacu et al.
(2006) for further details on the identification procedure).

Fig. 6 shows points of the gauge surfaces belonging to the p-
plane obtained with the FFT-based model by probing the textured
(see Fig. 1c) full-dense polycrystal (Fig. 1a) with strain rates im-
posed every 10� on the p-plane, together with the yield locus
according to the orthotropic CPB06 criterion corresponding to the
values of Lij and the ‘‘strength-differential’’ parameter k previously
identified. Note the very good agreement between the orthotropic
CPB06 criterion and the polycrystalline gauge surface for the fully-
dense textured polycrystal.

To illustrate the combined effects of anisotropy and tension–
compression asymmetry of the matrix on the yielding of the tex-
tured porous (f = 0.05) fcc polycrystal, Fig. 7 shows points belong-
ing to the gauge surfaces calculated with the FFT-based approach,
and the Stewart and Cazacu’s (2011) yield loci in the plane (rm/rT, -
re/rT) for J3 positive and J3 negative, corresponding to axisymmet-
ric loadings. Let us start with the discussion of the predictions
corresponding to purely hydrostatic loading, i.e. r ¼ rmðx� xþ
z� zþ y � yÞ. These points are the same in all three figures, as they
should be. The FFT results show the effect of the sense of applied
hydrostatic loading on the response of the porous material. For this
voided orthotropic fcc polycrystal, the mean stress corresponding
to tensile hydrostatic loading is larger than the absolute value of
the yield pressure corresponding to compressive hydrostatic load-
ing (see Fig. 7a–c), the ratio being equal to 1.159. According to the
analytic criterion, the ratio between the tensile and compressive
hydrostatic pressure is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3k2�2kþ3
3k2þ2kþ3

q
(see Eqs. (12) and (13)), which

for k = �0.43 corresponds to 1.280.
Moreover, according to Stewart and Cazacu’s (2011) criterion,

for axisymmetric loadings the sensitivity of the dilatational re-
sponse of the porous material to the third-invariant of the stress
deviator can be correlated to the matrix tension–compression
asymmetry ratio in the direction corresponding to the major prin-
cipal stress. These trends are confirmed by the FFT results. For
example, in the case of axisymmetric loading along the x-axis
(Fig. 7a), the FFT yield locus for J3 < 0 is above that corresponding
to J3 > 0. This trend is correctly described by Stewart and Cazacu’s
(2011) criterion, according to which, in the present case of a matrix
having rC

x=rT
x > 1, the yield surface corresponding to J3 < 0 is

above that for J3 > 0. For example, for purely deviatoric loading,
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Fig. 7. Comparison between gauge surfaces (symbols) from full-field simulations of
a porous (f = 0.05) textured (orthotropic) fcc polycrystal and yield surfaces (lines)
obtained with Stewart and Cazacu’s (2011) anisotropic criterion (Eq. (1)). Cases for
J3 P 0 and J3 6 0. Axisymmetric loading along: (a) x-axis (RD); (b) y-axis (TD), and
(c) z-axis (ND).
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the FFT-based model predicts
re jXr¼0;J3>0

re jXr¼0;J3<0
¼ 0:9407

1:134 ¼ 0:8395, while

according to the analytical model, yielding occurs when
re ¼ ð1� f ÞrC

x for J3 6 0 (see Eq. (14a)), and re ¼ ð1� f ÞrT
x for

J3 > 0 (see Eq. (14b)), resulting in a ratio
re jXr¼0;J3>0

re jXr¼0;J3<0
¼

rT
x

rC
x
¼ 1

1:273 ¼ 0:7855.

Similar trends are observed for axisymmetric loading along the
y-axis and z-axis, respectively. This is due to the fact that the ortho-
tropic matrix is characterized by rC
y=rT

y > 1 and rC
z =rT

z > 1. Note
that the FFT prediction of the split between the J3-positive and
J3-negative curves is most pronounced for y-loading, consistent
with the analytical values, given by: rT

y

rC
y
¼ 0:7401 < rT

x
rC

x
¼

0:7855 ffi rT
z

rC
z
¼ 0:7847.

