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Seven invariants, with immediate physical interpretation, are proposed for the strain energy function of
nonlinear orthotropic elastic solids. Three of the seven invariants are the principal stretch ratios and the
other four are squares of the dot product between the two preferred directions and two principal direc-
tions of the right stretch tensor. A strain energy function, expressed in terms of these invariants, has a

1<€y\{V0rdSI symmetrical property almost similar to that of an isotropic elastic solid written in terms of principal
E)tratin energy stretches. Ground state and stress—strain relations are given. Using principal axes techniques, the formu-
Nf);l?;rezlilc lation is applied, with mathematical simplicity, to several types of deformations. In simple shear, a nec-

essary and sufficient condition is given for Poynting relation and two novel deformation-dependent
universal relations are formulated. Using series expansions and the symmetrical property, the proposed
general strain energy function is refined to a particular general form. A type of strain energy function,
where the ground state constants are written explicitly, is proposed. Some advantages of this type of
function are indicated. An experimental advantage is demonstrated by showing a simple triaxial test
can vary a single invariant while keeping the remaining invariants fixed.
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1. Introduction

The set of invariants (Spencer, 1984)

2 2
I =trC, I, = (trC) 2— trC 7

Is=Db e Cb,

I; =det(C), L,=a e Ca,

I; =b e C?b,

(1.1)
Is=a ¢ Ca,

where C is the right Cauchy-Green deformation tensor, tr denotes
the trace of a second order tensor, is commonly used to describe
the strain energy function of orthotropic materials with orthogonal
preferred directions a and b. The variables /I3, v/I; and /I repre-
sent the volume change and the stretches of reference-configura-
tion line elements which were in the directions a and b,
respectively. However, the remaining invariants do not have
immediate physical interpretation. Mechanical responses of a strain
energy function, where all of its invariants have immediate physical
interpretation are generally easier to analyse than those of strain
energy functions with invariants that have some or no immediate
physical interpretations. In addition to this, a strain energy function
with non-immediate-physical-interpretation is, in general, not
experimentally friendly. For example, an isochoric uniaxial stretch
in one of the preferred direction will perturbed the invariants I,
I, 14, Is, Is and I;, which is not ideal in obtaining a specific form of
strain energy function if the specific form is determined by doing
tests that vary one invariant and hold the rest of the invariants
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constant. Note that, the six independent components of C have
physical interpretation, but formulating a strain energy function,
where the preferred directions (which may depend on position)
are not parallel to the coordinate axes, is cumbersome. An example
where a strain energy function is formulated using a specific coor-
dinate system, can be found in Criscione (2004), where he devel-
oped six independent variables (not invariants) using appropriate
bases and decomposing the deformation gradient into three parts.
The variables are particularly useful for problems involving tubes.
Since they are only related (one-to-one) to C and are independent
of the preferred directions, they can be used for isotropic and aniso-
tropic materials. The variables decoupled dilatation and distortion,
yield mostly orthogonal response terms and allow the balance
equations for straight axisymmetric tubes to be simplified. In spite
of all the above mentioned advantages, they are not particularly
useful in dealing with non-tubular problems. Similar to the work
of Shariff and Parker (2000) and Criscione (2004), in order to sepa-
rate the dilatation and distortion, Rubin and Jabarqen (2008) intro-
duced the modified deformation tensor C* = CI;? in their strain
energy function. This type of function is particularly useful in the
development of numerical methods for nearly incompressible or
incompressible solids (Shariff and Parker, 2000). However, only
one of their invariants has an immediate physical interpretation.
The remaining invariants do not have immediate physical interpre-
tation, although they are physically based (in the sense that they
measure distortion that cause deviatoric stress). Nevertheless, their
invariants allow the modeling of the distortion in a hydrostatic state
of stress independently of the form of the strain energy function. It
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is not apparent that their model is experimentally attractive in
obtaining a specific form of strain energy function. There are other
types of invariants that can be found in the literature, however, they
are mainly not experimentally friendly or not all of the invariants
have immediate physical interpretation or they are not design to
have physical interpretation (see for example Itskov and Aksel,
2004; Ateshian and Costa, 2009).

In the light of the remarks made in the preceding paragraph,
based on the work of Shariff (2006, 2008, 2009), we formulate se-
ven simple invariants that have immediate physical interpretation.
Three of the invariants are the principal extension ratios 4;
(i=1,2,3) and the other four are 1> {;=(aee)* >0 and 1>
&=(bee)? >0 (i=1,2), where e; and e, are any two principal
directions of the right stretch tensor U. The physical meaning of
J;is obvious and it is clear that {; and ¢; are the square of the cosine
of the angle between the principal direction e; and the preferred
directions a and b, respectively. To fully characterize three-dimen-
sional mechanical properties of a material, we need an experimen-
tal test that can vary a single invariant while keeping the
remaining invariants fixed; in Section 6, we show that this can
be done via a triaxial test using the proposed invariants. In Section
2, we show that the proposed strain energy function has a symme-
try which facilitates the formulation of a general functional form
given in Section 5, and the construction of a specific form via a tri-
axial test described in Section 6. In Section 5, we also proposed a
type of strain energy function, where the ground state constants
are expressed explicitly in the function and advantages of such a
function are explored using simple shear problems.

