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1. Introduction

The recent growing research interests in solid mechanics with
the consideration of surface/interface effects have been inspired
by the practical importance of particular micro- and nano-scaled
phenomena in modern MEMS/NEMS technology. However, the sur-
face/interface effects have already been noticed and studied for
more than one hundred years (see Gibbs, 1961). The reader is re-
ferred to a review article by Cammarata (1994), which presented
an in-depth discussion on some fundamental aspects and impor-
tant issues of the surface/interface effects in thin films. In general,
material scientists and physicists have paid much attention to
these effects from the general thermodynamics considerations.
Gurtin and Murdoch (1975), on the other hand, developed a rigor-
ous mathematical framework for the continuum theory of a
deformable material surface. It is shown that the conventional
boundary conditions in classical elasticity are replaced by a set of
two-dimensional differential equations governing the surface
deformation. Based on their theory (hereafter, referred as the GM
theory), Gurtin and Murdoch (1978) subsequently showed that
the surface stress plays an important role in both the static and
dynamical problems of elastic bodies with appropriate surfaces.
It is interesting to point out that, through a particular procedure
for developing plate theories, Mindlin (1963) was able to derive
the approximate boundary conditions, which have exactly the
same form as those in the GM theory except the coefficients when
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the residual surface tension is absent, on the plane boundary of a
plate covered with a very thin layer. Based on the GM theory, a
wide range of mechanics problems has been investigated in recent
years, see He et al. (2004), Lim and He (2004), Lim et al. (2006), He
and Li (2006), Li et al. (2006), Lii et al. (2009a,b), Ou et al. (2009)
and Kim et al. (2010), to name a few.

As is well-known, Green’s functions are very important in solv-
ing boundary-value problems in elasticity. Recently, there have ap-
peared some studies on Green’s functions for elastic bodies with
surface effects. Based on the GM theory, but with a simplification
that the surface material has the same elastic property as the bulk
material, He and Lim (2006) presented the surface Green’s function
of a half-space using the double Fourier transforms; the interaction
of a molecule with a half-space was studied using the derived sur-
face Green’s function. In their derivation, the incompressibility of
the bulk material is also assumed. Wang and Feng (2007) reported
analytical solutions of a half-plane with a material boundary sub-
ject to uniform as well as concentrated loads acting on the bound-
ary. Fourier transform technique was used, and only the effect of
residual surface tension was considered in their analysis. Their
work was somewhat improved recently by Zhao and Rajapakse
(2009), who considered the problem of a surface-loaded isotropic
elastic layer with surface effects. Koguchi (2008) derived the sur-
face Green’s function for an anisotropic half-space with material
surface using Stroh’s formulism. However, his results are given in
a very complicated integral form. No results of Green’s functions
for point loads applied in the bulk material have been reported,
although they are more important and have wider applications in
the boundary element analysis of more complicated problems.
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In this paper, we confine ourselves to the simple anti-plane
deformation of an isotropic elastic half-space subject to point shear
force applied either in the bulk or on the surface. The plane bound-
ary is modeled as a material surface which possesses both residual
surface tension and elasticity, for which the GM theory is em-
ployed. Because of the symmetry of the problem, Fourier cosine
transform is employed to derive the analytical expressions of the
Green’s functions. The properties of two specific integrals that
seem to be closely associated with surface elasticity are summa-
rized in an appendix of the paper. Numerical calculations are also
performed to show the influence of surface elasticity on the stress
field in the half-space.

2. Basic equations

The three-dimensional basic equations for the bulk material are
conventional, and read as

i +fi=0 (1)

Ojj = ),skké,-j + 2/181]‘ (2)
1

&5 = 5 (Ui + ;) 3)

where g and ¢; are stress and strain tensors, respectively, u; is the
displacement vector, f; is the body force vector, 2 and u are Lamé’s
constants, and J; is the Kronecker delta. The convention of summa-
tion over repeated indices (with Latin indices running from 1 to 3,
and Greek ones ranging over 1 and 2 only) is employed throughout
this paper, and a comma followed by a subscript, say j, indicates dif-
ferentiation with respect to the coordinate x; in a Cartesian coordi-
nate system.

For an infinite half-space x3 > 0 as shown in Fig. 1, the equa-
tions governing the material surface x; =0 are given by Gurtin
and Murdoch (1978) as follows:

JISOC.CX +03=0 (4)
Oy = T0up + 2(1 — T)eup + (X' + T°)&p00p + Tl g (5)
Jéﬁ = Tsllg_/; (6)

where the superscript s designates those quantities associated with
the surface, 7° is the residual surface tension, and /* and y are the
surface Lamé’s moduli. In writing Eqs. (4)-(6), the displacement
compatibility between the surface and bulk at x3 =0 has been
implied.

