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A parallel fiber-reinforced periodic elastic composite is considered with transversely iso-tropic constitu-
ents. Fibers with circular cross section are distributed with the same periodicity along the two perpen-
dicular directions to the fiber orientation, i.e., the periodic cell of the composite is square. The
composite exhibits imperfect contact, in particular, spring type at the interface between the fiber and
matrix is modeled. Effective properties of this composite for in-plane and anti-plane local problems
are calculated by means of a semi-analytic method, i.e. the differential equations that described the local
problems obtained by asymptotic homogenization method are solved using the finite element method.
Numerical computations are implemented and comparisons with exact solutions are presented.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

In most composites, the fiber-matrix adhesion is imperfect, i.e.,
the continuity conditions for stresses and displacements are not
satisfied. Thus, various approaches have been used, where the
bond between the reinforcement and the matrix is modeled
by an interphase with specified thickness (Hashin, 2002;
Guinovart-Diaz et al., 2005). Other assumptions suppose that the
contrast or jump of the displacements in the interface is propor-
tional to the corresponding component of the traction in the inter-
face in terms of a parameter given by the spring constant
(imperfect parameters). This type of imperfect contact (spring
type) in the interphases of the composites was investigated by
Jasiuk and Tong (1989), Hashin (1990), Achenbach and Zhu
(1990), Hashin (1991a,b) and Lopez-Realpozo et al. (2011). Hashin
has derived the connection between the parameters of sprint type
interface and the properties of an isotropic interphase modeled by
it (Hashin, 1990, 1991a,b). Benveniste and Miloh has considered a
thin curved isotropic layer of constant thickness between two
elastic isotropic media in a two-dimensional plane strain problem.
They show seven different conditions of contact interface: vacuous
ll rights reserved.
contact type interface; spring type interface; ideal contact
interface; membrane type interface; inextensible membrane type
interface; inextensible shell type interface and rigid contact
type interface; rigid contact type interface (see, Benveniste and
Miloh, 2001).

The novelty of this contribution is based on overcoming the
challenge of simulating mechanical behavior of composites with
spring imperfect adherence between the matrix and the rein-
forcements, i.e. the discontinuity of displacements is linearly
proportional to the traction vector. It is assumed that the imper-
fect parameters are inversely proportional to the radius of the
fibers. The model presented include as limit cases: vacuous con-
tact type interface and ideal contact interface. In this sense, the
formulation of the local problems for two phase linear elastic
composites with spring imperfect contact conditions is given
and the solution of each local problems is found using the
semi-analytic method where the differential equations derived
from the local problems by asymptotic homogenization method
(AHM) are solved using the finite element method with quadri-
lateral of eight nodes, implemented via Fortran code. Besides, the
expressions for the effective elastic coefficients of a fiber rein-
forced composite with circular cylindrical shape periodically
distributed in the matrix under linear spring imperfect contact
conditions are obtained via AHM.

http://dx.doi.org/10.1016/j.ijsolstr.2012.11.001
mailto:jaotero@icimaf.cu
http://dx.doi.org/10.1016/j.ijsolstr.2012.11.001
http://www.sciencedirect.com/science/journal/00207683
http://www.elsevier.com/locate/ijsolstr
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2. Statement of the problem for heterogeneous media

Consider an heterogeneous media occupying a volume X 2 R3

with boundary @X ¼ @1X [ @2X and consisting of two-phase uniax-
ial reinforced material, where fibers and matrix have transversely
isotropic elastic properties; the axis of transverse symmetry coin-
cides with the fiber direction, which is taken as the Ox3 axis. The
fibers with circular cross section are periodically distributed along
the Ox1 and Ox2 axis directions (see, Fig. 1). The governing equa-
tions for the static elasticity heterogeneous problems are

@rij

@xj
¼ 0; in X; ð2:1Þ

ui ¼ 0; on @1X;

rij nj ¼ 0; on @2X;
ð2:2Þ

where i; j ¼ 1;2;3 and rij; ui; nj are the stress tensor components,
the displacement vector components and normal unit vector com-
ponents on @2X, respectively. The constitutive equations and the
strain tensor components ekl are given by

rij ¼ CijklðyÞekl; ð2:3Þ

ekl ¼
1
2

@uk

@xl
þ @ul

@xk

� �
: ð2:4Þ

Here the elastic coefficients CijklðyÞ ði; j; k; l ¼ 1;2;3Þ are Y-periodic
functions and y ¼ x=a is called the local variable that are defined
on the unit cell. a is a small parameter, which expresses the ratio
between the periodic cell length and the characteristic length of
the composite. The periodic unit cell S is taken as a regular square
in the y1y2-plane so that S ¼ S1 [ S2 with S1 \ S2 ¼ ;, where the do-
main S2 is occupied by the matrix and its complement S1 (fiber) is
considered by a circle of radius R and center at the origin O
(Fig. 1). The common interface between the fiber and the matrix
is denoted by C. The fiber and matrix associated quantities are also
referred below by means of super-indices in brackets (1) and (2),
respectively.

The usually adopted ideal contact conditions consists in
demanding the continuity of displacements and traction across
the interface between the two solids. Considerer that the compos-
ite exhibits imperfect contact at the interface between the fiber
and matrix, that is, the discontinuity of displacements is linearly
proportional to the traction vector. This is called a ‘‘spring type’’
interface (Hashin, 1990). Using the vector notation, the elastic
imperfect condition can be expressed as
Fig. 1. The cross-section of a periodic composite array of circular fibers.
Tð1Þ þ Tð2Þ ¼ 0; Tð!Þ ¼ ð�1Þð!þ1ÞKkuk; on C; ð2:5Þ

where ! ¼ 1;2 and k � k is the jump in the quantity at the common
interface between the fiber and matrix. The elastic displacement
vector u, the traction vector T and spring stiffness matrix K are gi-
ven by

u ¼
un

ut

ua

2
64

3
75; T ¼

Tn

Tt

Ta

2
64

3
75; K ¼

Kn 0 0
0 Kt 0
0 0 Ka

2
64

3
75; ð2:6Þ

where un; ut and ua are normal, tangential and axial components of
displacement vector u, respectively; Tn; Tt and Ta are normal, tan-
gential and axial components of traction vector T (Ti ¼ rij nj),
respectively; n is the outward unit normal vector on C; Kn, Kt

and Ka are normal, tangential and axial sprint constant material
parameters (imperfect parameters), which have the physical
dimension [pascal/meter]. It is assumed that the imperfect param-
eters are: Kn ¼ jnCð2Þ1313=R, Kt ¼ jtC

ð2Þ
1313=R and Ka ¼ jaCð2Þ1313=R. Here

jn; jt and ja are normal, tangential and axial dimensionless imper-
fect parameters, respectively. The normal and tangential compo-
nents of the displacement and traction vectors found in the x1x2-
plane, while the axial component of the displacement and traction
vectors coincides with the fiber direction (Ox3-axis). Perfect contact
is revealed when the spring imperfect parameters approaches to
infinity, while the debonding contact takes place as these imperfect
parameters approach to zero.

