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In the first part (Lebée and Sab, 2010a) of this two-part paper we have presented a new plate theory for
out-of-plane loaded thick plates where the static unknowns are those of the Kirchhoff-Love theory (3 in-
plane stresses and 3 bending moments), to which six components are added representing the gradient of
the bending moment. The new theory, called Bending-Gradient plate theory is an extension to arbitrarily
layered plates of the Reissner-Mindlin plate theory which appears as a special case when the plate is
homogeneous. Moreover, we demonstrated that, in the general case, the Bending-Gradient model cannot
be reduced to a Reissner-Mindlin model. In this paper, the Bending-Gradient theory is applied to lami-
nated plates and its predictions are compared to those of Reissner-Mindlin theory and to full 3D (Pagano,
1969) exact solutions. The main conclusion is that the Bending-Gradient gives good predictions of deflec-
tion, shear stress distributions and in-plane displacement distributions in any material configuration.
Moreover, under some symmetry conditions, the Bending-Gradient model coincides with the second-

order approximation of the exact solution as the slenderness ratio L/h goes to infinity.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Laminated plates are widely used in engineering applications.
For instance angle-ply carbon fiber reinforced laminates are com-
monly used in aeronautics. However, these materials are strongly
anisotropic and the plate overall behavior is difficult to capture.
The most common plate theory is the Kirchhoff-Love plate model.
However, it is well-known that, when the plate slenderness ratio L/
h (h is the plate thickness and L the span) is not large enough,
transverse shear stresses which are not taken into account in the
Kirchhoff-Love theory have an increasing influence on the plate
deflection.

In recent decades many suggestions have been made to im-
prove the estimation of transverse shear stresses. Reddy (1989),
Noor and Malik (2000), and Carrera (2002) provided detailed re-
views for these models. Two main approaches can be found:
asymptotic approaches and axiomatic approaches. The first one is
mainly based on asymptotic expansions in the small parameter
h/L (Caillerie, 1984; Lewinski, 1991a,b,c). However, higher-order
terms yield only intricated “Kirchhoff-Love” plate equations and
no distinction between relevant fields and unknowns was made.
The second main approach is based on assuming ad hoc displace-
ment or stress 3D fields. These models can be “Equivalent Single
Layer” or “Layerwise”. Equivalent Single Layer models treat the
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whole laminate as an equivalent homogeneous plate. However,
when dealing with laminated plates, these models lead systemati-
cally to discontinuous transverse shear stress distributions through
the thickness as indicated by Reddy (1989). In layerwise models,
all plate degrees of freedom are introduced in each layer of the
laminate and continuity conditions are enforced between layers.
The reader can refer to Reddy (1989) and Carrera (2002) for de-
tailed reviews of kinematic approaches and to Naciri et al.
(1998), Diaz Diaz et al. (2001, 2007), Hadj-Ahmed et al. (2001), Car-
on et al. (2006), and Dallot and Sab (2008) for static approaches.
Layerwise models lead to correct estimates of local 3D fields. How-
ever, their main drawback is that they involve a number of degrees
of freedom proportional to the number of layers. The limitation is
immediately pointed out with functionally graded materials,
where the plate constituents properties vary continuously through
the thickness (Nguyen et al., 2008a,b).

In the first part of this work (Lebée and Sab, 2010a) we revisited
the use of 3D equilibrium in order to derive transverse shear stress
as Reissner (1945) did for homogeneous plates. Thanks to standard
variational tools, this led us to an Equivalent Single Layer plate the-
ory which takes accurately into account shear effects and does not
require any specific constitutive material symmetry: the Bending-
Gradient theory. This plate theory is identical to the Reissner-
Mindlin plate theory in the case of homogeneous plates. However,
for laminated plates, shear forces are replaced by the gradient of
the bending moment R = M ® V. Hence, this theory belongs to
the family of higher-order gradient models. The mechanical


http://dx.doi.org/10.1016/j.ijsolstr.2011.06.005
mailto:arthur.lebee@lami.enpc.fr
mailto:sab@enpc.fr
http://dx.doi.org/10.1016/j.ijsolstr.2011.06.005
http://www.sciencedirect.com/science/journal/00207683
http://www.elsevier.com/locate/ijsolstr

2890 A. Lebée, K. Sab / International Journal of Solids and Structures 48 (2011) 2889-2901

meaning of the bending gradient was identified as self-equilibrated
static unknowns associated to warping functions in addition to
conventional shear forces.

The purpose of the present paper is to derive closed-form solu-
tions for the Bending-Gradient model in the case of cylindrical
bending and compare them to the exact solutions from Pagano
(1969, 1970a,b) and to other approaches commonly used.

This paper is organized as follows: First, in Section 2, notations
are briefly introduced. Then, in Section 3, the Bending-Gradient
model is recalled, Voigt notation is introduced and the influence
of material symmetries is also considered. In Section 4, cylindrical
bending closed-form solutions are derived and applied to lami-
nates. Finally, comparison with approximations based on Reiss-
ner-Mindlin theory and discussion on results are provided in
Section 5.

2. Notations

Plate models involve 2-dimensional (2D) tensors of several or-
ders. Vectors and higher-order tensors are boldfaced and different
typefaces are used for each order: vectors are slanted: T, u. Second
order tensors are sans-serif: M, e. Third order tensors are in type-
writer style: &, . Fourth order tensors are in calligraphic style
D, . Sixth order tensors are double stroked [, . For instance,
the fourth-order tensor ¢ = ¢,,; with Greek indexes «, g, y..=1,
2, denotes the plane-stress elasticity tensor. The identity for in-
plane elasticity is /yp5 = %(50(.,(3,,5 + 0450p,), Where 4 is Kronecker
symbol (55 =1 if & = B, 5,5 = 0 otherwise). The transpose operation
‘e is applied to any order tensors as follows: (‘A)ys. .y =Awy.. po

Three contraction products are defined, the usual dot product
(a-b=ayb,), the double contraction product (a:b = asby,) and a
triple contraction product (A .. B = Ayz,B,s). In these definitions
Einstein’s notation on repeated indexes is used. It should be no-
ticed that closest indexes are summed together in contraction
products. Thus, & - n = &,,n, is different from n - & = nydpe.

The derivation operator V is also formally represented as a vec-
tor:a-V =ayVy = ay, is the divergence and a® V = a,yVy = agg;,
is the gradient. Here ® is the dyadic product.

