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1. Introduction

On dealing with plate theories, it is convenient to distinguish
between a plate-like body and a plate: the latter, which occupies a
flat domain S, is a two-dimensional model of the former, a right
cylinder C of height 2h and cross-section S, subject on the top
and bottom ends to loads that are to be reduced to S, and on the
mantel to loads and boundary conditions that are to be reduced
to the boundary dS of S. When plate theories are induced from
three-dimensional elasticity, the admissible displacement fields
of the plate-like body are often represented a priori as products
of (unknown) functions of coordinates on S times (known) func-
tions of the transverse coordinate. Then, plate equations are ob-
tained by means of a procedure which includes integration over
C's thickness of the three-dimensional differential or variational
equilibrium equations; as a part of this procedure, the external
loads applied to C are reduced to resultant loads per unit area ap-
plied to S and resultant loads per unit length applied to 4S. Once
the solution of the plate problem is found, and hence the functions
that parameterize the representation assumed for the displace-
ment field in the plate-like body are known, the relative three-
dimensional strain and stress fields can be constructed. In general,
such stress fields do not satisfy the three-dimensional equilibrium
equations for C, because one plate problem corresponds to an
equivalence class of problems for plate-like bodies, all those prob-
lems whose data are reducible to the single set of data of the plate
problem in question.

An accurate knowledge of the stresses in C is always desirable,
and especially so when C is a multilayered body (whose
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two-dimensional model we refer to as a laminated plate), where
transverse stress concentrations may occur near material and geo-
metric discontinuities and give rise to damages that are often
responsible for service failure. Many theories of laminated plates
aiming to evaluate such critical stresses have been proposed. For
extensive accounts of the literature on the subject, we refer the
reader to a book by Reddy (2004), where many plate theories are
presented and discussed; to the papers by Bert (1984) and by Noor
and Malik (2000), where different methods to evaluate the three-
dimensional stress associated with a laminated-plate solution are
compared; and to the review papers by Noor and Burton (1989),
Carrera (2000) and Carrera (2002), where different approaches to
the modeling of laminated plates and various computational meth-
ods are examined.

The importance of plates in structural applications has led to
a large amount of studies on the subject, whence the need for a
classification of the many proposed theories, a choice of valida-
tion criteria, and a hierarchical assessment of theories in the
same class. In this connection, it is worth-recalling the accounts
by Koiter and Simmonds (1972) and Naghdi (1972), and the
historical survey in Altenbach et al. (1998). The two-
dimensional equations of a plate theory can be deduced from
three-dimensional elasticity, by means of expansions in the
thickness coordinate or of a priori assumptions on the form of
the displacement field; they also can be arrived at by the use
of a direct approach, introduced by Cosserat and Cosserat
(1909), which consists essentially in postulating that certain
two-dimensional principles hold on a surface modeling a
plate-like body. An alternative approach to plate theory, that
originates with Goodier (1938) and has been applied and
extended, e.g., by Gol'denveizer (1962) and Green (1963), is
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based on asymptotic integration of the three-dimensional
equations in an interior region of the plate and in a boundary
layer.

For plate theories deduced from three-dimensional elasticity,
the usual validation criteria are based on error estimates, with
respect to the three-dimensional quantities, for the differential
equations and their solutions. Kienzler (2002) has proposed a
“uniform-approximation technique”, consisting in taking series
expansions of both equilibrium equations and solutions, that can
be employed to construct ‘consistent’ plate theories of different
order by retaining terms up to different orders in the two
expansions. An interesting result in Kienzler’s analysis of the low-
er-order theories obtained by use of this technique, is that the
Reissner-Mindlin theory, although based on quite complex a priori
assumptions, is a consistent second-order theory with respect to a
plate parameter depending on the ratio between thickness and a
characteristic length of the mid-section.

According to a commonly employed classification (cf. Reddy,
2004), laminated-plate theories based on assumptions concerning
the displacement field can be divided in two groups: the so called
equivalent single-layer theories, that assume for a multilayered
plate-like body a suitable single-layer kinematics; and the layerwise
theories, in which the kinematics is defined layer by layer. Among
equivalent single-layer theories, we recall those of Reissner and
Stavsky (1961), that employs the same displacement field as the
Kirchhoff-Love theory for single-layered plates; of Whitney
(1969), that is based on the kinematics of the Reissner-Mindlin the-
ory; and of Reddy (1984), that assumes in-plane displacement com-
ponents of the third order in the transverse coordinate. Recent
contributions to this group of theories have been given by Mittel-
stedt and Becker (2004), who propose a higher-order single-layer
formulation and apply it to evaluate strains and stresses in ther-
mally-loaded laminated plates, and by Lebée and Sab (2011), who
generalize Reissner derivation of a single-layer shear-deformable
plate theory. Among layerwise theories, besides those by Seide
(1980) and DiSciuva (1984) to be discussed later on in this section,
we cite those by Lee et al. (1990), that is based on a layerwise cubic
variation of the in-plane displacement components, and by Reddy
(1987), that is a full layerwise theory, because it employs a layer-
wise expression also for the transverse displacement component.
Recently, layerwise theories have been advanced by Plagianakos
and Saravanos (2009), who work with in-plane displacement com-
ponents having terms up to the third order in the transverse coor-
dinate, and by Cho and Oh (2004), who treat coupling of
mechanical, thermal, and electric effects in a laminate plate.