3. Asymptotic homogenization method. Homogeneous
problem, local problems and effective coefficients

The overall properties of the above periodic medium are sought
using the well-known asymptotic homogenization method (Bak-
hvalov and Panasenko, 1989; Sanchez-Palencia, 1980; Pobedrya,
1984). Now it is assumed that the elastic displacement vector com-
ponents are given by the following expansion

ui ¼ uð0Þi ðxÞ þ auð1Þi ðx; yÞ þ a2 uð2Þi ðx; yÞ þ � � � : ð3:1Þ

Here i ¼ 1;2;3. Substituting (3.1) into (2.3) and (2.4) we obtain

rij ¼ rð0Þij ðx; yÞ þ arð1Þij ðx; yÞ þ � � � ; ð3:2Þ

eij ¼ eð0Þij ðx; yÞ þ aeð1Þij ðx; yÞ þ � � � ; ð3:3Þ

where

rð0Þij ðx; yÞ ¼ CijklðyÞ
@uð0Þk ðxÞ
@xl

þ CijklðyÞ
@uð1Þk ðx; yÞ

@yl
; ð3:4Þ

rð1Þij ðx; yÞ ¼ CijklðyÞ
@uð1Þk ðx; yÞ

@xl
þ CijklðyÞ

@uð2Þk ðx; yÞ
@yl

; ð3:5Þ

eð0Þij ðx; yÞ ¼
1
2

@uð0Þi ðxÞ
@xj

þ
@uð0Þj ðxÞ
@xi

 !

þ 1
2

@uð1Þi ðx; yÞ
@yj

þ
@uð1Þj ðx; yÞ

@yi

 !
; ð3:6Þ

eð1Þij ðx; yÞ ¼
1
2

@uð1Þi ðx; yÞ
@xj

þ
@uð1Þj ðx; yÞ

@xi

 !

þ 1
2

@uð2Þi ðx; yÞ
@yj

þ
@uð2Þj ðx; yÞ

@yi

 !
; ð3:7Þ

Using (3.1) and (3.2) in (2.1) and rearranging the terms of equal
exponent of a we have for a�1 and a0



Table 1
Effective properties related to the local problems.

11L 22L 33L 23L 13L 12L

C�1111 C�1122 C�1133 0 0 0
C�2211 C�2222 C�2233 0 0 0
C�3311 C�3322 C�3333 0 0 0

0 0 0 C�2323 0 0
0 0 0 0 C�1313 0
0 0 0 0 0 C�1212
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@rð0Þij ðx; yÞ
@yj

¼ 0; ð3:8Þ

@rð0Þij ðx; yÞ
@xj

þ
@rð1Þij ðx; yÞ

@yj
¼ 0: ð3:9Þ

Substituting (3.4) in (3.8) we obtain

@

@yj
CijklðyÞ

@uð1Þk ðx; yÞ
@yl

 !
¼ � @uð0Þk ðxÞ

@xl

@CijklðyÞ
@yj

: ð3:10Þ

The function uð1Þk ðx; yÞ is given according to

uð1Þk ðx; yÞ ¼ pqNkðyÞ
@uð0Þp ðxÞ
@xq

; ð3:11Þ

where pqNkðyÞ ðk;p; q ¼ 1;2;3Þ are Y-periodic local displacement
vector components.

The pq local problems on the periodic cell may arise replacing
(3.11) into (3.10) and the following expression is obtained

@ pqsijðyÞ
@yj

¼ � @CijpqðyÞ
@yj

; ð3:12Þ

where the Y-periodic local stress tensor components are

pqsijðyÞ ¼ CijklðyÞ
@pqNkðyÞ
@yl

: ð3:13Þ

The imperfect contact conditions given in (2.5) are transformed by

pqTð1Þ þ pqTð2Þ ¼ 0; pqTð!Þ ¼ ð�1Þð!þ1ÞKkpqNk; on C: ð3:14Þ

The local elastic displacement vector pqN and the local traction vec-
tor pqT are

pqN ¼
pqNn

pqNt

pqNa

2
64

3
75; pqT ¼

pqTn

pqTt

pqTa

2
64

3
75; ð3:15Þ

and pqNn; pqNt ; pqNa are normal, tangential and axial components of
local displacement vector pqN, respectively; pqTn; pqTt , pqTa are nor-
mal, tangential and axial components of local traction vector pqT
(pqTi ¼ pqsijðyÞnj þ CijpqðyÞnj), respectively.

Now, substituting (3.11) into (3.4) and (3.6) we obtain

rð0Þij ðx; yÞ ¼ CijpqðyÞ þ pqsijðyÞ
� � @uð0Þp ðxÞ

@xq
; ð3:16Þ

eð0Þij ðx; yÞ ¼
1
2

@uð0Þi ðxÞ
@xj

þ
@uð0Þj ðxÞ
@xi

 !

þ 1
2

@pqNiðyÞ
@yj

þ @pqNjðyÞ
@yi

 !
@uð0Þp ðxÞ
@xq

: ð3:17Þ

Let us define the average over the periodic cell

< � >¼ 1
jYj

Z
Y
ð�Þdy; ð3:18Þ

where jYj is the volume of the cell. Taking the average of expression
(3.9) and using the periodicity of rð1Þij , the homogeneous static prob-
lem is obtained as follows

@rð0Þij ðxÞ
@xj

¼ 0; ð3:19Þ

where the homogeneous constitutive equations are

rð0Þij ðxÞ ¼ rð0Þij ðx; yÞ ¼ C�ijpq
@uð0Þp ðxÞ
@xq

; ð3:20Þ
and

C�ijpq ¼ CijpqðyÞ þ pqsijðyÞ; ð3:21Þ

are the effective elastic coefficients. Applying the average operator
on the expression (3.17) and using the periodicity of pqNðyÞ, the
homogeneous strain tensor is

eð0Þij ðxÞ ¼ eð0Þij ðx; yÞ
D E

¼ 1
2

@uð0Þi ðxÞ
@xj

þ
@uð0Þj ðxÞ
@xi

 !
: ð3:22Þ

The boundary conditions given in (2.2) are transformed by

uð0Þi ðxÞ ¼ 0; on @1X;

rð0Þij ðxÞnj ¼ 0; on @2X:
ð3:23Þ

The main problem to obtain effective coefficients is to find the peri-
odic solutions of six pqL local problems on S in terms of the local var-
iable y, where p; q ¼ 1;2;3. Each local problem decouples into
independent sets of equations, i.e. plane-strain and antiplane-strain
systems. In the following Table 1, the correspondence between the
effective properties and the local problems is shown.

The local problems for circular fibrous elastic composite with
perfect contact at the interface and periodic conditions over the
unit cell are analytically solved in Rodriguez-Ramos et al. (2001).
However, analytic solutions for the local problems of composites
with other type of reinforcement geometric shape are difficult to
find (for instance, square fibers). In this case, suitable numerical
methods are the necessary tools to be applied. This numerical pro-
cedure is simplified when some symmetry elements occur in the
geometry of the unit cell and/or in the constituent properties, be-
cause a local problem for the entire unit cell may be reduced to
boundary value problem for only a part of the cell.

In our problem, the elastic coefficients CijklðyÞ � Cijklðy1; y2Þ are
even functions with respect to y1 and y2, then satisfy the following
conditions (see, Bakhvalov and Panasenko, 1989)

pqNijyh¼0;1=2 ¼ 0; for dhi þ dhp þ dhq odd; ð3:24Þ

pqshijyh¼0;1=2 ¼ 0; for dhi þ dhp þ dhq þ 1 odd; ð3:25Þ

where h ¼ 1;2; i; p; q ¼ 1;2;3 and

dhi ¼
1 for h ¼ i;

0 for h – i:

�
ð3:26Þ

Using the condition (3.24) and (3.25) the pqL local problems over the
periodic unit cell can be transformed to boundary value problems
over 1=4 unit cell. Passing now the pqL local problems to the new
variable pqMk as follows

pqNk ¼ pqMk � yp dlq; ð3:27Þ

where p; q; l ¼ 1;2;3. Eq. (3.13) can be written as

pqsijðyÞ ¼ pqrijðyÞ � CijpqðyÞ: ð3:28Þ

Here we have denoted
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pqrijðyÞ ¼ CijklðyÞ
@ pqMkðyÞ

@yl
; ð3:29Þ

and Eqs. (3.12) and (3.21) are transformed by

@ pqrijðyÞ
@yj

¼ 0; ð3:30Þ

C�ijpq ¼ 4 pqrijðyÞ
� �

: ð3:31Þ

Finally, the pqL local problems can be written in the following form
using the abbreviate notation for the elastic coefficients Cijkl.

