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I present conditions for compatibility of velocities, conservation of mass, and balance of momentum and
energy across moving discontinuities in inextensible strings and sheets of uniform mass density. The bal-
ances are derived from an action with a time-dependent, non-material boundary, and reduce to matching
of material boundary conditions if the discontinuity is stationary with respect to the body. I first consider
a point discontinuity in a string and a line discontinuity in a sheet, in the context of classical inertial
motion in three Euclidean dimensions. I briefly comment on line discontinuities terminating in point dis-
continuities in a sheet, discontinuous line discontinuities in a sheet, and an approach to dynamic fracture
that treats a crack tip in a sheet as a time-dependent boundary point. I provide two examples of general
solutions for conservative sheet motions near a line discontinuity. The approach also enables treatment of
actions depending on higher derivatives of position; I thus derive balances for an elastica which are
applicable to moving contact problems.
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1. Introduction

The dynamics of strings and sheets offer many surprises (Hanna
and King, 2011; Cambou et al., 2012; Coteron; Judd; Mould, 2013;
Biggins, 2014; Virga, 2014; Rennie, 1972; Calkin, 1989; Schagerl
et al., 1997; Tomaszewski et al., 2006; Hamm and Géminard,
2010; Taneda, 1968; Bejan, 1982; Guven et al., 2013). Their motion
unregularized by any resistance to bending, these perfectly flexi-
ble, yet inextensible bodies may develop persistent kinks and other
discontinuities in their shapes. Embedded in three-dimensional
space, they come into partial contact with steric, frictional, and
adhesive obstacles, and thereby experience discontinuous external
applied forces. Thus, the mechanics of such discontinuities should
be studied.

In this paper, I consider moving discontinuities in one- and two-
dimensional flexible bodies (see Figs. 1 and 2). The bodies are mod-
eled as inextensible curves and surfaces. Physical examples of such
discontinuities include peeling fronts of adhesive tapes and coat-
ings (Ericksen, 1998; Burridge and Keller, 1978; Cortet et al.,
2013; Hure and Audoly, 2013), lift-off points of chains and ropes
moving around pulleys or table edges (Rennie, 1972; Prato et al.,
1982; Calkin, 1989; Cambou et al., 2012), pick-up points of chains
from piles or rigid surfaces (Cayley, 1857; Hanna and King, 2011;
Biggins, 2014; Virga, 2014; Virga, 2015), propagating impacts in
cables and membranes (Ringleb, 1957; Cristescu, 1964; Beatty
and Haddow, 1985; Yokota et al., 2001; Tomaszewski et al.,
2006; Hanna and Santangelo, 2012; Vandenberghe and Villerm
aux, 2013; Kanninen and Florence, 1967; Farrar, 1984; Haddow
et al., 1992; Albrecht and Ravi-Chandar, 2014), geometrically com-
plex propagating kinks in a windblown flag or the tubular body and
arms of an Airdancer� (airdancers.com/about/), brittle cracks,
tears, and cuts in sheet materials (Burridge and Keller, 1978;
Roman, 2013; Vandenberghe and Villermaux, 2013), and groove
structures in impressed bladders. It also seems likely that kinks
may form in the transverse waves resulting from hairpin turn
maneuvers of towed cables (Ivers and Mudie, 1973; Sanders,
1982; Matuk, 1983). In some of these examples, the discontinuity
is an idealization that allows one to ignore a regularizing length
scale, such as the body thickness, and with it higher-order terms
in equations of motion, such as bending forces. When considering
an elastic sheet, it may be easier to treat membrane equations and
a jump condition than to explicitly examine an internal bending
boundary layer and perform asymptotic matching. Thus, jump con-
ditions may be an effective tool in studies of thin elastic bodies. For
dynamic partial contact problems involving continua, the correct
jump conditions are essential; one cannot simply apply static
boundary conditions.
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Fig. 1. Real systems with discontinuous, or approximately discontinuous, moving features. Left: A kink moving upward in a tubular Airdancer� (airdancers.com/about/)
membrane (still from a film courtesy R.B. Warner). Center: A propagating impact in an aircraft arresting cable (commons.wikimedia.org/wiki/File:AircraftCarrier3-wire.jpg).
Right: A chain falling onto a table (still from a film courtesy D. Aliaj and R.B. Warner). The table, or the pile of chain on the table, acts as a positive supply of stress
(momentum) and a negative supply of power (energy).

(a)

(b)

Fig. 2. Bodies X with discontinuities, here drawn as first order in derivatives of
position. (a) Tangent vectors at a point discontinuity in a string. (b) Tangent vectors
and Darboux frames at a line discontinuity in a sheet, and coordinate lines and
tangents in the bulk. Details and definitions in text.
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The first conditions that must hold across a discontinuity are
compatibility of velocities and some body derivatives of position.
A treatment of surfaces generates the equivalents of Hadamard
and Darmois compatibility, which differ from the classic cases
because both the discontinuity and its embedding surface are of
nontrivial codimension with respect to another embedding space,
E3.

Next I consider mass conservation, a topic which is made
considerably easier by the presumption that the bodies are
inextensible and isometric to a sufficiently smooth configuration.
This justifies the use of global material coordinates on the body
which facilitate calculations.

Then I turn to balances of momentum and energy. The balances
are derived from an action with a time-dependent, non-material
boundary, rather than from a set of conservation laws in weak form
as would be traditional in continuum mechanics. For this reason,
the formulation shares some conceptual ground with variable-mass
problems (McIver, 1973), such as axially moving belts between sup-
ports (Wickert and Mote, 1988; Lee and Mote, 1997), yarn or cables
deployed off of spools or onto the seafloor (Mack, 1958; Zajac, 1957;
Padfield, 1958; Mankala and Agrawal, 2005; Krupa et al., 2006),
pipes conveying fluid (Païdoussis and Li, 1993), or other situations
in which one or more boundaries act as sources or sinks of material.

This paper is restricted to metrically constrained inertial
motions in E3, but the method can be generalized to other systems
involving elasticity or plasticity of the body. Aside from the econ-
omy of assumptions inherent to a variational principle, there seem
to be conceptual advantages to viewing a discontinuity as a mov-
ing boundary, rather than an internal ‘‘wave’’. There is the possibil-
ity of treating fracture, as well as combined line and point defects,
by the approach suggested in Section 4. The ability to consider
boundary conditions of action functionals of arbitrarily high
derivatives of position is exploited in Section 6 to derive momen-
tum and energy balances for a discontinuous elastica. Finally, the
present treatment adds a new perspective on the existence of
energy functionals for some axial motions of thin bodies between
supports (Renshaw et al., 1998).

The prior work of McIver (1973) should be mentioned, in which
an action principle was developed for an open system akin to the
time-dependent volumes considered in the present work. The pre-
sent treatment differs primarily in its focus on boundary conditions
and their application to discontinuities, and in its use of global
material body coordinate descriptions of the moving boundaries.

The variations in the current procedure involve only the mate-
rial position vector and the time; it is likely that these could be
viewed as a single four-dimensional material position vector.
This is in contrast to variations of the position of geometric quan-
tities, such as the location of a boundary or other defect. Examples
of the latter may be found in recent treatments of static adhesion
(Deserno et al., 2007; Majidi and Adams, 2009; Majidi et al.,
2012; Hure and Audoly, 2013), and in approaches based on the
concept of configurational balances (Gurtin, 2000; Kienzler and
Herrmann, 2000; Maugin, 2011). The current procedure is more
direct, not requiring any additional compatibility conditions on
the variations. Perhaps more importantly, it does not rely on any
principles beyond the established action of classical mechanics
that applies to the material composing the body; there are no
new postulated laws for geometric objects. However, the approach
is limited to defects that can be described as boundaries, excluding
non-Riemannian objects such as dislocations.