In this paper, we confine ourselves to the simple case of anti-
plane deformation of the half-space under an appropriate shear
load, which is applied along and invariant with the x,-direction

(out of the figure). In this case, we have
U =u3=0, U= 0(x1,%3) (7)

Thus, for the bulk, we have only the following nonzero strain
components:

surface: 7,4, 1

—

bulk: A, 4

\ =

Fig. 1. A half-space x; > 0 with a material surface at x; = 0.
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The nonzero stress components are obtained from the Hooke’s law,
Eq. (2), as
ov ov
Onp=H—, Opx=U— 9
12 M8x17 23 M8X3 9)
The stress tensor in the bulk is symmetric, i.e. we have 1, = 05,
and 0,3 = 03;. The equilibrium equation (1) reduces to

0012 0033
0X1 0X3

+f£=0 (10)

or in view of Eq. (9),

Pv Pv f 2, b

AT L v+==0 11

0x§+ax§+,u \% +M (11)

where V2 = §%/9x% + 8*/9x is the two-dimensional Laplacian.
Accordingly, we have the following equations for the material

surface x3 = 0:

00%,
0X1

+03=0 (12)

O = Wpe, O = (€T g0 (13)
Eq. (12) can also be obtained directly by invoking the equilibrium of
an ultrathin film element (in the x,-direction) as shown in Fig. 2,
where 0,3 is the ‘external force’ exerted by the underlying bulk
material on the film. Eq. (4), which is for the general deformation
cases, can be obtained with a similar consideration.

Note that for the complete theory developed by Gurtin and
Murdoch (1975, 1978), the surface stress tensor 3 is not symmet-
ric, i.e. 03,703, when surface stress tension 7° is present, as indi-
cated clearly in Eq. (5).

For the current problem, the residual surface tension ° will
contribute to the surface stress component o3, only, and has en-
tirely no effect on the elastic field in the interior of the half-space.
This becomes obvious if we write the boundary conditions at
x3 =0 as 0,3 = — &> v/0x3, which is a straightforward result of
Eqgs. (12) and (13);.

For an external shear load p(x;,x3) applied on the surface in the
positive direction of x,, Eq. (12) should be replaced by

003
BX]

Lt oy +p=0 (14)

which may also be obtained from the equilibrium consideration of
the film element in Fig. 2.

3. Green’s function solutions
3.1. Bulk Green’s function

We first consider the case when a point shear force
f3(X1,X3) = pd(x1)3(xs —h) is applied in the interior of the

Fig. 2. The equilibrium of an ultrathin film element (the homogeneous residual
stress state of g%, = 0%, = 7° is not shown).
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half-space, here h > 0 is the distance between the surface and
the point at which the force is applied, see Fig. 3. Then, Eq. (11)
reads

Pv v p,

—+—+="0(x1)0(x3 —h) =0 15
8X%+8X§+H(l)(3 ) ( )
The nontrivial homogeneous boundary conditions due to the pres-
ence of the material surface at x3 = 0 are obtained, in view of Eq.
(9), from Egs. (12) and (13); as

Pv v
S_ —_— = =
W o + ,uax3 0 atx3=0 (16)

There are many ways to obtain the solution of Eq. (15) with the con-
dition (16). We proceed to use the following Fourier cosine
transform:

V(k;x3) = \/%/: v(x1,X3) cos(kx;)dx; (17a)

v(X1,X3) = \/%/ V(k; x3) cos(kx;)dk (17b)
0

And, instead of solving Eq. (15) directly, we divide the half-space

into two regions, region 1 (0 < x3 < h) and region 2 (x3 > h), as

shown in Fig. 3. By doing so, the governing equation in each region

becomes homogeneous as
v Gy
——+—5=0 (k=1,2 18

e ag =0 (K=12) (18)

while at x3 =h, we have the following continuity/equilibrium
conditions:

avH
0X3

ov@
0X3

vV =0®, 4 pod(x1) = p (19)
where the superscript ¥ denotes the respective region. The condi-
tion at x; = 0 is still given by Eq. (16), but with » replaced by (.

Now, by applying the cosine Fourier transform defined by Eq.
(17a) to Eq. (18) and conditions (16) and (19), we get

d2y

v KV =0 (k=1,2) (20)
X3
(1)
‘LVTfrﬂkzv“) =0 atx3=0 (21)
3
2) (1)

dxs - wA2m  dxs
where r, = 1/t is the shear modulus ratio between the surface and
bulk, and it has the dimension of length, which can be regarded as
an intrinsic length parameter of the half-space with a material
boundary.