The model of multilayered plate-like body we here derive be-
longs to the group of layerwise theories, in that it postulates a dis-
placement field of Reissner-Mindlin type in each layer. Besides
yielding plate equations that are different from those of other the-
ories moving from this kinematical assumption, our model has two
other distinctive characters: the Reissner-Mindlin displacement
field is regarded as induced by a set of internal constraints restrict-
ing the class of admissible strains; moreover, the reactions accom-
panying those internal constraints are exploited to improve the
evaluation of transverse stresses. Our main aim is to show that,
as far as the three-dimensional stress field is concerned, the predic-
tions of a layerwise plate theory based on the Reissner-Mindlin
kinematics can be made very close to those obtained by solving
the corresponding three-dimensional equilibrium problem, pro-
vided all consequences of assuming a restricted kinematics are taken
into account: this expectation is substantiated in the last part of
the paper, where we exemplify how well the stresses resulting
from our model match those obtained from exact three-dimen-
sional solutions.

In Podio-Guidugli (1989), with reference to the Kirchhoff-Love
theory, the idea was advanced of regarding as internal constraints

the kinematical restrictions implicit in the form assumed for the
displacement in a plate-like body. The gained benefit is that the
presence of internal constraints implies that, in addition to the ac-
tive (i.e., constitutively determined) stress, a constitutively unde-
termined reactive stress can be used to restore three-dimensional
equilibrium. In the context of classical linearly elastic plate theo-
ries, in which shear deformations are not allowed, this approach
has been extended in Lembo and Podio-Guidugli (1991) to prob-
lems more general than those dealt with in Podio-Guidugli
(1989), as well as to multilayered plate-like bodies. The same idea
has been exploited for shear-deformable plates, of Reissner-Mind-
lin type in Lembo and Podio-Guidugli (2007) and transversely
extensible in DiCarlo et al. (2001). When trying to extend to those
theories the approach used for Kirchhoff-Love’s, one realizes that
some of the kinematical prescriptions on the displacement field
cannot be expressed as restrictions on the first displacement gradi-
ent, and hence viewed as first-order internal constraints; the non-
conforming prescriptions are formulated in terms of components
of the second displacement gradient, and are therefore to be viewed
as second-order internal constraints. But, such higher-order con-
straints have citizenship in a more complex three-dimensional the-
ory than classic elasticity. It is a theory of this sort that can serve as
the right parent theory to induce a plate theory like Reissner-
Mindlin’s, a parent theory where second-order internal constraints
are accompanied by reactive hyperstresses, that add to the ordin-
ary reactive stresses (Lembo and Podio-Guidugli, 2000). In fact, it
has been shown in Lembo and Podio-Guidugli (2007) that, if the
plate-like body C is regarded as made of a second-grade material
in which the hyperstress is purely reactive, then one can derive a
Reissner-Mindlin approximation for the three-dimensional dis-
placement and strain fields in C and, in addition, one can exploit
the reactive stress and hyperstress fields to obtain an improved
approximation of the three-dimensional stress field in C. In other
words, it is shown in Lembo and Podio-Guidugli (2007) that
assuming that the plate is formed of a second-grade material,
and that the hyperstress is solely reactive, allows for an improve-
ment in the evaluation of the three-dimensional stress field with-
out altering the plate equations deduced in the context of classical
elasticity.

Here we extend this approach to shear-deformable plate-like
bodies formed by several layers of transversely isotropic materials.
The model of laminated plates we propose is based on the assump-
tions that each layer can undergo only deformations of Reissner-
Mindlin type (Reissner, 1945; Mindlin, 1951), and that displace-
ment and transverse traction vectors are continuous across the
interfaces separating adjacent layers: displacement continuity is
assumed to guarantee that, when C deforms, no sliding or detach-
ment of layers occurs; transverse-traction continuity guarantees
that part-wise equilibrium holds also for pillbox-shaped parts of
C whose cross-section is a portion of a layer interface.

The equilibrium equations of the proposed model of laminated
plate are deduced by integration over the thickness of a three-
dimensional principle of virtual work, written for virtual displace-
ments that have a form compatible with the kinematical restric-
tions imposed to the displacement. The model furnishes an
approximation of the stress field in the plate-like body C that con-
sists of an active part, that is deduced from the plate solution, and a
reactive part, that is obtained by solving the three-dimensional
equilibrium equations for a body made of second-grade material.
We term our plate theory ‘improved’ because of the availability
of such reactive addition, a unique feature among theories of the
same type. The accuracy of our model’s predictions is evaluated,
with quite satisfactory results, in the case of laminated plate-like
bodies with rectangular and circular cross-sections, for which we
can count on the exact Levinson-type solutions derived in Formica
et al. (2013).
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Although the main assumptions of our model of a multilayered
plate are not new, the resulting equations for the functions enter-
ing the parameterization of the displacement field are different
from those to be found in papers based on the same assumptions
(these are, we recall, that deformations are of Reissner-Mindlin
type in each layer, and that displacement and traction vectors
are continuous across layer interfaces). To our knowledge, there
are two such papers, the one by Seide (1980), the other by DiSciuva
(1984). In Seide’s paper, the traction-continuity condition is used
in a way different from ours, namely, to combine the equilibrium
equations of adjacent layers so as to eliminate the interface values
of traction components; the equilibrium of a plate-like body con-
sisting of n layers is governed by (2n + 3) scalar equations for
(2n + 3) unknowns, that is, two in-plane displacement compo-
nents for each interface and for the end faces and one transverse
displacement component, the same for the whole body; having
determined the displacement components, transverse stresses
are calculated from the three-dimensional equilibrium equations.
In DiSciuva’s paper, the admissible displacements in a multilayered
plate-like body are taken the same as in ours. The difference in the
equilibrium equations of the two models is due to the fact that
they are obtained from principles of virtual work stated for differ-
ent collections of virtual displacements: we chose to satisfy the
displacement continuity condition, but not, as DiSciuva did, the
traction continuity condition.

