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The plane axisymmetric problem with axisymmetric geometry and loading is analyzed for
a radially nonhomogeneous circular cylinder, in linear elasticity. Considering the radial
dependence of the stress, the displacements fields and of the stiffness matrix, after a series
of admissible functional manipulations, the general differential system solving the problem
is developed. The isotopic radially inhomogeneous elastic axisymmetric problem is also
analyzed. The exact elasticity solution is developed for a radially nonhomogeneous hollow
circular cylinder of exponential Young’s modulus and constant Poisson’s ratio and of power
law Young’s modulus and constant Poisson’s ratio. For the isotropic elastic axisymmetric
problem, a general expression of the stress function is derived. After the satisfaction of
the biharmonic equation and making compatible the stress field’s expressions, the stress
function and the stress and displacements fields of the axisymmetric problem are also
deduced. Applications have been made for a radially nonhomogeneous hollow cylinder
where the stress and displacements fields are determined.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The study of the linear axisymmetric problem has already been confronted in Elasticity by many investigators (Love,
1956; Sokolnikoff, 1956; Muskhelishvili, 1963; Timoshenko and Goodier, 1970; Barber, 1974; Ting, 1984; Fabricant, 1990;
Barber, 1992; Birman, 1992; Sideridis, 1993; Singh and Kumar, 1994; Gal and Dvorkin, 1995). In investigations in half space
problems and in the case of surface tractions (Barber, 1974; Fabricant, 1990), in composite materials determining the stress
field (Sideridis, 1993; Gal and Dvorkin, 1995), in shells using high-order theories and analyzing the buckling (Birman, 1992;
Kardomateas, 1993), in pressure vessels pipes and in the optimization of the production (Singh and Kumar, 1994; Stampou-
loglou and Theotokoglou, 2006) the property of axisymmetry arises and the solution of the problems have been simplified
considerably. In several studies (Barber, 1974; Fabricant, 1990; Sideridis, 1993; Singh and Kumar, 1994; Gal and Dvorkin,
1995), the solution of the axisymmetric problem is based on the construction of a stress function for determining the stress
and displacements fields.

Nonhomogenous materials can be described as two-phase particulate composites, where the volume fraction of its con-
stituents differs continuously in the thickness direction (Bakirtas, 1980; Erdogan and Delale, 1983; Erdogan et al., 1991;
Craster and Atkinson, 1994; Aboudi et al., 1995; Zhang and Hasebe, 1999; Horgan and Chan, 1999; Afsar and Sekine,
2002; Paulino et al., 2003; Weng, 2003; Theotokoglou and Stampouloglou, 2004). This implies that the composition profile
can be tailored to give appropriate thermo mechanical properties. Radially varying elastic moduli were used by Lutz and
Zimmerman (1996) to describe the behaviour of the interphase zone of an infinite body around a chemical inclusion.

In this study, the plane axisymmetric problem with axisymmetric geometry and loading is analyzed in a radially nonho-
mogeneous hollow circular cylinder. Considering the radial dependence of the stress, the displacements fields and of the
. All rights reserved.
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stiffness matrix E, and taking into account the equation of compatibility, after a sequel of admissible functional manipula-
tions, the general differential system is produced for the first time for a radially nonhomogeneous hollow circular cylinder. It
is also produced following admissible functional manipulations the differential system in the case of an isotropic radially
nonhomogeneous hollow circular cylinder.

The solution of the derived systems may be obtained either numerically or analytically. In general, these systems do not
accept an analytic solution. Assuming in the isotropic nonhomogeneous case that the functionally graded material has a con-
stant Poisson’s radio and that the Young’s modulus is of an exponential or a power law form, an analytical solution results for
the stress and displacement fields in terms of hypergeometric functions. From the boundary conditions of the problem, the
constants of integration are also obtained.

The solution of the isotropic homogeneous elastic axisymmetric problem may be arised from the differential system of
the isotropic radially nonhomogeneous problem. In addition considering that both stresses and displacements are functions
of the radial coordinate r, a general form of the stress function occurs. Treating the stress field in terms of the stress function
and in terms of the displacements and using the biharmonic equation, a fourth-order homogeneous differential equation re-
sults, whose general solution is the stress function of the axisymmetric problem.

The proposed analysis is applied to the elastostatic problem of the hollow nonhomogeneous cylindrical tube under inter-
nal loading. Considering either an exponentially varying Young’s modulus, or a power law varying Young’s modulus the
stress and displacements fields are determined.
2. The stress and displacements fields of the radially nonhomogeneous elastic axisymmetric problem

In axisymmetric problems with axisymmetric geometry and loading, the geometry of the body and the loading depend
only on the radius r of the polar coordinate system ðr; hÞ, with origin at the centre of axisymmetry. In the case of plane elas-
ticity, the stress and strain fields may be written
rij ¼ rijðrÞ; eij ¼ eijðrÞ; i; j ¼ r; h; ð1aÞ
u ¼ uðrÞ; u ¼ uiei; i ¼ r; h; ð1bÞ
where u is the displacement field and ei is the polar basis.
It is assumed that the axisymmetric elastic problem is radially inhomogeneous, namely the elastic constants are given in

terms of the radial coordinate r, thus
r ¼ Ee; E ¼ EðrÞ; ð2Þ
where E the stiffness matrix.
The equations of equilibrium in the polar coordinate system (Timoshenko and Goodier, 1970; Barber, 1992) are
orrr

or
þ 1

r
orrh
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þ rrr � rhh

r
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þ 1

r
orhh
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þ 2

rrh

r
¼ 0; ð3Þ
and the equation of compatibility of strain is
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o2err
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oerr

or
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 !
: ð4Þ
From relations (1a), we get
rr0rr þ rrr � rhh ¼ 0; rr0rh þ 2rrh ¼ 0: ð5Þ
Setting, r ¼ et , we have
_y ¼ y0r; €y� _y ¼ y00r2; y0 ¼ dy
dr
; _y ¼ dy

dt
: ð6Þ
The differential system (5), is written
_rrr þ rrr � rhh ¼ 0; _rrh þ 2rrh ¼ 0: ð7Þ
From the second of (7), it is obtained
lnrrh ¼ �2t þ C:
Setting, C ¼ ln C1, we finally have
rrh ¼
C1

r2 ; ð8Þ
where C1 constant to be determined.
Thus, the shear stress rrh is independent of the inhomogeneity. The first of (7), taking into consideration Polyanin and

Zaitsev (p. 81 for gðtÞ ¼ 1, f ðtÞ ¼ �1, f1ðtÞ ¼ rhh, FðtÞ ¼
R

f1ðtÞ=gðtÞdt ¼ �tÞ, has the solution
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rrrðtÞ ¼ Ce�t þ e�t
Z

etrhh dt ¼ Ce�t þ e�t
Z

rhh dðetÞ ¼ 1
r

C þ
Z

rhh dr
� �

; ð9Þ
where C constant to be determined.
Eq. (4) because of (1) is written
e00hh þ
2
r
e0hh �

