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a b s t r a c t

Unit cell model analyses are carried out for a material with a periodic array of voids, subject to shear load-
ing. Thus the focus is on ductile fracture in conditions of low stress triaxiality. It has been shown recently
that voids in shear are flattened out to micro-cracks, which rotate and elongate until interaction with
neighboring micro-cracks gives coalescence, so that the failure mechanism is very different from that
under tensile loading. In the present studies the plane strain unit cell has fully periodic boundary condi-
tions, so that any combination of the stress components in the overall average stress state can be pre-
scribed. This also allows for studies of the effect of different initial void spacing in the two in-plane
coordinate directions. The stress states considered are essentially simple shear, with various levels of ten-
sile stresses or compressive stresses superposed, i.e. low positive stress triaxiality or even negative stress
triaxiality. For high aspect ratio unit cells a clear localization band is found inside the cell, which actually
represents several parallel bands, due to periodicity. In the materials represented by a low aspect ratio
unit cell localization would also occur after that the maximum shear stress has been passed, but this
is not shown when periodicity is enforced. The effect of superposed tensile or compressive stresses is
found to be bigger for high aspect ratio unit cells than for low aspect ratios.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

When voids deform in a ductile material subject to hydrostatic
tension the void volumes tend to grow large and ductile failure
occurs by coalescence of neighbouring voids (see reviews by Garrison
and Moody, 1987; Tvergaard, 1990; Benzerga and Leblond, 2010).
This mode of failure is reasonably well described by a number of
micromechanical models (Gurson, 1977; Tvergaard, 1981; Golo-
ganu et al., 1997; Danas and Castaneda, 2009a,b; Keralavarma
and Benzerga, 2010). In these models the prediction of ductile fail-
ure depends on void growth, but in simple shear where the hydro-
static tension is zero, there is no void growth. For materials
undergoing shear deformations with low or even negative hydro-
static tension the mechanism leading to failure is different. Thus,
Fleck and Hutchinson (1986) have found for an initially spherical
void in a linearly viscous material under remote shearing that
the void becomes ellipsoidal, rotates, and finally forms a penny-
shaped crack. Recent micro-mechanical studies by Tvergaard
(2008, 2009) for a material containing a row of circular cylindrical
voids subject to simple shear have shown that the voids are flat-
tened out to micro-cracks, which rotate and elongate until interac-
tion with neighbouring micro-cracks gives coalescence. Thus, also
in shear ductile failure occurs due to the deformation of voids
and their interaction with neighbouring voids, but the mechanism
is very different from the well-known void growth to coalescence
mechanism under tensile loading.
ll rights reserved.
In Tvergaard (2008) the void closure was accounted for in an
approximate manner, by using an internal hydrostatic pressure
to simulate the crack surface contact, with the pressure level con-
tinuously adjusted such that the aspect ratio of the flattened void
does not pass a specified limiting value. The approximation is
made to avoid numerical complications in a full analysis of a com-
pletely closed crack with crack surface contact and with much
material flow around the crack tips. Also Tvergaard (2009) applied
an internal load on the void surface to approximately model
contact by frictionless sliding, but here the internal loading was
chosen normal to a plane along the elongated void such that no
load component would tend to increase the length of the void
and thus unrealistically enhance the shear mechanism of ductile
failure. These studies include cases where shearing occurs under
a superposed hydrostatic tension or a superposed hydrostatic pres-
sure. Very recently, Dahl et al. (2012) have carried out analyses
with full numerical contact modelling, which have confirmed that
the procedure of Tvergaard (2009) gives a very good approxima-
tion to the condition of contact with frictionless sliding.