Principal axes techniques can be useful in solving some bound-
ary value problems. This is particularly evident in relation to the
calculation of instantaneous moduli of isotropic elasticity, as
pointed out by Hill (1970). Ogden (1972) stated that “Principal
techniques obviate the need for any special choice of invariants
and, moreover, by use of such techniques, the basic elegance and
simplicity of isotropic elasticity is underlined”. These techniques
are extended to orthotropic elasticity and their elegance and sim-
plicity are expressed in Section 4. In Section 4.3, where simple
shear is discussed, a necessary and sufficient condition is given
for Poynting relation and two novel deformation-dependent uni-
versal relations are formulated.

To the author’s present knowledge, a strain energy function
where all of its invariants have immediate physical interpretation
does not exist in the literature.

2. Physical invariants and strain energy function

We first recall some essential kinematics of finite deformation
of an orthotropic elastic solid. Consider a body occupying the re-
gion By in some reference configuration. Let F be the deformation
tensor and X a position vector of a point in By. Under this deforma-
tion the point moves to a new position x(X) € B, where B is the cur-
rent configuration of the deformed body. The principal stretch /;
(i=1,2,3) is given by

li=e e Ue,-, (21)

where U? = F'F. In this communication all subscripts i and j take the
values 1, 2 and 3, unless stated otherwise.

In this paper we only consider an orthotropic material with pre-
ferred orthogonal directions a and b. Following the work of Spen-
cer (1984), the mechanical behavior of an orthotropic solid can be
characterized by a strain energy function

W, = W(U.A,B), (2.2)

where the tensor A = a ® a (® denotes the dyadic product) and the
tensor B=b®b.

Since
U = LE + LE, + /3E3, (23)

where E; = e; ® e;, we can express

W(U,A,B) =W(, 2, 3,E1,Ez, E3,A,B). (2.4)
W is an isotropic invariant of E;, E,, E;, A and B i.e.,

W (4,22, 73,E1,E2,E3,A,B) = W(Js, 12, /3,QE;Q", QE,Q,

QE;Q".QAQ",@BQ") (2.5)
for all proper orthogonal tensors Q. Taking note that trE;=trA =
trB=1, E,=E*=E}=..., A=A>=A®=..., B=B*=B®=... and

EE;=0, i#j, and using the results of Spencer (1971) for five
matrices, it follows that W, can be expressed as

We = We(1,72,43,0,0, 03,61, 82, &3), (2.6)

where the invariants {; = tr(E;A) and ¢&; = tr(E;B). We call {; and ¢;
“invariants” because they are invariants of the tensors involving
E;, A and B, although some of them do not have unique values if
two or three eigenvalues of U have the same value. However,

G=1-0-0 and &G=1-¢4 -4 (2.7)

Hence, we can omit {3 and &; in the arguments given in (2.6) and we
have,

We = W (1, 42,73, 01, G, €1, E)
=Wi(h,22,23,01,0,1 =0 — 05,8, 86,1 =& = &). (2.8)

The invariant set {11, 12,/3,{1,{2, &1,¢2} is @ minimal integrity ba-
sis with a syzygy (Spencer, 1971) (see Appendix A).
The function W} enjoys the symmetrical property

Wi(h, 22,723,015 82,83, &1, 62, E3)
= Wf(;m/l%12,51-,@37(.2,51,-537fz)
=Wr(l3, 41, 72,03, 01, (2, &3, &4, &) = et (2.9)

To prove the above symmetry we consider an arbitrary proper
orthogonal tensor Q written in the form Q = QQO, where Qp is a
proper orthogonal rotation tensor (rotation of 7 about es) having
the properties Qpe; = 3, Qoe; = —€1, Qoes = e3 and Q is an arbitrary
proper orthogonal tensor. The function W have the property

W(U,A.B) = W (QUQ'.QAQ".@BQ") = W (/2QE:Q’
+1QEQ" +QE;Q", QQ,AQQ", QQ,BQQ).

Since the above equation is true for all proper orthogonal Q and in
view of

tr(E1Q,AQq) = (s,

(2.10)

tr(E2QuAQp) = (1,  tr(EsQuAQy) = (3,

tr(E1QoBQy) = &, tr(E2QoBQ) =& and tr(EsQoBQp) = &,

we have,
WE = Wf(j-17;~2>/137Z]7§2ag37é]162a§3)
= Wf()'27;~17;“37(27é1~,é37£2751$63)~

The remainder of Eq. (2.9) follows in a similar fashion.

If the two families of @ and b fibres are mechanically equivalent,
then W must be symmetric with respect to interchanges of a and
b. Hence we have the symmetry

(2.11)

W (d1,22,23,¢1, 8,0, 80) = Wi, A2, 43,1, (3, &1, &)

The commonly used invariants mentioned in Section 1 can be
written explicitly in terms of the physical variables, i.e.,

(2.12)
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L= 2024020240222, Is = (iaks)?,
Is = A]él + AzCz + 2;1(37
I = i4& + 158 + 758

L=224+22+
la = 30 + 350 + 250,
Is = 13& + 138, + 136,

(2.13)

Note that, for a particular value of C, where two or more of the prin-
cipal stretches have the same value, some of the tensors E;, E, and
E5 are not unique; however, it can be easily shown via Eq. (2.13)
that the classical invariants have unique values for the correspond-
ing non-unique values of {1, {5, &1 and &,. In view of this non-unique
property, care must be taken in formulating the strain energy func-
tion (an example is given in Section 5.1). However, if a strain energy
function is written in terms of combinations of variables, such as
that given in (2.13), then automatically, it has a unique value for
a particular value of C. The inverse of Eq. (2.13) is given in the
Appendix B.