3.1. The antiplane problem k3L

The local antiplane problem over 1/4 of the cell is expressed by

@ k3rð!Þ13

@ y1
þ @ k3rð!Þ23

@ y2
¼ 0; ð3:32Þ

where

k3rð!Þ13 ¼ Cð!Þ55
@ k3Mð!Þ

3

@ y1
; ð3:33Þ

k3rð!Þ23 ¼ Cð!Þ44
@ k3Mð!Þ

3

@ y2
; ð3:34Þ

Greek, upper and lower, indices runs from 1 to 2.
The imperfect contact conditions for the k3L local problems are

written in the following form

k3Tð1Þ3 ¼ �k3Tð2Þ3 ¼
ja Cð2Þ55

R k3Mð1Þ
3 � k3Mð2Þ

3

	 

on C; ð3:35Þ

where k3T ð!Þ3 is the component of traction force in the y3-direction
given by k3T3 ¼ k3rj3 nj; k3Mð!Þ

3 is the component in the y3-direction
of displacement vector.

The boundary conditions are given as,

k3Mð!Þ
3 ¼ 0; for yk ¼ 0; yb 2 S!; ð3:36Þ

k3Mð!Þ
3 ¼ 1

2
; for yk ¼

1
2
; yb 2 S!; ð3:37Þ

k3rð!Þb3 ¼ 0; for yk 2 S!; yb ¼ 0; ð3:38Þ

k3rð!Þb3 ¼ 0; for yk 2 S!; yb ¼
1
2
; ð3:39Þ

where k ¼ 1 and b ¼ 2 for the 13L local problem, whilst k ¼ 2 and
b ¼ 1 for the 23L local problem.

The effective coefficients can be calculated using the following
expressions (see, Eq. (3.31))

C�55 ¼ 4 C55
@ 13M3

@ y1

� �
; C�44 ¼ 4 C44

@ 23M3

@ y2

� �
: ð3:40Þ
3.2. The plane problem bbL

Again for the sake of clarity, in this section let
bbMð!Þ � ðbbMð!Þ

1 ; bbMð!Þ
2 Þ and the bb pre-subscripts are 11, 22, then

the statement of the problems is

@ bbrð!Þ11

@ y1
þ @ bbrð!Þ12

@ y2
¼ 0; ð3:41Þ

@ bbrð!Þ21

@ y1
þ @ bbrð!Þ22

@ y2
¼ 0; ð3:42Þ

where
bbrð!Þ11 ¼ Cð!Þ11
@ bbMð!Þ

1

@ y1
þ Cð!Þ12

@ bbMð!Þ
2

@ y2
; ð3:43Þ

bbrð!Þ22 ¼ Cð!Þ12
@ bbMð!Þ

1

@ y1
þ Cð!Þ22

@ bbMð!Þ
2

@ y2
; ð3:44Þ

bbrð!Þ12 ¼ bbrð!Þ21 ¼ Cð!Þ66
@ bbMð!Þ

1

@ y2
þ @ bbMð!Þ

2

@ y1

 !
: ð3:45Þ

The imperfect contact conditions for the bbL local problems are writ-
ten in the following form

bbTð1Þt ¼ �bbTð2Þt ¼
jt Cð2Þ55

R bbMð1Þ
t � bbMð2Þ

t

	 

; ð3:46Þ

bbTð1Þn ¼ �bbTð2Þn ¼
jn Cð2Þ55

R bbMð1Þ
n � bbMð2Þ

n

	 

; ð3:47Þ

where bbT ð!Þt (bbT ð!Þn ) is the tangential (normal) component of trac-
tion force bbTi ¼ bbrijnj; bbMð!Þ

t (bbMð!Þ
n ) is the tangential (normal)

component of displacement vector bbMð!Þ.
The boundary conditions associated to this problem are given

as,

bbMð!Þ
1 ¼ 0; bbrð!Þ12 ¼ 0; for y1 ¼ 0; y2 2 S!; ð3:48Þ

bbMð!Þ
1 ¼ 1

2
a1; bbrð!Þ12 ¼ 0; for y1 ¼

1
2
; y2 2 S!; ð3:49Þ

bbMð!Þ
2 ¼ 0; bbrð!Þ21 ¼ 0; for y1 2 S!; y2 ¼ 0; ð3:50Þ

bbMð!Þ
2 ¼ 1

2
a2; bbrð!Þ21 ¼ 0; for y1 2 S!; y2 ¼

1
2
; ð3:51Þ

where a1 ¼ 1 and a2 ¼ 0 for the 11L local problem whereas a1 ¼ 0
and a2 ¼ 1 for the 22L local problem. Notice that the 33L local prob-
lem has not been mentioned since, as it was previously stated, it can
be connected with the 11L and 22L problems by the formula (3.2),
(Rodriguez-Ramos et al., 2001).

The formulae for computing the effective coefficients are
listed as follows (see, Eq. (3.31) and Rodriguez-Ramos et al.,
2001)

C�11 ¼ 4 C11
@ 11M1

@y1
þ C12

@ 11M2

@y2

� �
; C�21 ¼ 4 C12

@ 11M1

@y1
þ C11

@ 11M2

@y2

� �
;

C�31 ¼ 4 C13
@ 11M1

@y1
þ @ 11M2

@y2

� �� �
; C�12 ¼ 4 C11

@ 22M1

@y1
þC12

@ 22M2

@y2

� �
;

C�22 ¼ 4 C12
@ 22M1

@y1
þ C11

@ 22M2

@y2

� �
;C�32 ¼ 4 C13

@ 22M1

@y1
þ @ 22M2

@y2

� �� �
;

C�13 ¼ 4 C13h i � 4kC13k
kC11 þ C12k

C11 þ C12h i þ kC13k
kC11 þ C12k

C�11 þ C�12

� �
;

C�23 ¼ 4 C13h i � 4kC13k
kC11 þ C12k

C11 þ C12h i þ kC13k
kC11 þ C12k

C�21 þ C�22

� �
;

C�33 ¼ 4 C33h i � 8kC13k
kC11 þ C12k

C13h i þ kC13k
kC11 þ C12k

C�31 þ C�32

� �
:

ð3:52Þ

The double bar notation denotes the jump of the function f ðyÞ
across the interface, i.e.,

f ðyÞk k ¼ f ð1ÞðyÞ � f ð2ÞðyÞ: ð3:53Þ
3.3. The plane problem 12L

Again, in this section let 12Mð!Þ � ð12Mð!Þ
1 ; 12Mð!Þ

2 Þ, then the
statement of the problem is
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@ 12rð!Þ11

@ y1
þ @ 12rð!Þ12

@ y2
¼ 0; ð3:54Þ

@ 12rð!Þ21

@ y1
þ @ 12rð!Þ22

@ y2
¼ 0; ð3:55Þ

where

12rð!Þ11 ¼ Cð!Þ11
@ 12Mð!Þ

1

@ y1
þ Cð!Þ12

@ 12Mð!Þ
2

@ y2
; ð3:56Þ

12rð!Þ22 ¼ Cð!Þ12
@ 12Mð!Þ

1

@ y1
þ Cð!Þ22

@ 12Mð!Þ
2

@ y2
; ð3:57Þ

12rð!Þ12 ¼12rð!Þ21 ¼ Cð!Þ66
@ 12Mð!Þ

1

@ y2
þ @ 12Mð!Þ

2

@ y1

 !
: ð3:58Þ

The imperfect contact conditions for the 12L local problem are writ-
ten in the following form

12Tð1Þt ¼ �12Tð2Þt ¼
jt Cð2Þ55

R 12Mð1Þ
t � 12Mð2Þ

t

	 