The paper is organized as follows. Firstly, in Section 2, we
recapitulate how a plate-like body is modeled as a one-layer
Reissner-Mindlin plate; in particular, we discuss what form the
active and reactive stresses have as a consequence of the kinemat-
ical assumptions of the Reissner-Mindlin theory. Section 3, the
bulk of the present work, is where we develop our general theory
of laminated Reissner-Mindlin plates. Those simplifications that
follow from exploiting certain specialties a laminated plate may
have, like mid-plane symmetry, axisymmetry, or a circular
cross-section, are worked out in Section 4. As anticipated, the
accuracy of our predictions of the three-dimensional stress field
in a catalogue of plate-like bodies modeled as laminated plates
according to our theory is tested in our final Section 5.

Throughout the paper, we make use of indicial notation and
summation convention, with the agreement that Latin and Greek
indices have ranges {1, 2, 3} and {1, 2}, respectively; range
quantifications are left tacit.

2. Modeling a constrained plate-like body as a Reissner-Mindlin
plate

Let C be a plate-like body, that is, a three-dimensional material
body that in an undeformed reference configuration has the form
of a right cylinder of height 2h and mid-section S, with
2h < diam(S). Moreover, let S* and S~ denote the end faces of
C,dC the boundary of C, and S the boundary of S. For (x1,x2,X3)
the Cartesian coordinates of a typical point of C in a Cartesian ref-
erence (0; e1,e;,e3) with origin o € S and x3-axis parallel to the
generators of C, let

F(x1,%) == {(X1,X2,X3) | (X1,X2) €S, X3 € (—h,+h)}

denote the material fiber through (x;,x,) € S that in the reference
configuration is straight and parallel to the xs-direction.

We now summarize an approach to deducing the Reissner-
Mindlin plate theory that is exposed in full detail in Lembo and Po-
dio-Guidugli (2007). The pivotal assumption is that all material fi-
bers F(x1,x;) remain straight and suffer no extension. This is
tantamount as accepting the following a priori representation for
the displacement vector field in C:

Uy (X1,X2,X3) = Uy (X1,X2) + X3V, (X1,X2), Us(X1,X2) =W(X1,%2). (1)

This representation is nothing but the general integral of the
following system of PDEs in terms of components of the displace-
ment vector u and the strain tensor E = E(u):

Ess =u33 =0, 2E3;3 =U3y3 +Uy33 =0. (2)

Of these equations, the first can be seen as the first-order inter-
nal constraint of fiber inextensibility; the second and third together
integrate a second-order internal constraint, fiber rectilinearity.'
Such constraints are maintained by reactive stresses S* and S® of
first and second order, respectively, which are all required to do no
work in any admissible deformation.

To account for the presence of second-order reactive stress, one
assumes that C is made of a second-grade material (Lembo and Po-
dio-Guidugli, 2000). Moreover, to arrive to plate equations that
coincide formally with Reissner-Mindlin’s, one assumes that the
second-order stress (also called the hyperstress) is purely reactive;
hence, the active stress consists only of a first-order part $*. All in
all (details are found in Lembo and Podio-Guidugli (2001, 2007),
where the cases of shear-deformable beams and plates are trea-
ted), the stress field is decomposed as follows:

S=S"+TF 3)

where the total reactive stress associated with the internal con-
straints (2) is:

T® = §* — Divsk. 4)
Here,
Sf—ce;ne;, Sf=yeve;ves+n,e30 (e, 0e;+esxe,), (5)

and the divergence of the third-order tensor SF is
Divs® = V380 @ €3 + 1,363 ® €y + (Y33 +1,,)€s ®es; (6)

hence, according to Eq. (4), the components Tﬁ of T® are

0 0 V13
M= 0 0 Vs | (7)
M3 Mz 0733 Ny

The functions 0 =0 (x1,X2,X3),7; = 7;(X1,X2,X3), and 1, =1, (X1,X2,X3),
are arbitrary in the sense that they are not constitutively deter-
mined; representation (7) shows that the stress T* is not necessarily
symmetric.

Since the hyperstress is purely reactive, the active stress §* can
be constitutively specified as is done in linear elasticity. In that the-
ory, we recall, when a body is internally constrained, the active
stress mapping is subjected to the normalization condition of tak-
ing its values in the orthogonal complement with respect to the
space of all symmetric second-order tensors of the subspace in
which the reactive stress lies. Accordingly, in the presence of the
constraint (2);, the constitutive equations of a transversely isotro-
pic material are:

St = CimEn + CunErn, Sy, = CooniEn + Coonka,

(8)
5?2 = 2@1212}5127 5/1‘3 = 2@1313El3~, 593 = 2([:2323E237

where

C2222 = C1111,  Ci111 = G122 + 2C1212,  Ca323 = Cy3is. 9)

Remark. In the examples we consider to illustrate our model of
laminated plates, we shall find it convenient to replace the
transverse-isotropy elasticities Cyy; with a set of material constants
whose definitions are reminiscent of those for the standard
technical moduli E,v, and G, that are used when the material