4.3. Textured porous hcp polycrystals

In this section, Stewart and Cazacu’s (2011) criterion is applied
to represent a porous hcp polycrystal with transversely-isotropic
texture (see Fig. 1d). The numerical values of Lij and k are deter-
mined using the uniaxial tensile and compressive strengths along
the axis of rotational symmetry, i.e. the ‘‘through-thickness’’ (TT)
direction (z-axis) in Fig. 1d, and the uniaxial tensile and compres-
sive strengths along any direction belonging to the plane of isot-
ropy of the material i.e. an ‘‘in-plane’’ (IP) direction (e.g. x-axis)
in Fig. 1d, calculated using FFT-based simulations for the fully-
dense polycrystal. The deformation modes adopted at single crys-
tal level are the soft {1010}<1210>prismatic (pr) slip, the hard
{1122}<1123>pyramidal <c+a>(pyr) slip, and the {1102}<1011>
soft tensile twinning (ttw), for a c/a ratio of 1.594. The relative
CRSSs of these modes are (see Eq. (29)): sttw

o =spr
o ¼ 1, spyr

o =spr
o ¼

3:5. For these relative CRSSs values, a textured polycrystal with
<c>-axes predominantly oriented in the TT direction (see Fig. 1d)
exhibits a strong tension–compression asymmetry (tension softer
than compression) along the TT axis. Unlike the fcc cases, an hcp
polycrystal with this kind of texture and active slip and twinning
systems is representative of the behavior of real metallic systems,
like Zr at room temperature (e.g. see Tomé et al., 2001). The full-
field simulations predict for the solid material: rC

x /rT
x ¼

0:9112; rT
z =rT

x ¼ 1:007; and rC
z =rT

x ¼ 1:363. Setting L11 = 1, the
numerical values of the CPB06 parameters are: L12 = �0.198,
L13 = L23 = 0.424, L22 = L11 = 1, L33 = 1.675, and k = �0.167.

Fig. 8 shows points of the gauge surfaces belonging to the p-
plane obtained with the FFT-based model, by probing the full-
dense polycrystal of Fig. 1a with texture given by Fig. 1d, with
strain rates imposed every 10� on the p-plane, and the yield locus
according to the anisotropic CPB06 criterion (Eq. (10)) with the val-
ues of Lij and the ‘‘strength-differential’’ parameter k previously
identified. Once again, a good agreement between the trans-
versely-isotropic CPB06 criterion and the polycrystalline gauge
surface of the fully-dense hcp polycrystal was obtained.

To illustrate the combined effects of anisotropy and tension–
compression asymmetry of the matrix on yielding of the textured
porous (f = 0.05) hcp polycrystal, Fig. 9 shows the points belonging
to the gauge surfaces calculated with the FFT-based approach, and
Stewart and Cazacu’s (2011) yield loci in the plane (rm/rT,re/rT)
for J3 positive and J3 negative, corresponding to axisymmetric load-
ings with the axial stress along the TT axis and the IP axis, respec-
tively. In this case, the effect of the sense of applied hydrostatic
loading on the response of the porous material predicted by the
FFT-based is very mild, compared with the analytical prediction,
as it can be appreciated in both Fig. 9a and b. According to the ana-
lytic criterion, the absolute value of the yield pressure correspond-
ing to compressive hydrostatic loading is larger than that
corresponding to tensile hydrostatic loading. For the identified
k = �0.167, this ratio is 1.115. According to FFT-based model, the
absolute value of the yield pressure corresponding to compressive
hydrostatic loading is slightly larger than the mean stress corre-
sponding to tensile hydrostatic loading, with a ratio of 1.019.

Despite the above underestimation of the asymmetry of the
purely hydrostatic response, the strong effect of the third stress
invariant predicted by the Stewart–Cazacu’s (2011) criterion is well
reproduced by the FFT-based calculations. In the case of loading
along an in-plane direction (Fig. 9a), both the analytical and numer-
ical predictions corresponding to stress states for which J3 > 0 are



Fig. 8. Comparison between the p-plane projection of the gauge surface predicted
with the FFT-based approach for a fully-dense hcp polycrystal with transversely-
isotropic texture deforming by slip and twinning (symbols), with the corresponding
yield surfaces (line) according to the transversely-isotropic form of CPB06 yield
criterion (Eq. (10)).