For an incompressible material, 1;/243 = 1, the number of vari-
ables is reduce to 6 and we can express

We:W(;le/lZvCl-,CvahéZ):W</L17427 0,0, 4, Cz)

1
Jniy’
(2.14)

2.1. Ground state conditions

In the reference state U=1, /; = / = 43 = 1, any orthonormal set
of vectors can represent the principal directions of U. For simplic-
ity, we let a=e; and b=e,. Hence, {3=1, {;={;,=0 and & =1,
£1=¢3=0 in this state. To be consistent with the classical linear
theory of compressible orthotropic elasticity, appropriate for infin-
itesimal deformations, we must have the non-zero second deriva-
tive relations

2
g W(l,l,l,O 0,0,1) ,)_5_2'“
1

2
8W(1,1,1 0,0,0,1) = 4+ 2+ 20 + 41ty + B,
2
82
—-(1,1,1,0,0,0, 1)_)+2,u+20<1+4/11+ﬂ1,
03 (2.15)
PW
asz(LLLooo1)J+o¢z,
PW
6A18)3(1,1,1,0001)_/1+o¢1,
82
0@313(] 1,1,0,0,0,1) = /i + oy + 0ty + fs,

where 4, pt, i1, Ua, 0, 0, 1, B2 and ps are ground state elastic
constants.

In the case of an incompressible material we must have the
relation

>PW

(17170001) 4M+4/’t]+ﬁ]7

1
rwW 2.16
T2 (1W10.0.0.1) = 404 20, +4, + by + o = 26, (2.16)
W (1,1,0,0,0,1) =2u+2u, + p, - p
0218},2””’7'11 ta ! 3
3. Stress

The Biot stress T") for a compressible material is given by the
relation

oW,

ou -
The proposed alternative formulation requires the symmetric

components (‘)Wf) of 2% relative to the basis {e;}. They are:

W 7@ (i
ou i,»_ 04

and the shear components (Shariff, 2008)

W\ _ 1 (oW oW\ o (0W oW e
au ) m—i\\ag g ) faT ag g )4t P

T —

3.1)

not summed) (3.2)

i#j,ij=1,2, (3.3)
awe> 1 [ow oW
— , o=1,2
( W ), du—173 (aga déE, )
(34)

It is assumed that W has sufficient regularity to ensure that, as Z;
and 4, approach /; and 7, respectively, Egs. (3.3) and (3.4) have lim-
its. Relations (3.2) and (3.3) can be used for transversely isotropic
materials by letting B=1I and for isotropic materials by letting
A =B=1I. The Cauchy stress is given by the relation

Jo = FTPF", (3.5)
where T? = 2% is the second Piola-Kirchhoff stress tensor. Since
TV = %(T@u +UT?), (3.6)

we cannot explicitly express ¢ in terms of TV, Hence we require the
symmetric components ("’W?) of 2% relative to the basis {e;}. These
components are obtained in a 51m11ar fashion to the components of

Me ie.,
W\ 1 oW
( aC )ﬁ =57 o (i not summed) (3.7)

and the shear components

8We —# OW 8W e o Ae; + @,@ e; o Be;
oc )y 2-2\\oG oG b feT\ o ag )

8W5 1 oW 8"/‘7
<8C>“3_H<3V “.Ae3+ava oc°Be3)7 a=1,2.
(3.9)

It is explicit in Eqgs. (3.3) and (3.4) that the Biot (or the second Piola-
Kirchhoff) stress is coaxial with U when the preferred directions a
and b are parallel to any two of the principal directions. This explic-
itness may not be as transparent if the strain energy function is ex-
pressed in terms of the classical invariants (2.13) (or possibly most
types of invariants found in the literature).

In the case of an incompressible material the Biot, second
Piola-Kirchhoff and Cauchy stresses are given by

oW, oW,

(1) _ —1 (2) _ o1
T gw -pU T9 =2 ac pC -, (3.10)
ac F — Pl

where p is the Lagrange multiplier associated with the incompress-
ible constraint /1443 =1.
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4. Applications

In this section we use the principal axes techniques to obtain re-
sults for three types of deformation and reveal the mathematical
simplicity of the proposed formulation.

4.1. Homogeneous triaxial deformation

We consider a homogeneous deformation so that the deforma-
tion tensor F is constant. Specifically, we consider the pure homo-
geneous deformation defined by

X1 = /1])(17 Xy = lzXz, X3 = )~3X3, (41)

where x; and X; are the Cartesian components of x and X, respec-
tively. For this deformation F=U and the principal axes of the
deformation coincide with the Cartesian coordinate directions
and are fixed as the values of the stretches change. Thus,
F= diag(/lwlz,h).