! This terminology is meant to suggest that the image under (1) of fiber F(x;,x;) is
a segment of a line whose direction is the same as (i, (x1,x2)ey + €3).
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response is isotropic and unconstrained. We denote by E the Young
modulus common to directions x; and x,; by E the Young modulus
for direction x3; by v and v the Poisson ratios relative to direction
pairs x,,x1 and x3, X1, respectively; finally, G denotes the tangential
modulus for directions x; and x3. The relationships between the
elasticities and these moduli are:

E(E—EW) E(Ev+E7?)
Cin = —, Cun= )
(1+v)(E(1—v)—2E) (1+v)(E(1—v) - 2E72)
E EEV
Conz==-—, Cimm=——"————,
PRIy P TR —v) - 2EW
EE(1-v) —
Cop=—— Y =G
3333 E(] — V) — ZEVZ 1313

3. Laminated Reissner-Mindlin plates
3.1. Basic assumptions

A laminated plate is the two-dimensional model of a plate-like
body C composed of n layers of transversely isotropic materials.
The k-th layer (1 < k < n) has thickness 2h™ and occupies the cylin-
drical subregion ¢¥ of C included between the planes x; = xg’"” and
x3 = x; inparticular,x”) = —handx{" = h. Hereafter, as we just did
for thickness and subregions, we shall equip all quantities pertaining
to k-th layer by a superscript enclosed in parentheses; moreover, we
shall leave tacit the quantification: “forall k € {1,...,n}".

In theories of laminated plates that, like ours, are based on the
assumption that (i) each layer deforms as a Reissner-Mindlin plate,
it is also assumed that (ii) the displacement vector is continuous
across layer interfaces, and that (iii) the traction vector is continu-
ous across layer interfaces. We now discuss these three assump-
tions, in the order. The first has obvious implications in the
writing of the displacement continuity condition. A less immediate
implication is that, since it is interpreted as an internal kinematical
constraint limiting the class of admissible layer motions, a system
of layer reactive stresses must be introduced to maintain that
internal constraint, along the lines of reasoning recapitulated in
the previous section; such reactive stresses enter the writing of
the traction continuity condition.

3.1.1. Layer kinematics

According to assumption (i), in each layer, material fibres that in
the reference configuration are parallel to the x;-direction, remain
straight and suffer no extension. Thus, in view of (2), in layer ¢
we have that

EY =0, Ey,=0, (10)
and that

u® (%1, %, x3) = 4X (%1, %) + (%3 — 0%y (x1, x7),

Ul (%1,%) = w (%1, x5). (11)

(k=1) (k)

These equations hold for x; € (x§ ", x{”); in particular, o® =
(k—1)

(x3 '+ xg")) /2 is the third coordinate of all points in the mid-plane
of ¢, whose displacement components are (ii\, i w). By
putting

Sy _ 7k k) 7 (k

u[(x):u[(x)_o()wﬁ (12)

o
Egs. (11);2 become

(k k)

Ul (x1,%2,%3) = U (x1,%2) + X390 (%1, %2). (13)

3.1.2. Interlayer continuity of displacements
With the use of Eqs. (13) and (11)s, the displacement field in a
n-layer lamitated plate can be expressed in terms of 5n functions of

the coordinates x; and x,. Importantly, as we are going to show, the
continuity conditions (ii) and (iii) reduce the number of indepen-
dent parameter functions to 5 in all.

To begin with, displacement continuity across layer interfaces
requires that

~ k ~
X = T A,

d wh = k), (14)

Thus, by (13) and (14); 5, the first two components of the displace-
ment in the k-th layer can be written as
k=1
u;"’(xl,x27x3):ﬁ;‘)(xl.xz)+2x§”(z//§j>(x],xz) — Y x%)) + x5y (x1,%2); (15)
i=1
moreover, by (14)3, all functions w® (x;, x,) are equal to one and the
same function:

ul (%1, %) = W(x1,%). (16)

Relations (15) and (16), which are parameterized by (3 + 2n) func-
tions of (x1,x;), give the form of all displacement fields compatible
with the kinematical assumptions (i)-(ii). In view of our use to
come of the principle of virtual work, we notice that all variations
(5u®, 6ud sy sy swh} of functions {ul,uP, yl® Yy why
such that

oul =ou,, oy¥ =oy,, owh =ow, (17)

are compatible with the restrictions (14) and, thus, with the current
expression (15) and (16) for the displacement field. We point out
that reactive stresses are workless in the presence of such varia-
tions, and hence the resulting balance equations are ‘pure’, i.e., reac-
tion-free.

3.1.3. Interlayer continuity of traction vector
The condition that the three-dimensional equilibrium equations
inintegral form hold also for parts of the body C including one or more
interfaces between layers implies (cf, e.g., Truesdell and Toupin, 1960,
Sect. 193) that the traction vector s = Se; must be continuous across
the interfaces. Now, combination of (3)-(7) and (8),5 yields:
2

s= Z(CoﬁoﬁEaﬁ —Vu3)€s+ (0= Y33 —1,,)€s.

a=1
We see that, in the present theory, the third component of s,
namely,

S3=8-€3 = (0 - V3,3 - ’10(,04)7

is a reactive quantity; therefore, its continuity can only be imposed after
the reaction-free plate equations have been solved, the active stresses
determined, and the three-dimensional equilibrium equations used to
find the reactive stresses. As to the other two components, we request
that their active and reactive parts be both continuous. The continuity
of the latter part, — "2 , 7, ;,, canonly be imposed in the post-process-
ing phase of calculation of stresses, just as for s;. The continuity of active
parts is expressed by the following equations:

S0 (x1, %2, %) = SV (xy, %, %), (18)
which, in view of (8)45, (9)3, (15) and (16), become
Clh(Wa(x1.%2) + U (%1,%2)) = CI5Y (Wa (1. 20) + 05 (x1,%2)). - (19)

It follows that,

Uy = 1 W+ ) —wa, 2=1,2, (20)
and

(1)
X(k) _ 61313; (21)

(k)
G31313
note the role of the shear-moduli ratios y. Egs. (20) imply that, for
a given set of shear-moduli ratios, the 2n parameter functions
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are all determined by two of them, y”, and by the gradient of the
parameter function w.