The elastic–plastic shear specimen containing a row of circular
cylindrical voids has been analyzed earlier by Fleck et al. (1989) to
model experiments of Cowie et al. (1987), in which the shear load-
ing was combined with tension or compression and failure tended
to occur by shear localization and void sheet fracture Barsoum and
Faleskog (2007a) have carried out full 3D analyses for similar shear
specimens containing spherical voids in order to model their
experiments (Barsoum and Faleskog, 2007b) on ductile fracture
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in a double notched tube specimen loaded in combined tension
and torsion. Initially spheroidal voids in a shear field have also
been analyzed by Scheyvaerts et al. (2006), and 3D analyses for
voids in shear fields have been carried out by Leblond and Mottet
(2008). None of these studies have been continued into the impor-
tant range where the voids have become micro-cracks that con-
tinue interacting. However, Anderson et al. (1990), considering
the effect of a row of micro-cracks in a material subject to shear,
have shown that localization can result from crack rotation and
stretching.

An extension of the Gurson model has been proposed by
Nahshon and Hutchinson (2008) to be able to describe failure in
simple shear where the hydrostatic tension is zero. In this ex-
tended model the damage parameter is no longer a geometrically
well defined void volume fraction, so this aspect of the model is
more like continuum damage mechanics. Tvergaard and Nielsen
(2010) have compared predictions of this shear-extended Gurson
model with predictions of the micro-mechanical studies (Tvergaard,
2009) and have found that the trends of the predictions are in good
agreement.

In the present paper the effect of the stress state and of the unit
cell aspect ratio are studied for voids in a shear field. When the
voids collapse to a micro-crack, the approximate description of
Tvergaard (2009) for contact with frictionless sliding is still ap-
plied, but the interaction with neighbouring voids is not limited
to a single row of voids, and the studies are not limited to cases
with zero overall straining along the row of voids.
2. Problem formulation

While the shear specimen in previous studies contains a single
row of voids along the x1-axis, the materials studied here have a
periodic array of voids, with the initial spacing 2A0 in the x1-direc-
tion and the initial spacing 2B0 in the x2-direction. This periodic ar-
ray is analyzed by considering the unit cell in Fig. 1. Plane strain
conditions are assumed and the voids are initially circular cylindri-
cal with radius R0 . Finite strains are accounted for and the analyses
are based on a convected coordinate Lagrangian formulation of the
field equations, with a Cartesian xi coordinate system used as ref-
erence. The metric tensors in the reference configuration and the
Fig. 1. Coordinates and dimensions for the unit cell analyzed.
current configuration, respectively, are gij and Gij with determi-
nants g and G, and gij ¼ 1=2 Gij � gij

� �
is the Lagrangian strain

tensor. The contravariant components sij of the Kirchhoff stress
tensor on the current base vectors are related to the components
of the Cauchy stress tensor rij by sij ¼

ffiffiffiffiffiffiffiffiffi
G=g

p
rij . A finite strain for-

mulation for a J2 flow theory material with the Mises yield surface
is applied, where the incremental stress–strain relationship takes
the form _sij ¼ Lijk‘ _gk‘, with the instantaneous moduli specified in
(Hutchinson, 1973; Tvergaard, 1976). The true stress-logarithmic
strain curve in uniaxial tension is taken to follow the power law

e ¼
r=E; r 6 rY

rY=Eð Þ r=rYð Þ1=N
; r P rY

(
ð1Þ

with Young’s modulus E, the initial yield stress rY and the power
hardening exponent N. Poisson’s ratio is m.

Periodic boundary conditions on the unit cell model in Fig. 1 are
required to be able to analyze the material with a doubly periodic
array of voids, subject to shear. Thus, along the two sides of the
unit cell the BC’s are

u1 n1ð Þ � u1
A ¼ u1 n2ð Þ � u1

B; u2 n1ð Þ � u2
A ¼ u2 n2ð Þ � u2

B; ð2Þ
T1 n1ð Þ ¼ �T1 n2ð Þ; T2 n1ð Þ ¼ �T2 n2ð Þ; ð3Þ

where n1 and n2 are length measuring coordinates defined in Fig. 1.
Along the top and the bottom of the unit cell the BC’s are

u1 g1ð Þ � u1
A ¼ u1 g2ð Þ � u1

D; u2 g1ð Þ � u2
A ¼ u2 g2ð Þ � u2

D; ð4Þ
T1 g1ð Þ ¼ �T1 g2ð Þ; T2 g1ð Þ ¼ �T2 g2ð Þ; ð5Þ

where the parameters g1 and g2 are defined in Fig. 1. The displace-
ments of the four corner points are denoted ui