In this paper, Voigt notation is also introduced. Brackets [e] are
used to denote that a tensor is considered in a matrix form. More-
over, matrices and vectors of several dimensions are defined. Vec-
tors and matrices are 2D by default. In other cases, a tilde ¢ denotes
dimension 3: U denotes a 3D vector and f denotes a 3 x 3 matrix.
The related components are indexed with Latin indexes, i,j,k... =1,
2, 3: f;. A hat & denotes dimension 6: P denotes a 6 x 6 matrix.

Finally, the integration through the thickness is noted (e):

Sy foa)dxs = ()
3. The Bending-Gradient plate model
3.1. Summary of the plate model
We consider a linear elastic plate of thickness h which mid-

plane is the 2D domain w c R? (Fig. 1). Cartesian coordinates
(X1,X2,X3) in the reference frame (e;, e,, €;) are used. The local stiff-

Fig. 1. The plate configuration.

ness tensor Cju(xs3) is assumed to be invariant with respect to
translations in the (x;,x;) plane and the plate is loaded exclusively
with the out-of-plane distributed force p = p,es.

The membrane stress N, the bending moment M, and shear
forces Q are related to the actual 3D local stress by the following
equations:

Nop(x1,%2) = (0ap) (@)
Mag(X1,%2) = (X3045) (b) (1)
sz(xlaXZ) = <00<3> (C)

Moreover, we introduce the gradient of the bending moment
R =M @ V. The 2D third-order tensor R complies with the following
Symmetry: Ryp, = Rpyy. It is possible to derive shear forces Q from R
as:Q=/..R

Equilibrium equations and boundary conditions involving stress
fields were derived in Part I and are gathered in the set of statically
compatible fields:

N-V=0 onw (
M@V-R=0 onw (
(¢..R)-V=—p;onw (¢
N.-n=V’ ondws (
M =M? on dw’ (
(¢~ R)-n=VI ondw ()

where 0’ is the portion of edge on which static boundary condi-
tions apply: V¢ is the force per unit length and M? the full bending
moment enforced on the edge. This set of equations is almost iden-
tical to Reissner-Mindlin equations where shear forces have been
replaced by the bending gradient R.

Generalized stresses N, M, and R work respectively with the
associated strain variables: e, the conventional membrane strain,
x the curvature and r the generalized shear strain. These strain
fields must comply with the following compatibility conditions
and boundary conditions:

e=/:(VoU) onw (a)
1=%-V onow (b)
r=&+.VUs onw (0 (3)
& n=H? on du* (d)
U=U onodowk (e)

where U is the average through the thickness of the 3D displace-
ment of the plate and & is the generalized rotation. I and & are
2D third-order tensors with the following symmetry: &) = $p0y
Moreover, dw* is the portion of edge on which kinematic boundary
conditions apply: U is a given displacement and H? is a symmetric
second-order tensor related to a forced rotation on the edge. These
fields are almost identical to Reissner-Mindlin kinematically com-
patible fields where the rotation pseudo-vector is replaced by the
generalized rotation .

Finally, for constitutive material following local monoclinic
symmetry with respect to (x1,x2) plane (uncoupling between R
and (N, M)) the Bending-Gradient plate constitutive equations are
written as:

N=A:e+B:y (@)
M='B:e+D:y (b) (4)
r=Ff..R, where I-F..F)..T=0 (¢

where conventional Kirchhoff-Love stiffnesses are defined as
(A,B,D) = ((1,x3,X3) e(x3)). The 2D sixth order tensors' f and F

1 fuppse; follows major symmetry: fupse = fresppr and minor symmetry
fapysec = Tpaysec. Thus there are only 21 independent components.
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are the generalized shear compliance and stiffness. Their definition is
detailed in Section 4.2 of the present work. Moreover, [ is the related
identity tensor (lugse; = caperdys). The solution of the plate model
must comply with the three sets of Egs. (2)-(4). The compliance [
is positive. However when [ is not definite, there is a set of solutions,
up to a self-stress field.

3.2. Voigt notations

In this section, we introduce Voigt notation in order to turn con-
traction products into conventional matrix products. Brackets [e]
are used to denote that a tensor is considered in a matrix form.
Thus [e] is a linear operator, reallocating tensor components.

For instance, the bending moment is reallocated in a vector
form:

Mi1
M] = M2, (5)
V2Myp
as well as N, e and g, and the fourth-order compliance tensor « is

reallocated in a matrix form so that constitutive equation (4b) be-
comes a vector-matrix product:

A1 dpn V2dian
[] = 11 dyy  V2diam (6)
V2di V2di1me 241212

as well as the stiffness tensor D. This is also done to the other Kir-
chhoff-Love compliances «,#, and stiffnesses .4, B and also to the
plane-stress stiffness tensor e.

The same procedure is applied to shear variables and the corre-
sponding constitutive equation. Shear static unknowns are reallo-
cated in a vector form,

R

Roxz

V2R
R=| 7

Roxz

V2Rin

as well as T and §; and the constitutive sixth-order tensor is turned
into a 6 x 6 matrix:

fr111m1 frinz V2hiar fien fiie V2hiom
f221111 o122 V2ha1121 faion fooe V2Eoim
M= V2t V2tonz  2fia V2o V28120 2f0m
f112111 212 V2hiat frizen fi22 V2hiom
222111 fo2122 V2haaia1  fa2oom faon V20
V2fioi1 V2fi2122 2F2in V2Fon V2Fiae 21200

(8)

Finally, when using Voigt matrices components, the same typeface is
used. The number of indexes indicates unambiguously whether it is
the tensor component or the matrix component: ;7,1 is the tensor
component of f and fsg = v/2f25221 is the matrix component of [F.

3.3. Symmetries

The effects of material symmetries on uncouplings have been
presented in Part I. The main result is that (N,M) and bending gra-
dient (R) are uncoupled when the local elasticity tensor Cy(x3) fol-
lows monoclinic symmetry with respect to (x,x;) plane for all xs.
Under this assumption, which is valid for most of applications
involving laminated materials, it is possible to point out the influ-
ence of the invariance of the plate’s overall configuration on the

constitutive equations. Regarding the Kirchhoff-Love constitutive
equation, we just recall that when the plate is overall symmetric
with respect to its mid-plane there is uncoupling between mem-
brane stresses and bending moments: B = 0. This symmetry is of-
ten called mirror symmetry. Regarding the generalized shear
constitutive equation, the in-plane transformations of f are identi-
cal to those for in-plane strain-gradient elasticity. Auffray et al.
(2009) give a detailed analysis of this issue. We provide here a very
brief description of their conclusions.