Fig. 9. Comparison between gauge surfaces (symbols) from full-field simulations of
a porous (f = 0.05) textured (transversely-isotropic) hcp polycrystal and yield
surfaces (lines) obtained with Stewart and Cazacu’s (2011) anisotropic criterion (Eq.
(1)). Cases for J3 P 0 and J3 6 0. Axisymmetric loading along: (a) in-plane (IP)
directions, (b) through-thickness (TT), respectively.
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above that corresponding to J3 < 0. This trend is consistent with the
matrix material having rC

x=rT
x < 1. For purely deviatoric loading,

according to the analytical model (either Eqs. (14a) and (14b) or
Eqs. (15a) and (15b)), the ratio is
re jXr¼0;J3<0

re jXr¼0;J3>0
¼ rC

x
rT

x
¼ 0:9112, while

the FFT-based model predicts
re jXr¼0;J3<0

re jXr¼0;J3>0
¼ 0:8286

0:9031 ¼ 0:9175. Reversed

trend is observed for axisymmetric loading along the TT direction,
for which rC

z =rT
z > 1. The analytical value (see Eqs. (16a) and

(16b)) is:
re jXr¼0;J3<0

re jXr¼0;J3>0
¼ rC

z
rT

z
¼ 1:353, and the numerical prediction is:

re jXr¼0;J3<0

re jXr¼0;J3>0
¼ 1:200

0:901 ¼ 1:332.

5. Conclusions and perspectives

In this paper, the combined effects of intrinsic single-crystal
deformation mechanisms and texture on the overall plastic re-
sponse of voided polycrystals were assessed for the first time. In
doing this, the dilatational viscoplastic FFT-based approach of
Lebensohn et al. (2011) was used to generate gauge surfaces of
these materials, which were in turn compared with the analytical
yield surfaces for voided isotropic and anisotropic materials
according to Stewart and Cazacu’s (2011) criterion.

The FFT-based predictions showed a clear effect of the sense of
applied hydrostatic loading on the response of porous polycrystal-
line materials for which the intrinsic single-crystal plastic defor-
mation mechanisms are sensitive to the sign of the resolved
shear stress. The gauge surfaces for voided isotropic fcc and bcc
polycrystals deforming only by twinning are no longer symmetric
with respect to the deviatoric axis. A strong influence of the third
invariant of the stress deviator on the dilatational response was
clearly demonstrated. For verification purposes, FFT-based simula-
tions for a porous isotropic fcc material with no ‘‘strength-differen-
tial’’ (i.e. single crystal deforming by slip only) were also carried
out. The resulting gauge surface was symmetric with respect to
the deviatoric axis, the influence of the third invariant was small
(but not negligible), and except for the latter, the overall agree-
ment with Gurson’s (1977) yield surface was good.

In the case of a textured fcc polycrystal deforming only by twin-
ning, it was shown that the strong sensitivity to the sign of the
third invariant is due to the directionality of the tension–compres-
sion asymmetry of this material. In particular, the most pro-
nounced split between the cases for J3 positive and J3 negative
was obtained in the direction of the highest contrast between the
matrix’s yield in tension and compression. For the textured hcp
polycrystal deforming by slip and twinning, the tension–compres-
sion asymmetry in the plastic flow for pure hydrostatic loadings is
less pronounced, but still, the same trends of the dilatational re-
sponse are revealed.

All these unusual features of the dilatational response of voided
materials in which the matrix is incompressible, but yet displays
tension–compression asymmetry, namely: the lack of symmetry
of the yield surfaces with respect to both the hydrostatic and devi-
atoric axes, are also predicted by the analytical criterion of Stewart
and Cazacu (2011). Although the agreement obtained between the
numerical FFT predictions and the analytical results is not neces-
sarily quantitative (due to different assumptions involved in both
approximations to the problem of dilatational plasticity), the good
qualitative agreement serves as a cross-validation of both ap-
proaches. The noticeable effects related to microstructural ten-
sion–compression asymmetry and texture-induced anisotropy
revealed here deserve to be further investigated experimentally.

Note also that the analytic criterion can be efficiently imple-
mented as material subroutine in FE codes for engineering applica-
tions involving polycrystalline materials with such complex
dilatational plastic behavior, requiring the identification of a num-
ber of materials parameters. This identification can be done using
experimental data, simulations, or a combination of both (e.g.
Plunkett et al., 2006, 2007). If microstructure evolution affects
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the overall asymmetric/anisotropic response of the aggregate,
these materials parameters may need to be updated, as well.