Taking into account the regularity condition at x; — oo, we can
write down the solutions to Eq. (20) in the two regions as

v = AVeks 4 ek Y2 — pPle-kes (23)

Fig. 3. A point shear force p, acting in the bulk at point (0, h).

Substituting into Egs. (21) and (22) yields
AV —BVk —r, k(A" +BY) =0
A(l)ekh + B(l)efkh _ B(2>efkh -0 (24)

_ BWke kKt 4 BRIk M Do

AW ke ]
u
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Thus, we can obtain

m_e" 1 p
k 2v2m u
g _ (- rak)e™ 1 p,
k(1 +r.k) 227 1
1 1 -r.k) _ 1 p
B® — |:ekh ¥ 1 o kh:| Po
k (1+r.k) 2V27 1
Substituting into Eq. (23) and then performing the inverse trans-
form, we get

(25)

o0 :21?% 0°° Ee—km—xﬂ %e”‘(h“@] cos(kxy)dk (26a)
:;?%1n W +%%[lc(x1,h+x3)—]C(x1,h+x3;r;4)] (26b)
:4]?%1“ m +%%[Ic(x1,x3+h) —Jo(x1. x5+ hiry)] (26d)

where

Le(x J’)*/mi(ycos(kx)dk—_ —11n(x2+ 2)
e k =7 2 y)
0

T8 sk dk
]c(X7)’~,a):/0 mcos((x)

with 7 = 0.57721... being the Euler constant. It is noted that the
second integral can be expressed in terms of the well-known expo-
nential integral, see Appendix A.

It is noted that the Euler constant, which corresponds to a rigid-
body translation, can be eliminated since it does not affect the
stress and strain fields in the half-space. Moreover, we note that
the two expressions for ¢, as given in Egs. (26b) and (26d) respec-
tively, are identical, and hence the displacement in the half-space
can be simply written as

v= —%%ln{[xf + (x3 — W] + (x3 +h)2]}
1
N FAGERL (27)

where the constant term corresponding to the rigid-body transla-
tion has been omitted.

The shear stresses in the half-space then can be obtained from
Egs. (9) and (27) as

Po 2X1X3h 1
T +—Js(x1,x3 +h;1 28
’ T {[x%+(X3—h)2}[x%+(x3+h)2] T'HJ( 1,X3 /1) ( )
Po (2 —x2—h*)h 1
T +Jc(X1,X +h;r, 29
i ”{[X%+<Xs—h>znx%+<x3+h)ﬂ F o xs thir) ¢ (29)
where

ek

o0 a .
Ji(x,y;a) = /0 Tk sin(kx)dk

and the equalities in Eq. (A6) in Appendix A have been employed in
deriving Eqgs. (28) and (29).
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The surface stress components can also be calculated from Eqgs.
(13) and (27) as

s D
o5, = —(“Mis) Do (%, hiry) (30)
If the surface elasticity is absent, then the classical results of the
half-space subject to a point shear load are obtained as follows:

1 po

0y =-—

%Js(xls h7 ru)7

0=~ g I+ 05— )]+ s ) (31)
Do X1 (X + X2 + h?) 3
TR Wt (- K+ (s 1+ )] 52
Do X3(x2 + X2 — h?) 33
TR Wt (% - W+ (s ) 23

It is readily seen that the expression in Eq. (31) agrees with the re-
sult of the two-dimensional anti-plane (potential) problem of a
half-space (Gaul et al., 2003), as it should be.

For a unit point load applied at an arbitrary interior point
(x},x5), Eq. (15) becomes

Fv Pv
— o(x d(x3—x5)=0 34
6X%+(9X2+M( )(3 3) ()
where the superscript * indicates the point-source Green'’s function
solution. Then the expression for displacement can be given in a
standard form of Green’s functions as
1 1

v'(X,X)=—=—(Inr +InR) — —J . (X1 — X}, X3 +X5:T 35

(X,X) ﬂ( + )nufc(l 1X3 +X3;Ty) (35)
where x and x’ denote the position vectors of the field point (x1,x3)
and the source point (xj,x}), respectively, r=|x—-X|=

\/(X1 —x’1)2+(x3 —xg)2 is the distance between x and X/, and

R= \/(xl —X,)% + (x3 + x3)? is the distance between x and the imag-

ine of X'. The first term in 2* contains a logarithmic singularity (weak
singularity) as that for the potential problem of an infinite plane sub-
ject to a point source, the second term is due to the presence of the
plane boundary x; = 0 and has no singularity since x} > 0 (i.e. the
load is applied in the interior of the half-plane), and the third is
caused by the surface elasticity, which is also nonsingular as can
be seen from the discussions presented in Appendix A.