Let us consider an isometry of the (x;,x,) plane, P: ‘P - P = §. The
transformation of f by P,[* is given by:

[F;/fyéfg = Pm P/ﬂ’PwPéxPezPiu“;;am;.y (9)
It can be rewritten with Voigt notation as:
/' =P--P (10)

where P is a 6 x 6 matrix which components are explicitly known
in terms of the components of P. For a rotation, P" =

<C95 0 - Sino), and Pr is the 6 x 6 matrix:

sinf® cos6
c cs? —V2c%s  —c3s —s3 V2cs?
cs? c3 V2cs —s? —c2s —v/2cs?

Br_ V2cts  —V2¢%s (2 —s?)c —V2¢s? V2t —(c*—sP)s
c2s $3 —v/2cs? c cs? —v2c2s
$3 c%s V2cs? cs? c V2cis

V2cs? —V2cs? (2 —s%)s  V2cks  —V2cs (2 —sP)c

where ¢ and s stand respectively for cos0 and sind. When P is a

reflection through e, normal plane, P = <(1) _01 ) and we have:
10 0 O O O
01 0 0 0 O
. 00 -1 0 0 O
Pm =
00 0 -1 0 O
00 0 0 -10
00 0O 0 0 1

If the laminated plate is invariant with respect to an isometry P,
then we have the following 21 linearly dependent equations:

=P 1P

Isotropy. A plate configuration is isotropic if its constitutive equa-
tion is both invariant by any planar rotation (P") and reflection
(P™). With this assumption, four independent constants still remain
(f11, 12, f22, f26) and F is positive definite:

ﬂ]z ﬁzz 0 0 0 ﬁ[26
0 0 M52y, f5 M2y 0
Ir = 0 0 s P i 0
0 0 fho2—f fi f11 0
% — T f26 0 0 0 uifn g,
(11)

It is possible to simplify further this constitutive equation when
a laminate is a stack of plies with different isotropic constitutive
materials (this symmetry is also valid for some functionally graded
materials, Nguyen et al., 2008a,b). We use the spectral decomposi-
tion of plane stress stiffness:

(X3) = 2V(x3)E(x3) . E(x3) .
TN 6) 7 T T ()
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where E is the Young modulus, v Poisson’s ratio and ;. ;=
1/26.46,5. Deriving directly the constitutive equation (29) with this
decomposition enables us to demonstrate that f,s = —f,. Three
independent constants fq,f;,,f,; still remain and F is no more
invertible:

F= (ﬁn + fyo + 21][12)4’ il — 2(ﬁ22 + ﬁ[]z)(j B ]) —+ ﬁzz/' 7 (12)

Finally, for a plate with a homogeneous and isotropic constitu-
tive material, we have demonstrated that the Bending-Gradient
model is turned into a Reissner-Mindlin plate model and that
f =%/ in Part L. This is rewritten as

1 0 0 0 0 1/V2

0 0 0 0 O 0
R B

0 0 1/v2 0 1 0

1/¥2 0 0 0 O 1/2

In this case: f;; = % and f;; = f,, = 0 which is different from the
general case of a layered plate made of different isotropic constitu-
tive materials (Eq. (12)). Consequently, even for these laminates, the
Bending-Gradient model is a priori not a Reissner-Mindlin model.
This is mainly because the different Poisson’s ratios in each layer
generates warping. When Poisson’s ratio is uniform through the
thickness, the constitutive equation is such that f;; = f; =0 and
for conventional isotropic materials, the warping effect remains
very limited, leading to a quasi homogeneous constitutive equation.

4. Closed-form solution for Pagano’s configuration
4.1. Plate closed-form solution

Pagano (1969) gives an exact solution for cylindrical bending of
simply supported composite laminates. We choose the same con-
figuration for the Bending-Gradient model. The plate is invariant
and infinite in x, direction. It is out-of-plane loaded with
p3(%1) = —posinix; where 1 =1/k =L n € IN"" is the wavelength
of the loading (Fig. 2).

The plate is simply supported at x; =0 and x; = L with traction
free edges:

U3 (0) :07
N(0) - e, =0,

Us(L)=0, M(0)=0, M(L)=0,
N(L)-e; =0 (14)

In these boundary conditions, M»5(0) = My(L) = 0 is the additional
boundary condition compared to the Reissner-Mindlin plate model.
This boundary condition is very similar to the one which applies to
the bimoment on a free section in Vlasov (1961) beam theory. It
takes into account free edge effects similar to those described in
Lebée and Sab (2010b) for periodically layered laminate.

L

= — 03 T XL
P3 = —Po COST

Fig. 2. Pagano’s (1969) cylindrical bending configuration (n=1).

The solution is obtained as follows: First, the x,-invariance leads
to several simplifications and some unknowns vanish. Second, rel-
evant equations and unknowns are gathered into a differential sys-
tem and the closed-form solution is derived.

4.1.1. Simplifications related to x,-invariance

Membrane solution. Since (N, M) fields are uncoupled from shear
fields, it is possible to solve separately the membrane part of the
plate model. Hence, the x,-invariance in the membrane strain def-
inition (3a) enforces e, = U, = 0. Moreover, boundary conditions
(2d) and equilibrium equation (2a) for membrane stresses lead
easily to N;;=N;2=0. However, N;,, e;; and e;, remain
undetermined.

Curvatures. Curvatures are defined by Eq. 3: )y = @y, Taking
into account x, invariance leads to:

X11 D111 D4
M= %2 |=| P21 |=] Do (15)
V211, V21514 @3,

Kirchhoff-Love constitutive equation. Kirchhoff-Love constitutive
equations (4a) and (4b) are written with Voigt notation in the in-
verse form as:

[e] = [«] - [N] +[£] - [M] (16a)
(] ="[4] - [N] + [«/] - [M] (16b)
where [«], [£] and [«] are Kirchhoff-Love compliance matrices.

Taking into account Ny; = Ny2 =0 and ey, = 0 enables us to re-
write Kirchhoff-Love constitutive equation in a compact form as:

X =[] - [M] (17)
where

. baiby

dy = dj — 22

R2¥»)

is the effective flexural stiffness taking into account e;; =0 con-
straint. Nyy, e1; and eq, are then derived directly from the bending
moment using equations:

ot loi
e = <KU — a;jzzzj> Mj and N; = — 11;'2 M; (18)

Equilibrium. The x, invariance in the bending gradient equilibrium
equation (2b) enforces:

R Mi14

R Ma2,1

Ry [ _ V2Mi24 (19)
Ry 0

Rs 0

Rs 0

and transverse loading equilibrium equation (2c¢) becomes:
M1 = —p3(x1) (20)

Shear constitutive equation. Taking into account Rs=Rs=Rg=0,
Us > = 0 and generalized shear strain definition (3c), Shear constitu-
tive equation (4c) is rewritten in two parts.