While in the examples shown here the source of the tension–
compression asymmetry of the plastic flow of polycrystalline
aggregates was ascribed to constituent single crystals deforming
by twinning, this ‘‘strength-differential’’ at polycrystal level may
arise from other single-crystal plasticity mechanisms, like the al-
ready mentioned non-Schmid effects in bcc metals (Groger et al.,
2008), or, e.g. when different components of the applied stress af-
fect the single crystal plastic deformation by climb, for aggregates
deforming in the creep regime (Lebensohn et al., 2010). For model-
ing porosity evolution in these materials and regimes, Stewart–
Cazacu’s (2011) extension of the Gurson model may prove to be
very valuable to capture microstructural effects on void growth,
in an efficient closed-form fashion.
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Appendix A. Components of the anisotropic tensor B

The components (in Voigt notation) of tensor B used in Eq. (8)
are:

B12 ¼
1
3
� 2ðC32 � C12Þ þ ðC31 � C11Þ
ðC21 � C11ÞðC32 � C12Þ � ðC22 � C12ÞðC31 � C11Þ

; ðA1Þ

B13 ¼
1
3
� ðC11 � C21Þ þ 2ðC22 � C12Þ
ðC11 � C21ÞðC32 � C22Þ � ð�C22 þ C12ÞðC31 � C21Þ

; ðA2Þ

B11 ¼ �ðB12 þ B13Þ; ðA3Þ

B21 ¼ B12; ðA4Þ

B23 ¼
1
3
� 2ðC11 � C21Þ þ ðC12 � C22Þ
ðC11 � C21ÞðC32 � C22Þ � ð�C22 þ C12ÞðC31 � C21Þ

; ðA5Þ

B22 ¼ �ðB21 þ B23Þ; ðA6Þ

B31 ¼ B13; ðA7Þ

B32 ¼ B23; ðA8Þ

B33 ¼ �ðB31 þ B23Þ; ðA9Þ

B44 ¼
1

C44
; ðA10Þ

B55 ¼
1

C55
; ðA11Þ

B66 ¼
1

C66
: ðA12Þ
Appendix B. Expressions of the Stewart and Cazacu’s (2011)
anisotropic criterion for axisymmetric loadings

To illustrate the dependence of the Stewart and Cazacu (2011)
criterion (Eq. (1)) on all invariants of r0 and on the mixed invari-
ants associated with the orthotropy of the matrix, in what follows
we deduce the expressions of this criterion for axisymmetric
loadings. To simplify the equations, we introduce the following
notation:

U1 ¼
1
3
ð2 L11 � L12 � L13Þ; U2 ¼

1
3
ð2L12 � L22 � L23Þ;

U3 ¼
1
3
ð2L13 � L23 � L33Þ ðB1Þ

W1 ¼
1
3
ð�L11 þ 2L12 � L13Þ; W2 ¼

1
3
ð�L12 þ 2L22 � L23Þ;

W3 ¼
1
3
ð�L13 þ 2L23 � L33Þ ðB2Þ

K1 ¼
1
3
ð�L11 � L12 þ 2 L13Þ; K2 ¼

1
3
ð�L12 � L22 þ 2L23Þ;

K3 ¼
1
3
ð�L13 � L23 þ 2 L33Þ ðB3Þ

In all cases, r1 will denote the axial stress while r3 will denote
the lateral stress (i.e. the value of the two principal stresses that are
equal). Thus, irrespective of the orientation of the loading reference
system with respect to the reference system associated to the
orthotropy of the matrix, the von Mises equivalent stress is
re ¼ jr1 � r3j, the mean stress is rm ¼ ðr1 þ 2r3Þ=3, and the devi-
atoric third invariant is J3 ¼ 2

27 ðr1 � r3Þ3.