1
r
e0rr ¼ 0: ð10Þ
Taking into consideration the stain components in the axisymmetric case
err ¼ ur;r ¼ u0r; ehh ¼
ur

r
; erh ¼ �

uh

2r
þ uh;r

2
¼ 1

2
u0h �

uh

r

� �
; ð11Þ
the differential equation (10) becomes
u00r
r
� 2u0r

r2 þ
2ur

r3

� �
þ 2

r
u0r
r
� ur

r2

� �
� u00r

r
� 0:
Hence, Eq. (4) is an identity in the case of a radially inhomogeneous axisymmetric problem. Relation (2), because of relations
(11) in the case of a body with cylindrical anisotropy in plane conditions subjected to an axial force or a moment with an
angle to the principal material directions, thus obtaining monoclinic properties (Ting, 1984), is written as
rrr ¼ E11err þ E12ehh þ E16erh ¼ E11u0r þ E12
ur

r
þ E16

2
u0h �

uh

r

� �
; ð12aÞ

rhh ¼ E12err þ E22ehh þ E26erh ¼ E12u0r þ E22
ur

r
þ E26

2
u0h �

uh

r

� �
; ð12bÞ

rrh ¼ E16err þ E26ehh þ E66erh ¼ E16u0r þ E26
ur

r
þ E66

2
u0h �

uh

r

� �
: ð12cÞ
Substituting (8) into (12c), it is obtained
1
2
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r

� �
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E66

ur

r

� �
;

and substituting the above equation into relations (12a) and (12b), it is obtained
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16
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ð13Þ
Taking into consideration relation (13), the first of Eq. (5) becomes
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C1: ð14Þ
Due to transformation (6), we get
E11 �
E2

16

E66

 !
€ur þ E11 �

E2
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E66

 !�
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E16E26
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: ð15Þ
Based on (15), the radial component ur of the displacements field (1b) is determined. The angular component, uh, taking into
consideration relations (8) and (12c), is given by
ru0h � uh ¼
2C1

rE66
� 2E16

E66
ru0r �

2E26

E66
ur
or due to transformation (6)
_uh � uh ¼
2C1e�t

E66
� 2E16

E66
_ur �

2E26

E66
ur : ð16Þ
Hence, the displacements field is determined from relations (15) and (16), and the stress field from relations (8) and (13). The
constant C1 as well as the constants arising from the solutions of the differential equations (15) and (16) will be determined
from the boundary conditions of the axisymmetric problem (Section 5). Eqs. (15) and (16) constitute the general solution of
the radially nonhomogeneous elastic axisymmetric problem, because besides of the solution for the distributed axisymmet-
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ric pressure, it may provide the solution for the axisymmetric distributed shear stress where the rrh – stress and the uh –
displacement components are different from zero.

3. The isotropic radially nonhomogeneous elastic axisymmetric problem

In the case of an isotropic radially inhomogeneous axisymmetric material, the stiffness matrix E is given (Barber, 1992) by
EðrÞ ¼
E11ðrÞ ¼ 2lðrÞ þ k�ðrÞ E12ðrÞ ¼ k�ðrÞ E16ðrÞ ¼ 0
E12ðrÞ ¼ k�ðrÞ E22ðrÞ ¼ E11ðrÞ E26ðrÞ ¼ 0
E16ðrÞ ¼ 0 E26ðrÞ ¼ 0 E66ðrÞ ¼ 2lðrÞ

2
4

3
5; ð17Þ
where
k� ¼
k ¼ EðrÞmðrÞ

½1þmðrÞ�½1�2mðrÞ� in plane strain;
2kðrÞlðrÞ

kðrÞþ2lðrÞ ¼
EðrÞmðrÞ
1�m2ðrÞ in generalized plane stress;

8<
: ð18Þ
with lðrÞ the radially varying shear modulus, mðrÞ the radially varying Poisson’s ratio.
The differential equations (15) and (16) for the determination of the displacements field u, because of (17), become
E11€ur þ _E11 _ur þ ð _E12 � E22Þur ¼ 0; ð19aÞ

_uh ¼ uh þ
2C1e�t

E66
: ð19bÞ
Let ur0 a partial solution satisfying (19a). Thus, the solution of (19a) is (Polyanin and Zaitsev, 2003, p. 213)
urðtÞ ¼ ur0 C1 þ C2

Z
e�F

u2
r0

dt

 !
; F ¼

Z _E11

E11
dt ¼ ln E11 ð20Þ
where C1;C2 constants to be determined.
Hence,
urðtÞ ¼ ur0 C1 þ C2

Z
dt

E11u2
r0

 !
: ð21Þ
Setting, t ¼ ln r, we have
urðrÞ ¼ ur0 C1 þ C2

Z
dr

rE11u2
r0

 !
: ð22Þ
Differential equation (19b) is a Bernoulli equation (Polyanin and Zaitsev, p. 81 for gðtÞ ¼ f1ðtÞ ¼ 1, and f0ðtÞ ¼
ð2C1e�t=E66Þðn ¼ 0ÞÞ, with solution
uhðtÞ ¼ D1eF þ eF
Z

e�F f0ðtÞ
gðtÞ dt; FðtÞ ¼

Z
f1ðtÞ
gðtÞ dt ¼

Z
dt ¼ t;
whence
uhðtÞ ¼ D1et þ 2C1et
Z

e�2t dt
E66

:

Because, D1et ¼ D1r, is a rigid body rotation, it is taken D1 ¼ 0, thus
uhðtÞ ¼ 2C1et
Z

e�2t dt
E66

: ð23Þ
Setting, t ¼ ln r, Eq. (23), takes the form
uhðrÞ ¼ 2C1r
Z

dr
r3E66

: ð24Þ
The stress field (8) and (13), because of relations (17) and (22), becomes
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Z
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 !
;

rrh ¼
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r2 :

ð25Þ
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4. The exponential case E ¼ E0edr and m = constant

Let an isotropic radially inhomogeneous elastic body (Fig. 1), where Poisson’s ratio m is constant, and modulus E is a func-
tion of r such that
E ¼ E0edr; ð26Þ
where E0 and d are given constants.
In the plane strain case, where (Barber, 1992)
E11 ¼ E22 ¼
Eð1� mÞ

ð1þ mÞð1� 2mÞ ¼
E0ð1� mÞ

ð1þ mÞð1� 2mÞ e
dr ;

E12 ¼
Em

ð1þ mÞð1� 2mÞ ¼
E0m

ð1þ mÞð1� 2mÞ e
dr ;

ð27Þ
the differential equations (14) and (19b), become
r2u00r þ rðdr þ 1Þu0r þ
md

1� m
r � 1

� �
ur ¼ 0; ð28aÞ

_uh ¼ uh þ
2C1e�t

2l
¼ uh þ 2ð1þ mÞC1

e�t

E0edet ; r ¼ et; ð28bÞ
whereas in the generalized plane stress, where
E11 ¼ E22 ¼
E

1� m2 ¼
E0edr

1� m2 ; E12 ¼
Em

1� m2 ¼
E0medr

1� m2 ; ð29Þ
the differential equations (14) and (19b), become
r2u00r þ rðdr þ 1Þu0r þ ðmdr � 1Þur ¼ 0; ð30aÞ

_uh ¼ uh þ
2C1e�t

2l
¼ uh þ 2ð1þ mÞC1

e�t

E0edet ; r ¼ et: ð30bÞ
Thus, the component uh of the displacements field u in the plane strain as much as in the generalized plane stress case, is
calculated from the same differential equation (28b) or (30b).