1 When applied to the material position vector Xðs; tÞ, the symbols @s and @t

respectively denote a partial derivative with respect to s and a material time
derivative. When applied to the non-material point s0ðtÞ; @t is just a partial time
derivative.
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A variational approach to momentum and energy equations in
imperfect elastic continua was pioneered by Eshelby
(1951,1975). His original focus was on non-Riemannian defects
such as dislocations, which any variational integral contour must
necessarily surround but not pass through. This approach of using
an encircling contour was later applied to cracks (Atkinson and
Eshelby, 1968), mirroring other work in fracture mechanics (Rice,
1968; Freund, 1990; Ravi-Chandar, 2004). I will suggest in
Section 4 that a crack tip may be approached more directly as
the time-dependent boundary of a boundary of an action integral.

The illustrations in Fig. 2 show discontinuities in the tangent
vectors of bodies, which are the relevant discontinuities of the sim-
ple actions considered in the primary sections of this paper,
Sections 2 and 3. However, it should be emphasized that the pre-
sent method is not restricted to first order discontinuities in posi-
tion. One expects higher order discontinuities to appear in many
problems featuring bending forces, such as dynamic rolling or slid-
ing of elastomeric or elastica-like materials (Schallamach, 1971;
Stolte and Benson, 1993; Raux et al., 2010), unfurling tape springs
with localized eversions (Seffen and Pellegrino, 1999), space-fixed
transverse loads on spinning disks or moving tapes (Benson and
Bogy, 1978; Renshaw and Mote, 1995; Albrecht et al., 1977), and
the impact of liquid or solid rods and sheets with surfaces
(Mahadevan and Keller, 1996a,b; Ribe, 2003, 2004; Habibi et al.,
2007). Treatments of extended defects or surgery of two space–
times in general relativity (Bonnor and Vickers, 1981; Vilenkin,
1985; Blau et al., 1987) involve discontinuities in higher order
derivatives of a metric. In the last case, there is no analogue of
our second, Euclidean embedding space, or of material coordinates,
but it is still fruitful to work in a coordinate system that smoothly
spans the discontinuity (Blau et al., 1987), as in the present paper.

The concepts and approach of this paper are first introduced in
the simple context of a string in Section 2, before being applied to
sheets in Section 3. I recover known results for a point discontinuity
in a string, and present new results for a line discontinuity in a sheet.
These results coincide with, or are analogous to, known results
derived from conservation laws in weak form for strings and
space-filling bodies of trivial codimension. I use as comparative
references a paper of O’Reilly and Varadi (1999) and a text by
Gurtin, Fried, and Anand (2010). In Section 4, I briefly comment on
line discontinuities terminating in point discontinuities in a sheet,
discontinuous line discontinuities in a sheet, and the treatment of
a crack tip in a sheet as a time-dependent boundary point. In
Section 5, I provide two solutions of conservative sheet motions near
a line discontinuity. In Section 6, I derive balances for an elastica.

2. A point discontinuity in a string

In this section I will obtain, by an alternate method, a restricted
form of some results derived by O’Reilly and Varadi (1999). Their
work, based on that of Green and Naghdi (1979, 1978), was also
further developed in a later paper (O’Reilly and Varadi, 2003).

A possible configuration of a one-dimensional body Xðs; tÞ is
shown in Fig. 2(a), where X is a position vector in E3 parameterized
by arc length s and time t. The body has a discontinuity, located at
the time-dependent coordinate s0ðtÞ. It is simplest, though not
necessary, to consider that the discontinuity moves through a glo-
bal material coordinate system covering the entire body, so that
the description of s0ðtÞ is common to both sides of the body. In
the figure, the discontinuity is depicted as being in the first deriva-
tive of the position vector, leading to a jump in the unit tangent
vector @sX. Higher order discontinuities in position may be consid-
ered in the same manner.

A jump will be written using double square brackets,

sQt ¼ Qþ � Q�; ð1Þ
where the Q� are the values taken by the quantity Q immediately
on either side of the moving discontinuity. In what follows,
equations involving jumps should be understood to hold at the
discontinuity and not elsewhere.

The spatial position of the jump must coincide for the two sides
of the body, hence

sXðs0ðtÞ; tÞt ¼ 0: ð2Þ

A total time derivative leads to a compatibility condition for
velocities,

s@tXþ @ts0@sXt ¼ 0; ð3Þ

which could also be written with @ts0 moved outside the brackets.1

The quantity inside the brackets is simply the spatial velocity of the
non-material point associated with the discontinuity. If the
boundary has continuous tangents, or is fixed (@ts0 ¼ 0) in material
coordinates, the condition (3) implies continuity of the spatial
velocity for the associated material point, s@tXt ¼ 0.

In considering only inextensible strings of constant, uniform
mass density, conservation of mass becomes relatively trivial.
The arc length coordinate is also a material coordinate, and the
discontinuity exits one side of the body at the same rate it enters
the other. The motions of the body in the bulk on either side of
the discontinuity, and the transfer of the line element across the
discontinuity, must be isometries. In the bulk this means that
@t @sX � @sXð Þ ¼ 0, which is always true as @sX is a unit vector.
Likewise, s@sX � @sXt ¼ 0 at the jump. Mass conservation will be
examined in more detail in the following section.

Balances of momentum and energy may be obtained from a
variational principle. Consider an action of the form

A ¼
Z

dt L ¼
Z

dt
Z s0ðtÞ

dsL; ð4Þ

2L ¼ l@tX � @tX� r @sX � @sX� 1ð Þ; ð5Þ

representing the string on one side of the discontinuity. The three
unspecified limits of integration are irrelevant to the discussion.
The Lagrangian L is that of an extended body with time-dependent
boundary s0ðtÞ. The Lagrangian density L is that of an inertial body
of uniform mass density l, with rðs; tÞ a local multiplier enforcing
inextensibility. Upon variation of X, the bulk Euler–Lagrange equa-
tions of this density are the classical string equations.

The linear momentum equations are obtained from stationarity
of A under the spatial variation X! Xþ dX. Setting

dA ¼
Z

dt
Z s0ðtÞ

ds
dL
dX
� dX ¼ 0 ð6Þ

and using the Leibniz rule to manipulate time derivatives resulting
from integration by parts, we obtain field equations for the bulk and
the single relevant boundary:

l@2
t X� @s r@sXð Þ ¼ 0; ð7Þ

r@sXþ l@ts0@tX ¼ 0js¼s0
: ð8Þ

For a boundary fixed with respect to material coordinates, @ts0 ¼ 0
and we recover the usual material boundary condition for a string.
Noting that placing the time dependent point s0ðtÞ at the lower limit
of integration merely changes the sign of both boundary terms, we
are led to a linear momentum jump condition for a moving, non-
material, internal boundary,
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sr@sXþ l@ts0@tXt ¼ P; ð9Þ

where P represents any supply of stress at the discontinuity
(O’Reilly and Varadi, 1999), such as might be provided by an exter-
nal obstacle.

There are no additional conditions for angular momentum. A
variation of the form X! Xþ X� Oð Þ � dC; O and dC constant
vectors, yields only redundant equations, as there is no jump in
X itself.