Because of the symmetry property of the integral J, as indicated
in Eq. (A3), we know that *(x,X’) = v*(X/,X), which indicates that
the reciprocity theorem still works for a body with material surface
as considered here.

In accordance with Eq. (35), the stress Green’s functions can be
written as

. , 1 /x1—X, X1 —X] , ,

le(xx):_ﬁ<%_ 1R2 1> nr;]S( —X|, X3 +X5;7,)  (36a)
1 /X3—X; X3+X: , ,

T (X,X) ,ﬁ(%, - 3> ,%ajc(xl—x1,)(3+x3;r#) (36b)

It is seen that both stress components have the same strong singu-
larity (x; — x;)/r? as in the conventional potential problems (Brebbia
and Walker, 1979; Gaul et al., 2003). The above-mentioned singu-
larity characteristics of the displacement and stress Green’s func-
tions have an important implication in constructing the
corresponding boundary integral equation, and will be briefly dis-
cussed in Appendix B.

3.2. Surface Green’s function

In the case that the point shear force p(x1,x3) = pyd(x1)d(x3) is
applied on the surface, we need not divide the bulk into two re-

gions, and the governing equations and boundary conditions are,
respectively

Xt ox3
5@4, l_
“a;@ Hoxs ~

=0 (x3>0) (37)

—Pod(x1) atx3 =0 (38)

The corresponding Fourier transforms are

d—v—k V=0 (x3>0) (39)
dx;
dv Do 1
—r PV =-0— atx;=0 40
do VT e 4
The solution of Eq. (37), which satisfies the regularity condition at
X3 — 00 IS
V =Be™* (41)
Then from Eq. (40), we get
1 po 1
= 42
k(1 +ru),u\/27'5 “42)
And the dlsplacement can be obtained as
1 Do 1 —kxs
= m me cos(kxy)dk
1
= eI, 3) =257, (43)
By eliminating the constant term, we obtain
1p 1p
Z/:*ﬁﬁlﬂ(){%‘FX%)*Eﬁjf()‘h)g;r“) (44)

which can be directly derived from Eq. (27) by making the substitu-
tion h = 0. The shear stress components in the bulk are calculated as

%JS(X]7X3; Tw), O3 = *%]c(xhxﬁ ) (45)

O =—

and those of the material surface are

WP 0m) )

If the surface elasticity is absent, we then have the following
classical results:

Do
T = 20, 0. = -

1 p
v= —ﬁ—oln(xf +x3) (47)
Do X% Do X3
__b —_b 48
012 TR 023 TR (48)

As noticed above, the surface Green’s function of an elastic half-
space with a material surface can be obtained from the bulk
Green’s function by simply letting h = 0, just as in the classical
elasticity. In other words, the presence of surface elasticity does
not alter the nature of such a limiting procedure. Thus, in most
applications it seems not necessary to distinguish these two cases
particularly. One exception is the singular behavior of the surface
stress Green’s function, which is different from that for the bulk
stress Green’s function, as clearly shown by Eq. (45). This point will
be further discussed in the next section along with the numerical
demonstration. The change of the singular behavior of the surface
stress Green’s function will not affect the associated BEM formula-
tion except one coefficient, as discussed in Appendix B.

4. Numerical results

For numerical calculations and comparison, we introduce the
following dimensionless quantities:
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N O1Tr ~ 0371 X1 X3 ~
Grp= -2l Gy =2 x=C oy h=

, (49)
Po Do Ty Ty

Figs. 4 and 5 depict the distributions of dimensionless bulk
stress components 61, and G53, respectively, for various values of
the dimensionless depth y along the horizontal axis . The location
of the load is specified as h = 0.1. It is noted that, by using the
dimensionless quantities defined in Eq. (49), it is not necessary
to assign any particular value to the parameter r, since, as an
intrinsic length, it has been used to eliminate the length dimen-
sion. Actually, it can be easily found from the dimensionless form
of Egs. (28) and (29) that, the dimensionless stresses ¢, and Ga3
no longer depend apparently on r,. Thus, the difference in r, will
have completely no influence on Figs. 4 and 5. For comparison,
the predictions corresponding to the classical solution without
any surface effect are also given in the figures, which are indicated
by CS, while those with surface effect are indicated by SE. As we
can see, the surface elasticity has a more significant effect on the
stresses near the surface of the half-space than those far from
the surface. Furthermore, the presence of the surface elasticity
seems to lower the shear stress G, especially at the locations near
the material surface. For the shear stress &,3, while the classical
solution correctly gives the traction-free boundary conditions
(023 = 0) at x3 = 0, the solution with surface effect is not trivial,
and its maximum positive value appears at x; = 0. Furthermore,
we can see that surface elasticity may alter the nature of the shear
stress 33, i.e. a negative g3 at a certain point in the classical elas-
ticity may be changed to a positive one due to the surface effect.