Furthermore, using Eq. (24), we have
uhðrÞ ¼ 2C1r
Z

dr
r3E66

¼ 2C1ð1þ mÞ
E0

r
Z

dr
r3edr

¼ �C1ð1þ mÞ
E0

e�dr

r

� �
: ð31Þ
The component ur of u, is calculated taking into consideration the differential equations (28a) or (30a) for the plane strain or
the generalized plane stress cases.

Thus, we may write
r2u00r þ rðdr þ 1Þu0r þ ðv�dr � 1Þur ¼ 0; ð32Þ
Fig. 1. The nonhogeneous hollow circular cylinder under internal and external loading.
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where
E�0 ¼ E0=ð1þ mÞð1� 2mÞ; m� ¼ m=1� m for plane strain;
E�0 ¼ E0=1� m; m� ¼ m for generalized plane stress:

ð33Þ
The solution of the differential equation (32) is given by (Appendix)
urðrÞ ¼ rZ1U
ðþÞ þ rZ2W

ðþÞ; d > 0; ð34Þ
where
UðþÞ ¼ Uðm� þ 1;3;�drÞ ¼ Uðm� þ 1;3;�jdjrÞ;
WðþÞ ¼ Wðm� þ 1;3;�drÞ ¼ Wðm� þ 1;3;�jdjrÞ
or
urðrÞ ¼ re�drZ1U
ð�Þ þ re�drZ2W

ð�Þ ¼ rejdjrZ1U
ð�Þ þ rejdjrZ2W

ð�Þ; d < 0; ð35Þ
where
Uð�Þ ¼ Uð2� m�;3; drÞ ¼ Uð2� m�;3;�jdjrÞ;
Wð�Þ ¼ Wð2� m�;3; drÞ ¼ Wð2� m�;3;�jdjrÞ;
and, Z1 and Z2 constants to be determined, Uða; b; xÞ;Wða; b; xÞ degenerate hypergeometric functions (Polyanin and Zaitsev,
2003).

The stress field (8), (13), because of relations (17), (33) and (34) or (35), is written

(i) d > 0
rrr ¼ E�0edr Z1 Uð�Þ � dr
3

UðþÞ1

� �
þ Z2½WðþÞ þ drWðþÞ1 �

� 	
;

rhh ¼ E�0edr Z1 UðþÞ � m�
dr
3

UðþÞ1

� �
þ Z2 WðþÞ þ m�drWðþÞ1

h i� 	
; rrh ¼

C1

r2 ;

ð36Þ
where
UðþÞ ¼ Uðm� þ 1;3;�drÞ; UðþÞ1 ¼ Uðm� þ 2;4;�drÞ;
WðþÞ ¼ Wðm� þ 1;3;�drÞ; WðþÞ1 ¼ Wðm� þ 2;4;�drÞ:
(ii) d < 0
rrr ¼ E�0 Z1 1� dr
1þ m�

� �
Uð�Þ þ dr

3

� �
2� m�

1þ m�
Uð�Þ1

� �
þ

�
Z2 1� dr

1þ m�

� �
Wð�Þ � dr

2� m�

1þ m�
Wð�Þ1

� �	
;

rhh ¼ E�0 Z1 1� m�dr
1þ m�

� �
Uð�Þ þ dr

3

� �
m�ð2� m�Þ

1þ m�
Uð�Þ1

� �
þ

�
Z2 1� m�dr

1þ m�

� �
Wð�Þ � dr

m�ð2� m�Þ
1þ m�

Wð�Þ1

� �	
;

rrh ¼
C1

r2 ;

ð37Þ
where
Uð�Þ ¼ Uð2� m�;3; drÞ; Uð�Þ1 ¼ Uð3� m�;4; drÞ;
Wð�Þ ¼ Wð2� m�;3; drÞ; Wð�Þ1 ¼ Wð3� m�;4; drÞ:
Relations (36) and (37) can also be reduced to the form
rrr ¼ E�0½Z1A1ðrÞ þ Z2A2ðrÞ�

rhh ¼ E�0½Z1B1ðrÞ þ Z2B2ðrÞ�; rrh ¼
C1

r2 ;
ð38Þ
where
A1ðrÞ ¼ edr UðþÞ � dr
3

UðþÞ1

� �
; A2ðrÞ ¼ edrðWðþÞ þ drWðþÞ1 Þ; d > 0;

B1ðrÞ ¼ edr UðþÞ � m�
dr
3

UðþÞ1

� �
; B2ðrÞ ¼ edrðWðþÞ þ m�drWðþÞ1 Þ; d > 0

ð39Þ
with
UðþÞ ¼ Uðm� þ 1;3;�drÞ; UðþÞ1 ¼ Uðm� þ 2;4;�drÞ; d > 0;

WðþÞ ¼ Wðm� þ 1;3;�drÞ; WðþÞ1 ¼ Wðm� þ 2;4;�drÞ; d > 0
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or
A1ðrÞ ¼ 1� dr
1þ m�

� �
Uð�Þ þ dr

3

� �
2� m�

1þ m�
Uð�Þ1 ; d < 0;

A2ðrÞ ¼ 1� dr
1þ m�

� �
Wð�Þ � dr

2� m�

1þ m�
Wð�Þ1 ; d < 0;

B1ðrÞ ¼ 1� m�dr
1þ m�

� �
Uð�Þ þ dr

3

� �
m�ð2� m�Þ

1þ m�
Uð�Þ1 ; d < 0;

B2ðrÞ ¼ 1� m�dr
1þ m�

� �
Wð�Þ � dr

m�ð2� m�Þ
1þ m�

Wð�Þ1 ; d < 0

ð40Þ
with
Uð�Þ ¼ Uð2� m�;3; drÞ; Uð�Þ1 ¼ Uð3� m�;4; drÞ; d < 0;

Wð�Þ ¼ Wð2� m�;3; drÞ; Wð�Þ1 ¼ Wð3� m�;4; drÞ; d < 0:
4.1. Boundary conditions

From the boundary conditions of the axisymmetric problem, we determine the constants C1; Z1 and Z2. Considering the
axisymmetric hollow circular cylinder (Fig. 1), loaded at both boundaries, we have for the shear tractions
Z 2p