A first part with unknowns involving active boundary
conditions:

D, fi1 f12 fu3 M1 Us,
O | =f2 2 fo3 || Mng | -] O (21)
03] f13 f3 f33 V2My3 1 0

and a second part which enables the derivation of ®4, ®5, ®s on
which no boundary condition applies:
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D, fa1 fan fa3 Mi14 0
Os | =| fs1 fsp fs3 |- M2 1 - 0 (22)
O for feo fe3 V2Myz4 Us1/V2

4.1.2. Resolution

Final System. Finally, combining Eqs. (14), (15), (17), (20) and
(21), leads to the following set of equations which fully determines
the problem:

Mi111 = Do Sinkx; ()

Us i
[ M ~F- M, = 0 | (b)
0
M =0 forxy=0andx; =L (c)
U;=0 forx;=0andx; =L (d)

where for convenience, f is the 3 x 3 submatrix of [f]:

it fi3
f=|fn fn f3
f13 fa3 f33

Once [M] is derived, the non-zero unknowns are derived using Eqs.
(18), (19) and (22).

Solution. Since f is positive and [«]* is positive definite, the dif-
ferential system 23 is well-posed and the solution is the sum of a
particular solution and hyperbolic solutions of the homogeneous
equation. Boundary conditions applied to M vanish hyperbolic
solutions. There remains the particular solution:

M= (g’l g)p"iz sinkx; and  Us = —poi*(g;; —'g-g ' -8)sinkx
(24)

where

g:[I/]*+K2?7 g = (gzz g23)$ g— (gn) (25)
823 833 813

The matrix g appears to be the effective flexural stiffness for cylin-
drical bending, corrected with shear effects. When x — 0, g = d*
which yields exactly the Kirchhoff-Love solution.

4.2. Localization

Once the generalized stresses are derived, it is possible to recon-
struct local 3D fields, using the localization procedure described in
Part I. The local 3D stress 6%¢ is the sum of three terms depending
linearly on the generalized stresses:

=5V . N+3™ . M+3® - R (26)

where

N N
e (X3) = capys(X3) (wae; + Xabreys) and ). =0 ()

(M)
am/fff(x3)

= Capyo (Xg)(&jygg + X31/(5-}:5g) and 51@?“ =0 (b)

_(®
Ju3nce

(x3) = — ff% s (2) (oyec + 2 ye,)dZ, «12}11;5 =0 and "’"(31?;1;; =0 (9

(27)

and ¢(x3) is the local plane-stress stiffness tensor.
It is possible to rewrite Eq. (26) with Voigt notations as follows:

aif
gl = | o | =5 Nj+s M
V205§
BG
oBot — (613> —s®. [R]
GBG
23

where
V(x3) = [](x3) - (] +x3"[4])

s (x3) = [¢](X3) - ([£] + x3[])

s

s (x;) = — /:3 [e(z): (6 +2zd)]dz

s and s™ are 3 x 3 matrices and s® is a 2 x 6 matrix. Straight
double stroked brackets [e¢] denote here the following matrix repre-
sentation of a fourth-order tensor:

L1 V2L Liom
[£] =

V2L

L1122 L1222

V2L

Lo Lo Lo Lo

V2Lim
(28)
This reallocation is also useful for the derivation of the shear
compliance tensor derived in Part I:
b xg X3
M= / h / @) (¢ +2a)]dz-S(%s) - [ [e(2) < (6 + 2e)]dz dxs
J=3 /= J-4

(29)

where S,z(x3) = 4S,343(x3) is the out-of-plane shear compliance
tensor.

Since F is not always invertible, we introduce Moore-Penrose
pseudo inverse for the shear stiffness tensor [:

F=lim(..f+ k)~ F

which is used in the constraint on generalized shear strain I in Eq.
(4c).

Finally, the in-plane displacement localization was suggested in
Part | as:

uf® = U —x;3VU; +0® - R (30)
where
X3
o = ( / - Su(@)af3y,(@)dz + f&?},(s) (31)
2

and #® is chosen such as <u&R>> = 0. This is rewritten with Voigt
notation as:

¢ =U- x3VU3 + o® . [R]

where

5 (x;) :—/TBS(Z)-/i [e(u) : (6 + u)]dudz + [£7]

4.3. Application to laminates

4.3.1. Plate configuration

We consider angle-ply laminates. Each ply is made of unidirec-
tional fiber-reinforced material oriented at 0 relative to the bend-
ing direction x;. All plies have the same thickness and are
perfectly bounded. A laminate is denoted between brackets by
the successive ply-orientations along the thickness. For instance
[0°,90°] denotes a 2-ply laminate where the lower ply fibers are
oriented in the bending direction. When the laminate follows mir-
ror symmetry described in Section 3.3, only half of the stack is gi-
ven and the subscript s is added. Thus [30° —-30°]; means
[30°,—30°,-30°,30°].

The constitutive behavior of a ply is assumed to be transversely
isotropic along the direction of the fibers and engineering con-
stants are chosen similar to those of Pagano (1969):
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Fig. 3. Bending gradient localization shear distributions through the thickness for a [0°,—45°,90°,45°]; laminate.

EL =25x10°psi, Er=Ey=1x10°%psi, G =Gy =0.5x 10° psi
Er

) 0.4 x 10° psi, Vir = vy =V =0.25

GNT =

where Gyt has been changed to preserve transversely isotropic sym-
metry. L is the longitudinal direction oriented in the (x,x,) plane at
0 with respect to e;, T is the transverse direction and N is the normal
direction coinciding with es.

Pagano (1969, 1970a,b) derived exact 3D elasticity solution of
this problem for a laminate loaded only on the upper face and free
on the lower face. In the present work we assume the plate is iden-
tically loaded on its upper and lower face to comply with the plate
model: T = T; =% where T; is the normal traction on the upper
and lower face of the plate.

4.3.2. Localization fields

Shear forces are related to the bending gradient as follows:
Qi =Rq11 + Ri22 and Qy = Ryz1 + Ryzz. Thus we suggested in Part |
the following signification for the bending gradient components:

R111 — Ri: Cylindrical Bending part of Q,.
Ro21 — Rp: Pure warping.

R121 — R3: Torsional part of Q..

R112 — R4: Pure warping.

Ry22 — Rs: Cylindrical Bending part of Q,.
Ri22 — Re: Torsional part of Q;.