The energy equations are obtained from stationarity of A under
the temporal variation t ! t þ dt. Although dt is to be interpreted
as a uniform time shift of the system, rather than a function of s,
this fact is not to be invoked until near the end of the variational
process, the point of which is to extract the temporal Noether cur-
rent. The Lagrangian density (5) is not an explicit function of time,
but the Lagrangian is. Setting

dA¼
Z

dt
dL
dt

dt¼
Z

dt L@ts0dtjs¼s0
þ
Z s0ðtÞ

ds
dL
dX
�@tXdt

� �
¼0 ð10Þ

and proceeding in a similar manner as before, we obtain bulk and
boundary equations:

l@2
t X� @s r@sXð Þ

� �
� @tX ¼ 0; ð11Þ

r@sXþ 1
2l@ts0@tX

� �
� @tX ¼ 0

��
s¼s0

; ð12Þ

where we have used the fact that @sX � @sX� 1 ¼ 0. As this term is a
constraint, there is no energy associated with it. While the bulk
equation (11) and the fixed-boundary limit of the boundary equa-
tion (12) are redundant with respect to the momentum equations
(7), (8), the general boundary equation is not. It leads to an energy
jump condition,

sr@sX � @tXþ 1
2l@ts0@tX � @tXt ¼ Eþ 1

2P � @tX
þ þ @tX

�� �
; ð13Þ

where E represents any supply of power per area, including internal
dissipation.2 The form of the right hand side of (13), which makes
use of the mean material velocity at the kink, is chosen so that the
quantity E is invariant under Galilean shifts X! Xþ Ct. This is not
a necessity. One can imagine stress and power supplied by collision
with a space-fixed obstacle external to the variational treatment of
the body. In such a treatment it might be simpler to write E for
the right hand side of condition (13).3 This would break Galilean
invariance of the body, of E, and of the equations, even though the
body-obstacle system must be invariant as a whole. A general dis-
cussion of invariance restrictions on the supplies P and E may be
found in O’Reilly and Varadi (1999).

The invariant form of the jump conditions (9) and (13) is that
which would be derived from an action that explicitly includes
boundary supply terms. I have up to this point discussed only a
one-sided bulk action, for simplicity of exposition. The total
Lagrangian leading to conditions (9) and (13) has the form:

L ¼ LSjs¼s0
þ
Z

s0ðtÞ
dsLV þ

Z s0ðtÞ
dsLV ; ð14Þ

2LS ¼ P � Xþ þ X�
� �

þ 2Et; ð15Þ
2LV ¼ l@tX � @tX� r @sX � @sX� 1ð Þ; ð16Þ

where it is to be understood that P and E are unaffected by the
variations. Here the boundary density LS is an explicit function of
time, and the temporal variation must take this into account.
Note that the spatial velocity of the non-material discontinuity does
not appear in the Lagrangian (14) or the balance (13), in contrast to
2 The area unit is due to the cross section of the body, which is really the vanishing-
radius limit of a three-dimensional string.

3 Note that Virga’s comments (Virga, 2015) on the form of Eq. (13) pertain to an
earlier draft of this paper, when the right hand side was indeed simply written as E.
Virga’s configurational approach to energy balance (Virga, 2015),
which behaves identically under Galilean shifts.
2.1. Comments

The independence of momentum and energy supplies at a non-
material boundary is reflected in the requirement of additional
constitutive information to specify the behavior of dissipative
shocks (Virga, 2015), impacts (Hamm and Géminard, 2010;
Grewal et al., 2011), and phase transformations or other ther-
momechanical processes at moving discontinuities (Abeyaratne
and Knowles, 1990; Purohit and Bhattacharya, 2002).

Because the @ts0 term may be moved outside the brackets, the
balances (9) and (13) and velocity compatibility condition (3)
may be thought of as evolution equations for the boundary coordi-
nate s0ðtÞ, a type of dynamics for a non-material point. This view-
point is sometimes adopted in studies of dynamic fracture, where
an analogy with a peeling string was explored by Freund (1990).
Accelerations can be included in these dynamics as well, by con-
sidering an acceleration compatibility condition.
3. A line discontinuity in a sheet

The results of this section are new, but they and the method of
derivation are related to those of Hure and Audoly (2013) on the
adhesion boundary of a static sheet on a surface. I consider the case
of a line discontinuity in a surface embedded in E3. A line dis-
continuity in a two-dimensional body in E2 is a surface itself (in
the sense of being codimension-1 with respect to E2), and may
be addressed in the same manner as surface discontinuities in
three-dimensional bodies in E3. The latter is a classical topic, a
representative example of which may be found in chapters 32–
33 of the recent text by Gurtin et al. (2010). Pop and Wang
(1981) considered higher-order line discontinuities, with continu-
ous tangent vectors, propagating in two-dimensional bodies in E3.
They used convected coordinates, and assumed that one side of the
surface was quiescent.

A line discontinuity may be closed, terminate on the boundary
of the surface, or terminate at point discontinuities within the sur-
face. Let us neglect the third option for the moment. Fig. 2(b)
depicts the second option, with discontinuities in some of the first
derivatives of the position vector. The body X fkag; tð Þ is now
parameterized by a set of global material coordinates
fkag;a 2 f1;2g, which span the discontinuity, and by the time t.
Use of such a coordinate system facilitates description, and does
not restrict us in considering the type of deformations relevant
to inextensible thin bodies. The discontinuity is now a curve with
surface coordinates fka

0ðl; tÞg parameterized by a curve coordinate
l and the time t. For simplicity, let us assume that l is independent
of time, rather than something like an arc length. The curve deriva-
tive is @l ¼ @lk

a
0@a.

First order discontinuities are special in that, unless they are
restricted, they will result in a jump in the surface metric tensor
aab � @aX � @bX. However, certain restrictions are reasonable when
considering inextensible motions of sheets. I seek to model such dis-
continuities as may, for example, appear dynamically during the
motion of an initially smooth surface. Let us consider ‘‘C1-foldable’’
discontinuities, defined such that the discontinuous surface is iso-
metric to some C1-smooth configuration.4 On this latter config-
uration, I paint an initial set of C1-smooth global coordinate curves,
4 The exception to this statement is on the discontinuity itself, where the metric is
not defined. I am requiring that the surfaces on either side can be bent, but not
stretched, in such a manner that the discontinuity in the tangents disappears.
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and admit a velocity field tangential to the surface that advects these
coordinates while preserving the metric (a Killing flow). These coordi-
nates and surface velocities will be carried over under the isometry to
the discontinuous surface, and intrinsically defined surface quantities
will not suffer a jump. For example, the angle within the surface
between a coordinate curve and the discontinuity curve remains
the same on either side. It should be mentioned that the foldability
condition puts additional strict constraints on the relationship
between extrinsic properties of surfaces on either side of a fold
(Duncan and Duncan, 1982). The difficult but important tasks of
constructing an appropriate surface pair and finding a Killing flow
are beyond the scope of this paper.

It will be helpful to envision the orthonormal Darboux frames
defined by the discontinuity curve and the two surfaces on either
side of it. At each l, such a frame consists of a (curve and surface)

tangent ĥ ¼ @lX
k@lXk

, a (surface) normal N̂�, and a (surface) tangent

(curve) normal m̂� ¼ ĥ� N̂�. The tangent is shared by both sides,
while the other vectors may differ across the discontinuity, as
indicated by the notation. It is the tangent normal m̂� that will be
physically important, and the fact that it has a jump leads to
significant differences between the present system and discontinu-
ities in space-filling bodies.