Miller and Shenoy (2000) have computed from empirical atomic
potentials the bulk and surface elastic properties of FCC Al and dia-
mond Si, both having cubic symmetry. According to their results,
for similar isotropic materials, the values of 7°/u and u/u can be
estimated as 0.1 A and 1.0 A, respectively (He and Li, 2006). Thus,
the intrinsic length of the problem can be taken as r, = 1.0 A If
this is the case, then the value of i = 0.1 means that h = 0.1 A. This
value is very small, but the results given in Figs. 4 and 5 still serve
an illustrative purpose since, as mentioned earlier, the intrinsic
length parameter r, has no influence on the results. To make it
clearer, let’s take a different value of h, say 10 A. Then to keep h un-
changed (i.e. h = 0.1), we can artificially assume r, = 100 A. The
dimensionless results will be still given by Figs. 4 and 5, but the
real stress field in the half-space changes. The magnitude of stres-
ses (012 and o053) will become one hundred times as small as those
for h=0.1 A at a point with both coordinates amplified by one
hundred times. Thus, quite similar observations can be obtained
for larger values of h, except the difference in magnitudes of the
real stress field. The intrinsic parameter r, acting a role of zooming
in/out or simply scaling, is hence very important in interpreting the
stress and displacement distributions in the half-space with a
material surface.

When the load is applied on the surface, the distributions of 6,
and 6,3 are shown in Figs. 6 and 7, respectively. By comparing
Fig. 6 with Fig. 4, a notable difference is found that the shear stress
017 is no longer singular at the load application point when the sur-
face effect is taken into consideration, as can be seen clearly from
Eq. (45). Obviously, it is due to the mutual cancellation of the two

0.6 0.8 1

1 L ) X

AAHA-AA—A—AA-AA—MA—AA—HW&

500000000090

— (0.0, SE
— - —-y=00,CS
—e—y=0.1,SE
— 0 -y=0.1,CS
—+—y=0.5,SE
—a - y=0.5,CS

Fig. 4. Distributions of dimensionless shear stress component 61, = G127, /p, at various depths x3 = yry along the horizontal axis x; = xr, for h = h/r, = 0.1; SE denotes the

solution including the surface effect, and CS corresponds to the classical elasticity.

y=0.0, SE
— - —-y=00,CS
—e—y=0.1,SE
— 0 -y=0.1,CS
—=—y=0.5, SE

—a - y=05,CS

0.6 0.8 1

Fig. 5. Distributions of dimensionless shear stress component 623 = 6237r/p, at various depths x; = yr, along the horizontal axis x; = xr,, for h = h/r, = 0.1; SE denotes the

solution including the surface effect, and CS corresponds to the classical elasticity.
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Fig. 6. Distributions of dimensionless shear stress component 61, = 01271, /p, at various depths x; = yr, along the horizontal axis x; = xry forh = h/r, = 0.0; SE denotes the

solution including the surface effect, and CS corresponds to the classical elasticity.
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Fig. 7. Distributions of dimensionless shear stress component 6,3 = 6237, /p, at various depths x3 = yr,, along the horizontal axis x; = xr,, for h = h/r, = 0.0; SE denotes the

solution including the surface effect, and CS corresponds to the classical elasticity.

singular terms, one corresponding to the classical elasticity and an-
other induced by the surface elasticity. Although this is a very
interesting phenomenon, it is not a universal conclusion that can
be applied to all stress components. In fact, the shear stress compo-
nent o3 is still singular (of logarithmic type) at the load point, as
can be seen from Egs. (45) and (A11). In the classical elasticity the-
ory, 0,3 vanishes identically when x3 = 0 except at the load point
(0,0); while in the present theory with a surface elasticity, it has
a finite value and varies with x;, except at the load point (0,0)
where it is also infinite.