In Fig. 3 are plotted localization shear stress distributions s®
derived in Section 4.2 corresponding to each components of R in
both directions for a quasi-isotropic laminate [0°,—45°,90°,45°];.
All stress distributions are continuous and fulfill traction free
boundary conditions on the upper and lower faces of the plate.
For each direction there are four self-equilibrated stress distribu-
tion ((o,3) = 0) associated to Ry, R3, R4 and Rs for Direction 1 and
R1, Ra, R4 and Rg for Direction 2. This explains the suggested signi-
fication for shear variables. We draw the reader’s attention to the
fact that, even if there are self-equilibrated stress distributions,
all distributions have comparable amplitude and none can be

neglected at this stage. Moreover, it is clear that torsion generates
different distributions than pure cylindrical bending, except in the
homogeneous case.

4.3.3. Distance between the Reissner-Mindlin and the Bending-
Gradient model

In Part I we introduced the relative distance between the Bend-
ing-Gradient model and a Reissner-Mindlin model, AR/5¢;

ARM/BG _ HﬁW”

= (32)
where
IFll = v/*[) : [ (33)

is the norm for Bending-Gradient compliance tensors and " is the
pure warping part of [:

A" =16 - gt[[i]] [1- -1 [] (34)

ARMIBG gives an estimate of the pure warping fraction of the shear
stress energy. When the plate constitutive equation is restricted
to a Reissner-Mindlin one we have exactly ARM/EC = .

In Table 1, are given the values of ARM/EC for the laminates con-
sidered in this work. For a single ply, the criterion is zero since in
Part [ we demonstrated that the Bending-Gradient model is exactly
a Reissner-Mindlin model in this case. However, when there are
several plies, the distance can be greater than 10%. Thus with these
laminates, the shear constitutive equation cannot be reduced to a
Reissner-Mindlin behavior.

Table 1
The criterion ARM/EC for several laminates.

Stack [0°] [0°,90°] [0°,90°0°90°0°90°0°90°0°] [0°—45°90°45°]

ARM/ 0
BG

16.0% 4.63% 12.4%
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5. Comparison with other single equivalent layer approaches
5.1. Other single equivalent layer approaches

5.1.1. The Reissner-Mindlin model with the approach from Whitney
(1972)

Closed-form solutions using the Reissner-Mindlin model were
derived in order to compare them with the Bending-Gradient.
The resolution of the cylindrical bending problem is quite similar
so it will not be detailed here. The work of Whitney (1972) was
used for deriving transverse shear stress distributions and shear
correction factors were taken into account into the shear constitu-
tive equation of the Reissner-Mindlin plate model.

Let us recall briefly the method. Whitney (1972) assumes the
plate is under cylindrical bending: Q;=M;j11, Q2=Mj24, e22=0
and y»; = 0 and derives transverse shear distribution 6(@-W (x;) fol-
lowing a procedure almost identical to the one proposed in Part I.
Then he computes the shear correction factor defined as:
o

(6% : S(X3) : 6%)
where f5P7 is the First Order Shear Deformation Theory shear com-
pliance: £*°" = (FPT)~1 where F£" = (C,343(x3)). The shear correc-
tion factor in the second direction k; is derived in the same way
while rotating the plate of /2. Once shear correction factors are de-
rived, the corrected shear stiffness F*™W is defined as follows:

FRM,W —k- FFSDT .k (35)
(k0O
where k = ( 0 k2>'

5.1.2. Finite element analysis

A comparison with a finite elements solution was also per-
formed on ABAQUS (2007). Since the Bending-Gradient is an Equiv-
alent Single Layer theory, conventional shell elements were chosen
(3 displacements and 3 rotations). Transverse shear fields with
conventional shell elements in ABAQUS (2007) are derived using
an approach very similar to Whitney (1972) where it is further-
more assumed that the plate overall constitutive equation is ortho-
tropic with respect to the main bending direction. S4, linear
quadrangle with full integration elements, were used. A conver-
gence test was performed comparing the FE mid-span deflection
URMFE to the exact solution from Pagano (1969) U™ which ensures
that the FE error increment is 1/1000 of the error with the exact
solution ((URMFE — UEX)JUEX). This study enforced the typical size
of an element I, = h/5 where h is the plate thickness. For instance
when the slenderness is L/h = 4 there are 20 elements. Fig. 4 shows
a typical deformation of this mesh. Periodicity was enforced on lat-
eral edges of the strip in Fig. 4 by equating corresponding rotations
and displacements. Finally 61 section points were required as out-
put and section integration is performed during the analysis. The
number of section points is only an output parameter and has no
incidence on the convergence.

5.2. Error estimates

Two error estimates are introduced: the first one for the trans-
verse shear part of the stresses for which we introduce the follow-
ing seminorm:

L ph

2 2

leol® = / /;. 0385330 3 dX3 dxq
JOo . -3

and we define the relative error as:

lo® —a|
A©) = TE]

+8. -+
+ -+

1.038e+0
9.517e+0
dod
7
6.921e+0
+6.056e+0
+5.191e+0
+4.§2?e+0
+3.461e+0!
2.596e+0
1.730e+0|
8.652e-0
0.000e-+0

1
!
0
0
0
]
0
0
+1. 0
1
0

.652e-
+0. e

Cisail
ODB: PaganoScript.odb Abaqus/Standard Version 6.7-1

Step: Step-1 .

Increment  1: Step Time = 2.2200E-16

Primary Var: U, U2

Deformed Var: U Deformation Scale Factor: +1.000e-01

Fig. 4. Finite element undeformed and deformed mesh for an anisotropic laminate.

where ¢ is the exact shear stress distribution from Pagano (1969,
1970a,b). The second one is the mid-span deflection relative error:

_U(L/2) ~ Us(L/2)

Al U (L/2)

Ex
where U (x;) = (v ,5“» is the plate deflection taken for the exact
solution.

5.3. Results

5.3.1. [0°,90°,0°,90°, 0°,90°, 0°,90°, 0°] ply

In this section, we consider first a symmetric cross ply
[0°,90°,0°,90°,0°,90°,0°,90°,0°] laminate. In this case, the plate
configuration fulfills the assumptions made for the finite elements
approximation (orthotropic laminate). In Fig. 5, shear stress distri-
bution at x; = 0 in Direction 1 is plotted for the exact solution from
Pagano (1969) 6%, the Bending-Gradient solution ¢'®, (Whitney’s,

(a)

03 713
02 W
O froeeee e ‘ :

CCg/h
o

=03 ‘ ]

SOAL j :

_05 L L "
0

05 1 15
ho1s/(Aqo)

Fig. 5. Normalized shear distribution g3 at x;=0 for a [0°,90°,0°,90°,0°,90°,
0°,90°,0°] laminate, L/h = 4, (0,3 = 0: symmetry). (Ex: exact, BG: Bending-Gradient,
RM, FE: finite elements, RM, W: Whitney (1972)).
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Fig. 6. In-plane displacement distribution u; at x; =0 for a [0°,90°,0°,90°,0°,90°,
0°,90°,0°] laminate, L/h = 4, (u = 0: symmetry).