0
Tqq2 dh ¼

Z 2p

0
TRR2 dh
or
2pq2Tq ¼ 2pR2TR ¼ M: ð41Þ
Thus, from the boundary conditions
rrhðr ¼ qÞ ¼ Tq; rrhðr ¼ RÞ ¼ TR;
and Eq. (8), it follows:
C1 ¼ M=2p; ð42Þ
From the normal tractions (Fig. 1)
rrrðr ¼ qÞ ¼ Nq; rrrðr ¼ RÞ ¼ NR;
the coefficient, Z1 and Z2 are also calculated. Taking into consideration relations (38), it is obtained
Z1A1ðqÞ þ Z2A2ðqÞ ¼
Nq

E�0
; Z1A1ðRÞ þ Z2A2ðRÞ ¼

NR

E�0
: ð43Þ
From the solution of the system (43) occurs
Z1 ¼
1
E�0

� �
NqA2ðRÞ � NRA2ðqÞ

A1ðqÞA2ðRÞ � A1ðRÞA2ðqÞ
; Z2 ¼

1
E�0

� �
NRA1ðqÞ � NqA1ðRÞ

A1ðqÞA2ðRÞ � A1ðRÞA2ðqÞ
; ð44Þ
provided that
A1ðqÞA2ðRÞ � A1ðRÞA2ðqÞ–0:
5. The power law case E ¼ E0 r=qð Þn and m = constant

Let an isotropic radially inhomogeneous elastic cylinder (Fig. 1), with constant Poisson’s ratio m and modulus E of the form
E ¼ E0
r
q

� �n

; q 6 r 6 R; ð45Þ
where E0 and n are given constants.
In the plane strain case, where (Barber, 1992),
E11 ¼ E22 ¼
Eð1� mÞ

ð1þ mÞð1� 2mÞ ¼
E0ð1� mÞ

ð1þ mÞð1� 2mÞ
r
q

� �n

;

E12 ¼
Em

ð1þ mÞð1� 2mÞ ¼
E0m

ð1þ mÞð1� 2mÞ
r
q

� �n

;

ð46Þ



6542 E.E. Theotokoglou, I.H. Stampouloglou / International Journal of Solids and Structures 45 (2008) 6535–6552
the differential equations (14) and (19b) finally become
r2u00r þ rðnþ 1Þu0r þ n
m

1� m
� 1

� �
ur ¼ 0; ð47aÞ

uh ¼ uh þ
2C1e�t

2l ¼ uh þ 2ð1þ mÞC1
e�t

E0 et=qð Þn
; r ¼ et : ð47bÞ
On the other hand, in the generalized plane stress case, where
E11 ¼ E22 ¼
E

1� m2 ¼
E0

1� m2

r
q

� �n

; E12 ¼
Em

1� m2 ¼
E0m

1� m2

r
q

� �n

; ð48Þ
the differential equations (14) and (19b) become
r2u00r þ rðnþ 1Þu0r þ ðnm� 1Þur ¼ 0; ð49aÞ

_uh ¼ uh þ
2C1e�t

2l
¼ uh þ 2ð1þ mÞC1

e�t

E0 et=qð Þn
; r ¼ et : ð49bÞ
In a similar way with the exponential case (Section 4), the component uh of the displacements field u, either in the plane
strain or the generalized plane stress case, is
uh ¼
2C1ð1þ mÞ

E0
qnr

Z
dr

r3þn
¼ �2C1ð1þ mÞ

ð2þ nÞE0q
r
q

� ��1�n

: ð50Þ
For the calculation of the component ur of u, we may write
r2u00r þ rðnþ 1Þu0r þ ðnm� � 1Þur ¼ 0; ð51Þ
where m� is given from relation (33).
The differential equation (51) is an Euler type ODE (Polyanin and Zaitsev, 2003) with solution, given by (Appendix)
ur ¼ r�
n
2 Z1r

1
2

ffiffiffiffiffiffi
f ðnÞ
p

þ Z2r�
1
2

ffiffiffiffiffiffi
f ðnÞ
p� �

; f ðnÞ ¼ n2 � 4nm� þ 4 > 0; ð52Þ
where Z1 and Z2 constants to be determined.
The stress field (8) and (13), because of relations (17), (33), (45) and (52), becomes
rrr ¼
E�0

1þ m�
½Z1P1ðrÞ þ Z2P2ðrÞ�;

rhh ¼
E�0

1þ m�
½Z1Q1ðrÞ þ Z2Q 2ðrÞ�; rrh ¼

C1

r2

ð53Þ
with
P1ðrÞ ¼ m� � n
2
þ

ffiffiffi
f

p
2

 !
q�nr�1þðn=2Þþð

ffiffi
f
p

=2Þ; P2ðrÞ ¼ m� � n
2
�

ffiffiffi
f

p
2

 !
q�nr�1þðn=2Þ�ð

ffiffi
f
p

=2Þ;

Q 1ðrÞ ¼ 1� m�
n
2
þ m�

ffiffiffi
f

p
2

 !
q�nr�1þðn=2Þþð

ffiffi
f
p

=2Þ; Q2ðrÞ ¼ 1� m�
n
2
� m�

ffiffiffi
f

p
2

 !
q�nr�1þðn=2Þ�ð

ffiffi
f
p

=2Þ;

ð54Þ
where
f ðnÞ ¼ 4þ n2 � 4nm�:
5.1. Boundary conditions

The coefficients C1; Z1 and Z2 are determined from the boundary conditions of the axisymmetric problem. A hollow axi-
symmetric circular cylinder is considered (Fig. 1), loaded at both boundaries with uniformely distributed loads.

The coefficient C1 is determined from the boundary condition concerning the shear tractions, using relations (41) and (42)
(Section 4.1).

From the normal tractions
rrrðr ¼ qÞ ¼ Nq; rrrðr ¼ RÞ ¼ NR;
and relations (53) and (54), it is obtained
Z1P1ðqÞ þ Z2P2ðqÞ ¼ Nq
1þ m�

E�0
;

Z1P1ðRÞ þ Z2P2ðRÞ ¼ NR
1þ m�

E�0
:

ð55Þ
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From the solution of system (55), we have
Z1 ¼
1þ m�

E�0

� �
NqP2ðRÞ � NRP2ðqÞ

P1ðqÞP2ðRÞ � P1ðRÞP2ðqÞ
;

Z2 ¼
1þ m�

E�0

� �
NRP1ðqÞ � NqP1ðRÞ

P1ðqÞP2ðRÞ � P1ðRÞP2ðqÞ
;

ð56Þ
provided that
Kðn; fÞ ¼ P1ðqÞP2ðRÞ � P1ðRÞP2ðqÞ–0; f ¼ R
q
:

6. The isotropic homogeneous elastic axisymmetric problem

In the case of an isotropic homogeneous elastic axisymmetric problem, d ¼ 0, the differential equations (28a) and (31),
become
r2u00r þ ru0r � ur ¼ 0; ð57Þ

uhðrÞ ¼ �
C1

2lr
; ð58Þ
where, l ¼ E0=2ð1þ mÞ, the shear modulus.
The general solution of Eq. (57) is
urðrÞ ¼ C11r þ C21

r
; ð59Þ
where C11 and C21 constants to be determined
We may arrive at the same result for the displacements field by considering the Airy-stress function U of the problem,

which is determined as follows.
The stress field in terms of Uðr; hÞ is given by (Timoshenko and Goodier, 1970; Barber, 1992)
rrr ¼
1
r

oU
or
þ 1

r2

o2U
or2 ; rrh ¼ �

o

or
1
r

oU
oh

� �
; rhh ¼

o2U
or2 : ð60Þ
From relations (60) and (1a), it is obtained
U ¼ FðrÞ þ rgðhÞ þ hðhÞ; ð61Þ
where hðhÞ and gðhÞ are unknown functions to be determined. From relations (60) and (61), we have
rrh ¼
1
r2 h0ðhÞ; h0ðhÞ ¼ dhðhÞ=dh;
and taking into consideration that rrh ¼ rrhðrÞ, it is furnished that
hðhÞ ¼ C1hþ C2; rrh ¼
C1

r2 ; ð62Þ
where C1 and C2 constants to be determined.
From relations (61) and (60), we get
rrr ¼
1
r
½F 0ðrÞ þ gðhÞ þ g00ðhÞ� ð63Þ
Because of relations (1a), we have
gðhÞ þ g00ðhÞ ¼ C3; C3 2 R; ð64Þ
where C3 constant to be determined.
Finally, it results that
U ¼ FðrÞ þ rgðhÞ þ C1hþ C2 ð65Þ
and
rrr ¼
1
r
½F 0ðrÞ þ C�; rhh ¼ F 00ðrÞ; rrh ¼

C1

r2 : ð66Þ
Taking into consideration relations (11) and the stress–strain relations (Timoshenko and Goodier, 1970; Barber, 1992)
rrr ¼ ð2lþ k�Þerr þ k�ehh; rhh ¼ k�err þ ð2lþ k�Þehh; rrh ¼ 2lerh; ð67Þ
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where
k� ¼
k plane strain;
2kl=ðkþ 2lÞ plane stress

�

and k and l, are the Lamé constants, it is found that
rrr ¼ ð2lþ k�Þu0 þ k�
ur

r
¼ 1

r
½F 0ðrÞ þ C�;

rhh ¼ k�u0r þ ð2lþ k�Þ ur

r
¼ F 00ðrÞ;

rrh ¼ l �uh

r
þ u0h

� �
¼ C1

r2 :

ð68Þ
From relations (68), relations (57) and (58) may also arise.
In order to determine the stress function U, it is considered the equilibrium of the sector ðq 6 r 6 R;�p <

�h0 6 h 6 h0 < pÞ of an axisymmetric plane problem subjected to the uniform normal internal pðqÞð¼ p1Þ and external
pðRÞð¼ p2Þ loadings (Fig. 2). From the equilibrium in the x and y directions, and because of the normal loadings ðC1 ¼ 0Þ,
it finally follows for the stress function and the stress and displacements fields, that
U ¼ FðrÞ þ rgðhÞ þ C2; g þ g00 ¼ C3;

rrrðrÞ ¼
1
r
ðF 0ðrÞ þ CÞ; rhhðrÞ ¼ F 00ðrÞ; rrh ¼ 0;

urðrÞ ¼ C11r þ C21

r
; uh ¼ 0:

ð69Þ
In addition, the stress function U must satisfy the biharmonic equation (Timoshenko and Goodier, 1970; Barber, 1992)
r4U ¼ 0;
which yields
r4U ¼ FðivÞðrÞ þ 2
r

F 000ðrÞ � 1
r2 F 00ðrÞ þ 1

r3 F 0ðrÞ þ C3

r3 ¼ 0 ð70Þ
or
FðivÞ1 ðrÞ þ
2
r

F 0001 ðrÞ �
1
r2 F 001ðrÞ þ

1
r3 F 01 ¼ 0; F1ðrÞ ¼ FðrÞ þ C3r þ C2: ð71Þ
Since the exact form of gðhÞ does not influence the stress and displacements fields (relation (69)), the general solution of the
differential equation
gðhÞ þ g00ðhÞ ¼ C3
is not required, and we may proceed with the partial solution
gðhÞ ¼ C3: ð72Þ
Fig. 2. The equilibrium of a sector in an axisymmetric problem.
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Thus, taking into consideration relation (72), the stress function U is given by
UðrÞ ¼ FðrÞ þ C3r þ C2 ¼ F1ðrÞ: ð73Þ

It results that the stress function U, given as the general solution of the homogeneous differential equation (71) is
UðrÞ ¼ A ln r þ Br2 ln r þ Cr2; ð74Þ
where A, B and C, constants to be determined.
The stress field due to relation (74) is
rrr ¼
A
r2 þ Bð1þ 2 ln rÞ þ 2C; rhh ¼ �

A
r2 þ Bð3þ 2 ln rÞ þ 2C; rrh ¼ 0: ð75Þ
From relations (68), (58), (59) and taking into consideration that C1 ¼ 0, we have
rrr ¼ �2l
C21

r2 þ 2C11ðlþ k�Þ; rhh ¼ 2l
C21

r2 þ 2C11ðlþ k�Þ; rrh ¼ 0: ð76Þ
In order that relations (74) and (76) are compatible with relation (60), it is required that
A ¼ �2lC21; B ¼ 0; C ¼ C11ðk� þ lÞ: ð77Þ
Hence, the stress function (74) is finally written as
UðrÞ ¼ A ln r þ Cr2; ð78Þ
and the stress and the displacement fields are given by
rrr ¼
A
r2 þ 2C; rhh ¼ �

A
r2 þ 2C; rrh ¼ 0; ð79Þ

ur ¼
Cr

k0 þ l
� A

2lr
¼ 1

2l
Cðj� 1Þr � A

r

� �
; uh ¼ 0; ð80Þ
where j ¼ ð3lþ k�Þ=ðlþ k�Þ is the Muskhelishvili constant (Muskhelishvili, 1963) and A and C, two unknown coefficients
determined from the boundary conditions of the problem.

7. Application

Two applications have been made. The first one concern the case where Young’s modulus varies exponentially and the
second one the case where Young’s modulus varies according to a power law.

7.1. The exponential case

Let an isotropic radially nonhomogeneous axisymmetric tube in plane strain conditions ðqð¼ 0:50 mÞ 6 r 6 Rð¼ 1:00 mÞÞ,
under internal pressure (Fig. 3)
Fig. 3. An isotropic nonhomogeneous axisymmetric cylinder under internal pressure.
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Nq ¼ 1 GPa; NR ¼ Tq ¼ TR ¼ 0;
with constant Poisson’s ratio, m ¼ 0:34, and a varying Young’s modulus of the form E ¼ E0edr , E0 ¼ 100 GPa
ðm� ¼ 0:515; E�0 ¼ 233:21 GPaÞ, �3:0 6 d 6 3:0.