Case. 1: axisymmetric loading along the x-axis of orthotropy

The axial stress is along the x-axis, while the lateral stresses
along the y-axis and z-axis are equal, i.e.

r ¼ r1ðx� xÞ þ r3ðy � y þ z� zÞ ðB4Þ

For such loading, r01 ¼ 2
3 ðr1 � r3Þr02 ¼ r03 ¼ � 1

3 ðr1 � r3Þ and
the principal values of the transformed stress r̂ ¼ L : r0 are:

r̂1 ¼ U1ðr1 � r3Þ; r̂2 ¼ U2ðr1 � r3Þ; and
r̂3 ¼ U3ðr1 � r3Þ ðB5Þ
Case. 1(a): J3 6 0 (i.e. r1 6 r3)

Substituting the principal values of the transformed stress ten-
sor (Eq. (B5)) in the expression of the CPB06’s effective stress (Eq.
(10)):

~re ¼ m̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

i¼1

ðjr̂ij � kr̂iÞ2
vuut ¼ m̂ jr1 � r3j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjU1j þ kU1Þ2 þ ðjU2j þ kU2Þ2 þ ðjU3j þ kU3Þ2

q

¼ jr1 � r3j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjU1j þ kU1Þ2 þ ðjU2j þ kU2Þ2 þ ðjU3j þ kU3Þ2

ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

s
: ðB6Þ

According to the CPB06 criterion, the ratio between the matrix’s
uniaxial tensile yield stress and its compressive yield stress in the
x-direction is (see Cazacu et al., 2006):

rC
x

rT
x
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

ðjU1j þ kU1Þ2 þ ðjU2j þ kU2Þ2 þ ðjU3j þ kU3Þ2

s
: ðB7Þ

So, with (B6) and (B7) we obtain:

~re ¼ jr1 � r3j �
rT

x

rC
x

� �
¼ re �

rT
x

rC
x

� �
: ðB8Þ

Thus, for axisymmetric loading along the x-axis corresponding
to J3 6 0, criterion (1) becomes Eq. (14a).
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Case. 1(b): J3 P 0 (i.e. r1 P r3)

In this case, the CPB06’s effective stress is:

~re ¼ m̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

i¼1

ðjr̂ij � kr̂iÞ2
vuut

¼ m̂jr1 � r3j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

q
ðB9Þ

Using Eq. (4) that expresses m̂ in terms of the anisotropy coef-
ficients and parameter k, we obtain:

~re ¼ jr1 � r3j ¼ re ðB10Þ

Thus, for axisymmetric loading along x-axis corresponding to
J3 P 0, the Stewart and Cazacu’s (2011) criterion is given by Eq.
(14b).

Case. 2: axisymmetric loading along the y-axis of orthotropy

The axial stress is along the y-axis, while the lateral stresses
along the x-axis and z-axis are equal, i.e.

r ¼ r1ðy � yÞ þ r3ðx� xþ z� zÞ ðB11Þ

For such loading, r01 ¼ r03 ¼ � 1
3 ðr1 � r3Þ; r02 ¼ 2

3 ðr1 � r3Þ, and the
principal values of the transformed stress are:

r̂1 ¼ W1ðr1 � r3Þ; r̂2 ¼ W2ðr1 � r3Þ; and
r̂3 ¼ W3ðr1 � r3Þ ðB12Þ
Case. 2(a): J3 6 0 (i.e. r1 6 r3)

Substituting the principal values of the transformed stress ten-
sor (Eq. (B12)) in the expression of CPB06’s effective stress:

~re ¼ m̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

i¼1

ðjr̂ij � kr̂iÞ2
vuut

¼ m̂jr1 � r3j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjW1j þ kW1Þ2 þ ðjW2j þ kW2Þ2 þ ðjW3j þ kW3Þ2

q

¼ jr1 � r3j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjW1j þ kW1Þ2 þ ðjW2j þ kW2Þ2 þ ðjW3j þ kW3Þ2

ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

s

ðB13Þ

According to the CPB06 criterion, the ratio between the matrix’s
uniaxial tensile yield stresses in the x-direction and its uniaxial
compressive yield stress in the y-direction is:

rT
x

rC
y
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjW1j þ kW1Þ2 þ ðjW2j þ kW2Þ2 þ ðjW3j þ kW3Þ2

ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

s
: ðB14Þ

So, we obtain:

~re ¼ jr1 � r3j �
rT

x

rC
y

 !
¼ re �

rT
x

rC
y

 !
: ðB15Þ

Thus, for axisymmetric loading along y-axis corresponding to
J3 6 0, the Stewart and Cazacu’s (2011) criterion is given by Eq.
(15a).