A , ui
B , ui

C and ui
D ,

respectively. Rigid body translations are avoided by choosing
ui

A ¼ 0 , and then periodicity requires ui
C ¼ ui

D þ ui
B. The remaining

four free corner displacements determine the average deformation
gradients for the unit cell, such that F11 ¼ 1þ u1

B=2A0; F22 ¼ 1þ
u2

D=2B0; F21 ¼ u2
B=2A0 and F12 ¼ u1

D=2B0. In the present analyses only
cases with u2

B ¼ 0 will be considered, such that F21 ¼ 0 .
A standard penalty method is used to approximately satisfy the

relations (2)–(5) by taking

Ti n2ð Þ ¼ kðuiðn2Þ � uiðn1Þ � ui
B þ ui

AÞ ¼ �Ti n1ð Þ; ð6Þ
Ti g2ð Þ ¼ kðuiðg2Þ � uiðg1Þ � ui

D þ ui
AÞ ¼ �Ti g1ð Þ; ð7Þ

with the stiffness k chosen large enough to get a good approximation.
On a deformed unit cell the average directions of the side BC

and the top CD are indicated by dashed lines in Fig. 2. The average
normal and tangential vectors on BC, ni

BC and ti
BC , are indicated, as

well as the average normal and tangential vectors, ni
CD and ti

CD, on
CD. By integration of the nominal tractions the resultant forces in
the coordinate directions are determined for BC and CD. From
these forces and the current dimensions of the unit cell the average
true stresses in the normal and tangential directions are deter-
mined, RBC

n and RBC
t on BC, and RCD

n and RCD
t on CD. Finally, using

standard relations for these normal and tangential stress compo-
nents, the Cartesian true stress components R11; R22 and R12 are
calculated. The numerical calculations are carried out such that
fixed stress ratios are prescribed

R22=R12 ¼ j; R11=R12 ¼ c ð8Þ

and the corresponding values of the corner displacements are calcu-
lated. In the results to be shown in Section 3, the average shear
stress R12 is plotted against the deformation gradient F12 .

When the void deforms during shearing with low stress triaxi-
ality, it will tend to close up into a micro-crack. The approximate
method used here to model crack surface contact and frictionless
sliding is that proposed in Tvergaard (2009). The length ‘ of the



Fig. 2. Deformed unit cell indicating the average normal and tangential vectors
used to define the average true stresses in the normal and tangential directions on
the surfaces.

Fig. 3. Example of an initial mesh used for some of the numerical analyses.
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ellipsoidal cross-section of the void is calculated as the largest dis-
tance between two surface points, and the average width w of the
void is calculated from the current void volume Vv per unit length
in the x3 direction as w ¼ Vv=‘. Then, instead of a detailed repre-
sentation of crack surface contact as the void develops into a mi-
cro-crack, the approximation is made that the average aspect
ratio of the void is required to satisfy the inequality

w=‘ P q: ð9Þ

When the aspect ratio reaches the limit according to Eq. (9) an
internal loading is applied to the void surface and this load is grad-
ually increased so that the inequality (9) is not violated. The load on
the void surface used by Tvergaard (2008) was a hydrostatic pres-
sure. Subsequently, Tvergaard (2009) improved the approximation
by using only the traction component perpendicular to the line of
length ‘ between the two end points of the void, such that no load
component will tend to increase the length of the void and thus
unrealistically enhance the occurrence of ductile shear failure,
which results from the fact that the micro-cracks rotate and elon-
gate in the shear field until interaction with neighbouring micro-
cracks gives failure.