Quantities on either side of the jump are defined as follows,

Q�ðfka
0ðl; tÞg; tÞ � lim

�!0
Q fka

0ðl; tÞ � �maðl; tÞg; t
� �

; ð17Þ

where the components ma of the tangent normal are identical on
either side due to the C1-foldability condition.

Not only the position X, but its l-derivatives, must coincide on
either side of the jump, hence

sXðfka
0ðl; tÞg; tÞt ¼ 0; ð18Þ

s@lXt ¼ 0; ð19Þ
s@2

l Xt ¼ 0 ð20Þ

and so on, with (19) also implying continuity of the curve metric

s@lX � @lXt ¼ 0: ð21Þ

Again, a total time derivative of (18) leads to a compatibility condi-
tion relating the spatial velocity of the body to the surface velocity
of the discontinuity within the body coordinates,

s@tXþ @tk
a
0@aXt ¼ 0: ð22Þ

However, for a C1-foldable discontinuity, the second term cannot
have a jump in its projection onto the surface tangents. Hence,

s@tk
a
0@aX � @lXt ¼ 0; ð23Þ

s@tk
a
0@aX � m̂t ¼ 0: ð24Þ

The bracketed quantity in the second expression (24) is just the
velocity of the boundary along the tangent normal. The first
expression (23) can be used, along with matching of the curve
tangent, to modify the second term in (22) so that

s@tXþ @tk
a
0@aX � m̂m̂t ¼ 0: ð25Þ

The bracketed quantity in (25) is the spatial velocity of the non-
material discontinuity. The conditions (19) and (25) are compatibil-
ity à la Hadamard (Gurtin et al., 2010), a standard requirement in
continuum mechanics. Note, however, an important difference
between the present system and a codimension-1 discontinuity in
a space-filling body. The relevant normal vector is the tangent nor-
mal, which is the surface, rather than the spatial, complement of the
tangent space of the discontinuity. We cannot move the tangent
normal m̂ outside the brackets, as it suffers a jump; pointing out
of one side of the body does not imply pointing into the other side.
In the formalism of Gurtin et al. (2010), there is a jump in the pro-
jection operator. On the other hand, we may move @tk

a
0 and

@aX � m̂ ¼ ma outside the brackets, because of the coordinate system
we have chosen on the surface. In this sense, the situation described
here is less general than one which allows for discontinuities in
coordinate lines in the surface direction normal to the discontinuity,
as is appropriate for some types of material deformations (Gurtin
et al., 2010).

The isometry preserves geodesic curvature, and its equivalents
for other coordinates like l, hence

s@2
l X � m̂t ¼ 0: ð26Þ

Conditions (21) and (26) are compatibility à la Darmois (Bonnor and
Vickers, 1981), a common imposition on codimension-1 discontinu-
ities in general relativity. Again the present system, with its second
embedding space, is distinctive in the substitution of the tangent
normal for the spatial curve normal. Note that the Darmois condi-
tions, unlike those of Hadamard, could be described in terms purely
intrinsic to the surface.

Consideration of an inextensible sheet with constant, uniform
mass density makes the treatment of mass conservation con-
siderably easier than it could be. The C1-foldability condition
ensures that saabt ¼ 0, which along with the uniformity of l
implies both slaabt ¼ 0 and sl

ffiffiffi
a
p

t ¼ 0. The latter is equivalent
to the expression of mass conservation in O’Reilly and Varadi
(1999). For this statement to be interpreted as covariant, l must
transform nontensorially as a scalar density, reciprocally to the
square root of the metric determinant

ffiffiffi
a
p

.
It may be helpful to look at the system from the perspective of

the usual continuum mechanical derivation of mass conservation
using a transport relation for a material volume. Consider the total
time derivative of an integral of a quantity Q taken over a (two-di-
mensional) material volume VðtÞ of a surface with time-indepen-
dent metric aab and the discontinuity as its boundary @VðtÞ,

d
dt

Z
VðtÞ

dV Q ¼
Z

VðtÞ
dV @tQ þ

Z
@VðtÞ

dSQ@tk
a
0ma; ð27Þ

where dV ¼
ffiffiffi
a
p Q

a dka and dS ¼ k@ lXkdl. If Q is a uniform mass den-
sity l, then (19) and (24) ensure that it will be conserved when
matching the boundary term with that of the complementary part
of the surface, for which the relevant normal has the opposite sense.

In considering systems undergoing elastic or plastic deforma-
tions across the discontinuity, one must allow for time-depen-
dence and jumps of the body metric, and take greater care in
treating mass conservation. A general treatment of surfaces with
time-dependent metrics requires not only covariance of the jump
condition, but also of the total time derivative (Thiffeault, 2001)
of any quantity that lives at least partially in the surface, such as
the metric tensor, surface coordinates, or surface derivatives of
the position vector.

Let us obtain balances of momentum and energy from an action
of the form

A ¼
Z

dt L ¼
Z

dt
Z

VðtÞ
dV L; ð28Þ

2L ¼ l@tX � @tX� rab @aX � @bX� aab

� �
; ð29Þ

where the local multiplier rab preserving the surface metric is a sur-
face stress tensor. The form of (29), of which the string form (5) is a
special case, does not depend on dimensionality of the body.

We proceed as before. The linear momentum equations are
obtained from stationarity of A under the spatial variation
X! Xþ dX. Setting

dA ¼
Z

dt
Z

VðtÞ
dV

dL
dX
� dX ¼ 0 ð30Þ
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and using (27) to manipulate time derivatives, we obtain for the
bulk and boundary:

l@2
t X�ra rab@bX

� �
¼ 0; ð31Þ

ma rab@bXþ l@tk
a
0@tX

� �
¼ 0

��
@V ; ð32Þ

where r is a covariant derivative on the surface. The easiest way to
obtain these equations is to exploit the fact that dX, like X, has no
surface indices and behaves like a surface scalar: @adX ¼ radX.
Note that if the boundary @V terminates in a point or corner, it itself
has a boundary @@V , though this is not relevant to the action consid-
ered here. For a fixed-coordinate boundary, we recover the usual
material boundary condition for a sheet. Matching with the comple-
mentary part of the surface provides a linear momentum jump
condition,

smarab@bXþ l@tk
a
0ma@tXt ¼ P: ð33Þ

There are no additional conditions for angular momentum.
The energy equations are obtained from stationarity of A under

the temporal variation t ! t þ dt. Again L is not explicitly time-de-
pendent. Setting

dA ¼
Z

dt
dL
dt

dt ¼
Z

dt
Z
@VðtÞ

dSL@tk
a
0madt þ

Z
VðtÞ

dV
dL
dX
� @tXdt

" #
¼ 0

ð34Þ

and remembering that @aX � @bX� aab ¼ 0, we obtain bulk and
boundary equations:

l@2
t X�ra rab@bX

� �� �
� @tX ¼ 0; ð35Þ

ma rab@bXþ 1
2l@tk

a
0@tX

� �
� @tX ¼ 0

��
@V
: ð36Þ

The bulk equation (35) and the fixed-boundary limit of the
boundary equation (36) are redundant with respect to the momen-
tum equations (31), (32). The general boundary equation leads to an
energy jump condition,

smarab@bX � @tXþ 1
2l@tk

a
0ma@tX � @tXt ¼ Eþ 1

2P � @tX
þ þ @tX

�� �
;

ð37Þ

where again the right hand side is chosen so as to preserve invari-
ance under Galilean shifts.