; ð3:59Þ

12Tð1Þn ¼ �12Tð2Þn ¼
jn Cð2Þ55

R 12Mð1Þ
n � 12Mð2Þ

n

	 

; ð3:60Þ

where 12T ð!Þt (12Tð!Þn ) is the tangential (normal) component of trac-
tion force 12Ti ¼ 12rijnj and 12Mð!Þ

t (12Mð!Þ
n ) is the tangential (normal)

component of displacement vector 12Mð!Þ.
The boundary conditions are given as,

12Mð!Þ
1 ¼ 0; 12rð!Þ21 ¼ 0; for y1 2 S!; y2 ¼ 0; ð3:61Þ

12Mð!Þ
1 ¼ 1

2
að!Þ3 ; 12rð!Þ21 ¼ 0; for y1 2 S!; y2 ¼

1
2
; ð3:62Þ

12Mð!Þ
2 ¼ 0; 12rð!Þ12 ¼ 0; for y1 ¼ 0; y2 2 S!; ð3:63Þ

12Mð!Þ
2 ¼ 1

2
að!Þ4 ; 12rð!Þ12 ¼ 0; for y1 ¼

1
2
; y2 2 S!; ð3:64Þ

where a3 and a4 are constants which satisfy the relation
a3 þ a4 ¼ 1.

The effective coefficient can be calculated using the following
expression (see, Eq. (3.31))

C�66 ¼ 4 C66
@ 12M1

@ y2
þ @ 12M2

@ y1

� �� �
: ð3:65Þ
Fig. 2. Geometric mesh for 1/4 periodic cell.
4. Implementation of finite element method for the local
problems

Sometimes, the systems of equations that described the afore-
mentioned local problems can not be solved analytically. There-
fore, exact solutions only can be found for certain geometry of
the fibers, for instance, circular fibers. For some other cases, it is
very difficult to obtain exact solutions. One alternative method
for solving the local problems is an approximate method, such as
the formulation of the potential energy which require less condi-
tions for the unknown functions. This is one of the reasons for
using the principle of minimum potential energy combined with
the finite element method in the present work. The potential en-
ergy of an elastic solid body is

P ¼ 1
2

Z
V
rTedV �

Z
V

uT f dV �
Z

S
uT T dS�

X
i

uT
i Pi: ð4:1Þ

This expression involves the following energies: the strain energy
per unit volume in the body, the potential energy associated to body
force ðf Þ, traction force ðTÞ and point load force ðPiÞ respectively. In
this work, f ¼ Pi ¼ 0 and for sake of brevity only the finite element
implementation of the antiplane local problem 13L and the plane lo-
cal problem 11L will be shown. The remaining local problems are
implemented in a similar form.

4.1The antiplane problem 13L

The relations (3.33) and (3.34) for a ¼ 1 can be written in ma-
trix form as

13r ¼ D 13e; ð4:2Þ

where

13r ¼ 13r13 13r23½ �T ; ð4:3Þ

13e ¼ 13e13 13e23½ �T ¼ @ 13M3
@y1

@ 13M3
@y2

h iT
; u ¼ 13M3; ð4:4Þ

D ¼
C55 0
0 C55


 �
: ð4:5Þ

The two-dimensional region is divided into a finite number of quad-
rilateral elements (see, Fig. 2). The element consists of eight nodes,
all of which are located on the element boundary. The displace-
ments inside the element are now written using the shape function
and the nodal values of the unknown displacement field. Therefore,
we have

13M3 ¼ Wq; ð4:6Þ

here q ¼ ½q31 q32 q33 q34 q35 q36 q37 q38�
T where q3i are the displace-

ment components in y3-direction of a local node i ¼ 1; . . . ;8 and
W ¼ ½w1 w2 w3 w4 w5 w6 w7 w8�, wi are the shape functions of the ele-
ment given in natural coordinates by Zienkiewicz and Taylor (2000)

w1 ¼ �
ð1� nÞð1� gÞð1þ nþ gÞ

4
; w5 ¼

ð1� n2Þð1� gÞ
2

;

w2 ¼ �
ð1þ nÞð1� gÞð1� nþ gÞ

4
; w6 ¼

ð1þ nÞð1� g2Þ
2

;

w3 ¼ �
ð1þ nÞð1þ gÞð1� n� gÞ

4
; w7 ¼

ð1� n2Þð1þ gÞ
2

;

w4 ¼ �
ð1� nÞð1þ gÞð1þ n� gÞ

4
; w8 ¼

ð1� nÞð1� g2Þ
2

:

ð4:7Þ

The strain-displacement relation (4.4) in natural coordinates can be
written in the form
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e ¼
@ 13M3
@y1

@ 13M3
@y2

" #
¼ 1

detðJÞ
J22 �J12

�J21 J11


 � @ 13M3
@n

@ 13M3
@g

" #
; ð4:8Þ

where J is the Jacobian of the transformation,

J ¼
J11 J12

J21 J22


 �
¼

@x
@n

@y
@n

@x
@g

@y
@g

" #
: ð4:9Þ

Using (4.6) and (4.8) the strain can be written in matrix form as

e ¼ Bq; ð4:10Þ

where B is a 2� 8 element strain-displacement matrix

B ¼ 1
detðJÞ

J22 �J12

�J12 J11


 � @w1
@n

@w2
@n

@w3
@n

@w4
@n

@w5
@n

@w6
@n

@w7
@n

@w8
@n

@w1
@g

@w2
@g

@w3
@g

@w4
@g

@w5
@g

@w6
@g

@w7
@g

@w8
@g

" #
:

ð4:11Þ

Now, the stress values need to be calculated for each element. Using
the stress-strain relations (4.2) and the element strain-displace-
ment matrix (4.10) we have

r ¼ DBq: ð4:12Þ
Fig. 3. Representation of two elements in the interface.
4.1.1. Element stiffness matrix
The strain energy associated with one plane element is obtained

by

Pe
S ¼ te

Z
e

1
2
rTedA; ð4:13Þ

taking the element thickness te as constant over the element and
replacing (4.10), (4.12) into (4.13) we obtain the strain energy in
the form

Pe
S ¼

1
2

qT Ke
S q; ð4:14Þ

where Ke
S is the element stiffness matrix

Ke
s ¼ te

Z 1

�1

Z 1

�1
BT DB detðJÞdndg: ð4:15Þ

Considering the contribution of all the elements to strain potential
energy we obtain

PS ¼
X

e

Pe
S ¼

X
e

1
2

qT Ke
S q ¼ 1

2
Q T KSQ ; ð4:16Þ

where KS ðQ Þ is the global stiffness matrix (global displacement
vector).

4.1.2. Effective coefficient
The substitution of @ 13M3=@y1, (4.6) and (4.8) into (3.40a) gives

the contribution by the element (e) in the effective coefficient as

eC�55 ¼ 4
Z 1

�1

Z 1

�1
DBq detðJÞdndg; ð4:17Þ

where D ¼ eC55 and

B ¼ 1
detðJÞ J22 �J12½ �

@w1
@n

@w2
@n

@w3
@n

@w4
@n

@w5
@n

@w6
@n

@w7
@n

@w8
@n

@w1
@g

@w2
@g

@w3
@g

@w4
@g

@w5
@g

@w6
@g

@w7
@g

@w8
@g

" #
:

ð4:18Þ

Taking into consideration the contribution of all elements, the effec-
tive coefficient is given in the form

C�55 ¼
X

e

eC�55: ð4:19Þ
4.1.3. Imperfect matrix
The contribution to the energy of the traction force appearing in

the total potential energy Eq. (4.1) is

PT ¼
Z

S
uT T dS: ð4:20Þ

Now, let us consider an edge lð!Þ1�5�2 of an element, acted on by a trac-
tion T ¼ 13T ð!Þ3 in the ! phase (see, Fig. 3), and taking the element
thickness te as constant over the element, we have