We choose to represent the admissible displacement fields in C
in terms of the five parameter functions i1, Uy, ¥, ¥,, and w, where

7 — 701 — 1

ua:uég)v ‘//a:lpgz)~

In conclusion, we write the displacement components in the k-th
layer as follows:

D B3 ), (%1, %2)
— 1)x3)Wy(X1,X2),

Uy (X1,%:) + (H*
+ (H<k) + (y(/c)

uP (%1, %2,%3) =

Ul (%1,%2) = W(x1,%2), (22)
where
HY .= Zx3 ), 1<k<n, (23)

3.2. Strain, active stress, and stress resultants

Let us fix our attention on the typical layer ¢*. The nonzero
strain components corresponding to expressions (22) for the
displacement components are:

1 - .
3 (Ugp+ Upo + (H(k) + X(k)x3)(lpo¢‘/x +¥sa)

+ (H(k) + (Y = 1)) (W + W),

E(371 2 X (W.ﬂ + l//i]); (24)

hence, in view of the constitutive equations (8), the nonzero
components of the active stress are:

K v 1~ =~
Sy =C.s 5 Uy 155+ (H

(k)
Eaz/i =

4 2%3) (5 +5)
+ (HY (9 = 1D)xs) (W + W),
Sg3k = gk3)13 s Wy +¥,); (25)
it is understood that in Eq. (25); one takes
either B=0a, d=7 or B#oa, J#Y. (26)

The stress resultants are obtained by integrating over the layer
thickness the stresses (25) and the moments of the stresses
(25)12 with respect to the midplane of the layer. Precisely, the
membrane forces NM, the shears Qn"), and the moments Mxﬁ
the k-th layer are:

aﬁ */ S o dxs = h" x/iyb(u} o+ Usy+(H (k)+X(’<)O(k))(l//y‘a‘Hpa,y)
3
+HY 4 (M = 1)0®) (w5 + W),

(k)
k /( 53;; dx3 =2h" 13137 (W.n"‘w) 2h“c 1313( V),

2
az/f an S,{/f 3—01)dxs =3 (h(k)) a/}yo( 9y, e T Vsy)
X3

+(Y =)W+ W) (27)
The stress resultants in the whole plate are:

h n
A k 1 /5 ~ 2
Ny = /hsa/xdx3 = ZNgz/f) :A([x/]ryfs(u}’vfi + ué-‘/) +A[1/];y(,-(l//~,v,,» + ‘/’o,)
v k=1
3
+A[a¢/]3y(5 (W.yé + W,(iy)v

h n
Q= / S5 dxs = Zngk)

1N~ ~
Motﬁ = / Sa/xx3 dx3 = Z(Mz/; +0 Noc/f)) Dg/];;us(uv-é + uéﬁy‘)
k=

+ Daﬁ,o (‘10;"6 + ‘105:,') + D[;/]Byé (W

7B(WJ]+I//)1)7

po + W,(iy)7 (28)

where

x/f/a Zh x/x, 5

k k
x/fyo Zh ())Cy/;)ya?
k
Ay = Zh 7Y = 1)0M) T, (29)
o () ) () 1)
k
B:ZZh x9CY513 = 2hCi3),, (30)
k=1
n 3
Do Zo“ e, D2 =3 "0WRYH® () /3 +(0%)"h")9)c, .

k=1

Dy, HY+((h")’/3+ (0K ) (% — 1),

k) (k)
apys = Z(O( 'h

k=1

s

31)

Egs. (28) show that, in general, membrane forces and moments
depend on all the five functions uy, Uy, y;, 5, and w.

3.3. Equilibrium plate equations

The two-dimensional equilibrium plate equations are deduced
from the three-dimensional virtual work equation written for vir-
tual displacements (5u®, sul, sul) having the form of the kine-
matically admissible displacements (15) and (16), where the
functions 6ul", su{, sy, sy, sw® are chosen as in Eqgs. (17):

Sub) (x1,X2,X3) = Sy (X1,X2) + X300 ,(X1,X2),
SuP (x1,X;) = SW(x1,X7). (32)

Such three-dimensional virtual work equation reads:

n x(k)
S L S @ 2500,) + S0, + owa) dida
k= S JX\ET

- [ L

+X30,) + t3ow)dxsds + /(ti(éﬁ“ + héy,) +t5ow)da, (33)
S

w0 (0Uy, + X30Y,) + b3ow) dxsda + / (ty (o,
aS

where b;, t;, and t denote the components of, respectively, the force
per unit volume b acting on C, the force per unit area t acting on the
mantel S x (—h, h) of C, and the force per unit area t* acting on the
end face S* of C.? After thickness integration, one finds, with a use of
the divergence theorem, that

/S (N + €)1+ (Qu + G3)W + (Mg — Qe+ M)00,)

- /0 (N~ )0+ (@ — F)ow

+ (Maghg — €)W, ds = 0, (34)
where g; and m, are loads per unit area of S,
h h
g — /hb,-dxg L, my = /hb1x3dx3 Fht;—t),  (35)
and f; and c,, are loads per unit length of 95,
h h
fi = / t,‘ng,, Cy = / t1X3dX3‘ (36)
“h “h

2 The double-sign exponent * is meant to suggest a double reading of the sentence
where it appears, one for each of the two signs.
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It follows from Eq. (34) that the equilibrium plate equations are, in
S,

Nypp+q, =0, Quu+q3 =0, My;—Qu+my=0, (37)

and that they are accompanied by boundary conditions consisting
in complementing assignments, along 9S, of the loads f,,f;, and
¢,, and of the displacements and rotations u,,w, and .