3.1. Comments

At this point, one might ask whether generic moving first order
discontinuities, even of the restricted type considered thus far, are
consistent with inextensible motions of sheets. The C1-foldable
construction is common when considering static curved folds
(Duncan and Duncan, 1982; Dias and Santangelo, 2012), but in
such cases the understanding is that the fold carries some kind
of singularity in the metric. Gauss’s theorema egregium, though
not strictly applicable, seems to preclude general discontinuities
in tangent vectors without stretching of the surface, and presum-
ably the latter should be associated with some energy and surface
stresses. This issue will also arise for intersections of line defects,
line defects with discontinuities in the curve tangents, or line
defects terminating at point defects inside the sheet. If the stretch-
ing is plastic, defects will likely be pinned, as one can see in
manipulating a paper sheet. If elastic, they will likely be mobile,
and the energy contained in the jump could manifest as an effec-
tive line tension acting to shorten or resist lengthening of the dis-
continuity. One could imagine that the effects should appear not
just in the power per area supply E, but in the stress supply P as
a traction proportional to the geodesic curvature vector. These sev-
eral difficulties could in principle be avoided by considering an in-
surface elastic term in the action instead of a constraint on the
metric, so as to relax the infinite energy penalty for stretching
the sheet. However, this would not only add a new term to the
energy jump condition, but complicate the analysis considerably
by causing the metric to be time-dependent and thus requiring
covariant treatment of time derivatives. Isometric approximations
work extremely well for static problems involving curved dis-
continuities or other defects with localized stretching (Duncan
and Duncan, 1982; Witten, 2007; Dias and Santangelo, 2012;
Guven et al., 2013), and for quasistatic models of crack propagation
in brittle thin sheets (Roman, 2013). Whether or not this remains
true in dynamic regimes remains to be determined.
4. Point discontinuities in line discontinuities in a sheet, and a
crack as a time-dependent boundary

Line defects may terminate in point defects inside a sheet, or
contain internal kinks of their own. Crack tips in sheets are point
defects constituting unique non-material points on otherwise
material external boundaries. To treat either type of point defect,
we must consider boundaries @V that have boundaries @@V , and
the corresponding boundary-boundary velocities @tk

a
0ha along the

tangents normal to @@V .
Let us consider a general Lagrangian with both boundary and

bulk terms,

L ¼
Z
@VðtÞ

dSLS þ
Z

VðtÞ
dV LV : ð38Þ

The actions we have been considering until now are bulk actions
that depend at most on first derivatives of X, meaning that no
‘‘boundary–boundary’’ terms arise to provide forces on the ends of
discontinuity curves. This would no longer be the case, for example,
for a finite-thickness sheet action that includes bulk bending energy
terms, which would be higher order in surface derivatives.
Boundary–boundary velocity terms might contribute to such end
forces if the bulk contribution to the action contains mixed time
and surface derivatives, or if there is a boundary contribution to
the action.

Relations such as (27) hold for piecewise smooth boundaries. If
the densities LS and LV are not explicit functions of time, the
spatial and temporal variations of the Lagrangian (38) take the
forms

dL
dX
� dX ¼

Z
@VðtÞ

dS
dLS

dX
� dXþ

Z
VðtÞ

dV
dLV

dX
� dX; ð39Þ
dL
dt

dt¼LS@tk
a
0hadt

��
@@VðtÞ þ

Z
@VðtÞ

dS
dLS

dX
�@tXdtþLV@tk

a
0madt


 �
þ
Z

VðtÞ
dV

dLV

dX
�@tXdt:

ð40Þ

Terms may move from bulk V to boundary @V to boundary-bound-
ary @@V if they are divergences; the appropriate divergence on @V is
an l-derivative. Additionally, source terms could exist on @@V , for
example if a slicing tool is responsible for crack propagation, or if
energy is dissipated at the point discontinuity.

For an internal point defect on the end of an internal line defect,
the boundary @@V of the ‘‘boundary’’ @V is simply a point with a
single unit tangent normal ĥ. The boundary density LS might
represent an energy associated with localized stretching along a
fold.

The situation is a bit more complicated for a crack tip (Fig. 3), or
a kink in an internal boundary. The tip @@V is the intersection, at
some non-material boundary point l0ðtÞ, of two pieces of boundary



Fig. 3. Crack geometry in a sheet, with boundary tangents that are normal to a
boundary–boundary point. Details and definitions in text.
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@V . Each piece carries its own tangent normal ĥ
R
L , which is the

corresponding boundary tangent immediately on either side of
l0ðtÞ. While the tip @@V is a single point with single-valued surface

velocity @tk
a
0, there are two values of @aX � ĥ

R
L ¼ h

R
L
a. The first term of

the temporal variation of L will take the form LS@tk
a
0 hR

a � hL
a

� �
. For a

crack, @V is a free material boundary, and LS is the cost of creating
more @V . While this boundary is time-dependent, the bulk V is not,
and @tk

a
0ma ¼ 0. Another feature of a crack is that hR

a ¼ �hL
a.

Crack propagation in thin sheets is often geometrically and
dynamically interesting (Roman, 2013; Vandenberghe and
Villermaux, 2013). One example is ‘‘trouser’’ tearing, a Mode III
fracture test in which two ‘‘legs’’ are pulled in opposite directions
perpendicular to the remainder of a flat sheet. In considering such
a geometry for sheets without bending resistance, it may be neces-
sary to imagine the crack tip sitting at the nexus of two material
boundaries along the ‘‘inseams’’ and two internal line defects par-
allel to and just below the ‘‘waist’’.

5. Examples of sheet motions near a line discontinuity

I present two general examples for sheet motions with a line dis-
continuity, which are easily applicable to strings as a special case.
Let there be two moving surfaces which coincide on the discontinu-
ity. The particular forms of the surfaces may remain unspecified, as
long as they admit the surface velocities of the solutions as
boundary values of Killing fields. Let coordinates be chosen such
that surface velocities and discontinuity tangent normals are paral-
lel to one set of coordinate lines, with index n. This means that the
discontinuity must be along a geodesic, and that flow of material is
strictly normal to it. Recall that there is no jump in the surface met-
ric across the discontinuity, hence s@nX � @nXt ¼ 0. Let there be no
external forces or internal dissipation, so that P ¼ 0; E ¼ 0.

It may be useful to think of a fold propagating through a chain,
rug, or bedsheet. Either part of Fig. 2, without coordinate lines, may
serve as illustration. I am, however, only considering a portion of
the surface adjacent to the discontinuity, and whether such solu-
tions may be extended indefinitely into the bulk on either side
depends on the problem at hand. Any bulk solutions stitched to
the jump solutions below must satisfy the bulk field equations,
and possibly additional boundary conditions some distance away.

5.1. Steady configuration

Let the surfaces, or those portions near the discontinuity, move
tangentially to themselves in the n direction with velocity T, so
that material flows along a fixed shape in an inertial frame. The
solution

@tX
� ¼ T@nX�; ð41Þ

@tk
n
0 ¼ �T; ð42Þ

rnn� ¼ lT2; ð43Þ

satisfies (22), (33), and (37), with terms vanishing identically for the
latter equation. Thus the Routh ‘‘lariat’’ solution, applicable to con-
tinuous strings (Routh, 1955; Healey and Papadopoulos, 1990) and
some continuous surfaces (Guven et al., 2013), obtains also in the
discontinuous limit. The discontinuity, like the rest of the non-
material shape, does not move.