3. Numerical method

The Lagrangian strain tensor is given in terms of the displace-
ment components ui on the reference base vectors as

gij ¼
1
2

ui;j þ uj;i þ uk
;iuk;j

� �
; ð10Þ

where ð Þ;j denotes covariant differentiation in the reference frame.
The numerical solutions are obtained by a linear incremental solu-
tion procedure, based on the incremental principle of virtual workZ

V
DsijdgijþsijDuk

;iduk;j

on
dV¼

Z
A
DTiduidA�

Z
V
sijdgijdV�

Z
A

TiduidA
� �

:

ð11Þ

Here, V and A are, respectively, the volume and surface of the body
in the reference configuration, while Dsij and Dgij are the stress and
strain increments. On the void surface the nominal tractions and
their increments are specified as described below Eq. (9). The brack-
eted terms are equilibrium corrections. The displacement fields are
approximated in terms of 8-noded isoparametric elements, and the
volume integrals in (11) are carried out by using 2� 2 point Gauss
integration within each element. The periodicity conditions in the
form (6) and (7) result in additional stiffness matrices, which are
entered directly into the global stiffness matrix. An example of a
mesh used for some of the numerical analyses is shown in Fig. 3.

Remeshing has been used here a few times in each computa-
tion, in order to avoid severe mesh distortion. In particular the flow
of material around the sharp crack tips during shearing tends to
give strong mesh distortion locally. The remeshing procedure
applied was first introduced in one of the authors finite strain pro-
grammes by Pedersen (1998), and has been further developed in
(Tvergaard, 1997, Tvergaard, 2004). The values of field quantities
in the integration points of the new mesh are determined by inter-
polation in the old mesh. First, a bilinear surface in terms of the
local element coordinates n and g is used to extrapolate values
(such as stress components) in the old mesh from integration
points to nodal points, where the region of the element is specified
by �1 6 n 6 1 and �1 6 g 6 1 . The stress values used for a nodal
point are the averages of the values found by extrapolation from
the adjacent elements. Then, values of the field quantities in the
nodal points of the new mesh are determined by interpolation in
the old mesh, using the shape functions. Finally, the values in the
integration points of the new mesh are determined by interpola-
tion from the new nodal points, using the shape functions. To do
this, it is necessary to determine the location of each new nodal
point in the old mesh, i.e. the element number and the appropriate
values of the local coordinates n and g inside that element. This is
done by repeated use of a Newton–Raphson iteration.

4. Results

The analyses are carried out for a material with rY=E ¼ 0:002 ,
m ¼ 0:3 and the strain hardening exponent N ¼ 0:1. Different
values are considered for the initial aspect ratio of the region ana-
lyzed, B0=A0, the initial void radius to width ratio, R0=A0, the stress
ratios j and c in (8), and the limiting void aspect ratio q in (9). In
most computations the value of the penalty parameter k in Eqs. (6)
and (7) is chosen as 1000E=A0.

In the first comparison shown in Fig. 4 the cell model studies are
carried out for B0=A0 ¼ 1 , R0=A0 ¼ 0:25 , q ¼ 0:15 and N ¼ 0:1. The
value of j is taken to be zero, such that R22 ¼ 0, while the value of
c ¼ R11=R12 is varied between �0.3 and 0.5. In addition one curve



Fig. 4. Average shear stress vs. deformation gradient F12, for B0=A0 ¼ 1 , R0=A0 ¼ 0:25 , q ¼ 0:15 and N ¼ 0:1. All curves have R22 ¼ 0.

Fig. 5. Deformed meshes corresponding to the computation with R11=R12 ¼ 0:1 in Fig. 4. (a) At F12 ¼ 0:25. (b) At F12 ¼ 0:35. (c) At F12 ¼ 0:62. (d) At F12 ¼ 1:12.
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is shown, for which the deformation gradient value F11 ¼ 0 is spec-
ified instead of the value c. The three curves for different values of
c are rather similar in shape. At F12 � 0:25 the curves show a char-
acteristic kink in the point where crack surface contact initiates
according to the approximate condition (9). Subsequently, while
the crack surfaces remain in contact, there is a plateau with only
moderate variations of the shear stress R12 while the overall shear
strain grows large. At the end of the curves, in a range where F12 is
between 1 and 1.4, the shear stress starts to decay markedly. The
curve for R11=R12 ¼ 0:5 gives the lowest maximum shear stress,
while the curve for R11=R12 ¼ �0:3 gives the highest maximum,
but the difference is not very large. Also, it is seen that the curve
for which zero straining in the x1-direction, F11 ¼ 0, is specified
gives somewhat higher shear stress in the beginning, but is rather
close to that for R11=R12 ¼ 0:1 when F12 > 0:6. The curves to be
shown here depict the results in terms of R12 versus F12, since
the focus is on shear, but with a fixed ratio R11=R12 the variation
of R11 is easily seen from the curves.