The Cartesian components of the Cauchy stress have the
expression

oW oW oW
Jou =X E Jon = )'287/12 Josz = A387/13’ (4.2)
200 (oW oW oW oW
O =—v e Ae; + — e Be:
Jou ),%fﬂé <<3C1 8éz> 1eas (8 0C2> v 2)
2003 [OW oW B
Jous —Z_ 7 (8@ e, o Ae; +——— 9z, & * Be3> v=1,2. (43)

On specializing a triaxial deformation to a biaxial deformation
applied on a thin sheet that lies on the (X;,X3)-plane with the
Cauchy stress component o33 = 0, we have,

oW
073
where /3 is implicitly related to /, and 4. In the case of an incom-

pressible material, we have, for biaxial deformation, the stress—
strain relations

Jo33 =13 =0, (4.4)

. oW . oW
011 :A1%7 UzzfAzaf)Lf (4.5)
2A1}2 8W 8W 8W 8W
O1p = 2 <<8g1 8{2>e1 o Ae; + <c’)“ 8g2>e1 . Be2>
(4.6)
22473 6W ow
O3 = ﬁ <0y o Aes +— e, e, e Be3> ou=1,2, (4.7)

where we have used the relations /, ‘3‘/"’ =y ‘j,W w
p=173 gW to obtain the relations (4.5)-(4.7).
When the preferred directions a and b are taken to be perpen-

dicular to es, we have,

(oc 1,2) and

0,3=0, a=1,2. (4.8)

In this case, it is explicit in Eq. (4.6) that ¢, vanishes if a or b is
along one of the coordinate axes or for an mechanically equivalent
material when ¢, = ¢, («=1,2) and e, e Ae, = —e; e Be,. In this case
the Biot stress is coaxial with U and & is coaxial with the left stretch
tensor V.

When the material is inextensible in the preferred directions we
have the constraints ae Ca=1 and b e Cb = 1. In this case,

oW,
ocC

T _ pl + qFa ® Fa + rFb @ Fb, (4.9)

where q and r are the Lagrange multipliers associated with the con-
straintsa e Ca =1 and b e Cb = 1, respectively. The Cartesian compo-
nents of the Cauchy stress are

ow .
o1 ="="N 87+q)~%51 + 123,
ow
O =/l2 o 97 + Q50 + 158, (4.10)
Zjvl/uz ow ow
= A B
012 Z%—)é (ay e o e2+av e o ez)

+ q}.1)v291 e Ae, +1l1/e; o Be,.
The rest of the stress components have zero values since a and b are
perpendicular to es.

4.2. Extension and inflation of a thick-walled tube

Here, we examine a non-homogeneous deformation which has
several applications. We consider an incompressible thick-walled

circular cylindrical tube with initial geometry defined by
A<R<B, 0<0O<2n, 0<Z<I, (4.11)

where A, B, L are positive constants and R, ©, Z are cylindrical polar

coordinates. The resulting deformation is described by the

equations

rzfazzjl(szAz), 0=0, z=/i2, (4.12)
‘'z

where a is the internal radius of the deformed tube, r, 6 and z are
cylindrical polar coordinates in the deformed configuration, and 4,
(constant) is the axial stretch.
The principal stretches are given by
1 r

M=, h=4i=,

= A=L =2
v R ©

(4.13)
where we have introduced the notation A. It can be easily shown
that the principal directions are in the directions

e.=E;, e =Eo, e;=E (4.14)

where Eg, Eg, E; are the base vectors for the R, @, Z cylindrical coor-
dinate system.

Consider the case when the preferred directions are in the
directions

a = cos(a)Eg +sin(x)E; and

b = —sin(a)Eg + cos (2)Ez, (4.15)

where 0 < Zand {; =0. With / and 7, as the independent vari-
ables the stram energy function W can be expressed as
L, =(1 .
Well e, 62) = W(ﬁ,m,o, 6:0.5:). (416)
‘'z

The components of the Cauchy stress in the cylindrical coordinate
system are:

oW, oW,
(gt} O-rr—; a9’ Uzz*arr:/lzﬁztv (417)
2¢sA 0 (OW,  OW,
= - , = = 41
O¢z /12 — ;2 <0€2 852 > Oro Oz 07 ( 8)

where ¢ = cos(a) and s = sin(o). It is clear that when oo=0 or o =%
the shear stress gy, is zero.

By considering the symmetry of the problem, the equation of
equilibrium with negligible body forces reduces to
do, 1

ar + ?(an —0w) =0.

(4.19)
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The above equation is to be solved in conjunction with the bound-
ary conditions

—P onr=a
O-rr:{o

4.2
onr=>b (4.20)

corresponding to the pressure P > 0 on the inside of the tube and
zero traction on the outside. b is the external radius of the deformed
tube.