5.2. Semi-quiescent configuration

Let one surface, or its portion near the discontinuity, be static.
The solution
@tX
þ ¼ 0; ð44Þ

@tX
� ¼ �Us@nXt; ð45Þ

@tk
n
0 ¼ �U; ð46Þ

rnn� ¼ lU2; ð47Þ

satisfies (22), (33), and (37), and includes the falling folded vertical
chain (Schagerl et al., 1997) as a special case. This is also the rele-
vant geometry for peeling adhesive tape. Note that s@nXt always
points ‘‘in between’’ the two surfaces on the concave side. The
motion of the discontinuity in the laboratory frame is �U@nXþ,
and the quiescent surface simply extends or recedes along its
tangent. This result may seem counterintuitive; momentum
perpendicular to the quiescent piece seems to disappear or appear
from nowhere. However, momentum is conserved, just as it is for
the discontinuous lariat, where the stress resultant redirects ele-
ments of the body as they pass through the kink. Here the elements
are brought to rest or into motion in the same manner.

5.3. Comments

These solutions, like the continuous Routh lariat, are surface
velocity- and shape-agnostic in that they do not specify anything
about the velocities T and U or configuration X. However, for non-
trivial T and U they cannot be extended in time until the dis-
continuity exits a finite-sized body, as the free material boundary
condition will be incompatible with nonzero r at the jump. The
behavior of a flexible body near its free boundary is not currently
understood even in the absence of discontinuities, so the latter
cannot be blamed for the difficulty.

6. A point discontinuity in an elastica

The Euler elastica is a common model for thin elastic bodies in
effectively planar situations. The body is symmetric about its mid-
line X, which carries a single director field that may be explicitly
related to derivatives of X. An appropriate Lagrangian density,
written purely in terms of X, is

2L ¼ l@tX � @tXþM@t@sX � @t@sX� B@2
s X � @2

s X� r @sX � @sX� 1ð Þ;
ð48Þ

where B is a bending modulus and M a moment of inertia density. In
the plane, there is no need to consider twist of the body, and the
rate of rotation of the directors is simply that of the tangents @sX.
Proceeding as for the string leads to the bulk field equation

l@2
t X�@s M@2

t @sX�B@3
s Xþr@sX

� �
¼0 ð49Þ

and jump conditions

sM@2
t @sX� B@3

s Xþ r@sXþ l@ts0@tXt ¼ P; ð50Þ

sB@2
s XþM@ts0@t@sXt ¼ R; ð51Þ



sB@2
s X � @t@sXþ M@2

t @sX� B@3
s Xþ r@sX

� �
� @tXþ 1

2@ts0 l@tX � @tXþM@t@sX � @t@sXþ B@2
s X � @2

s X
� �

t ¼ Eþ 1
2P � @tX

þ þ @tX
�� �
; ð52Þ

246 J.A. Hanna / International Journal of Solids and Structures 62 (2015) 239–247
where R is a supply of torque per area. Because the action depends
on second derivatives of position, there are jump conditions
corresponding to dX; @sdX, and dt. To obtain these equations, we
privilege the time derivative when integrating by parts, and as a last
manipulation invoke the facts that @s @tXdtð Þ ¼ @s@tXdt ¼ @t@sXdt.

These results are consistent with those of O’Reilly (2007) for
general rod models, but the absence of explicit director depen-
dence of the Lagrangian density (48) means that we have no direc-
tor momentum equation. The correspondence with O’Reilly’s paper
(O’Reilly, 2007), or the standard Cosserat formulation of the
Kirchhoff equations for rods, tells us that the ‘‘contact force’’ for
moving elastica is related not only to our tension r and squared
curvature @2

s X � @2
s X, but to an angular momentum term

corresponding to the accelerations of the tangent vectors or,
equivalently for an inextensible curve, their squared rate of
change: @t@sX � @t@sX ¼ �@2

t @sX � @sX. The material boundary terms
in (52) represent two contributions to the power. One comes from
the dot product of force and velocity, the other from torque and
angular velocity as embodied in the rates of change of the tangent
vectors @t@sX. For non-moving, material, internal boundaries, the
velocity compatibility condition (3) implies continuity of the spa-
tial velocity @tX. If, in addition, the angle at this internal boundary
is fixed, so that there is continuity of @t@sX, the energy jump con-
dition (52) is no longer independent of (50) and (51). Alternately,
if the tangents @sX are continuous, the velocity compatibility con-
dition (3) again implies continuity of @tX, and the conditions sim-
plify to:

sM@2
t @sX� B@3

s Xtþ srt@sX ¼ P; ð53Þ
sB@2
s XþM@ts0@t@sXt ¼ R; ð54Þ
sB@2
s X � @t@sXtþ s1

2@ts0 M@t@sX � @t@sXþ B@2
s X � @2

s X
� �

t ¼ E; ð55Þ

where a term of the form P � @tX has been canceled from either side
of (55). This may be the appropriate set of conditions for many mov-
ing contact problems involving thin elastic bodies.
7. Summary and comments

I have presented a method for derivation of momentum and
energy jump conditions from an action principle, and indicated
avenues for generalization. The process also leads quite naturally
to a nonstandard approach to boundary conditions at a crack tip.
I focused primarily on discontinuities in inextensible strings and
sheets, though conditions for the elastica were also derived. The
results for sheets are new, and are embellished by two solutions
for moving line defects.

A useful extension of this work would be a generalization to time-
dependent body metrics, to allow for intrinsic deformations of the
body both outside and within the discontinuities. Phenomena that
could be treated in this manner include fracture with elastic energy
release, propagating plastic instabilities, sheet metal drawing, and
solid ? solid phase transformations. Extension to dissipative sys-
tems subject to variational principles should be straightforward.
The present approach can presumably be formalized in a four-di-
mensional setting that treats time as a fourth coordinate and
involves only a single variation.
Another interesting extension would be to reformulate the
jump conditions for line discontinuities as evolution equations
for a non-material curve, written in terms of geometric quantities
associated with the curve and its two embedding surfaces.

Acknowledgments

I thank O.M. O’Reilly for suggesting a variational treatment of
singular sources which led to insight about Galilean shifts, C.D.
Santangelo for an instrumental early discussion, and E.G. Virga
who kindly shared notes on a dissipation principle and on a
Cosserat approach to planar elastic curves. I thank J. Guven and
T.R. Powers for informing me of some references. I am also grateful
for the hospitality of the FAST lab of the Université Paris-Sud in
Orsay, where the first draft of this work was completed.

References

Abeyaratne, R., Knowles, J.K., 1990. On the driving traction acting on a surface of
strain discontinuity in a continuum. J. Mech. Phys. Sol. 38 (3), 345–360.

airdancers.com/about/.
Albrecht, A.B., Ravi-Chandar, K., 2014. High strain rate response of rubber

membranes. J. Mech. Phys. Sol. 64, 377–395.
Albrecht, D.M., Laenen, E.G., Lin, C., 1977. Experiments on the dynamic response of a

flexible strip to moving loads. IBM J. Res. Develop. 21 (4), 379–383.
Atkinson, C., Eshelby, J.D., 1968. The flow of energy into the tip of a moving crack. J.