For the computation with R11=R12 ¼ 0:1 in Fig. 4 deformed
meshes at four different stages of the deformation are shown in
Fig. 5. The stage in Fig. 5a, at F12 ¼ 0:25, is immediately after that
crack surface contact has initiated according to the approximate
condition (9). In Fig. 5b, at F12 ¼ 0:35, the crack has grown slightly
longer, while at F12 ¼ 0:62 the crack length is much increased. At
the last stage illustrated, for F12 ¼ 1:12, the micro-crack has
become so long that it overlaps with the ends of the micro-cracks
in the neighboring unit cells, and necking of the ligaments between
neighboring crack ends has initiated. Due to this failure mecha-
nism Fig. 5d corresponds to the range where the shear stress
carried by the material decays rapidly.



Fig. 6. Average shear stress vs. deformation gradient F12, for B0=A0 ¼ 1 , R0=A0 ¼ 0:25 and N ¼ 0:1, with different values of q. All curves have R22 ¼ 0.
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The periodic pattern of micro-cracks, initiating from a periodic
pattern of voids as represented by the unit cell calculations in Figs.
4 and 5, will not remain stable when the load maximum has been
passed. Then a localization of plastic flow is expected, such that a
shear band develops which involves continued plastic yielding
around a row of micro-cracks, while elastic unloading would occur
around the other micro-cracks. This type of deformation mode is
not accounted for in the present unit cell calculations, since full
periodicity is assumed throughout. However, a procedure for ana-
lyzing shear band localization from a periodic pattern of voids has
been proposed by Tvergaard (1981).

In Fig. 5a and b the deformations of the top and bottom of the
unit cell are nearly identical to the deformations of the sides of
the unit cell, which shows that bands of more intense deformation
have formed both through neighbouring voids in the horizontal
direction and through neighbouring voids in the vertical direction.
Fig. 5c and d show that the bands in the horizontal direction have
become dominant, but the fact that the shapes of all edges of the
unit cells still change indicates that there is not a larger region of
elastic unloading. As mentioned above, crack surface contact by
the model used has occurred in all of Fig. 5a–d, so the situation
in Fig. 5d is that the micro-crack has grown so long relative to
the unit cell size that ligaments between neighbouring micro-
cracks in the horizontal direction have become very thin. If identi-
cal deformation of all unit cells was not enforced, some cells would
undergo elastic unloading, thus leading to a clear localization band.

In Fig. 6 the effect of the limiting void aspect ratio q is studied
by including curves for the values 0.10 and 0.20 in addition to the
Fig. 7. Average shear stress vs. deformation gradient F12, for B0=A0 ¼ 1 , q ¼ 0
curve for q ¼ 0:15, also shown in Fig. 4. All curves correspond to
R11=R12 ¼ 0:1 and R22 ¼ 0. The sharp kink in the curves near
F12 � 0:25 occurs earlier for the larger value of q , indicating that
this case finds earlier crack surface contact, as would be expected.
Subsequently, the curve for q ¼ 0:10, which gives the best approx-
imation to actual crack surface contact, also results in the highest
strength and in slightly later initiation of the final load decay.

The curve for R11=R12 ¼ 0:1 , R22 ¼ 0 and R0=A0 ¼ 0:25, also
shown in Figs. 4 and 6, is compared with predictions for relatively
smaller voids in Fig. 7. The smaller voids result in a generally high-
er level of the shear stress R12 and in later occurrence of the last
maximum before the final load decay. This tendency is as expected
and also agrees with results found in Tvergaard (2008),Tvergaard,
2009 for a different unit cell and different stress state.