Because the tube is subjected only to normal tractions (Fig. 3), relations (40) ðd < 0Þ, become (Wolfam, 1991)
A1ðrÞ ¼ 1� dr
1:515

� �
Uð1:485;3; drÞ þ dr

3
1:485
1:515

� �
Uð2:485;4; drÞ;

A2ðrÞ ¼ 1� dr
1:515

� �
Wð1:485;3; drÞ � dr

1:485
1:515

� �
Wð2:485;4; drÞ;

B1ðrÞ ¼ 1� 0:515dr
1:515

� �
Uð1:485;3; drÞ þ dr

3
0:515

1:485
1:515

� �
Uð2:485;4; drÞ;

B2ðrÞ ¼ 1� 0:515dr
1:515

� �
Wð1:485;3; drÞ � dr

1:485
1:515

� �
0:515Wð2:485;4; drÞ;

ð81Þ
where, Uða; b; zÞ, Wða; b; zÞ the degenerate hypergeometric functions (Polyanin and Zaitsev, 2003, p. 221), with
Wð1:485;2þ1;drÞ¼ �1
2Cð�0:515Þ Uð1:485;3;drÞ lnðdrÞþ

X100

k¼0

Pk�1
l¼0 ð1:485þ lÞ
Pk�1

l¼0 ð3þ lÞ
½wð1:485þkÞ�wð1þkÞ�wð3þkÞ�ðdrÞk

k!

( )

þ 1
Cð1:485Þ

X1

k¼0

Pk�1
l¼0 ð�0:515þ lÞ
Pk�1

l¼0 ð�1þ lÞ
ðdrÞk�2

k!
;

Wð2:485;3þ1;drÞ¼ 1
6Cð�0:515Þ Uð2:485;4;drÞ lnðdrÞþ

X100

k¼0

Pk�1
l¼0 ð2:485þ lÞ
Pk�1

l¼0 ð4þ lÞ
½wð2:485þkÞ�wð1þkÞ�wð4þkÞ�ðdrÞk

k!

( )

þ 2
Cð2:485Þ

X2

k¼0

Pk�1
l¼0 ð�0:515þ lÞ
Pk�1

l¼0 ð�2þ lÞ
ðdrÞk�3

k!
ð82Þ
In the case that d > 0, from relations (39), we have
A1ðrÞ ¼ edr Uð1:515;3;�drÞ � dr
3

Uð2:515;4;�drÞ
� �

;

A2ðrÞ ¼ edr Wð1:515;3;�drÞ þ drWð2:515;4;�drÞ½ �;

B1ðrÞ ¼ edr Uð1:515;3;�drÞ � m�
dr
3

Uð2:515;4;�drÞ
� �

;

B2ðrÞ ¼ edr Wð1:515;3;�drÞ þ m�drWð2:515;4;�drÞ½ �;

ð83Þ
where (Polyanin and Zaitsev, 2003).
Wð1:515;2þ1;�drÞ¼ �1
2Cð�0:485Þ Uð1:515;3;�drÞ lnð�drÞþ

X100

k¼0

Pk�1
l¼0 ð1:515þ lÞ
Pk�1

l¼0 ð3þ lÞ
½wð1:515þkÞ�wð1þkÞ�wð3þkÞ�ð�drÞk

k!

( )

þ 1
Cð1:515Þ

X1

k¼0

Pk�1
l¼0 ð�0:485þ lÞ
Pk�1

l¼0 ð�1þ lÞ
ð�drÞk�2

k!
;

Wð2:515;3þ1;�drÞ¼ 1
6Cð�0:485Þ Uð2:515;4;�drÞ lnð�drÞþ

X100

k¼0

Pk�1
l¼0 ð2:515þ lÞ
Pk�1

l¼0 ð4þ lÞ
½wð2:515þkÞ�wð1þkÞ�wð4þkÞ�ð�drÞk

k!

( )

þ 2
Cð2:515Þ

X2

k¼0

Pk�1
l¼0 ð�0:485þ lÞ
Pk�1

l¼0 ð�2þ lÞ
ð�drÞk�3

k!
ð84Þ
Having determined AiðrÞ and BiðrÞ ði ¼ 1;2Þ (Wolfam, 1991), the coefficients Z1; Z2 are derived from relations (44) for the
different values of the exponential coefficient d.

In the sequel, the displacements and stress fields are determined from relations (34) and (38), respectively. Plots of the
above stress and displacements fields are given in Fig. 4 for the values of dð¼ �3:0;�1:5;�1:0;�0:5;0:50;1:0;1:5;3:0 m�1Þ as
well as for the homogeneous case ðd ¼ 0Þ using relations (79) and (80).

7.2. The power law case

Let an isotropic and radially nonhomogeneous axisymmetric cylinder in plane strain conditions
ðqð¼ 0:50 mÞ 6 r 6 Rð¼ 1:00 mÞÞ, under internal pressure (Fig. 3)
Nq ¼ 1 GPa; NR ¼ Tq ¼ TR ¼ 0



Fig. 4. The rrr ; rrh and ur values ðq 6 r 6 RÞ in the exponential case for m� ¼ 0:515, �3:0 6 d 6 3:0.
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with m ¼ 0:34, E ¼ E0 r=qð Þn, E0 ¼ 100 GPa ðm� ¼ 0:515; E�0 ¼ 233:21 GPaÞ, �3:0 6 n 6 3:0.
From relations (54) we have
P1ðrÞ ¼ 0:515� n
2
þ

ffiffiffi
f

p
2

 !
0:50�nr�1þðn=2Þþð

ffiffi
f
p

=2Þ;

P2ðrÞ ¼ 0:515� n
2
�

ffiffiffi
f

p
2

 !
0:50�nr�1þðn=2Þ�ð

ffiffi
f
p

=2Þ;

Q 1ðrÞ ¼ 1� 0:515
n
2
þ 0:515

ffiffiffi
f

p
2

 !
0:50�nr�1þðn=2Þþð

ffiffi
f
p

=2Þ;

Q 2ðrÞ ¼ 1� 0:515
n
2
� 0:515

ffiffiffi
f

p
2

 !
0:50�nr�1þðn=2Þ�ð

ffiffi
f
p

=2Þ;

f ðnÞ ¼ 4þ n2 � 4n � 0:515:

ð85Þ



Fig. 5. The rrr ; rrh and ur values ðq 6 r 6 RÞ in the power law case for m� ¼ 0:515, �3:0 6 n 6 3:0.
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Combining relations (52), (53) and (56) with relations (85), the stress and displacements fields are given by
rrr ¼
P1ðrÞP2ð1:00Þ � P1ð1:00ÞP2ðrÞ

Kðn; f ¼ 2Þ ;

rhh ¼
Q 1ðrÞP2ð1:00Þ � P1ð1:00ÞQ 2ðrÞ

Kðn; f ¼ 2Þ ;

ur ¼
1þ m�

E�0

� �
r�ðn=2Þþð

ffiffi
f
p

=2ÞP2ð1:00Þ � P1ð1:00Þr�ðn=2Þ�ð
ffiffi
f
p

=2Þ
Kðn; f ¼ 2Þ :

ð86Þ
Plots of the above fields are given in Fig. 5 for the values of nð¼ �3:0;�2:0;�1:0;�0:5;0;0:5;1:0;2:0;3:0Þ.