Integrating Eq. (4.19), using the first part of Eq. (4.17) and the
relation

ﬂ = Lz (4.21)
r AM1-7%)
we get the equation for the pressure in terms of /, i.e.,
8W[ dr %a 2 1 BWt
P= / T //ib (A22=1) oy da, (4.22)

where 4, =4 and 2, =
the relations

2 2
P2 —1= 1’:(12;2 1)_/?2(;@2—1)

b From the first part of Eq. (4.12) we derive

(4.23)

which relates A, with 4, Eq. (4.22) provides an expression for the
pressure P as a function of /, when /, is fixed. The axial load N
needed to hold /, fixed can be obtained by the relation
b
N=2n / 0 rdr + nPa*, (4.24)
a

where the pressure contributes to the axial load of the deformed
tube with closed ends. Using the relation

b 1 awr
/a J,Trdr_— / TXarTe rdr (4.25)
and Egs. (4.13) and (4.21), we have,
N broow, 1 oW,
o= / (42 5 )rdr+Pa (4.26)

If material is inextensible in the preferred direction the compo-
nents of the Cauchy stress have the relations

151" A
Op— O = Jpt 4 QI282 + 720,

02z

_ L, OWy 2.2 | 45202
Opo — 57 Cc +tA%s?, (4.27)

G = 2aaCs| =2 (—Bwt—8Wt>+q—t
B\ -2\NG oG '

The pressure P on the inside of the tube required to maintain the
deformation is given by

- [ (%

The expression for axial load N is given by

PV | qi2c? 1 ti%s )dr (4.28)

N [P/ oW oW, 922 20
ﬁ—/; (/Lza—;u 2 R EXC —iis>1’dr

+ Pd®. (4.29)

+q22s% 4 a2

4.3. Simple shear

In Sections 4.1 and 4.2, results for homogeneous and non-
homogeneous deformations, where the principal directions are

fixed during deformation, are given. In this section we give results
for a simple shear deformation where the principal directions of U
change continuously during deformation. For simplicity, we only
consider incompressible materials.

Let the axes of x and X to coincide and the deformation can be
described by the equations

=X1+9X2, X=X, X3=X, (4.30)
where the amount of sheary > 0. Let 0 denote the orientation (in the
anticlockwise sense relative to the X; axis) of the in plane Lagran-

gean principal axes. The angle 0 is restricted according by the fol-
lowing (Shariff, 2008)

i

T
Z<0<=. .
2 S 0 < 3 (4.31)
The principal directions have components
c —s 0
er=1|s|, ea=|c |, es=|0], (4.32)
0 1

where ¢ = cos(0) and s = sin(0). It can be easily shown (Shariff, 2008)
that the principal stretches take the values

/2 14 2 _
il:w>]’ ;Q:lqu

Z - 2 < b
3=1 (4.33)
and
_ 1 _ A 2 2
c= , S= , — 8% = —ycs. (4.34)
J1+2 V12

Without loss of generality, we consider g33 =0, since incompress-
ibility allows the superposition of an arbitrary hydrostatic stress
without effecting the deformation.

The Cartesian components of stress take the form

11 = 2[L (s> (14 92) +yes) + L(c?(1 +72) — ycs) — 2l4¢s — 3]
012 = 2[l1 (5 + ¢8) + L (pc? — cs) + Lyycs]
O = 2(i8? + e + 2lycs — 13),
a13 = 2(l5(c +s) + ls(—s + yC))
Oy3 = 2([55 + lgC), (435)
where
_Low o Tow o 1 oW
VU200 04 2 205 0k C 273 0l
| 1 oW aWe e, + [V aWe Be
= o oW _ W e o
fraoz\\agan )t s ag ) T T
1 (oW oW
=5— e, o Ae; +——e; o Bes |,
5 ]7A3 <a€1 1@ 3 8@1 1@ 3),
1 (oW oW
ls=5— e, e Ae; +——e, o Be 436
° VR <8C2 20 0e 98, * 3) ( )

In general, the Poynting relation 11 — 023 = Y012 (generally associ-
ated with isotropic theory) does not hold. Poynting relation is a
relation between stress components and the deformation which is
independent of the choice of (isotropic) constitutive equation. It is
interesting to see if this universal relation holds for orthotropic
materials under certain conditions. From (4.35)

011 — 022 =)012 — 214CS(4 + "/2), (437)
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Hence, from (4.37), we see that Poynting relation holds if and only if
I4 = 0; no conditions are required for I5 or Is. An example of a case
when [, =0 for an arbitrary strain energy function is, when the
one of the preferred directions a or b is parallel to e; or e,. For
example, if the components of a and b are

ril
2
¢T§ (4.38)
L0
and
[_V3
2
% , (4.39)
L bs

respectively, where bs is any third component of b, then Poynting
relation holds at the particular strain when y = %

We note that Is and I appear in g3 and g3 only. In view of this,
we have the relations

$O13 + CO3 = 2(I5(2¢s + ys2)) (4.40)
and

€o13 — SO = 2(ls(yc? — ch)) (4 41)
Since 2cs + 7s® and yc2 — 2¢s =

1nGvs 4 62 =0 " (442)
and

013 — 403 =0 (4.43)

if and only if Is = 0 and [ = 0, respectively. Since Is and lg can be zero
for an arbitrary strain energy, the relations (4.42) and (4.43) are
“deformation-dependent” universal relations, i.e., they are indepen-
dent of the choice of orthotropic constitutive equation. We use the
term “deformation-dependent” since the relations hold at particu-
lar strains and at particular directions of @ and b. An example of
Is =0 and Ilg # 0 at a particular strain is when both a and b are per-
pendicular to e; but not perpendicular to e, and es. An example of
ls =0 and I5 # 0 is when both a and b are perpendicular to e, but
not perpendicular to e; and es. Since in the above two examples,
either Ig # 0 or Is # 0, and since W is arbitrary, the shear stresses
013 and o,3 are generally non-zero. The author believe that the uni-
versal relations (4.42) and (4.43) do not exist in the literature and
may not be straightforward to derive using the classical invariants.