Variations of the aspect ratio B0=A0 of the unit cell are consid-
ered in Fig. 8. Again, the stress state R11=R12 ¼ 0:1 and R22 ¼ 0 ,
with R0=A0 ¼ 0:25, is chosen as an example. These curves show a
strong sensitivity to the unit cell aspect ratio, where the larger ra-
tios B0=A0 ¼ 2 and B0=A0 ¼ 4 result in final failure at much smaller
values of the deformation gradient F12 than that found for
B0=A0 ¼ 1 . The reason is that the shear strain is not uniformly dis-
tributed in the unit cell, as was already seen in Fig. 5 on the
deformed meshes for a unit cell with aspect ratio 1. It is clear in
Fig. 5 that cross-sections through the void account for the major
part of the shear straining represented by the average deformation
gradient F12. As has been discussed above, below Eq. (5), the aver-
age deformation gradients shown here are defined by the differ-
ences in the displacements at the four corners of the unit cell, in
:15 and N ¼ 0:1, with different values of R0=A0. All curves have R22 ¼ 0.



Fig. 8. Average shear stress vs. deformation gradient F12, for R0=A0 ¼ 0:25 , q ¼ 0:15 and N ¼ 0:1, with different values of B0=A0. All curves have R22 ¼ 0.

Fig. 9. Deformed meshes corresponding to the computation with B0=A0 ¼ 2 in Fig. 8. (a) At F12 ¼ 0:31. (b) At F12 ¼ 0:69.

Fig. 10. Average shear stress vs. deformation gradient F12, for B0=A0 ¼ 4 ,
R0=A0 ¼ 0:25; q ¼ 0:15 and N ¼ 0:1, with different stress ratios.
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particular F12 ¼ ðu1
D � u1

AÞ=2B0. When considering the sides of the
unit cell in Fig. 5 that were initially vertical, the average value
F12 represents much less shearing than that found in the middle
part of the unit cell but much more shearing than that found near
the corners of the unit cell.

Fig. 9 shows the deformed meshes at two stages of the compu-
tation with B0=A0 ¼ 2, illustrated by a curve in Fig. 8. On this curve
the crack surface contact according to the approximate condition
(9) initiated at F12 ¼ 0:18. Thus, the stage shown in Fig. 9a, at
F12 ¼ 0:31, is well after initial crack closure. The stage shown in
Fig. 9b, at F12 ¼ 0:69, is a little after the maximum on the curve
in Fig. 8. In Fig. 9b the crack has grown much longer than that
shown in Fig. 9a, which is an important part of the shear failure
mechanism studied here, where the cracks elongate and rotate in
the shear field until neighboring crack ends are so close that failure
occurs by necking of the ligament between two neighboring cracks.
Comparing Figs. 9 and 5 it is seen that in Fig. 9a much larger part of
the initially vertical sides of the unit cell experience the lower
amount of shearing. Thus, for the same amount of shearing in
the material just around the void, the unit cell with B0=A0 ¼ 2 will
show a lower value of the average deformation gradient F12. This is
the main reason why failure in Fig. 8 is predicted at a lower value
of F12 for B0=A0 ¼ 2 than for B0=A0 ¼ 1 and at an even lower value
for B0=A0 ¼ 4.
The deformed meshes in Fig. 9 show that for the higher aspect
ratio unit cell a plastic flow localization does develop in a band par-
allel to the x1-axis, since at the end of the computation the parts of
the unit cell near the top and the bottom have stopped deforming
plastically. But the computation is still based on the assumption of



Fig. 11. Average shear stress vs. deformation gradient F12, for B0=A0 ¼ 1 , R0=A0 ¼ 0:25 , q ¼ 0:15 and N ¼ 0:1, with different values of the stress ratio R22=R12.
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periodicity, so that the deformed mesh in Fig. 9b actually repre-
sents a number of parallel shear bands containing parallel layers
of micro-cracks.