To characterize the range of the influence of surface elasticity
on the stress field, we show in Fig. 8 the spatial distribution of the
stress ratio w = 635 /053, where the superscripts SE and CS denote
the solution involving surface effect and the classical solution,
respectively. The load is assumed to be on the surface, i.e.
h=0. As can be seen from the figure, when y = 25, i.e. at the
depth of 25 times the intrinsic length, the relative difference be-
tween the two solutions becomes smaller than 5%. This is also the
case for the shear stress component ¢, (although not shown
here), and hence the surface elasticity can be regarded to have
an influence on the stress field in the range within the depth of
25 times the intrinsic length. As expected, if the intrinsic length
reduces, then the influence range also shrinks. If the load is not
applied on the surface, the spatial distribution of @ = ¢35/0%3 is
very similar, see Fig. 9 for h = 0.1 (for other load positions, the
scaling argument mentioned earlier may be used to obtain the
influence range).

From its expression in Eq. (28), it is known that the stress o, is
antisymmetric with respect to the vertical axis x; = 0, and hence
vanishes there except at the load point. On the other hand, as seen
from Eq. (29), the stress g,3 is symmetric with respect to the ver-
tical axis, and does not vanish at x; = 0. Fig. 10 displays the distri-
butions of 6,3 along the vertical axis for various positions of the
load. The singularity at the load point is clearly shown. It is also
seen that the bulk stress on the boundary increases when the load
approaches to the surface.

To show the effect of the surface elasticity on the displacement,
we define the dimensionless displacement difference 7, as

By = %(y“ — ) = J (X1, %5 + 5 T) (50)
0

The characteristics of the integral J, are discussed in Appendix A and
its drawings are given in Fig. Al. If the load is applied on the surface,
then Fig. A1 gives 7, at various depths y =0,1,2 and 4. It is seen
that the displacement difference at x; = 0 is not always larger than
those underneath the boundary. Only near the load application
point, where it is singular, it is the largest, while with the increase
of distance away from the load, it becomes smaller and smaller.
Actually, beyond approximately x = 2, it becomes the lowest one
among the four curves. If the load is applied at (0, r,,), then the curve
y =1 in Fig. A1 corresponds to 7, at the boundary, and y = 2 gives
the results for x3 = r,,. As can be seen clearly, there is no singularity
at the load point. The displacement difference also decreases with
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Fig. 10. Distributions of 23 = 0237r,/p, along the vertical axis x3 = yr, for h= h/r,=0.1,0.5 and 1.0; SE denotes the solution including the surface effect, and CS

corresponds to the classical elasticity.

the distance away from the load point. A typical two-dimensional
distribution of 2, is given in Fig. 11 for h = 0.1.

5. Conclusions

Analytical Green'’s functions have been obtained for an isotropic
elastic half-space subject to a point force loading under the
assumption of anti-plane shear deformation. The Gurtin-Murdoch
continuum theory has been adopted to describe the deformation of

the plane boundary surface, which may have different elastic prop-
erty from the bulk material. Fourier cosine transform technique is
used to derive the analytical expressions of the Green’s functions,
in which two particular integrals are involved and studied. Numer-
ical examples show that the surface effect has an important influ-
ence on the elastic field in the half-space.

The present Green’s functions are useful in order to obtain
numerical solutions for more complicated problems for which
the boundary element method (BEM) may be employed (Telles
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Fig. 11. The two-dimensional distribution of 7, which is defined in Eq. (50), for h= h/r,=0.1.

and Brebbia, 1981). The corresponding boundary integral equation
formulation is presented in Appendix B. An in-depth discussion on
BEM is however beyond the scope of this paper and will be given
elsewhere.
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Appendix A. Some properties of the integrals J.(x,y;a) and
Jx.y.a)

The following two integral functions are defined in the text:

> ge kv
J(x,y;a) =/0 Tk cos(kx)dk
< qe kv |
.]s(xvy;a) :/) m Sln(kx)dk (A])

where, according to the physical problem, we confine ourselves to
the case x, y, a are all real and > 0. It seems that these two integrals
will be present in the solutions of some problems involving the sur-
face effect, see Zhao and Rajapakse (2009) for example, although
their definition is slightly different from ours. Hence the properties
of the two integrals deserve a little deeper investigation. In the fol-
lowing, we only list some primary properties.
An immediate result of Eq. (A1) is as follows:

Jex.y;a) =].(x/a,y/a; 1), J(x,y;0) =]s(x/a,y/a;1) (A2)

which indicates the inherent scaling function of the parameter a in
the two integrals. This scaling property exactly accords with the
physical nature arising in the current problem. Note that if a = 0,
both integrals vanish.