Pð!ÞT ¼ te

Z
lð!Þ1�5�2

13Mð!Þ
3 13Tð!Þ3 dl: ð4:21Þ

Using the interpolation relations involving the shape functions

13Mð!Þ
3 ¼ w1 qð!Þ31 þ w2 qð!Þ32 þ w5 qð!Þ35 ; ð4:22Þ

13Tð!Þ3 ¼ w1 T ð!Þ31 þ w2 Tð!Þ32 þ w5 Tð!Þ35 ; ð4:23Þ

where qð!Þ31 ; qð!Þ32 ; qð!Þ35 ðT
ð!Þ
31 ; T

ð!Þ
32 ; T

ð!Þ
35 Þ are the displacements (trac-

tions) in the ! phase of the nodes 1; 2; 5 and w1; w2; w5 are the
shape functions given in Eq. (4.7) for g ¼ �1 which coincide with
one-dimensional quadratic shape functions

w1 ¼ �0:5n 1� nð Þ;
w2 ¼ 0:5n 1þ nð Þ;
w5 ¼ 1� nð Þ 1þ nð Þ:

ð4:24Þ

The imperfect contact condition given in Eq. (3.35) for the nodes
1; 2; 5 can be written

Tð!Þ31 ¼ �
ja Cð2Þ55

R
qð!Þ31 � qð1Þ32

	 

;

Tð!Þ32 ¼ �
ja Cð2Þ55

R
qð!Þ32 � qð1Þ31

	 

;

Tð!Þ35 ¼ �
ja Cð2Þ55

R
qð!Þ35 � qð1Þ35

	 

;

ð4:25Þ

where 1 ¼ 1 ð1 ¼ 2Þ for ! ¼ 2 ð! ¼ 1Þ. Now, the total potential en-
ergy associated to the traction force is written by the following
expression,

Pl
T ¼

1
2

Pð1ÞT þPð2ÞT

	 

: ð4:26Þ
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Using (4.21) for ! ¼ 1;2 and (4.26) then the total potential energy
associated to traction force in matrix form is

Pl
T ¼

1
2

�qT Kl
T
�q; ð4:27Þ

where �qT ¼ qð2Þ31 qð2Þ32 qð2Þ35 qð1Þ31 qð1Þ32 qð1Þ35

h i
and Kl

T is the imper-
fect matrix

Kl
T ¼

ja Cð2Þ55 te

R

�I11 �I12 �I15 I12 I11 I15

�I22 �I25 I22 I21 I25

�I55 I52 I51 I55

�I22 �I12 �I25

Symm �I11 �I15

�I55

2
666666664

3
777777775
: ð4:28Þ

Here

Iij ¼ Iji ¼
Z

lð2Þ
1�5�2

wiwj dl; i; j ¼ 1;2;5: ð4:29Þ

Considering all the contributions of the interface to traction poten-
tial energy, we have

PT ¼
X

l

Pl
T ¼

1
2

Q T KT Q ; ð4:30Þ

where KTðQ Þ is the global imperfect matrix (global interface dis-
placement vector).

The contribution to total potential energy is obtained adding
strain potential energy and traction energy. Algebraic system of
equations is obtained deriving the total potential energy with re-
spect to the global displacement vector, equating them to zero
and applying the boundary conditions. Using the solution of the
algebraic system of equations the associated effective coefficient
(4.19) for the antiplane problem 13L is obtained. Similarly the anti-
plane problem 23L can be solved.

4.2. The plane problem 11L

In a similar way we deal with the 11L local problem. The rela-
tions ((3.43)–(3.45)) for bb ¼ 11 can be written in matrix form as

11r ¼ D 11e; ð4:31Þ

where

11r ¼ 11r11 11r22 11r12½ �T ; u ¼ 11M1 11M2½ �;

11e ¼ 11e11 11e22 11e12½ �T ¼ @ 11M1
@y1

@ 11M2
@y2

@ 11M2
@y1
þ @ 11M1

@y2

h iT
;

D ¼
C11 C12 0
C12 C11 0
0 0 C66

2
64

3
75:

ð4:32Þ

Using the shape function (4.7) and nodal values of the unknown dis-
placement field, the displacements within the quadrilateral element
are now written as

11M ¼ Wq; ð4:33Þ

where
11M ¼ 11M1 11M2½ �T ;

W ¼
w1 0 w2 0 w3 0 w4 0 w5 0 w6 0 w7 0 w8 0
0 w1 0 w2 0 w3 0 w4 0 w5 0 w6 0 w7 0 w8


 �
;

q ¼ q11 q21 q12 q22 q13 q23 q14 q24 q15 q25 q16 q26 q17 q27 q18 q28½ �T ;

ð4:34Þ
11e ¼

@ 11M1
@y1

@ 11M2
@y2

@ 11M2
@y1
þ @ 11M1

@y2

2
664

3
775 ¼ 1

detðJÞ

J22 �J12 0 0
0 0 �J21 J11

�J21 J11 J22 �J12

2
64

3
75

@ 11M1
@n

@ 11M1
@g

@ 11M2
@n

@ 11M2
@g

2
666664

3
777775: ð4:35Þ

Using (4.31) and (4.33) the strain can be written in matrix form as

11e ¼ Bq; ð4:36Þ
where

B¼ 1
detðJÞ

J22 �J12 0 0
0 0 �J21 J11

�J21 J11 J22 �J12

2
4

3
5

�

@w1
@n 0 @w2

@n 0 @w3
@n 0 @w4

@n
@w1
@g 0 @w2

@g 0 @w3
@g 0 @w4

@g

0 @w1
@n 0 @w2

@n 0 @w3
@n 0

0 @w1
@g 0 @w2

@g 0 @w3
@g 0

2
66664

0 @w5
@n 0 @w6

@n 0 @w7
@n 0 @w8

@n 0
0 @w5

@g 0 @w6
@g 0 @w7

@g 0 @w8
@g 0

@w4
@n 0 @w5

@n 0 @w6
@n 0 @w7

@n 0 @w8
@n

@w4
@g 0 @w5

@g 0 @w6
@g 0 @w7

@g 0 @w8
@g

3
77775:

Consequently, from (4.31) and (4.36) we obtain the stress matrix

11r ¼ DBq: ð4:37Þ
4.2.1. Element stiffness matrix
Replacing (4.37) and (4.36) into (4.13) the strain energy associ-

ated to one plane element is obtained

Pe
S ¼

1
2

qT Ke
Sq; ð4:38Þ

where Ke
S is the element stiffness matrix given by

Ke
S ¼ te

Z 1

�1

Z 1

�1
BT DB detðJÞdndg: ð4:39Þ

Considering the contribution of all the elements to strain potential
energy we obtain

PS ¼
1
2

Q T KSQ ; ð4:40Þ

where KS ðQ Þ is the global stiffness matrix (global displacement
vector).