Case. 2(b): J3 P 0 (i.e. r1 P r3)

In this case, CPB06’s effective stress becomes:
~re ¼ m̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

i¼1

ðjr̂ij � kr̂iÞ2
vuut

¼ m̂jr1 � r3j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjW1j � kW1Þ2 þ ðjW2j � kW2Þ2 þ ðjW3j � kW3Þ2

q

¼ jr1 � r3j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjW1j � kW1Þ2 þ ðjW2j � kW2Þ2 þ ðjW3j � kW3Þ2

ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

s
:

ðB16Þ

Since according to the CPB06 criterion, the ratio between the
matrix’s uniaxial tensile yield stress in the x-direction and its uni-
axial tensile yield stresses in the y-direction is:

rT
x

rT
y
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjW1j � kW1Þ2 þ ðjW2j � kW2Þ2 þ ðjW3j � kW3Þ2

ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

s
ðB17Þ

we obtain:

~re ¼ jr1 � r3j �
rT

x

rT
y

 !
¼ re �

rT
x

rT
y

 !
ðB18Þ

Thus, for axisymmetric loading along the y-axis corresponding
to J3 P 0, Stewart and Cazacu’s (2011) criterion is given by Eq.
(15b).

Case. 3: axisymmetric loading along the z-axis of orthotropy

The axial stress is along the z-axis, and the lateral stresses along
the x-axis and y-axis are equal, i.e.

r ¼ r1ðz� zÞ þ r3ðx� xþ y � yÞ ðB19Þ

For such loading, r01 ¼ r02 ¼ � 1
3 ðr1 � r3Þ; r03 ¼ 2

3 ðr1 � r3Þ, and the
principal values of the transformed stress are:

r̂1 ¼ K1ðr1 � r3Þ; r̂2 ¼ K2ðr1 � r3Þ; and r̂3 ¼ K3ðr1 � r3Þ: ðB20Þ
Case. 3(a): J3 6 0 (i.e. r1 6 r3)

Substituting the principal values of the transformed stress ten-
sor (Eq. (B20)) in the expression of CPB06’s effective stress:

~re ¼ m̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

i¼1

ðjr̂ij � kr̂iÞ2
vuut

¼ m̂jr1 � r3j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjK1j þ kK1Þ2 þ ðjK2j þ kK2Þ2 þ ðjK3j þ kK3Þ2

q

¼ jr1 � r3j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjK1j þ kK1Þ2 þ ðjK2j þ kK2Þ2 þ ðjK3j þ kK3Þ2

ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

s
:

ðB21Þ

According to the CPB06 criterion, the ratio between the matrix’s
uniaxial tensile yield stresses in the x-direction and its uniaxial
compressive yield stress in the z-direction is:

rT
x

rC
z
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjK1j þ kK1Þ2 þ ðjK2j þ kK2Þ2 þ ðjK3j þ kK3Þ2

ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

s
ðB22Þ

and we obtain:

~re ¼ jr1 � r3j �
rT

x

rC
z

� �
¼ re �

rT
x

rC
z

� �
: ðB23Þ

Thus, for axisymmetric loading along the z-axis corresponding
to J3 6 0, the criterion (1) is given by Eq. (16a).
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Case. 3(b): J3 P 0 (i.e. r1 P r3)

CPB06’s effective stress becomes

~re ¼ m̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

i¼1

ðjr̂ij � kr̂iÞ2
vuut

¼ m̂jr1 � r3j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjK1j � kK1Þ2 þ ðjK2j � kK2Þ2 þ ðjK3j � kK3Þ2

q

¼ jr1 � r3j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjK1j � kK1Þ2 þ ðjK2j � kK2Þ2 þ ðjK3j � kK3Þ2

ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

s
:

ðB24Þ

According to the CPB06 criterion, the ratio between the matrix’s
uniaxial tensile yield stress in the x-direction and its uniaxial ten-
sile yield stresses in the z-direction is:

rT
x

rT
z
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjK1j � kK1Þ2 þ ðjK2j � kK2Þ2 þ ðjK3j � kK3Þ2

ðjU1j � kU1Þ2 þ ðjU2j � kU2Þ2 þ ðjU3j � kU3Þ2

s
ðB25Þ

and:

~re ¼ jr1 � r3j �
rT

x

rT
z

� �
¼ re �

rT
x

rT
z

� �
: ðB26Þ

Thus, for axisymmetric loading along the z-axis corresponding to
J3 P 0, Stewart and Cazacu’s (2011) criterion is given by Eq. (16b).
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