Since, as observed at the end of SubSection 3.2, membrane
forces and moments depend in general on all the functions
Uy, Up, 1,5, and w, the equilibrium equations (37);, and
(37)3.455 governing, respectively, membranal and flexural deforma-
tions of the plate, are coupled. They are not, as is the case for
homogeneous single-layer plates, for the mid-plane symmetric
laminated plates, whose equilibrium equations we deduce in
SubSection 4.1.

3.4. Improved three-dimensional stress field

The five equilibrium equations (37) form a system for the five
unknowns Uy, Uy, w,; and y,. Once these functions are found, a
corresponding set of displacement, strain and active stress fields
in the three-dimensional body C is obtained, with the use of (22),
(24), and (25). In general, such an active stress field does not satisfy
the three-dimensional equilibrium equations for C exactly (as dem-
onstrated, e.g., by the first of boundary conditions (40)3); this may
happen because a plate problem does not correspond to a single
three-dimensional problem but rather to an equivalence class of
equilibrium problems for C. However, as shown in Lembo and Po-
dio-Guidugli (2007) for single-layer plates, one can use the reactive
stresses associated with the internal constraints implicit in the
Reissner—-Mindlin kinematics to strongly improve the active-stress
approximation of the three-dimensional stress field.

Consistent with the fact that the reactive stress field we con-
sider maintains also the second-gradient internal constraints (2),,
we try and determine it by the use of the equilibrium equations
for second-grade material bodies. In our case, the hyperstress S is
purely reactive and the total stress S has the expression (3). Hence,
the balance equations at interior points of C and at its boundary
are:

Div($* + S*) — Div(Divs®) + b =0, inc,

+ (8" + SM)e; = (DivsFe; +°Div(Sfe;) = t*, on S*,

$*n — (Divs®)n —*Div(S*n) =t, on 85 x (—h,h), (38)
(S*'myn=p, onac\ (88T UAS),

(S*nE)vE + (S*ng)vs = IF, on aS*.

Here, °sDiv denotes the surface divergence operator; curve
0S8* = 8S x {+xh} is the common boundary of the end face $* and
the mantle dS x {—h, +h}; at a point of such a curve, the unit vec-
tors n{ and vi denote, respectively, the outer normals to S* and
to 9S*, while the unit vectors nj and v; denote, respectively, the
outer normals to 9S8 x {-h,+h} and to S x {xh}; thus,
ni = +e; = v§, vi = ni. Moreover, load p is a couple per unit area,
and load I a force per unit length.> We recall that it makes sense to
apply such couples and forces to a material body of second grade or
higher, but not to a first-grade material body (see e.g. Podio-Guidug-
li, 2002; Podio-Guidugli and Vianello, 2010); thus, both for simplicity
and for consistency with the developments in the Remark that closes
this section, we put:

p=0 =0 (39)

3 In the present section, for simplicity, we take S smooth; had it corners, vertical
edges would be found in the mantle, along which forces per unit length could be
applied.

Using the expression (7) for the reactive stress, Egs. (38)
become:

Vu33€s+ (33 +21,, — 0),es =Div§" +b, inc,

(V3) €+ (733 + 1, — 0) €3 = (S'es)” Ft*, on S*,

0=Sh,ny —ty, 20,30, =S40, —ts, ondS x (—h,h), (40)
=95 =0, onS*,
N,y =0, on dS*.

As anticipated, we cannot expect the active stress $* we have deter-
mined by means of our shearable plate theory to satisfy the first of
(40). However, for given fields §* and t, the rest of system (40) can
be used to evaluate the six parameter functions o, y;, and 7, in the
representation (7) of the reactive stress. There is more than one way
to do so; here is how we choose to proceed in this paper.
Since
h
h

/ (h—)(DivS" + b), d¢ = —2h(S"e; + 1), (41)

by integrating twice the third component of (40); on taking (40),
and (40), into account, we obtain:

h

[ (0 =2n,)dc 0. (42)
“h

We choose:

’10((X17X27X3) = '})a(X1,X2,X3), (43)

an assumption that implies symmetry of the reactive stress T (cf.
(7)) and that, together with (40),, makes *Div (S”e;) vanish on the
end sections of C, reducing conditions (40), 5 to the form Sn = +t*
of classical elasticity; in addition, we satisfy Eq. (42) by taking

1 -h
0(X1,%2) = E/hma(xhxz,xgdx} (44)

All in all, we are left with a representation for T® in terms of the
three parameter functions y;, with the choice of y; and y, restricted
by the last of (40), which takes the form:

7,12 =0 on dS*,

due to (43). The components of T® are obtained by integrating
Eq. (40); with the conditions (40), and (40),. Making use of (43),
we have:

X3

M= = Ses ), - [ D' bt
_h

3 — (x5 4+ h)(S"e; 1), + / (x3—)(DivS" +b), d¢, (45)
—h
TV =0 -y — i) =7 — (S'es + ), — / : (DivS" +b);dc,

for the first layer (k = 1), and

X3
R (k) (k) (k=1 s A .
Tat3 =—Y23= Va3 )|X3:X§’<">_/(k7“(Dlvs +b>xd55
N
3
X3
K k-1 k-1 k—1) PPV .
Pl — plk )\xl:x;k,mt()cgfxg >)y<1_3 \Xa:x‘}k,wr/{kin(x37C)(D1vS +b),d¢,
P X3
s
R (K R (k-1 (k=1 (K A
T3 =T35 | gen = Pl 785 — / o, (DIvS" £ b),dc, (46)
X3

for all other layers (k > 1). When the reactive stresses T5* are com-
ponent-wise added to the active stresses, an improved approxima-
tion of the stress field solving the three-dimensional balance
equations in the closure of C is arrived at. We substantiate this
assertion by means of the examples we work out in Section 5.
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Remark. One may wonder whether the standard equilibrium
equations for first-grade material bodies would serve to determine
an out-of-plane addition

R=R;(e;®e; +e3®e,)+Rzes @es
to an in-plane stress field
s’ = Sup(ex @ e +es®ey),

computed by the use of some plate theory, in hope that the stress
field A=S"+R offer a good approximation of the unknown
three-dimensional stress field.* For S chosen equal to our $*, would
such R turn out to be the same as our T® (or better, perhaps)?

This proposition makes sense, because we stipulated (39) and
(43) (applied surface couples p and line forces I can be handled
only within a theory of grade higher than the first; moreover, when
a general second-grade theory is adopted, the reactive stress T®
needs not be symmetric). The additional stress field in question
must solve the following system:

—DivR=DivSs*+b, inc,
—R'e; = (S'e;)” ¥, on S, (47)
—Rs, =Sy,n, —t;, on dS x (—h,h).

The first two equations in system (47) correspond to the first two in
system (40); for the layered plates we study, they lead to a reactive
field that has the form detailed in (45) and (46). The boundary con-
ditions on 9S8 x (—h,h) differ, though. The reason why they do is
that their expression is

Sn=t (48)
within a first-grade theory, and is
Sn—°Div(Sn) =t

within a second-gradient theory, in which a hyperstress S inte-
grates the ‘ordinary’ stress S. If in (48) we approximate S by
A =S"+TF the third component of that equation reads:

R A
T3ocn‘1 =y3Me = S3txn1 — 13,

and differs by a factor 2 from the second of (40)s.

In conclusion, the question posed in the beginning of this Re-
mark can be given a semi-positive answer in rather special circum-
stances and by taking some ad hoc measures. But, we believe that it
would be better not to use the balance equations of a first-grade
theory to approximate the three-dimensional stress field in a
plate-like body, layered or not, when the displacement field is gi-
ven an a priori Reissner-Mindlin representation. We offer two rea-
sons: the one, conceptual, is that such a representation can be
regarded as an internal constraint that can be completely and ex-
actly satisfied only within the framework of a second-grade the-
ory; the other, practical, is that a second-grade approach sets the
stage for an optimal choice of the reactive field, among the many
such fields consistent with the given applied loads; we plan to
tackle such an optimization problem soon.

4. Laminated Reissner-Mindlin plates with special symmetries
4.1. Mid-plane symmetric plates

A multilayered plate-like body C is mid-plane symmetric, and
its two-dimensional model is called a mid-plane symmetric plate,
when C is formed by n pairs of layers having the same thickness,
being symmetrically located with respect to the mid-plane of C,
and being made of the same transversely isotropic material. We

4 We are grateful to an anonymous reviewer of a former version of this paper for
raising this issue.

shall denote by one and the same label k the two layers of a given
pair. The k layers occupy the regions of C between planes
X3 = 43" and x5 = +x (%" %)Y are non-negative numbers;
in particular, X’ = 0 and x{” = h); their thickness is 2h'", and their
mid-planes are x; = 0% = +(x% " +%{)/2, with % > 0. The
mid-plane of C separates the pair of layers labeled with the number
1, whose displacement components are:

Uy (X1,X2,X3) = Uy (X1, X2) + X3y (X1,X2)2,
Uz(X1,X2) = W(X1,X2). (49)

With this choice, 11, U,, and w are the displacement components of
the mid-section of C, while the displacement components of the k
layers are:

ub (%1, %5, %3) = Uy (X1,%2) + (5g0(x3)HY + y®x3),, (X1, %)

+ (sgn(xs)HY + (10 — Dxs)w,(x1,%2), o =1,2,ul (x1,%,)
= W(X1,X2), (50)

where
k-1

HY =0, H® =720 -4, k>1. (51)
i=1

The strain components are:

1 - - _
E;k/‘) = j(uxﬂ +1Upy+(sgn(xs)HY + X(k)x3)(¢x./f +Vp)
+ (sgn(x3)H® + (1 = 1)x3) (W + W),

1
ESy =5 1% (W ). (52)

The stress resultants in the whole plate are:

h h
Ny — / Syt = Al (s + ). Q= / Sl = B(w, + 1),

h
A =02 el
My = [ Sads =Dl (s + ) + Doy Wi W), (53)
where
n n
2l (k) ~ (k) B (k) (k) ~ (k) (1)
Agc/]m = ZZh Coppsr B= 4Zh X515 = 4hCi3)s,
k=1 k=1

L apysr

n
Dy = 23 @“AYHY + ()3 + @)"h")1“)c)
k=1

E}

— A 3 o2 (k
Dy = 2 (0WRHY + ()73 + (@%)"h") (2% — 1)Ci.
k=1

(54)

Expressions (53) make clear that, for mid-plane symmetric plates,
the membranal equilibrium Eqs. (37);, are uncoupled from the
flexural equilibrium Eqs. (37)3 45. We notice that the expressions
of the reactive stresses T found in Section 3.4 have to be modified
in an obvious way to account for the different layer numeration.