ZL‘3/h

1972) shear distribution ¢/®" and the finite elements solution
'QE The slenderness ratio is set to L/h = 4 as conventionally done
when benchmarking plate models. The reader is referred to Whit-
ney (1972), Noor and Malik (2000), Yu et al. (2002), Nguyen et al.
(2005), Carrera (2003) among others. The three approximate solu-
tions yield the same distribution. The discrepancy with the exact
solution is well-known and associated to edge effects.

In Fig. 6 is plotted the in-plane displacement at x; = 0 in Direc-
tion 1. The displacement is normalized with the mid-span Kirch-
hoff-Love deflection, U'. The Bending-Gradient approximation
follows closely the exact solution.

In Fig. 7 the transverse shear stress distribution error A(a) ver-
sus the slenderness ratio L/h is plotted for the Bending-Gradient
solution (BG), the finite elements solution (RM,FE) and the
closed-form Reissner-Mindlin solution (RM,WE). In Fig. 8 the
mid-span deflection error is also plotted versus the slenderness ra-
tio. Kirchhoff-Love deflection is also plotted as reference. The three
approximate solutions yield almost the same error both for deflec-

Shear stress Error, A(o)

—+— RM,FE
—— RM,W

10 *
0 1 2

10
Slenderness L/h
Fig. 7. Shear stress distribution error versus slenderness ratio for a

[0°,90°,0°,90°,0°,90°,0°,90°,0°] laminate, (BG: Bending-Gradient, RM, FE:finite
elements, RM, W: Whitney (1972)).

Deflection error, A(Us)

—©— KL

10
Slenderness L/h

Fig. 8. Deflection error versus slenderness ratio for a
[0°,90°,0°,90°,0°,90°,0°,90°,0°] laminate (BG: Bending-Gradient, RM, FE: finite
elements, RM, W: (Whitney (1972)), KL: Kirchhoff-Love).
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Fig. 9. Normalized shear distribution 45 at x; =0 for a [0°,90°] laminate, L/h = 4,
(023 = 0: symmetry).

. 2 .
tion and transverse shear stress and converge as A(6%¢) « (&) with
the slenderness ratio.

5.3.2. [0°,90°] ply

We consider now a non-symmetric cross ply [0°,90°] laminate.
The plate configuration still fulfills the assumptions made for the
finite elements approximation. In Fig. 9, shear stress distribution
in Direction 1 is plotted. Again, the three approximate solutions
yield the same distribution.

In Fig. 10 is plotted the in-plane displacement in Direction 1.
The Bending-Gradient approximation follows some trends of the
exact solution. However, there is a small discrepancy with the ex-
act solution.

In Fig. 11 the transverse shear stress distribution error A(o) ver-
sus the slenderness ratio L/h is plotted. In this case, (Whitney,
1972)'s solution converges with L/h whereas finite elements and
Bending-Gradient approximations do not converge and lead to
small residual errors (~10~3). In Fig. 12 the mid-span deflection er-
ror is also plotted versus the slenderness ratio. Again the three
approximate solutions yield almost the same error.
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Fig. 10. In-plane displacement distribution u; at x; =0 for a [0°,90°] laminate, L/

h =4, (u; = 0: symmetry).
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Fig. 11. Shear stress distribution error versus slenderness ratio for a [0°,90°]

laminate.
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Fig. 12. Deflection error versus slenderness ratio for a [0°,90°] laminate.
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5.3.3. [45°,—45°,45°,—45°,45°,—45°,45°,—45°,45°|ply

Now we take the initial 9-ply configuration and simply rotate it
45° with respect to the bending direction. It becomes a symmetric
and non-orthotropic [45°,—45°,45°,—45°,45°,—45°,45°, —45°,45°]
laminate. This configuration does not comply with the assump-
tions made for the finite elements approach. In Fig. 13 shear distri-
butions are compared to the exact solution. The Bending-Gradient
solution remains close to the exact solution. However finite ele-
ments and Whitney’s (1972) solution yield a different distribution
which is not as accurate as the Bending-Gradient. More precisely,
in Direction 2, the FE solution does not capture the change of slope
associated to the change of ply orientation.

In Fig. 14 is plotted the in-plane displacement in both direc-
tions. The Bending-Gradient approximation matches accurately
the exact solution. Especially, in Direction 2 the distribution fol-
lows a Zig-Zag shape. Thus the Bending-Gradient approximation
is able to capture this well-known feature of laminates displace-
ment fields.

In Fig. 15 the transverse shear stress distribution error versus
the slenderness ratio is plotted. Contrary to the finite elements
solution and Whitney’s (1972) solution, the Bending-Gradient
solution converges when the plate is slender. In Fig. 16 the mid-
span deflection error is also plotted versus the slenderness ratio.
The Bending-Gradient solution is the most accurate one for con-
ventional slenderness.

5.3.4. [45°,—45°] ply

Again we take the [0°,90°] ply and rotate it with respect to the
bending direction. This lead to a non-symmetric and non-orthotro-
pic ply [45°,—45°] and this configuration does not comply with the
assumptions made for the finite elements approach. The compari-
son is made in Fig. 17 for transverse shear stress. The Bending-Gra-
dient solution remains close to the exact solution and Whitney’s
(1972) solution yields acceptable results (except a mismatch for
as¥"). However in this case, finite elements yields inappropriate
results: in Direction 1 the stress distribution does not respect mac-
roscopic equilibrium (¢f§) # Q,. We checked nevertheless that FE
nodal forces fulfills macroscopic equilibrium.

In Fig. 18 is plotted the in-plane displacement in both direc-
tions. The Bending-Gradient approximation matches accurately
the exact solution in Direction 1. In Direction 2 there is an offset
between the Bending-Gradient approximation and the exact solu-
tion, however the overall shape of the displacement is captured.

The inaccuracy of finite element and Whitney’s (1972) solutions
is again clear in Fig. 19 showing the transverse shear stress distri-
bution error versus the slenderness ratio whereas the Bending-
Gradient converges as A(6C) x (1)* and both the (Whitney,
1972) and finite elements solutions lead to non negligible errors.
Again, in Fig. 20, the deflection error indicates that FE are too com-
pliant and that the Bending-Gradient is more accurate than the
Reissner-Mindlin solution.