The results in Fig. 8 clearly show a decrease in ductility for
increasing aspect ratio of the unit cell. This is analogous to results
of Koplik and Needleman (1988) for an axisymmetric unit cell with
a single spherical void subject to rather high stress triaxiality. In
both cases the deformations finally localize around the void, and
this occurs at a smaller overall strain the larger the cell aspect
ratio. Also, in both studies a much sharper decay of the load versus
strain is found for the larger aspect ratio unit cell, where a rela-
tively larger part of the cell undergoes elastic unloading. The differ-
ence between the mechanisms involved is that under high
triaxiality axisymmetric loading the void volume grows rapidly
towards coalescence in the localization band, whereas the void in
Figs. 8 and 9 has collapsed to a micro-crack long before the onset
of localization and the behavior inside the localization band
depends on the interaction of neighbouring micro-cracks.

The deformed unit cells in Fig. 5, for B0=A0 ¼ 1, show nearly as
much waviness of the top and bottom of the cell as that found at
the initially vertical sides of the cell. This indicated that there is
not only interaction between neighboring voids in the transverse
direction but also between neighboring voids in the vertical direc-
tion. In Fig. 9 this waviness of the top and bottom of the unit cell
has nearly disappeared. This is due to the higher stiffness of these
parts of the unit cell, which models a larger spacing between the
voids in the vertical direction than in the transverse direction.

For B0=A0 ¼ 4 computations corresponding to different stress
states are compared in Fig. 10, with R0=A0 ¼ 0:25. For R22 ¼ 0
two values of the ratio R11=R12 are considered, 0.1 and 0.6. The
higher of these values gives a somewhat lower stress maximum,
but for both values of the stress ratio R11=R12 final failure is pre-
dicted at nearly the same value of the average deformation gradi-
ent F12. When there is a tensile stress in the vertical direction,
R22=R12 ¼ 0:3, the sensitivity is larger. This stress component re-
duces the value of F12 at final failure, and the reduction is larger
for R11=R12 ¼ 0:6 than for R11=R12 ¼ 0:1.

The aspect ratio B0=A0 ¼ 4 is that considered in the previous
articles (Tvergaard, 2008; Tvergaard, 2009), in both cases with zero
straining prescribed along the x1-axis. Therefore, one curve is in-
cluded in Fig. 10 for which F11 ¼ 0 is prescribed rather than the va-
lue of the transverse stress component R11. This curve is computed
for R22 ¼ 0 and it is seen that the resulting curve differs rather little
from the other two curves with R22 ¼ 0. In the previous articles the
horizontal axis showed the average shear angle w, defined by
tan w ¼ ðu1

D � u1
AÞ=2B, where 2B is the current height of the

deformed cell. The curve for F11 ¼ 0 shown in Fig. 10 is in good
agreement with the corresponding curve shown in (Tvergaard,
2009), even though the boundary conditions at the top and bottom
are not completely identical. The computations in Fig. 10 rely on
full periodicity, as described by Eqs. (4) and (5), while simpler
boundary conditions at the top and bottom were used in the pre-
vious studies.

Fig. 11 again considers the case of B0=A0 ¼ 1 , R0=A0 ¼ 0:25 and
q ¼ 0:15 , including the curve for R22 ¼ 0 and R11=R12 ¼ 0:1 also
shown in Figs. 4, 6, 7 and 8. While keeping the ratio R11=R12 ¼ 0:1
fixed, the value of R22=R12 is varied. This has rather little effect on
the plateau level at the stress maximum, but it is seen that a posi-
tive value of R22 gives earlier final failure, while a negative R22

delays the occurrence of final failure.

5. Discussion

The unit cell analyzed here, with full periodicity at the sides and
at the top and bottom, allows for the study of different initial void
spacings in the vertical and horizontal directions and for the effect
of different stress states. Most of the computations here are carried
out for B0=A0 ¼ 1 , i.e. for equal spacing in the two directions. In
these cases all four edges of the unit cell get heavily deformed, as
is illustrated by the deformed meshes in Fig. 5. When the macro-
scopic shear stress R12 decays rapidly after the maximum, it is clear
that shear band localization will develop in the solid, leading to fi-
nal failure by micro-crack coalescence inside the shear band. How-
ever, the assumed periodicity does not allow for representing such a
localization mode. In a larger aspect ratio unit cell, as that illus-
trated in Fig. 9, it is clear that a horizontal shear band develops be-
tween adjacent micro-cracks in neighboring unit cells. Due to the
assumed periodicity, this prediction actually means a number of
parallel shear bands through each layer of adjacent micro-cracks.