The following symmetry property is also obvious:

.’s(xv.wa) = —]s(—XJ%a) (A3)

which reveals the symmetry of the Green'’s function with respect to
the source point and the field point, as already noticed in the text.
Since

]c(XJ/; a) :]c(—X»Y; a)7

. 00 ae—k(y+ix) di 00 e*il dé A4
]C(X7y7a)*l_]5(x,y,a):/0 1+ak <:/0 1+é 9 ( )

where z = (y + ix)/a, we then, through simple variable substitution,
obtain the following relations:

Je%.y:0) = ReleEx 2)] = 5 [€F: 2) + €F1 2)

S y:0) = ImIeE, (2)] = 1 € (2) — €y (2) (85)
and

B - [ (e/nde (Arg(z)] <

being the exponential integral (Abramovitz and Stegun, 1964).
Further, it can be shown that

Jl.(x,y;a X 1
16(8)3/ ): 7X2+y2 +a.]s(x7y;a)
(A6)

JJ.(x,y;a 1
]C(ayy ): _XZ _{yz +E.]C(x7y7a)
Pxy;a) _y 1

X :x2+y2 _a.]c(xmyva) A7
Ay x 1 A7)

ay :7)(2 +y2 +a.]s(x7y;a)

This differential property is particular useful in obtaining the stress
fields for related problems, as shown in the text as well as in Zhao
and Rajapakse (2009). We also notice from Eqs. (A6) and (A7) that

dc(x,y;a) _ Js(x,y;a) J(x,y;a) _ _8]5(x,y;a)
ox oy ay ox

It is also interesting to study some particular cases when x or y
is known. First, let us assume x = 0, for which Eq. (A1) becomes

(A8)

0o —ky
Je(0.y;0) = / = dk = e/°Ey(y/a) = @/°I'(0,y/a) (A9)

T+
Js(0,y;a) =0 (y#0), J5(0,0;a) =m/2 (A10)

where I'(m,z) = [ t"'e~dt is the incomplete Gamma function. It
is then easy to see that

limJ.(0.y:@) = ~ lim In(y/a) = o (a0) (A11)
Thus the term due to the surface elasticity in Eq. (27) exhibits a log-
arithmic singularity at the load application point only when it is on
the surface since in the solution we have y = x3 + h. Such a singular-
ity is expected since the material surface can be regarded as a very
thin layer of elastic material. Nevertheless, when the load is applied
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on the surface, the displacement still exhibits a logarithmic singu-
larity at the load application point. However, the singular behavior
of the stress field will change, as discussed in the numerical exam-
ple in Section 4.

On the other hand, by taking y = 0, we obtain

> acos(kx)

Jc(x,O;a):/0 1T ak dk = g(x/a)

(A12)
]s(x,O;a):/O aflj:(g;) dk = f(x/a)
where f(z) = [;°[sin(t)/(t + z)]dt and g(z) = [,"[cos(t)/(t + z)]dt are

auxiliary functlons defined in Abramov1tz and Stegun (1964). They
are related to the well-known sine and cosine integrals by

f(z) = Ci(z) sin(z) — si(z) cos(z)

g(z) = —Ci(z) cos(z) — si(z) sin(z) (A13)
with si(z) = Si(z) — 7/2 and
. % sin(t)
Si(iz) = [ ——=dt
/0 t (A14)

) - [~ e (argz) <m)

z
being the sine and cosine integrals. The fact that f(0) = 7/2 results
in J,(0,0;a) = /2 as already given in Eq. (A10).

To gain a direct knowledge of their behavior, we show in
Figs. A1 and A2 the drawings of the two integral functions, respec-
tively. They are depicted at a = 1, while those for a#1 can be easily
imaged based on the scaling property mentioned above.

Appendix B. Boundary integral equation formulation for an
isotropic elastic half-space with a material surface

If in the interior of the half-space there contains additional
internal boundaries caused by cracks, holes or inclusions, then
the displacement and stress fields may be very difficult to obtain
analytically. In such cases, an approximate solution may be sought
for by the boundary element method (BEM), which is based on the
boundary integral equation (Brebbia and Walker, 1979). The
Green’s functions obtained in the text then play a central role in
constructing such a formulation, as shown below.

We start from the following two-dimensional Green’s second
identity

[@vrv —ovtoan= [ (o5 - v Ta B1)

where v is the displacement field for a particular problem, v* is the
displacement Green’s function given in Eq. (35), A is the area occu-

Fig. Al. Integral J.(x,y;a) fora = 1.
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Fig. A2. Integral J;(x,y;a) fora=1.

pied by the elastic body with the boundary L, and n is the outward
pointing unit normal.
Eq. (B1) can be rewritten as

p(x) = / v (%, X)fy (X)dA + / [0 (%, X)q(%) — 2(X)q" (x.X)]dL
(B2)

where 9/0n = n;0/0x; on an arbitrary boundary has been noticed,
with n; being the directional cosine of the outward normal, and
we have denoted q = 0,in; = (W(Av/Ox;)n;.