5.3.5. Influence of the bending direction

As already mentioned, the finite elements approach makes
assumption on the overall plate configuration (orthotropy). How-
ever, in standard engineering application, even if the plate is ortho-
tropic, the bending direction does not often correspond to the
orthotropy axis. In order to illustrate this, we consider here the
cross ply [0°,90°] laminate with fixed slenderness L/h =4 and we
rotate the bending directions (the plate’s overall configuration is
rotating relative to x5 axis). In Fig. 21 we plotted the deflection er-
ror with respect to the bending direction for the different approx-
imations. It is clear that the bending direction has a great influence
on the accuracy of the deflection. Even for the Reissner-Mindlin
approximation, the error can be four times greater than the error
for the Bending-Gradient.
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Fig. 13. Normalized shear distribution in both directions at x; = 0 for a [45°, —45°,45°,—45°,45°,—45°,45°,—45°,45°] laminate, L/h = 4, (a) 613 and (b) 023.
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Fig. 18. In-plane displacement distribution at x; = 0 for a [45°,—45°] laminate, L/h = 4, (a) u; and (b) u,.
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Fig. 19. Shear stress distribution error versus slenderness ratio for a [45°,—45°]
laminate. Fig. 20. Deflection error versus slenderness ratio for a [45°,—45°] laminate.
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5.4. Discussion

We have numerically compared three approaches for deriving
an approximation of the exact solution for cylindrical bending sug-
gested by Pagano (1969, 1970a,b) applied to two cross-ply config-
urations (one mirror-symmetric and one non-symmetric) and in
two bending directions.

The first main observation which comes out of this analysis is
the critical influence of the assumption of orthotropy with respect
to the bending direction. When this assumption is fullfilled, the
three approximations lead to almost identical results. Otherwise,
both Whitney’s (1972) and Finite Element approximations lead
to poor estimation of transverse shear stress distribution and
deflection. In the case of finite elements this is because we do
not respect the assumption of the model. In the case of Whitney
(1972), the main reason for this discrepancy comes from the
assumption of cylindrical bending. This assumption neglects the
influence of the pure warping unknowns included in the bending
gradient: Ry1» and Ryy; and generates the difference in shear stress
distribution and therefore in deflection.

The second observation is that a simple rotation of the plate
with respect to the bending direction leads to very different trans-
verse shear stress distribution. This shows clearly the necessity to
distinguish between torsion and cylindrical bending components
in the gradient of the bending moment. In most plate models they
are mixed into shear forces (Q; =Ry11 + Ri22), Whereas, as illus-
trated in Section 4.3.2, the components Ry1; and Ry lead to differ-
ent transverse shear stress distributions. This explains the
significant difference when changing the bending direction. More
generally, this raises the question of the relevence of benchmark-
ing plate models in configurations where only the cylindrical part
of the bending gradient is involved whereas laminated plate engi-
neering applications involves much more general configurations.

Finally, the Bending-Gradient solution was presented. When the
plate follows mirror symmetry, this model gives a very good
approximation of both local and macroscopic fields at a rather
low computational cost (no post-process integration through the
thickness and Reissner-Mindlin-like partial derivative equations).
Moreover, it was numerically demonstrated that the Bending-Gra-
dient solution asymptotically converges to the exact solution as
the slenderness ratio goes to infinity. Thus, with mirror-symmetric
laminates, the Bending-Gradient solution is the Saint-Venant solu-
tion for an out-of-plane loaded plate.

When the laminate is not mirror-symmetric, the Bending-Gra-
dient gives less accurate results: the transverse shear distribution
or the related in-plane displacement might not exactly converge
to the exact solution. Several explanations are currently under
investigation. Especially, in Part I we indicated that it was our
choice to neglect the contribution to the stress energy of the mem-
brane stress gradient, N ® V. Neglecting this contribution explains
the discrepancy observed when the membrane stress in not zero,
which occurs when the plate is not mirror-symmetric.

Finally, in Part I we pointed out that the relevance of introduc-
ing the full bending gradient might be questionable since the
Bending-Gradient is sometimes turned into a Reissner-Mindlin
model. In the present paper, we provide answers. On the one hand,
when dealing with highly anisotropic laminates, it is clear that all
localization fields are relevant (see Section 4.3.2) and the distance
with Reissner-Mindlin presented in Section 4.3.3 fully justifies the
use of the Bending-Gradient. Furthermore, in upcoming work, the
Bending-Gradient theory will be applied to periodic plates. It ap-
pears that the distance between Reissner-Mindlin and Bending-
Gradient models is almost up to 80% with very common patterns.
On the other hand, when studying the influence of isotropy on the
shear constitutive equation in Section 3.3 we indicated that only
Poisson’s effect has an influence on warping. Since most conven-
tional materials have almost identical Poissons’s ratios, it is more
relevant to use a Reissner-Mindlin model in these cases. Eventu-
ally, the distance between Reissner-Mindlin and Bending-Gradient
models is an efficient tool for deciding which model is the most
relevant.

6. Conclusion

In the present paper, we provided first applications using the
Bending-Gradient plate theory. We introduced Voigt notation
which enables easier analytical computations and prepares finite
elements implementation. Then the influence of material symme-
tries was associated to in-plane strain gradient elasticity. Closed-
form solutions for cylindrical bending were fully derived, applied
to laminates and compared to Reissner-Mindlin and finite ele-
ments approximations. The main conclusion is that the Bending-
Gradient gives good predictions of both deflection and shear stress
distributions in many material configuration. It is also the Saint-
Venant solution when membrane stresses are fully uncoupled from
bending moments and generalized shear stresses. Finally, with
usual laminated plates, we demonstrated that the Bending-Gradi-
ent cannot be reduced to a Reissner-Mindlin plate model.

Several outlooks are under consideration. First, this plate theory
can be extended to periodic plates such as sandwich panels (Lebée
and Sab, 2010c; Lebée and Sab, 2010d). Second, the estimation of
the influence of the membrane stress gradient on the quality of
the shear stress estimation should be studied in detail. Finally,
since we have a Saint-Venant solution, it is worth analyzing the
shift with more refined approximations such as layerwise models
or even full 3D finite elements when it is necessary to locally refine
the analysis as illustrated in Amini et al. (2009) among others.

References

ABAQUS, 2007. ABAQUS/Standard user’s manual, version 6.7.

Amini, AM., Dureisseix, D., Cartraud, P., 2009. Multi-scale domain decomposition
method for large-scale structural analysis with a zooming technique:
application to plate assembly. International Journal for Numerical Methods in
Engineering 79 (4), 417-443.

Auffray, N., Bouchet, R., Bréchet, Y., 2009. Derivation of anisotropic matrix for bi-
dimensional strain-gradient elasticity behavior. International Journal of Solids
and Structures 46 (2), 440-454.