4.2.2. Effective coefficient
Now, replacing the derivatives @ 11M1=@y1; @ 11M2=@y2 which are

involved in (4.35) and the relation (4.33) into the expressions
C�11; C�21; C�31 given in (3.52), we obtain the contribution of element
(e) in the effective coefficients

eC� ¼ 4
Z 1

�1

Z 1

�1
DBq detðJÞdndg; ð4:41Þ

where

eC� ¼ eC�11
eC�21

eC�31

� �T
;

B¼ 1
detðJÞ

J22 �J12 0 0
0 0 �J21 J11

J22 �J12 �J21 J11

2
4

3
5

�

@w1
@n 0 @w2

@n 0 @w3
@n 0 @w4

@n
@w1
@g 0 @w2

@g 0 @w3
@g 0 @w4

@g

0 @w1
@n 0 @w2

@n 0 @w3
@n 0

0 @w1
@g 0 @w2

@g 0 @w3
@g 0

2
66664

0 @w5
@n 0 @w6

@n 0 @w7
@n 0 @w8

@n 0
0 @w5

@g 0 @w6
@g 0 @w7

@g 0 @w8
@g 0

@w4
@n 0 @w5

@n 0 @w6
@n 0 @w7

@n 0 @w8
@n

@w4
@g 0 @w5

@g 0 @w6
@g 0 @w7

@g 0 @w8
@g

3
77775;
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D ¼

eC11
eC12 0

eC12
eC11 0

0 0 eC13

2
64

3
75:

The effective coefficients taking into account the contribution of all
elements can be given in the form

C�11 ¼
X

e

eC�11; C�21 ¼
X

e

eC�21; C�31 ¼
X

e

eC�31: ð4:42Þ

4.2.3. Imperfect matrix
Consider an edge lð!Þ1�5�2 (see, Fig. 3) acted on by a traction

T ¼ ½11Tð!Þ1 11Tð!Þ2 � and taking the element thickness te as constant
over the element, the potential energy Pð!ÞT of the traction for the
! phase is

Pð!ÞT ¼ te

Z
lð!Þ1�5�2

11Mð!Þ
1 11Tð!Þ1 þ 11Mð!Þ

2 11Tð!Þ2

	 

dl: ð4:43Þ

The displacements ð11Mð!Þ
1 ; 11Mð!Þ

2 Þ and the tractions ð11Tð!Þ1 ; 11Tð!Þ2 Þ
in the ! phase are related to the shape functions by means of

11Mð!Þ
1 ¼ w1 qð!Þ11 þ w2 qð!Þ12 þ w5 qð!Þ15 ; ð4:44Þ

11Mð!Þ
2 ¼ w1 qð!Þ21 þ w2 qð!Þ22 þ w5 qð!Þ25 ; ð4:45Þ

11Tð!Þ1 ¼ w1 Tð!Þ11 þ w2 Tð!Þ12 þ w5 Tð!Þ15 ; ð4:46Þ

11Tð!Þ2 ¼ w1 Tð!Þ21 þ w2 Tð!Þ22 þ w5 Tð!Þ25 ; ð4:47Þ
where qð!Þ11 ; qð!Þ12 ; qð!Þ15 and T ð!Þ11 ; T ð!Þ12 ; Tð!Þ15 (qð!Þ21 ; qð!Þ22 ; qð!Þ25 and
Tð!Þ21 ; Tð!Þ22 ; Tð!Þ25 ) are the displacements and tractions in the y1 ðy2Þ-
direction for the phase ! of the nodes 1, 2 and 5, respectively.
The shape functions w1; w2; w5 are given in (4.24). The tractions
in the nodes 1, 2 and 5 can be calculated by
P ¼

�F2211
2212 F2211

2112 �F2221
2212 F2221

2112 �F2251
2212 F2251

1212 F2121
2221 �F

�F2211
1112 F2221

2112 �F2221
1112 F2251

2112 �F2251
1112 �F2121

1221 F2
1

�F2222
2212 F2222

2112 �F2225
2212 F2225

2112 F2122
2221 �F

�F2222
1112 F2225

2112 �F2225
1112 �F2122

1221 F2
1

�F2255
2212 F2255

2112 F2125
2221 �F

�F2255
1112 �F2125

1221 F2
1

�G1122
2212 G1

2

�G

Symm

0
BBBBBBBBBBBBBBBBBBBBBBBBBB@

Q ¼

�F2211
1112 �F2211

1212 �F2221
1112 �F2221

1212 �F2251
1112 �F2251

2112 F2121
1121 F

�F2211
2212 �F2221

1212 �F2221
2212 �F2251

1212 �F2251
2212 F2121

2121 F

�F2222
1112 �F2222

1212 �F2225
1112 �F2225

1212 F2122
1121 F

�F2222
2212 �F2225

1212 �F2225
2212 F2122

2121 F

�F2255
1112 �F2255

1212 F2125
1121 F

�F2255
2212 F2125

2121 F

�G1122
1112 �G

�G

Symm

0
BBBBBBBBBBBBBBBBBBBBBBBBBB@
Tð!Þ1i ¼ sinðhÞTð!Þti þ cosðhÞTð!Þni ; ð4:48Þ
Tð!Þ2i ¼ � cosðhÞTð!Þti þ sinðhÞTð!Þni ; ð4:49Þ

here h is the angle between the unit normal vector with y1-direc-
tion; Tð!Þti (T ð!Þni ) is the tangential (normal) traction in the ! phase
for the i ¼ 1;2;5 nodes given by

Tð!Þt1 ¼ �
jtC

ð2Þ
55

R
qð!Þt1 � qð1Þt2

	 

; Tð!Þt2 ¼ �

jtC
ð2Þ
55

R
qð!Þt2 � qð1Þt1

	 

; ð4:50Þ

Tð!Þt5 ¼ �
jtC

ð2Þ
55

R
qð!Þt5 � qð1Þt5

	 

; Tð!Þn1 ¼ �

jnCð2Þ55

R
qð1Þn1 � qð!Þn2

	 

; ð4:51Þ

Tð!Þn2 ¼ �
jnCð2Þ55

R
qð!Þn2 � qð1Þn1

	 

; T ð!Þn5 ¼ �

jnCð2Þ55

R
qð!Þn5 � qð1Þn5

	 

; ð4:52Þ

where 1 ¼ 1 ð1 ¼ 2Þ for ! ¼ 2 ð! ¼ 1Þ and the tangential (normal)
displacement in the i ¼ 1;2;5 nodes is qð!Þti ¼ sinðhÞqð!Þ1i �
cosðhÞqð!Þ2i qð!Þni ¼ cosðhÞqð!Þ1i þ sinðhÞqð!Þ2i

	 

for each phase ! ¼ 1;2.

Now, we can write the total potential energy associated to the
traction force by the following expression,

Pl
T ¼

1
2

Pð1ÞT þPð2ÞT

	 

: ð4:53Þ

Using (4.43) for ! ¼ 1;2 and (4.53) then the total potential energy
associated to traction force in matrix form is

Pl
T ¼

1
2

�qT Kl
T
�q; ð4:54Þ

where �qT ¼ qð2Þ11 qð2Þ21 qð2Þ12 qð2Þ22 qð2Þ15 qð2Þ25 qð1Þ11 qð1Þ21 qð1Þ12 qð1Þ22 qð1Þ15 qð1Þ25