Fract. Mech. 4, 3–8.
Beatty, M.F., Haddow, J.B., 1985. Transverse impact of a hyperelastic stretched

string. J. Appl. Mech. 52, 137–143.
Bejan, A., 1982. The meandering fall of paper ribbons. Phys. Fluids 25 (5), 741–742.
Benson, R.C., Bogy, D.B., 1978. Deflection of a very flexible spinning disk due to a

stationary transverse load. J. Appl. Mech. 45, 636–642.
Biggins, J.S., 2014. Growth and shape of a chain fountain. EPL 106, 44001,

arXiv:1401.5810. http://iopscience.iop.org/0295-5075/106/4/44001/.
Blau, S.K., Guendelman, E.I., Guth, A.H., 1987. Dynamics of false-vacuum bubbles.

Phys. Rev. D 35 (6), 1747–1766.
Bonnor, W.B., Vickers, P.A., 1981. Junction conditions in general relativity. Gen.

Relativ. Gravitation 13 (1), 29–36.
Burridge, R., Keller, J.B., 1978. Peeling, slipping and cracking– some one-

dimensional free-boundary problems in mechanics. SIAM Rev. 20 (1), 31–61.
Calkin, M.G., 1989. The dynamics of a falling chain: II. Am. J. Phys. 57 (2), 157–159.
Cambou, A.D., Gamari, B.D., Hamm, E., Hanna, J.A., Menon, N., Santangelo, C.D.,

Walsh, L., 2012. Unwrapping chains. arXiv:1209.0481.
Cayley, A., 1857. On a class of dynamical problems. Proc. R. Soc. Lond. 8, 506–511.
commons.wikimedia.org/wiki/File:AircraftCarrier3-wire.jpg, photo by Pinch.
Cortet, P.-P., Dalbe, M.-J., Guerra, C., Cohen, C., Ciccotti, M., Santucci, S., Vanel, L.,

2013. Intermittent stick-slip dynamics during the peeling of an adhesive tape
from a roller. Phys. Rev. E 87, 022601.

Coteron, A. Collected works. vimeo.com/aitorc.
Cristescu, N., 1964. Rapid motions of extensible strings. J. Mech. Phys. Sol. 12, 269–278.
Deserno, M., Müller, M.M., Guven, J., 2007. Contact lines for fluid surface adhesion.

Phys. Rev. E 76, 011605.
Dias, M.A., Santangelo, C.D., 2012. The shape and mechanics of curved-fold origami

structures. Europhys. Lett. 100, 54005.
Duncan, J.P., Duncan, J.L., 1982. Folded developables. Proc. R. Soc. Lond. A 383, 191–205.
Ericksen, J.L., 1998. Introduction to the Thermodynamics of Solids. Springer, New

York.
Eshelby, J.D., 1951. The force on an elastic singularity. Philos. Trans. R. Soc. Lond. A

244, 87–112.
Eshelby, J.D., 1975. The elastic energy–momentum tensor. J. Elast. 5, 321–335.
Farrar, C.L., 1984. Impact response of a circular membrane. Exp. Mech. 24 (2), 144–149.
Freund, L.B., 1990. Dynamic Fracture Mechanics. Cambridge University Press,

Cambridge.
Green, A.E., Naghdi, P.M., 1978. A derivation of jump condition for entropy in

thermomechanics. J. Elast. 8 (2), 179–182.
Green, A.E., Naghdi, P.M., 1979. On thermal effects in the theory of rods. Int. J. Sol.

Struct. 15, 829–853.
Grewal, A., Johnson, P., Ruina, A., 2011. A chain that speeds up, rather than slows,

due to collisions: how compression can cause tension. Am. J. Phys. 79 (7), 723–
729.

Gurtin, M.E., 2000. Configurational Forces as Basic Concepts of Continuum Physics.
Springer, New York.

http://refhub.elsevier.com/S0020-7683(15)00084-0/h0005
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0005
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0015
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0015
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0020
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0020
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0025
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0025
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0030
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0030
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0035
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0040
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0040
http://iopscience.iop.org/0295-5075/106/4/44001/
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0050
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0050
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0055
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0055
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0060
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0060
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0065
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0075
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0085
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0085
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0085
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0095
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0100
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0100
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0105
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0105
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0110
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0115
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0115
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0120
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0120
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0125
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0130
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0135
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0135
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0140
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0140
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0145
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0145
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0150
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0150
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0150
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0155
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0155


J.A. Hanna / International Journal of Solids and Structures 62 (2015) 239–247 247
Gurtin, M.E., Fried, E., Anand, L., 2010. The Mechanics and Thermodynamics of
Continua. Cambridge University Press, Cambridge.

Guven, J., Hanna, J.A., Müller, M.M., 2013. Whirling skirts and rotating cones. New J.
Phys. 15, 113055.

Guven, J., Hanna, J.A., Kahraman, O., Müller, M.M., 2013. Dipoles in thin sheets. Eur.
Phys. J. E. 36, 106.

Habibi, M., Ribe, N.M., Bonn, D., 2007. Coiling of elastic ropes. Phys. Rev. Lett. 99,
154302.

Haddow, J.B., Wegner, J.L., Jiang, L., 1992. The dynamic response of a stretched
circular hyperelastic membrane subjected to normal impact. Wave Motion 16,
137–150.

Hamm, E., Géminard, J.-C., 2010. The weight of a falling chain, revisited. Am. J. Phys.
78 (8), 828–833.

Hanna, J.A., King, H., 2011. An instability in a straightening chain. arXiv:1110.2360.
Hanna, J.A., Santangelo, C.D., 2012. Slack dynamics on an unfurling string. Phys. Rev.

Lett. 109, 134301.
Healey, T.J., Papadopoulos, J.N., 1990. Steady axial motions of strings. J. Appl. Mech.

57, 785–787.
Hure, J., Audoly, B., 2013. Capillary buckling of a thin film adhering to a sphere. J.

Mech. Phys. Sol. 61, 450–471.
Ivers, W.D., Mudie, J.D., 1973. Towing a long cable at slow speeds: a three-

dimensional dynamic model. MTS J. 7 (3), 23–31.
Judd, G. Collected works. vimeo.com/user1765859.
Kanninen, M.F., Florence, A.L., 1967. Traveling forces on strings and membranes. Int.

J. Sol. Struct. 3, 143–154.
Kienzler, R., Herrmann, G., 2000. Mechanics in Material Space. Springer, Berlin.
Krupa, M., Poth, W., Schagerl, M., Steindl, A., Steiner, W., Troger, H., Wiedermann, G.,

2006. Modelling, dynamics and control of tethered satellite systems. Nonlinear
Dyn. 43, 73–96.

Lee, S.-Y., Mote Jr., C.D., 1997. A generalized treatment of the energetics of
translating continua, part I: strings and second order tensioned pipes. J. Sound
Vib. 204 (5), 717–734.

Mack, C., 1958. Theory of the spinning balloon. Q. J. Mech. Appl. Math. 11, 196–207.
Mahadevan, L., Keller, J.B., 1996a. Periodic folding of thin sheets. SIAM J. Appl. Math.

55 (6), 1609–1624.
Mahadevan, L., Keller, J.B., 1996b. Coiling of flexible ropes. Proc. R. Soc. Lond. A 452,

1679–1694.
Majidi, C., Adams, G.G., 2009. A simplified formulation of adhesion problems with

elastic plates. Proc. R. Soc. A 465, 2217–2230.
Majidi, C., O’Reilly, O.M., Williams, J.A., 2012. On the stability of a rod adhering to a

rigid surface: shear-induced stable adhesion and the instability of peeling. J.
Mech. Phys. Sol. 60, 827–843.