Caillerie, D., 1984. Thin elastic and periodic plates. Mathematical Methods in the
Applied Sciences 6 (2), 159-191.



A. Lebée, K. Sab/International Journal of Solids and Structures 48 (2011) 2889-2901 2901

Caron, J.F., Diaz, A.D., Carreira, R.P., Chabot, A., Ehrlacher, A., 2006. Multi-particle
modelling for the prediction of delamination in multi-layered materials.
Composites Science and Technology 66 (6), 755-765.

Carrera, E., 2002. Theories and finite elements for multilayered, anisotropic,
composite plates and shells. Archives of Computational Methods in
Engineering 9 (2), 87-140.

Carrera, E., 2003. Theories and finite elements for multilayered plates and shells: a
unified compact formulation with numerical assessment and benchmarking.
Archives of Computational Methods in Engineering 10 (3), 215-296.

Dallot, J., Sab, K., 2008. Limit analysis of multi-layered plates. Part II: Shear effects.
Journal of the Mechanics and Physics of Solids 56 (2), 581-612.

Diaz Diaz, A,, Caron, ].-F., Carreira, R.P., 2001. Model for laminates. Comptes Rendus
de I'’Académie des Sciences-Series [IB -Mechanics 329 (12), 873-879.

Diaz Diaz, A., Caron, J.F., Ehrlacher, A., 2007. Analytical determination of the modes
i, ii and iii energy release rates in a delaminated laminate and validation of a
delamination criterion. Composite Structures 78 (3), 424-432.

Hadj-Ahmed, R., Foret, G., Ehrlacher, A., 2001. Stress analysis in adhesive joints with
a multiparticle model of multilayered materials (m4). International Journal of
Adhesion and Adhesives 21 (4), 297-307.

Lebée, A., Sab, K., 2010a. A bending gradient model for thick plates. Part I: Theory.
International Journal of Solids and Structures 48 (20), 2878-2888.

Lebée, A., Sab, K., 2010b. A cosserat multiparticle model for periodically layered
materials. Mechanics Research Communications 37 (3), 293-297.

Lebée, A., Sab, K., 2010c. Reissner-Mindlin shear moduli of a sandwich panel with
periodic core material. In: Mechanics of Generalized Continua. Advances in
Mechanics and Mathematics, vol. 21. Springer, New York, pp. 169-177.

Lebée, A., Sab, K., 2010d. Transverse shear stiffness of a chevron folded core used in
sandwich construction. International Journal of Solids and Structures 47 (18-
19), 2620-2629.

Lewinski, T., 1991a. Effective models of composite periodic plates. 1: Asymptotic
solution. International Journal of Solids and Structures 27 (9), 1155-1172.
Lewinski, T., 1991b. Effective models of composite periodic plates. 2: Simplifications
due to symmetries. International Journal of Solids and Structures 27 (9), 1173-

1184.

Lewinski, T., 1991c. Effective models of composite periodic plates. 3. 2-Dimensional
approaches. International Journal of Solids and Structures 27 (9), 1185-1203.

Naciri, T., Ehrlacher, A., Chabot, A., 1998. Interlaminar stress analysis with a new
multiparticle modelization of multilayered materials (M4). Composites Science
and Technology 58 (3-4), 337-343.

Nguyen, T.-K., Sab, K., Bonnet, G., 2008a. First-order shear deformation plate models
for functionally graded materials. Composite Structures 83 (1), 25-36.

Nguyen, T.-K., Sab, K., Bonnet, G., 2008b. Green’s operator for a periodic medium
with traction-free boundary conditions and computation of the effective
properties of thin plates. International Journal of Solids and Structures 45
(25-26), 6518-6534.

Nguyen, V.-T., Caron, J.-F., Sab, K., 2005. A model for thick laminates and sandwich
plates. Composites Science and Technology 65 (3-4), 475-489.

Noor, A.K., Malik, M., 2000. An assessment of five modeling approaches for thermo-
mechanical stress analysis of laminated composite panels. Computational
Mechanics 25 (1), 43-58.

Pagano, N., 1969. Exact solutions for composite laminates in cylindrical bending.
Journal of Composite Materials 3 (3), 398-411.

Pagano, N., 1970a. Exact solutions for rectangular bidirectional composites and
sandwich plates. Journal of Composite Materials 4 (1), 20-34.

Pagano, N., 1970b. Influence of shear coupling in cylindrical. bending of anisotropic
laminates. Journal of Composite Materials 4 (3), 330-343.

Reddy, J.N., 1989. On refined computational models of composite laminates.
International Journal for Numerical Methods in Engineering 27 (2), 361-382.

Reissner, E., 1945. The effect of transverse shear deformation on the bending of
elastic plates. Journal of Applied Mechanics 12, 68-77.

Vlasov, V.Z., 1961. Thin-walled elastic beams. National Science Foundation and
Department of Commerce.

Whitney, J., 1972. Stress analysis of thick laminated composite and sandwich plates.
Journal of Composite Materials 6 (4), 426-440.

Yu, W., Hodges, D.H., Volovoi, V.V., 2002. Asymptotic generalization of Reissner-
Mindlin theory: accurate three-dimensional recovery for composite shells.
Computer Methods in Applied Mechanics and Engineering 191 (44), 5087-
5109.



	A Bending-Gradient model for thick plates, Part II: Closed-form solutions for  cylindrical bending of laminates
	1 Introduction
	2 Notations
	3 The Bending-Gradient plate model
	3.1 Summary of the plate model
	3.2 Voigt notations
	3.3 Symmetries

	4 Closed-form solution for Pagano’s configuration
	4.1 Plate closed-form solution
	4.1.1 Simplifications related to x2-invariance
	4.1.2 Resolution

	4.2 Localization
	4.3 Application to laminates
	4.3.1 Plate configuration
	4.3.2 Localization fields
	4.3.3 Distance between the Reissner–Mindlin and the Bending-Gradient model


	5 Comparison with other single equivalent layer approaches
	5.1 Other single equivalent layer approaches
	5.1.1 The Reissner–Mindlin model with the approach from Whitney (1972)
	5.1.2 Finite element analysis

	5.2 Error estimates
	5.3 Results
	5.3.1 [0°,90°,0°,90°,0°,90°,0°,90°,0°] ply
	5.3.2 [0°,90°] ply
	5.3.3 [45°,−45°,45°,−45°,45°,−45°,45°,−45°,45°]ply
	5.3.4 [45°,−45°] ply
	5.3.5 Influence of the bending direction

	5.4 Discussion

	6 Conclusion
	References