Eq. (B2) is valid when the source point X' is in the interior of the
domain. Following the standard procedure of BEM, we need to
move the source point to the boundary. Denote the plane boundary

=0 as Ly and the remainder, which may be associated with
internal cracks, holes or inclusions, as L;. The total boundary of
the problem is L=LyUL; with LonL; =@. On Ly, v*(X,X’) and
q*(x,x’) exhibit the same singularities as those for the conventional
elasticity problems as already pointed out in the text. On Ly, while
v*(x,X') still exhibits a weak logarithmic singularity, the stress
component g,; = 01, is no longer singular, and the stress compo-
nent 0,3 also exhibits a weak logarithmic singularity. Thus, we
obtain

Co(x') :/Av*(x,x’) z(x)dA+/L V' (x,X)q(x)dL

- / v(X)q"(X,X)dL — P | v(X)q"(X,X')dL (B3)

Ly Ly
where C is the free term coefficient, which equals 1/2 on a smooth
boundary except L, and is unit on Ly, and the symbol P denotes the
Cauchy principle value (Brebbia and Walker, 1979; Gaul et al,,
2003). Eq. (B3) is the so-called boundary integral equation, based
on which approximate solutions can be obtained by the boundary
element method. It is noted that, if the interior sources are absent
(i.e. f, = 0), then the domain integral on the right-hand side of Eq.
(B3) vanishes, and only the boundary of the domain is involved in
the solution. When f,7#0, some special techniques can also be em-
ployed to transform the domain integral to the boundary integral
(Gaul et al., 2003) to reduce the computational effort.

The boundary integral equation (B3) can be simplified further,
by making use of the property of the half-space Green’s functions
derived in this paper. First, we rewrite Eq. (B3) as
Co(X) =14+ / v(x,X)q(x)dL — P | v(X)q"(x,X')dL

Ly Ly
[v"(x,X)q(X) — v(X)q" (X, X)]dL (B4)

Jio

where I = [, v*(X,X')f2(X)dA. On Lo, we have
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82 62 p«
G=0n=-D-p°7, q=0p=—r"7
OX{ OX1

(BS)

where p(x;) is the external shear force applied on the material sur-
face x3 = 0, and the boundary equilibrium equations (12) through
(14) have been utilized. Thus on Ly, besides the contribution from
the external load, the two terms in the integral also do not vanish
identically as in the conventional elasticity (Telles and Brebbia,
1981). But, by integration by parts, we find

(o7 (%, X)q(X) — 2(X)q" (X, X)|dL

Ly

: v v
— [ v X, xX)p(X)dL — 1 V'~ —v——|dL
v ocxmood ( = M)

_ (00 0N
_/ v (%, X )p(X)dL — p (v o va)(])

Ly —00

—/ v*(x,x')p(x)dL (B6)
Lo

The integration on the right-hand side of Eq. (B6) does not contain
any unknown field variables and can be performed by using any
appropriate numerical quadrature scheme. Thus, it is also no longer
necessary to discretize the plane boundary in the BEM, and hence
reduces the effort to a certain degree in the numerical calculation.
By substituting Eq. (B6) into Eq. (B4), we obtain

Co(x')=1Ip+ / v (x,X)q(xX)dL - P | v(X)q"(x,x')dL (B7)
Ly Ly

where Ip = I, — [} v*(X,X)p(X)dL. It is seen that, if there is no any
interior boundary, then the last two integrals in Eq. (B7) vanish,
and the formulation becomes exactly the one by directly integrating
the Green’s function solution over the area (or boundary) on which
the load is applied. The form of Eq. (B7) is almost identical to that in
conventional elasticity (Telles and Brebbia, 1981), except the coeffi-
cient C, which equals 1 on L.

If there is no surface effect on the remaining boundary L, then
the proceeding analysis is almost the same as that for the classical
elasticity. Otherwise, the equilibrium/constitutive equations for a
material boundary (Gurtin and Murdoch, 1975; Gaul et al., 2003)
should be employed. Such equations, while not given here, provide
linear relations between the stresses, displacements and their
derivatives, as similar to those in Eq. (B5). These can be readily
incorporated into the BEM formulations.

Once again, it is emphasized that since the singularities of the
Green'’s functions encountered in the BEM for elastic bodies with
surface effect are almost identical (except the stress surface
Green’s function) to those for elastic bodies without surface effect,
the most available effective and efficient treatments in the BEM

developed for classical elasticity can be directly employed to ana-
lyze problems involving surface effects.
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