8. Conclusions

The plane axisymmetric problem with axisymmetric geometry and loading of a radially nonhomogeneous hollow circular
cylinder was studied in linear elasticity. After a series of admissible functional transformations and considering the radial
dependence of the stress, the displacements fields and of the stiffness matrix, the general differential system of the aniso-
tropic and of the isotropic, radially nonhomogeneous elastic axisymmetric problems resulted.

In the case of a nonhomogeneous hollow circular cylinder of constant Poisson’s ratio and of Young’s modulus of exponen-
tial or of power law function of the radial coordinate r, the exact analytic solutions arise for the stress and displacements
fields in terms of hypergeometric functions. The advantage of our study relative to the investigation of Zhang and Hasebe
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(1999), is the closed form analytic solutions, solving ordinary differential equations without the need of matching a multi-
material cylinder with infinite homogenous layers or manipulating numerical solutions.

Our study was based on a more general consideration of the problem where the stiffness matrix of the linear elastic mate-
rial (isotropic or anisotropic) was a function of r and consequently our solution is valid for a uniformly distributed pressure
as well as for a uniformly distributed shear loading. From our analysis the general differential equations (15) and (16) of the
displacements fields were formulated. In the sequel three sub-cases in which Eqs. (15) and (16) could be solved analytically,
were examined. In the first case Young’s modulus depending on r varied exponentially, in the second case Young’s modulus
varied according to a power law and in the third case the isotropic homogeneous elastic axisymmetric problem was con-
fronted. In the power law case our solution (Eq. (47a)) coincides with the proposed solution by Horgan and Chan (1999,
Eq. (2.8)). The solution of Horgan and Chan (1999) is straightforward and it can be more easily managed and programmed
than our solution, but our solution is more general and it can be easily extended to the more difficult exponential case (Sec-
tion 4).

The benefit of our analytical solution (Figs. 4 and 5) is the clarification of the behavior of the rhh – stress component. It is
observed that the variation of the rhh – stress is increasing or decreasing according to the values of the coefficients d or n.
Namely the rhh – stress takes under internal tractions maximum values in the inner ring when the coefficients d or n decrease
negatively or takes maximum values in the outer ring when d or n increase positively.

In addition using the radial dependence of the stress, strain and displacements fields in the isotropic homogeneous case
(Section 6), the biharmonic equation of the problem was finally reduced to a fourth order homogeneous differential equation
whose general solution is the stress function of the axisymmetric problem. The rzz-stress in the cylindrical coordinate sys-
tem ðr; h; zÞ, appearing in plane strain conditions, does not influence the proposed solution because it may result from a linear
combination of rrr and rhh stresses.

It is observed that the proposed analytical method coincides in the case of the exponentially varying Young’s modulus
(Fig. 4) with the results of the study of Zhang and Hasebe (1999) in the case of uniformly distributed internal loading. On
the other hand, in the case that the Young’s modulus varied according to a power law, our results (Fig. 5) coincide with
the results proposed by Sladek et al. (2008). In the applications Section 7, the case of distributed pressure was considered.
Hence, because of Eq. (42), C1 ¼ 0, and rrh ¼ erh ¼ 0. But with the proposed analysis the solution of equilibrated distributed
shear traction ðC1–0Þ in the inner and the outer ring of the nonhomogeneous axisymmetric tube may also be provided
ðrrh–0; erh–0Þ.

Appendix A. The solutions of Eqs. (32) and (51)

The differential equation (32)
r2u00r þ rðdr þ 1Þu0r þ ðm�dr � 1Þur ¼ 0; ðA:1Þ
considering Polyanin and Zaitsev (2003, p. 230), for a ¼ d;n ¼ 1; b ¼ 1, a ¼ 0; b ¼ m�d; c ¼ �1 and the transformation
z ¼ rn ¼ r; x ¼ urz�k ¼ urr�k; ðA:2Þ
where k is a root of the equation
g2k2 þ g b� 1ð Þkþ c ¼ k2 � 1 ¼ 0
or
k ¼ �1
becomes
rx00 þ ðdr þ 2kþ 1Þx0 þ ðkþ m�Þdx ¼ 0; k ¼ �1; x ¼ urr�k: ðA:3Þ
The general solution of (A.3) from Polyanin and Zaitsev (2003, p. 225), for a2 ¼ 1; b2 ¼ 0; a1 ¼ d; b1 ¼ 2kþ 1; a0 ¼ 0;
b0 ¼ ðkþ m�Þd, provided that
a2 ¼ 1–0; a2
1 ¼ d2–4a0a2 ¼ 0
and
D ¼ a2
1 � 4a0a2 ¼ d2; K ¼

ffiffiffiffi
D
p
� a1

2a2
¼ 1

2
ðjdj � dÞ;
is investigated in the following two cases.

(i) In the case, d > 0, the parameters K; k; l; BðKÞ, a and b (Polyanin and Zaitsev, 2003, p. 225), become
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K ¼ 1
2
ðjdj � dÞ ¼ 0; k ¼ � a2

2a2K þ a1
¼ �1

d
; l ¼ � b2

a2
¼ 0;

BðKÞ ¼ b2K2 þ b1K þ b0 ¼ b0 ¼ ðkþ m�Þd;

a ¼ BðKÞ
2a2K þ a1

¼ kþ m�; b ¼ ða2b1 � a1b2Þa�2
2 ¼ 2kþ 1:
The general solution of (A.3), is written
x ¼ eKrw
r � l

k

� �
¼ wð�drÞ ¼ Jða ¼ kþ m�; b ¼ 2kþ 1; z ¼ �drÞ: ðA:4Þ
From relation (A.4) occurs
x ¼ wð�drÞ ¼ Jða ¼ m� þ 1; b ¼ 3; z ¼ �drÞ; d > 0; k ¼ 1; ðA:5aÞ
x ¼ wð�drÞ ¼ Jða ¼ m� � 1; b ¼ �1; z ¼ �drÞ; d > 0; k ¼ �1: ðA:5bÞ
(ii) In the case, d < 0, the parameters K; k; l; BðKÞ; a and b (Polyanin and Zaitsev, 2003, p. 225), become
K ¼ 1
2
ðjdj � dÞ ¼ �d; k ¼ � a2

2a2K þ a1
¼ 1

d
; l ¼ � b2

a
¼ 0;