Previous studies (Tvergaard, 2008, Tvergaard, 2009) were lim-
ited to zero straining in the horizontal direction, F11 ¼ 0, while
here the value of the stress component R11 can be specified
instead. Several analyses here have been carried out for R22 ¼ 0
and R11=R12 ¼ 0:1, i.e. for a stress state close to simple shear
(R11 ¼ 0; R22 ¼ 0; R12 – 0Þ, but also larger tensile or compressive
values of R11 or R22 have been considered. Generally, an increased
stress triaxiality promotes earlier failure, while a negative stress
triaxiality tends to delay failure. But the effect of these stress vari-
ations is found to be smaller for the low aspect ratio unit cell
(B0=A0 ¼ 1Þ than for higher aspect ratios, which represent a higher
initial void spacing in the vertical direction than in the horizontal
direction.

An approximate procedure is applied here to account for crack
surface contact after that the void has collapsed to a crack. This
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means that the crack is not allowed to close up completely before
loads are applied to the crack surfaces to simulate contact forces.
Rather little sensitivity has been found to variations of the param-
eter q controlling this artificial amount of opening, which supports
the usefulness of the model. However, it is noted that no friction
type contact forces are modeled, so the procedure can only repre-
sent frictionless sliding of the crack surfaces against each others.
The normal contact pressures found in the analyses are sometimes
well above the initial yield stress of the material, so friction could
play an important role, in particular for cases where a rather large
negative stress component R22 is prescribed. Friction would im-
pede the amount of shear deformations in the cell around the mi-
cro crack and thus delay the onset of failure.

In practice voids often nucleate from inclusions or second-
phase particles, so that the particles are still present inside the
voids. Some of the early analyses of Fleck et al. (1989) accounted
for sliding contact between the surfaces of a collapsing void and
the contained particle. In analyses carried as far as those in the
present study the micro-cracks grow much longer than the particle
size, so parts of the micro-crack surface would be in contact with
the void, while other parts would be pressed against the opposite
crack surface.

The voids considered here are cylindrical and the analyses as-
sume plane strain conditions, while in a real material voids are
three dimensional, e.g. close to spherical shapes initially. If full
3D numerical analyses were carried out for unit cells containing
such voids subject to shearing, it is expected that also these voids
would collapse to micro cracks, and that they would subsequently
rotate and elongate until they interact with neighboring micro
cracks. In a full 3D specimen the interacting micro cracks would
not cover the whole width of the specimen, as in the present plane
strain studies, and it is expected that this would much increase the
critical value of the shear deformation gradient F12, at which final
failure is predicted.

In earlier works for ductile failure under high stress triaxiality
there has been some effort on proposing a criterion for the onset
of coalescence. Many studies have used a critical value of the void
volume fraction (e.g. Koplik and Needleman, 1988; Tvergaard,
1990). There has also been interest in coalescence criteria devel-
oped by Thomason (1990), based on limit load analysis in perfect
plasticity, which relate to effect of void spacing and void aspect
ratio, and to modifications for strain hardening materials (Pardoen
and Hutchinson, 2000). In the present studies a critical void vol-
ume fraction is not relevant, since the voids have collapsed to
micro-cracks long before the load maximum is reached, where
plastic flow localization leads to final failure. There is currently
no simple model for the onset of failure by the coalescence of the
micro-cracks. Some insight could be obtained by limit load
analyses for micro-cracks in a perfectly plastic solid, as those of
Anderson et al. (1990). However, some further understanding of
the micro-crack based failure has been obtained (Tvergaard and
Nielsen, 2010) by comparison with predictions of the shear-
extended Gurson model of Nahshon and Hutchinson (2008).
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