In the case when the preferred directions are perpendicular to
the direction es, the shear components a3 = 6,3 = 0 and we have
the relations

0l & 0y 2

a " oy

9 99 <3 00, aél

(97')) =2/)15C’e; o Ae,, 87'y 8'y s (444)
0 o, .3 05 04

7 =2/15C’e; o Be,, T)y = o

In general, the Poynting relation does not hold. Since a simple shear
deformation depends on 7y, the strain energy function can be consid-
ered as a function of y, i.e., W, = W(y). Using Eq. (4.44), we can eas-
ily deduce (after some algebra) that, for @ and b perpendicular to es,

012 = VAV’("/)~ (4.45)

4.3.1. Inextensible fibres
For a material that is inextensible in the preferred directions a
and b, the last two terms of Eq. (4.9) take the simple forms

Fa@Fa=> Jije o Ae)e e,
i
= Z ).in(ei (] Bej)é;‘ ® éj,

ij

Fb ® Fb
(4.46)

where ¢; are the Eulerian principal directions with components

S —C 0
é] =|C éz = S |, é3 =10 (447)
1

5. Functional form of incompressible W,

In order to refine the functional form of W, for an incompress-
ible material, we consider the polynomial expansion

We = Copy (23525 = 1), (5.1)

a.p.y

where the terms C, 4, are functions of {; and ¢&;, and «, $, and y are
non-negative integers. Note that we do not intend to use the above
polynomial form as a constitutive model or as an “Nth” order
approximation; we only use it to obtain a reduced functional form
of We.

For an incompressible material, /14,43 =1 and we can write
(5.1) in the form
We = 0 -

rs

+ZC,5 (83—

D+ G5 - 1),
(52)

where r and s are non-negative integers, and C . are functions of {;
and ¢;. To obtain the symmetry given in Eq. (2. 9) certain conditions
have to be imposed on the coefficients C!.. Before we do this, we
write the expansion given in Eq. (5.2) in the form

We=> "G -1) +ZCOS (5 -1) +ZC,O (h=1)

r=0
+YCR0S - 1) +ZC3 +ZCOS -
s=1 r=0

+ )OS 1) Z OV

r,5#0 57#0

+ ) CRh - 1), (5.3)

rs#0

To satisfy the symmetry given in Eq. (2 9), C! ') must take certain
forms (as shown below), and since /) =1, we can re-write the
above equation in the form

W, — ;Dr(g,gl)(zq -1) -‘r;Er(Claél)()“q -1

n ZDr(ZLéz)(ﬂé 1)+ ZEr(CL &) —1)
+ZD U5, 8) (7 — 1) +ZE ((3,8)(45 - 1)
+ Zcr,s éhCz,Cl,fz)(M’lz -1

rs#0

+ ) Gy, Er &) (43 - 1)

rs#0

+ ) rs(la G5, &0, E) (45— 1), (54)

rs#0

where ¢, 4(x,¥,2,t) = ¢;s(¥,x,t,z) and ¢.s = c;,. From the above equa-
tion and in view of Weierstrass approximation theorem, we can
write the strain energy function in the form
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3
We =" fi, (i, &) + 80, 2, 1, (o, €1, &)
i=1

+8(21,23,81,03, 81, 83) + 8(Aa, A3, (3, 83, &2, &3), (5.5)
where
Fi, G 6) = (Dn(Gi, &) + En(G &) = 1)
r=0
and
8(%,24,0,6,6,6) = Z Crs(Cin Gy & G (44 = 1), i) (5.6)

rs#0

The function g has the symmetry &(4,4, 4,6, ¢ &) =84, 4§,
(,,&), 1#].

5.1. Semi-linear form and its extension

A general incompressible nonlinear (finite deformation) ortho-
tropic strain energy function is more difficult to analyse than a
(infinitesimal) linear one. For an incompressible material, the lin-
ear strain energy function has six ground state constants (see Eq.
(2.16)), where their role are generally fully understood. However,
more often, previously proposed nonlinear strain energy func-
tions that contain all six invariants have constants (sometimes
more than six) that are indirectly related to the ground state
constants and generally, their role are not straightforward to ana-
lyse. A nonlinear strain energy function where its classical
ground state constants are explicitly expressed is attractive in
the sense that their role are easier to analyse. Using our proposed
invariants its straightforward to extent the linear strain energy to
a semi-linear form (for moderate strains) with only ground
state constants, i.e., the terms in W, given by (5.5) have the
forms

Ui &) = (= 1)° (u+ 218+ 2456 +%c? +%£? + ﬁaCifi)

8 2,6, G, 6, &) = (i — 1) (& — 1) (B1 GG + Ba&id
+ B3(Gig + &Ly)), 1] (5.7)