h i
,

Kl
T ¼

jtC
ð2Þ
55

R
Pþ jnCð2Þ55

R
Q ; ð4:55Þ

and
2121
2121 F2111

2221 �F2111
2121 F2151

2221 �F2151
1221

121
121 �F2111

1221 F2111
1121 �F2151

1221 F2151
1121

2122
2121 F2121

2221 �F2121
2121 F2125

2221 �F2125
2121

122
121 �F2121

1221 F2121
1121 �F2125

1221 F2125
1121

2125
2121 F2151

2221 �F2151
1221 F2155

2221 �F2155
2121

125
121 �F2151

1221 F2151
1121 �F2155

1221 F2155
1121

122
112 �G1112

2212 G1112
2112 �G1152

2212 G1152
2112

1122
1112 G1112

2112 �G1112
1112 G1152

2112 �G1152
1112

�G1111
2212 G1111

2112 �G1115
2212 G1115

2112

�G1111
1112 G1115

2112 �G1115
1112

�G1155
2212 G1155

2112

�G1155
1112

1
CCCCCCCCCCCCCCCCCCCCCCCCCCA

2121
1221 F2111

1121 F2111
1221 F2151

1121 F2151
2121

2121
2221 F2111

2121 F2111
2221 F2151

2121 F2151
2221

2122
1221 F2121

1121 F2121
1221 F2125

1121 F2125
1221

2122
2221 F2121

2121 F2121
2221 F2125

2121 F2125
2221

2125
1221 F2151

1121 F2151
2121 F2155

1121 F2155
1221

2125
2221 F2151

2121 F2151
2221 F2155

2121 F2155
2221

1122
1212 �G1112

1112 �G1112
1212 �G1152

1112 �G1152
1212

1122
2212 �G1112

1212 �G1112
2212 �G1152

1212 �G1152
2212

�G1111
1112 �G1111

1212 �G1115
1112 �G1115

1212

�G1111
2212 �G1115

1212 �G1115
2212

�G1155
1112 �G1155

1212

�G1155
2212

1
CCCCCCCCCCCCCCCCCCCCCCCCCCA
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Fnmab
ijkl ¼ abPðnÞi112

�yðmÞjk þ
abPðnÞi212

�yðmÞjl þ
abPðnÞi512

�yðmÞj5 ; ð4:56Þ
Gnmab
ijkl ¼ abPðnÞi221

�yðmÞjk þ
abPðnÞi121

�yðmÞjl þ
abPðnÞi521

�yðmÞj5 ; ð4:57Þ
abPðnÞicng ¼
abInc�yðnÞi1 þ

abIgc�yðnÞi2 þ
abI5c�yðnÞi5 ; ð4:58Þ
abInc ¼ te

Z
lð2Þ
1�5�2

wn wc wa wb dl; ð4:59Þ

where �yij ¼ yij=R; i; j; k; l; n; m ¼ 1;2, and n; c; a; b ¼ 1;2;5. In
the expression (4.55) we have considered the following relations
cosðhÞ ¼ y1=R, sinðhÞ ¼ y2=R, y1 ¼ w1y11 þ w5y15 þ w2y12 and
y2 ¼ w1y21 þ w5y25 þ w2y22.

The contribution of the interface to traction potential energy is
given by the expression

PT ¼
X

l

Pl
T ¼

1
2

Q T KT Q ; ð4:60Þ

where KTðQ Þ is the global imperfect matrix (global interface
displacement vector).
Table 3
Normalized effective coefficients Cij for ja ¼ jt ¼ jn ¼ 1.

c1 C11-Present model C11-Analytical

0.05 1.055613195746 1.055613441112
0.20 1.260696273098 1.260704666692
0.35 1.543615667429 1.543584712192
0.55 2.114481246274 2.114487722074
0.75 3.126404413003 3.126400805895

C13-Present model C13-Analytical

0.05 1.022294039366 1.022293921242
0.20 1.100143613682 1.100149550268
0.35 1.200139066138 1.200129863461
0.55 1.392353788874 1.392354954620
0.75 1.752536715912 1.752533127859

C44-Present model C44-Analytical

0.05 1.078377140607 1.078395713051
0.20 1.355509551192 1.355488493290
0.35 1.720073829280 1.720078399086
0.55 2.458415214418 2.458433864300
0.75 4.044105820407 4.044095981454

Table 2
Effective coefficients C�ij(GPa) for ja ¼ jt ¼ jn ¼ 0.

c1 C�11-Present model C�11-Analytical

0.05 80.525367267475 80.525340039910
0.20 53.390014041054 53.390011091840
0.35 36.536035848067 36.536034852230
0.55 20.498584257763 20.498583869870
0.75 5.849941587920 5.849968639273

C�13-Present model C�13-Analytical

0.05 34.102552228002 34.102542777600
0.20 21.526802466893 21.526801359020
0.35 13.895128539603 13.895128209310
0.55 7.163178789477 7.163178909770
0.75 1.841719129592 1.841727709372

C�44-Present model C�44-Analytical

0.05 24.358970441296 24.358969691260
0.20 17.945057074195 17.945056708350
0.35 12.915297272467 12.915297045270
0.55 7.459089293901 7.459089118081
0.75 2.111431016424 2.111428077125
The contribution to total potential energy is obtained by addi-
tion of the strain potential energy and traction energy. An algebraic
system of equations is obtained deriving the total potential energy
with respect to the global displacement vector Q , equating them to
zero and applying the boundary conditions. Using the solution of
the algebraic system of equations, the associated effective coeffi-
cient (4.42) to plane problem 11L is obtained. Analogously, the
plane problems 22L; 12L can be solved.
5. Numerical results

The following elastic constants have been used throughout in
the numerical calculations: Eð2Þ ¼ 70 GPa (Young’s modulus) and
mð2Þ ¼ 0:3 (Poisson’s ratio) for the matrix, and Eð1Þ ¼ 450 GPa and
mð1Þ ¼ 0:17 for the fiber.

Some limit cases are studied in order to validate our approach.
For example, in Table 2 the set of all effective elastic coefficients
are presented for different values of the fiber volume fraction c1.
A comparison between the present model for ja ¼ jt ¼ jn ¼ 0
and the analytical expressions of the effective coefficients for
empty fibers obtained by asymptotic homogenization approach
(Sabina et al., 2002) is given. It can be noticed a very good
C12-Present model C12-Analytical

1.040485293402 1.040483818823
1.156459827399 1.156485577346
1.259934265506 1.259936217747
1.395770805810 1.395764597872
1.785169589159 1.785150605411

C33-Present model C33-Analytical

1.200995351432 1.200995459529
1.805212872676 1.805213569382
2.411916019504 2.411915003437
3.227463196494 3.227463338156
4.061863498663 4.061863103712

C66-Present model C66-Analytical

1.062477573412 1.062476469054
1.261921629590 1.261942999424
1.504115686223 1.504107158517
2.005299536116 2.005303251731
3.335487513251 3.335494113348

C�12-Present model C�12-Analytical

33.149806825864 33.149802552080
18.365994181923 18.365993438240
9.781059283943 9.781059178809
3.378678373826 3.378679162697
0.289122177387 0.289123725301

C�33-Present model C�33-Analytical

86.961531878495 86.961525666560
68.916081923221 68.916080815410
53.837077459125 53.837076925590
35.797907446184 35.797907345860
18.605034667715 18.605036625620

C�66-Present model C�66-Analytical

23.209442250086 23.209425304530
13.422077906961 13.422075628730
6.616326760747 6.616325536051
1.808770619416 1.808766466272
0.078900908542 0.078817876229



Table 4
Normalized effective coefficient C44

ja 5 5 10 10
c1 C44-Present model C44-Analytical C44-Present model C44-Analytical

0.05 1.050497283000 1.050497329395 1.063227927489 1.063227983128
0.20 1.218551766000 1.218551776258 1.279448900256 1.279448911100
0.35 1.416761447000 1.416761454190 1.546963064155 1.546963086275
0.55 1.745183922000 1.745184682879 2.027389195300 2.027397880582
0.75 2.184697494000 2.184743450944 2.778602364788 2.779576843989

ja 50 50 1 1
c1 C44-Present model C44-Analytical C44-Present model C44-Analytical

0.05 1.075134177545 1.075134240093 1.078377140607 1.078395713051
0.20 1.338803259987 1.338803271256 1.355509551192 1.355488493290
0.35 1.681006228453 1.681006257241 1.720073829280 1.720078399086
0.55 2.354450215382 2.354464076114 2.458415214418 2.458433863448
0.75 3.675314446315 3.677499910115 4.044105820407 4.043962317514
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coincidence between the two approaches. The three imperfect
parameters ðja;jt ;jnÞ involved in the semi-analytic method for
analyzing the non-perfect adherence of the composite can be con-
sidered as an alternative computing form for describing the behav-
ior of porous composite materials. Besides, all normalized effective
elastic coefficients ðC11 ¼ C�11=Cð2Þ11 ; C12 ¼ C�12=Cð2Þ12 ; C13 ¼ C�13=Cð2Þ12 ;

C33 ¼ C�33=Cð2Þ11 ;C44 ¼ C�44=Cð2Þ44 ;C66 ¼ C�66=Cð2Þ44 Þ for perfect contact be-

tween the matrix and fibers are calculated using the present model
for ja ¼ jt ¼ jn ¼ 1 and Table 3 reports the results. A comparison
between the present model and the analytical results obtained by
asymptotic homogenization technique (Guinovart-Diaz et al.,
2002) is presented. Both methods reproduce almost the same val-
ues in the whole range of volume fractions.