Mankala, K.K., Agrawal, S.K., 2005. Dynamic modeling and simulation of satellite
tethered systems. J. Vib. Acoust. 127, 144–156.

Matuk, C., 1983. Flight tests of tow wire forces while flying a racetrack pattern. J.
Aircraft 20 (7), 623–627.

Maugin, G.A., 2011. Configurational Forces. CRC Press, Boca Raton.
McIver, D.B., 1973. Hamilton’s principle for systems of changing mass. J. Eng. Math.

7 (3), 249–261.
Mould, S., 2013. Amazing bead chain experiment in slow motion. <www.

youtube.com/watch?v=6ukMId5fIi0>.
O’Reilly, O.M., 2007. A material momentum balance law for rods. J. Elast. 86, 155–172.
O’Reilly, O.M., Varadi, P.C., 1999. A treatment of shocks in one-dimensional

thermomechanical media. Cont. Mech. Thermodyn. 11, 339–352.
O’Reilly, O.M., Varadi, P.C., 2003. On energetics and conservations for strings in the

presence of singular sources of momentum and energy. Acta Mech. 165, 27–45.
Padfield, D.G., 1958. The motion and tension of an unwinding thread. I. Proc. R. Soc.
Lond. A 245, 382–407.

Païdoussis, M.P., Li, G.X., 1993. Pipes conveying fluid: a model dynamical problem.
J. Fluids Struct. 7, 137–204.

Pop, J.J., Wang, C.-C., 1981. Acceleration waves in isotropic elastic membranes. Arch.
Rat. Mech. Anal. 77 (1), 47–93.

Prato, D., Gleiser, R.J., 1982. Another look at the uniform rope sliding over the edge
of a smooth table. Am. J. Phys. 50 (6), 536–539.

Purohit, P.K., Bhattacharya, K., 2002. On beams made of a phase-transforming
material. Int. J. Sol. Struct. 39, 3907–3929.

Raux, P.S., Reis, P.M., Bush, J.W.M., Clanet, C., 2010. Rolling ribbons. Phys. Rev. Lett.
105, 044301.

Ravi-Chandar, K., 2004. Dynamic Fracture. Elsevier, Amsterdam.
Rennie, B.C., 1972. Chains and whips in the teaching of mathematics. Math. Gazette

56 (398), 271–274.
Renshaw, A.A., Mote Jr., C.D., 1995. A perturbation solution for the flexible rotating

disk: non-linear equilibrium and stability under transverse loading. J. Sound
Vib. 183 (2), 309–326.

Renshaw, A.A., Rahn, C.D., Wickert, J.A., Mote Jr., C.D., 1998. Energy and conserved
functionals for axially moving materials. J. Vib. Acoust. 120, 634–636.

Ribe, N.M., 2003. Periodic folding of viscous sheets. Phys. Rev. E 68, 036305.
Ribe, N.M., 2004. Coiling of viscous jets. Proc. R. Soc. Lond. A 460, 3223–3239.
Rice, J.R., 1968. A path independent integral and the approximate analysis of strain

concentration by notches and cracks. J. Appl. Mech. 35, 379–386.
Ringleb, F.O., 1957. Motion and stress of an elastic cable due to impact. J. Appl.

Mech. 24, 417–425.
Roman, B., 2013. Fracture path in brittle thin sheets: a unifying review on tearing.

Int. J. Fract. 182, 209–237.
Routh, E.J., 1955. The Advanced Part of a Treatise on the Dynamics of a System of

Rigid Bodies. Dover, New York.
Sanders, J.V., 1982. A three-dimensional dynamic analysis of a towed system. Ocean

Eng. 9 (5), 483–499.
Schagerl, M., Steindl, A., Steiner, W., Troger, H., 1997. On the paradox of the free

falling folded chain. Acta Mech. 125, 155–168.
Schallamach, A., 1971. How does rubber slide? Wear 17, 301–312.
Seffen, K.A., Pellegrino, S., 1999. Deployment dynamics of tape springs. Proc. R. Soc.

Lond. A 455, 1003–1048.
Stolte, J., Benson, R.C., 1993. An extending dynamic elastica: impact with a surface.

J. Vib. Acoust. 115, 308–313.
Taneda, S., 1968. Waving motions of flags. J. Phys. Soc. Jpn. 24 (2), 392–400.
Thiffeault, J.-L., 2001. Covariant time derivatives for dynamical systems. J. Phys. A:

Math. Gen. 34, 5875–5885.
Tomaszewski, W., Pieranski, P., Géminard, J.-C., 2006. The motion of a freely falling

chain tip. Am. J. Phys. 74 (9), 776–783.
Vandenberghe, N., Villermaux, E., 2013. Geometry and fragmentation of soft brittle

impacted bodies. Soft Matter 9, 8162–8176.
Vilenkin, A., 1985. Cosmic strings and domain walls. Phys. Rep. 121 (5), 263–315.
Virga, E.G., 2014. Dissipative shocks in a chain fountain. Phys. Rev. E 89 (053201).
Virga, E.G., 2015. Chain paradoxes. Proc. R. Soc. A 471 (20140657).
Wickert, J.A., Mote Jr., C.D., 1988. Current research on the vibration and stability of

axially moving materials. Shock Vib. Digest 20, 3–13.
Witten, T.A., 2007. Stress focusing in elastic sheets. Rev. Mod. Phys. 79, 643–675.
Yokota, J.W., Bekele, S.A., Steigmann, D.J., 2001. Simulating the nonlinear dynamics

of an elastic cable. AIAA J. 39 (3), 504–510.
Zajac, E.E., 1957. Dynamics and kinematics of the laying and recovery of submarine

cable. Bell Syst. Tech. J. 36, 1129–1207.

http://refhub.elsevier.com/S0020-7683(15)00084-0/h0160
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0160
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0165
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0165
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0170
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0170
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0175
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0175
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0180
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0180
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0180
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0185
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0185
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0195
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0195
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0200
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0200
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0205
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0205
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0210
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0210
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0220
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0220
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0225
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0230
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0230
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0230
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0235
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0235
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0235
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0240
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0245
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0245
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0250
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0250
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0255
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0255
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0260
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0260
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0260
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0265
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0265
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0270
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0270
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0275
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0280
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0280
http://www.youtube.com/watch?v=6ukMId5fIi0
http://www.youtube.com/watch?v=6ukMId5fIi0
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0290
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0295
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0295
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0300
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0300
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0305
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0305
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0310
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0310
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0315
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0315
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0320
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0320
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0325
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0325
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0330
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0330
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0335
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0340
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0340
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0345
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0345
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0345
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0350
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0350
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0355
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0360
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0365
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0365
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0370
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0370
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0375
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0375
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0380
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0380
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0385
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0385
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0390
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0390
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0395
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0400
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0400
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0405
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0405
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0410
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0415
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0415
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0420
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0420
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0425
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0425
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0430
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0435
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0440
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0445
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0445
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0450
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0455
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0455
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0460
http://refhub.elsevier.com/S0020-7683(15)00084-0/h0460

	Jump conditions for strings and sheets from an action principle
	1 Introduction
	2 A point discontinuity in a string
	2.1 Comments

	3 A line discontinuity in a sheet
	3.1 Comments

	4 Point discontinuities in line discontinuities in a sheet, and a crack as a time-dependent boundary
	5 Examples of sheet motions near a line discontinuity
	5.1 Steady configuration
	5.2 Semi-quiescent configuration
	5.3 Comments

	6 A point discontinuity in an elastica
	7 Summary and comments
	Acknowledgments
	References