For larger strains, we propose an extension of the semi-linear form,
where

6.6 = 1) (1 24+ 20+ 58 + 28 + g

8(%i, 24,6, G,8. &) = 5(/11‘)5(1])(& GG+ Ba&i&i + B3(GiG + fiCj)) i#],
(5-8)

where r=s2. It is clear from (5.8) and (5.5) that the strain energy
function has a unique value if two or more of the principal stretches
have the same value. However, s may have constants that are not
related to the ground state constants. We impose the conditions,
forx>1,7r(x)>0,r(x) >r(}), "(x)+r(}) >0and forx<1, r'(x)<0
(see also Shariff (2000)). For stress free configurations, we impose
r(1)=s(1)=r(1)=0. These conditions are satisfied if r take the
semi-linear form (5.7). Note that, although the semi-linear form is
valid for mildly moderate strains, useful information can be ex-
tracted from it, and in view of the ground-state-constant similarity
between the semi-linear and the extended forms (see Eqgs. (5.7) and
(5.8)), this information can be used for the extended strain energy
function. For example, consider three cases of simple shear defor-
mations, where the directions @ and b have the Cartesian
components:

Case (i):
01 17
a=|1|, b= (5.9)
_O_ _0_
Case (ii):
"0 "0
a=|1|, b= (5.10)
_O_ _l_
Case (iii):
17 "0
a=|0]|, b=|1 (5.11)
_O_ _0_

We now partially analyse our extended constitutive equation.
Using terminologies of Holzapfel and Ogden (2009), where they
model passive myocardium via orthotropic elasticity, a and b are
the fibre and sheet directions, respectively. Their sheet-normal
direction is perpendicular to both a and b. We note that in infini-
tesimal (or semi-linear) elasticity, when ps(or uy)=0, B; (or
f2)=0 and B3 =0, the material becomes transversely isotropic;
when all of the ground state constants, except y, are zero, the
material becomes isotropic. The constants i, 1 and p,, f, are
associated with stiffness of the fibre and sheet, respectively. s is
a constant associated with both the sheet and fibre. In view of Sec-
tion 4.3, with some algebra, we found that the shear stresses ¢, of
Cases (i) and (ii) are different in general. This difference is verified
in the experimental data of Dokos et al. However, if the ground
state constants ;= ff» = 83 = 0 (the material is transversely isotro-
pic) then the shear stresses are the same. Note that in the past
some authors modeled orthotropic materials by letting W, = W,(I;,
I, I4,1g) (or Wy(14,14,1¢) Holzapfel and Ogden, 2009). For this type of
strain energy, the shear stresses for Cases (i) and (ii) are the same,
ie.,

ow, oW, 8W0> (5.12)

o2 :zy( oL, oL, ol

Hence we cannot capture the difference between the shear stresses
of an orthotropic material with that of a transversely isotropic

material with strain energy
Whn(li, 1o, 1s) = Wo(lh, 12,14, 1). (5.13)

Note that Ig = 1 for both Cases (i) and (ii). Even in infinitesimal elas-
ticity the shear stress

G2 = YR+ Hy + ) (5.14)
in Case (i) and
Oz =Y(H+ ) (5.15)

in Case (ii) are different; they are only the same if and only if z; = 0.
Let o1 and 043 be the shear stresses for Cases (i) and (iii),
respectively. We have

20s(32r' (A) +1'( 8y(cs)? .
Gy — o0 = (11 uz){ Art) L ED IS )
+ /1 =4

— () _
r( 2))} + (B /32){ 21 +)'%)

(5.16)
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In view of the properties of r, it is clear from above that, if u; > 1,
and B; > B, (the fibre constants are larger than the sheet constants)
the shear response when the fibre direction is extended is stiffer
than when the sheet direction is extended; Dokos et al. (2002) data
confirmed this behavior. However, in infinitesimal elasticity the
shear stresses are the same, with their form given in Eq. (5.14).

In view of the discussion in the preceding paragraph, we indi-
cate that the extended strain energy function (5.8) facilitate analy-
ses of mechanical responses. Since s is single variable function, it is
easier to analyse than multivariable functions. However, due to the
scope of this paper, we shall not, in this communication, develop a
specific form of (5.8) or discuss constitutive inequalities; this will
be done in the near future.

6. Experimental advantage

In a triaxial test of an incompressible solid, the principal
stretches /; and A, can be varied independently. Three of the
invariants {y, {3, f; and B, can be varied independently by taking
different samples, of the same material, with different preferred
directions (relative to a principal direction (say)). Hence, it allows
us to determine the functional form of W by doing tests that holds
four out five invariants constant so that the dependence of W on
the remaining invariant can be identified. We note in passing that
the invariants Iy, I, I4, Is, Is and I; cannot be varied independently
in a triaxial test.