Table 4 shows the normalized effective coefficient C44 ¼ C�44=Cð2Þ44

computed by the present model for different values of the fiber
Fig. 4. Normalized effective coefficient C�11=Cð2Þ11 versus fiber volum
volume fraction c1 and axial imperfect parameter ðja ¼
5;10;50;1Þ. Good match between the present model and the
analytical formulae derived by asymptotic homogenization tech-
nique (Lopez-Realpozo et al., 2011) is obtained.

Fig. 4 exhibits the normalized effective coefficient C�11=Cð2Þ11 with
respect to the fiber volume fraction for different values of the tan-
gential imperfect parameter jt ¼ 0; 1; 5; 10; 20; 50;1 and some
fixed normal imperfect parameters jn ¼ 10; 20; 50;1. The behav-
ior of this coefficient increases monotonically as jt increases in
all the range of the fiber volume fraction. Notice that, for bigger
values of the normal tangential parameter jn, this property in
the composite gets stronger and, near to percolation limit, the
property becomes more compact, i.e. the curves are less spaced
(Fig. 4(d)). The curvature of the curves for jn ¼ 10 are not as pro-
nounced as for jn ¼ 1. On the other hand, the effective properties
converge to the property for tangential perfect contact as the
e fraction c1 for different values of the imperfect parameters.



Fig. 5. Normalized effective coefficient C�12=Cð2Þ12 versus fiber volume fraction c1 for different values of the imperfect parameters.
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imperfection parameter jt approaches to 1. Numerical results
have shown that the imperfect parameters ðjt ;jnÞ have a signifi-
cant effect on the coefficient C�11=Cð2Þ11 .

Fig. 5 displays the normalized effective coefficient C�12=Cð2Þ12 with
respect to the fiber volume fraction for different values of the
Fig. 6. Normalized effective coefficient C�13=Cð2Þ12 versus fiber volum
tangential imperfect parameter jt ¼ 0; 1; 5; 10; 20; 50;1 and some
fixed normal imperfect parameters jn ¼ 10; 20; 50;1. The behav-
ior of this coefficient is different in comparison with the previous
case. The contribution of jn ¼ 10; 20 induces a decreasing behavior
with the exception of some small values of the tangential imperfect
e fraction c1 for different values of the imperfect parameters.



Fig. 7. Normalized effective coefficient C�33=Cð2Þ11 versus fiber volume fraction c1 for different values of the imperfect parameters.
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parameter. Meanwhile, the curves for jn ¼ 1 are increasing mono-
tonic functions. Furthermore, the effective property gets softer as
the tangential imperfect parameter jt increases and converges to
the tangential perfect contact. Besides, the effective properties
Fig. 8. Normalized effective coefficient C�66=Cð2Þ44 versus fiber volum
converge to the property for perfect contact as the imperfection
parameter jt approaches to 1. Numerical results has shown that
the imperfection parameters ðjt ;jnÞ have a significant effect on
the coefficient C�12=Cð2Þ12 as well.
e fraction c1 for different values of the imperfect parameters.



Fig. 9. Normalized effective coefficient C�44=Cð2Þ44 versus fiber volume fraction c1 for
different values of the axial imperfect parameter.
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Figs. 6 and 7 report, the behavior of the normalized effective
coefficients C�13=Cð2Þ12 and C�33=Cð2Þ11 with respect to the fiber volume
fraction for different values of the tangential imperfect parameter
jt ¼ 0; 1; 5; 10; 20; 50;1 and some fixed normal imperfect param-
eters jn ¼ 10; 20; 50;1. The curves apparently coincide but they
are different for diverse choices of tangential imperfect values as
can be seen in each figure. A linear behavior of the effective coeffi-
cient C�33=Cð2Þ11 is remarkable where small influence of the normal
Fig. 10. Normalized effective coefficients C�11=Cð2Þ11 , C�12=Cð2Þ12 ; C�13=Cð2Þ12 , C�33=Cð2Þ11 ; C�66=Cð2Þ44

	
normal imperfect parameter and fiber volume fraction 0.45.
and tangential imperfect parameters are observed. In contrast,
slight curvature is perceived for C�13=Cð2Þ12 where a significative
(small) influence of the normal (tangential) imperfect parameter
is noticed. In addition, the monotonic behavior of the curve in
Fig. 6(a) (jn ¼ 10) is different with respect to the remaining curves.

The behavior of the normalized effective coefficients C�66=Cð2Þ44

with respect to the fiber volume fraction for different values of
the tangential imperfect parameter jt ¼ 0; 1; 5; 10; 20; 50;1 and
some fixed normal imperfect parameters jn ¼ 10; 20; 50;1 is pre-
sented in Fig. 8. In the whole range of the fiber volume fraction the
curves are increasing and a moderate (significative) influence of
the normal (tangential) imperfect parameter is reported. On the
other hand, similar trend of the curves for the normalized effective
coefficient C�44=Cð2Þ44 can be observed in Fig. 9, for different values of
the axial imperfect parameter ja ¼ 0; 1; 5; 10; 20; 50;1. It can be
noticed in the model that this coefficient does not depend on the
normal imperfection parameter. Percolation limit for porous com-
posites makes the shear effective property very small in compari-
son with the remaining curves at the same percolation regime.
Numerical results have shown that the tangential imperfect

parameter have a significant effect on the coefficient C�44=Cð2Þ44 .
The effective coefficients C�11=Cð2Þ11 ; C�12=Cð2Þ12 ; C�13=Cð2Þ12 ; C�33=Cð2Þ11 ;

C�66=Cð2Þ44 C�44=Cð2Þ44

	 

are analyzed in Fig. 10 with respect to the

tangential (axial) imperfect parameter for different values of the
normal imperfect parameter jn ¼ 10; 15; 20; 35; 50; 100; 500; 1000
and for fiber volume fraction 0.45. The behavior of the effective
coefficients depends on the imperfect parameters. For instance,
the influence of the normal imperfect parameter is more evident
for the effective coefficients C�11=Cð2Þ11 ;C

�
12=Cð2Þ12 . Both coefficients
C�44=Cð2Þ44



versus tangential (axial) imperfect parameter for different values of the
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show the same trend for each value of the normal imperfect
coefficient in the whole range of the tangential imperfect parame-
ter. The overall coefficients C�13=Cð2Þ12 , C�33=Cð2Þ11 do not qualitatively
exhibit significant change with respect to the variation of the nor-
mal and tangential imperfect parameters. The normal imperfect
parameters have a more reinforcement effect on the coefficient
C�33=Cð2Þ11 than on the coefficient C�13=Cð2Þ12 . In addition, the curves of
C�66=Cð2Þ44 are sketched and they are closer to the other ones in the
whole range of jt variation.
6. Conclusion

This work dealt with the determination of the effective moduli
of a periodic elastic composite material reinforced by straight par-
allel circular fibres, made of transversely isotropic material with
axial, tangential and normal imperfect contacts at the interface.
The investigation was carried out by adopting the semi-analytical
method which is based on the finite element method and asymp-
totic homogenization approach. The present result was validated
by means of comparison with limit cases and analytical expres-
sions using the asymptotic homogenization method where the
maximum error is very low. The results of the present work indi-
cates the influence of imperfect adhesion on the effective moduli
of composites with periodic elastic fibrous reinforcements.
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