BðKÞ ¼ b2K2 þ b1K þ b0 ¼ dðm� � 1� kÞ; a ¼ BðKÞ
2a2K þ a1

¼ kþ 1� m�;

b ¼ ða2b1 � a1b2Þa�2 ¼ 2kþ 1:
The general solution of (A.3) is written
x ¼ eKrw
r � l

k

� �
¼ e�drwðdrÞ ¼ e�drJða ¼ kþ 1� m�; b ¼ 2kþ 1; z ¼ drÞ ðA:6Þ
or
x ¼ e�drwðdrÞ ¼ e�drJða ¼ 2� m�; b ¼ 3; z ¼ drÞ; d < 0; k ¼ 1 ðA:7aÞ
x ¼ e�drwðdrÞ ¼ e�drJða ¼ �m�; b ¼ �1; z ¼ drÞ; d < 0; k ¼ �1: ðA:7bÞ
The function Jða; b; zÞ in relations (A.4)–(A.7), is derived from the solution of the degenerate hypergeometric equation
(Polyanin and Zaitsev, 2003, p. 220)
zy00 þ ðb� zÞy0 � ay ¼ 0; y0 ¼ dy
dz
; y00 ¼ d2y

dz2 : ðA:8Þ
The general solution of (A.8) (Polyanin and Zaitsev, 2003, p. 222) is
y ¼ Jða; b; zÞ ¼ D1Uða; b; zÞ þ D2Wða; b; zÞ; b–0;�1;�2;�3; . . . ðA:9Þ
or
y ¼ Jða; b; zÞ ¼ z1�b½D1Uða� bþ 1;2� b; zÞ þ D2Wða� bþ 1;2� b; zÞ�; b ¼ 0;�1;�2;�3; . . . ðA:10Þ
Thus, from relations (A.5), (A.7), (A.9) and (A.10), we may write
xðrÞ ¼ D1Uðm� þ 1;3;�drÞ þ D2Wðm� þ 1;3;�drÞ; d > 0; b ¼ 3; k ¼ 1;

xðrÞ ¼ d2r2½D1Uðm� þ 1;3;�drÞ þ D2Wðm� þ 1;3;�drÞ�; d > 0; b ¼ �1; k ¼ �1;

xðrÞ ¼ e�dr½D1Uð2� m�;3; drÞ þ D2Wð2� m�;3; drÞ�; d < 0; b ¼ 3; k ¼ 1;

xðrÞ ¼ e�drd2r2½D1Uð2� m�;3; drÞ þ D2Wð2� m�;3; drÞ�; d < 0; b ¼ �1; k ¼ �1:

ðA:11Þ
From transformation (A.2), it finally occurs
urðrÞ ¼ rD1Uðm� þ 1;3;�drÞ þ rD2Wðm� þ 1;3;�drÞ; d > 0; b ¼ 3; k ¼ 1;

urðrÞ ¼ rd2D1Uðm� þ 1;3;�drÞ þ rd2D2Wðm� þ 1;3;�drÞ; d > 0; b ¼ �1; k ¼ �1;

urðrÞ ¼ re�drD1Uð2� m�;3; drÞ þ re�drD2Wð2� m�;3; drÞ; d < 0; b ¼ 3; k ¼ 1;

urðrÞ ¼ re�drd2D1Uð2� m�;3; drÞ þ re�drd2D2Wð2� m�;3; drÞ; d < 0; b ¼ �1; k ¼ �1:

ðA:12Þ
The hypergeometric functions Uða; b; zÞ and Wða; b; zÞ are specified (Polyanin and Zaitsev, 2003, pp. 220, 221, 753) as follows:
Uða; b; zÞ ¼ 1þ
X1
l¼1

ðaÞl
ðbÞl

zl

l!

� �
; b–0;�1;�2;�3; . . . ðA:13Þ
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with
ðaÞl ¼ aðaþ 1Þðaþ 2Þ . . . ðaþ l� 1Þ; ðaÞ0 ¼ 1:
In the case that b > a > 0
Uða; b; zÞ ¼ CðbÞ
CðaÞCðb� aÞ

Z 1

0
eztta�1ð1� tÞb�a�1dt; b > a > 0; ðA:14Þ
where the gamma function is defined as
CðxÞ ¼
Z 1

0
e�ttx�1dt: ðA:15Þ
We also have (Polyanin and Zaitsev, 2003, p. 221)
Wða; b; zÞ ¼ Cð1� bÞ
Cða� bþ 1ÞUða; b; zÞ þ Cðb� 1Þ

CðaÞ z1�bUða� bþ 1;2� b; zÞ: ðA:16Þ
In the limit where b! nð¼ 1;2;3;4;5; . . .Þ, from relation (A.16) occurs
Wða;nþ 1; zÞ ¼ ð�1Þn�1

n!Cða� nÞ Uða; nþ 1; zÞ ln zþ
X1
l¼0

ðaÞl
ðnþ 1Þl

½wðaþ lÞ � wð1þ lÞ � wð1þ nþ lÞ� z
l

l!

( )

þ ðn� 1Þ!
CðaÞ

Xn�1

l¼0

ða� nÞl
ð1� nÞl

zl�n

l!

� �
; ðA:17Þ
where, wðtÞ ¼ ðln CðzÞÞ0z, the logarithmic derivative of the gamma function, and
wð1Þ ¼ �c; wðnÞ ¼ �c
Xn�1

l¼1

l�1
; c ¼ 0:5772 ðthe Euler gammaÞ: ðA:18Þ
The following properties are also valid (Polyanin and Zaitsev, 2003):
Uða; b; zÞ ¼ ezUðb� a; b; zÞ; Wða; b; zÞ ¼ z1�bWð1þ a� b;2� b; zÞ; ðA:19Þ

d
dz

Uða; b; zÞ ¼ U0ða; b; zÞ ¼ a
b
Uðaþ 1; bþ 1; zÞ; ðA:20aÞ

dn

dzn Uða; b; zÞ ¼ ðaÞnðbÞn
Uðaþ n; bþ n; zÞ; ðA:20bÞ

d
dz

Wða; b; zÞ ¼ W0ða; b; zÞ ¼ �aWðaþ 1; bþ 1; zÞ; ðA:21aÞ

dn

dzn Wða; b; zÞ ¼ ð�1ÞnðaÞnWðaþ n; bþ n; zÞ: ðA:21bÞ
The differential equation (51)
r2u00r þ rðnþ 1Þu0r þ ðnm� � 1Þur ¼ 0 ðA:22Þ
is an Euler type ODE (Polyanin and Zaitsev, 2003, p. 226), with parameters
a ¼ nþ 1; b ¼ nm� � 1; ð1� aÞ2 � 4b ¼ n2 � 4nm� þ 4 ¼ f ðnÞ: ðA:23Þ
It is observed that for the range of the values of m� ð0 6 m� 6 1Þ, f ðnÞ > 0, the general solution of (A.22) is given by
ur ¼ jrjð1�aÞ=2ðZ1jrjl þ Z2jrj�lÞ; l ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� aÞ2 � 4b

q

or
ur ¼ r�
n
2ðZ1r

1
2

ffiffiffiffiffiffi
f ðnÞ
p

þ Z2r�
1
2

ffiffiffiffiffiffi
f ðnÞ
p
Þ; f ðnÞ ¼ n2 � 4nm� þ 4 > 0: ðA:24Þ
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