In a triaxial deformation, where the deformation can be
described by Eq. (4.1), we have,

ow
Oy — 033 = /g~

011 — 033 =AM 57—, T
2

oM (6.1)
Note in the case when a preferred direction is not parallel to one of
the principal directions, some of the shear stresses have none zero
values. It is assumed that the shear stresses can be controlled in the
triaxial experiment; the author is not sure if this can be done prac-
tically. Care must be taken so that the data in all regions of the
(A1,42,¢1,82, €1, &2) space are taken. Note that we are only concerned
with the subset of the (11, 42,¢1,(2,¢1,&2) space where 0< Aq, 0< Ay,
0<4 <1, 0<0<T, LK1=, 0<&<1, 0<&4<1 and
H<T -4

We shall take advantage of the symmetry given in Eq. (2.9) to
obtain the functional form of W. Let f,(11,42,(1,(2,¢1,&2) be the
functional form constructed from the #1-% data. In view of Eq.
(6.1) we have

WWJL%Q&@ﬁZ/ﬂWJL%Q@ﬁﬁW1
+fb(/12’é/17€27627£1)' (62)

We now require the functional form of f,. Due to the symmetry ex-
press in Eq. (2.9), it follows from Eq. (6.2) that

ofa . oy . .
a—i(lhb,(néz,iufz)dll+£(A27C17Cz-,€1,§2)
= fa(h2, 71,82, 81, &2, &) (6.3)
Hence we have
, . B fa S, s\ g,
o0, 81,060,861, 8) = — 8—;2()~1:A2,Q17S2a61762)dm d’;
+ [ fain o,
+ (61,6, 81, 8).
(6.4)

Let
8a(41,72,0,0,6,8) = /fa(h:biniziufz)dil (6.5)
and
S e . B ofa . .
(21, 72,00,0,8,8) =— 87/12(21712,417527§17€2)d7~1 d’,
4 [l 1,600
(6.6)

If we assume that W(1,1,{1,{2,¢1,¢2) =0 in the undeformed config-
uration we have

(81,86, 86,8) = —8,(1,1,04, 85,6, 8) —8,(1, 1,44, 6,6, &),
(6.7)

Hence, the functional form of f;, is obtained and the functional form
of W can be obtained from Eq. (6.2).

Appendix A

If, for arbitrary a and b, we choose the directions of the
Cartesian X; and X, axes to be parallel to a and b, respectively,
we then have

2 2
L =trC, L :M7

2
13 = det(C), 14 = C]]7

16 = C227 17 = CZrCrZ:

Al
Is = C1,Crn, (A1)

where Cj; are the components of C relative to the Cartesian basis.
Since C has six independent components, there is a relation among
the invariants I,_;. However, this relation is a syzygy since no one
invariant can be expressed as a polynomial in the remainder. Hence,
the polynomial invariant set {I;_;} is a minimal integrity basis
(Spencer, 1984) with a syzygy.

In the case of the proposed invariants, consider the (right-
handed) orthonormal set of vectors OT = {a,,a,,as}, where a, = a,
a, = b and a3 a unit vector perpendicular to a and b. Then the com-
ponents of the rotation matrix A from the basis OT to the basis
{eq,e5,e3} are given by

Ajj =a; e €, (A2)

where e; are the principal directions of C. A; depends on the three
independent Euler angles. Since the four invariants ¢; = (a e ;)%
{r=(aeey)? & =(bee;) & =(beey)? depend on three indepen-
dent Euler angles, there exists a relation between the four invari-
ants. In particular,

aeh= i:(a ee)bee)=0, (A3)
i=1

where

@ees=+\/1-( -, bees=+/1-¢ -4, (Ad4)

It is clear from Eqs. (A3) and (A4) that we cannot express any one of
the four invariants as a polynomial in the remaining three invari-
ants. Hence the polynomial invariant set {11,15,/3,(1,{2,¢1,¢&2} iS a
minimal integrity basis with a syzygy.
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Appendix B

Following the work of Shariff (2008), the inverse of Eq. (2.13) is,

1
1 Y+2mi\\z .
Ji=——= |l +2Acos [——) ), i=1,2,3,
75 (e 2 (P )i,
/1%+i§ 2 1 14
C1:T(I4_)»3)_E(15_/“3)>
2 2
=B ) e L a8, (B1)
02 (3
. 2+
§1*2513(16—)) ( )
L AAB L g
gz_fT(IG*/L) (3*(177})
where
1
A=(B-3b),
1
W = cos™! v (21 - 91, + 2713), (B2)

1= —-2)(3+23) - (1-13),
8 =—(45 = 23) (A +43) + (45— 7).
Eq. (B1) is only valid for /; # A, # 13. When two or more principal

stretches have the same value the corresponding principal direc-
tions have non-unique values. In the case of 1, = /1, # 13 we have,

P 1-¢
4 and we choose {; = {, = —==2. B3
63 23 i% /14 ;4 =0 2 (B3)
=7 -7 1-¢&
=—_—"L and we choose & = ¢, = . B4
h 22 A G-e=—3 (B4)
In the case of i; = i3 # A5, we have,
L L s 1-¢
L= m /14 and we choose {; = 5 (B5)
Ig—2 1 1-¢
G=0""3_1" and we choose ¢ =~ =2 (B6)

LI AE BT ;.3 2

In the case of /, = i3 # A1, we have

L= Is— 13 1-4
= and we choose {, = > B7
(4 /& — /12 )4 G2 = 2 ( )
IG*}.Z 177)4 1751
Eo— and we choose &, = . B8
NTRIRTAA 2= (58)

In the case when 1; = 1, = 23 we choose {{={;=¢;=0and & =1.
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