4.2. Axisymmetric circular plates

In the next section, we shall apply the proposed model of lam-
inated plates to the study of certain equilibrium problems, which
include the case of circular plates subject to axisymmetric defor-
mations. In preparation for these applications, we now specialize
for axisymmetric problems the key equations of the previous sec-
tions, making use of coordinates (r, 0, z) in a cylindrical system,
whose origin and z-axis coincide with the origin and the x3-axis
of the Cartesian system introduced in Section 2, and whose basis
vectors are (e, ey, e;).

Let the cylindrical body C with circular mid-section S be com-
posed of n layers, the k-th one of those occupying the sub-region
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¢ of ¢ between the planes z = z*-1 and z = z. In the presence of
axisymmetric deformations, the displacement components in the
k-th layer of C are:

ul (r,2) =) + (2 o)), uf(r.z)=0, uP(r)=wh(r). (55)

In view of the restrictions following from the requested interlayer
continuity of displacement and traction vectors, the nonzero com-
ponents can be written in the form:

uf(r,2) = u(r) + (HY + 7929 (r) + (HY + (19 = 1)2)w, (1),
(r) = w(r), (56)

where we denoted by u and y, respectively, the functions 7" and
v, and where

(1)
X(k) Crirz , k= 1 H(l) =0
Clare
k-1
H© (0 — 70y, k=2,....n. (57)

EY = +29"), = ur + (HY + 1 Y2), + HY + (1Y — 2w,
1

B =L +2y) = 2 (1 g2 L 4 - 1))
1

BY = w4 /¥) = 2 0+ ), (58)

Under the assumption that layers are made of a transversely isotro-
pic material inextensible in the z-direction, the nonzero compo-
nents of the active stress are:

Ak) _ (k) gk (k) p(k) A(k) _ ~(K) (k)
Srr Ci('nerr(':) + Crr(ﬁ()El)() ) S(){) - Cl)()rrErr + CU(}U{)EU{)
SAR — 2e EW, (59)

rzrz TZ

with ¥/, = C®) . The definitions of stress resultants, both in a layer
and in the whole plate, are completely analogous to those of Sub-
Section 3.2. The nonzero stress resultants in the whole plate can
be written in the form:

u w,
Nop= / S pdz= Aall)]rruT+AL2brrl//r+AE\3b]rrW.rT +Aalb]()() +Anb()()l//+Aa3b](){)T.?
Q,= / S Ldz=B(y+w,),
¥
Mnb:/ﬁ S w24z = Dabrrur"‘Duhrrl// +Da[vrrw +Dawm +Drm()() +Dub()() r’
(60)
in which
n
2 k k
nbcb - 2Zh nhcm A[nb]cb = 2Zh( : (k)o(k))c«(xb)cm
k=1
k
AL, =23 Y 10Tl (61)
k=1
o (06) . () (~
1
B =Y 2n"yMclk, =2hcy, (62)
k=1
n n
3
Do =2y _0“hCy,, DL?fD—ZZw““h“‘) HY (") /3
k=1
+(0(k))2h(k>)l< abtb7 abthfzz k k
3
+((h) 73+ (™) h ) (1 — 1)) Cs (63)

indices a,b,¢,d can be equal to r and 60, and are such that a =5
and ¢=D». Due to axial symmetry, the equilibrium plate equa-

tions in terms of stress resultants reduce to the following
three:

1 1
Nrr,r +F(Nrr - Nl)()) + qr = 07 Qr‘r Jr?Q.r + qz = 07
1
Mrr,r+;

(Myy = Mg) = Q; +m =0, (64)

where the loads per unit area of S are defined as

h -h
q,:/b,dz+t,*+t;, qZ:/ b, dz+t/ +t,,
J—h —h

h
m= / q,zdz + h(t} —t;). (65)
J-h

Moreover, the first-order reactive stress S* and the reactive hyper-
stress S® reduce to:

sf—yeveve+y,e,0exe
(er ®e +e,x er):, (66)

St =ce, e,
+ nrel ®

the divergence of SF is:

Div §R = yr,zer ®e; + nr,zel ®er + (yz,z + nr,r + nr/r)ez ®e; (67}

and the reactive stress T® has components:

0 0 _'Vr‘z
Tfj=| 0 © 0 . (68)
_nr‘z 0 o- yz‘z - r]r‘r - ’/’r/r

When C is regarded as a three-dimensional body made of a second-
grade material, in which the hyperstress is purely reactive, subject
to null couple per unit area p and to null forces per unit length [, the
governing balance equations and boundary conditions are:

yr.zzef + (Vz,z + z(nr,r + 7’I/r) -
(Vr.z)ief + (Vz,z +'/’r,r +’/]r/r* O-)iez = (SAeZ)i + tia on $+ and 877
20, Ny =Sy, —t;, ondS x (—h,h),

yF=7f=0, onS*and S,

nn=0, ondS*and 4S~. (69)

0) e.=Div§"+b, inc,

We assume that #,,(r,z) = 7,,(r,z), which assures the symmetry of
the stress T¥, and we take

h
i [ miradz (70)

By integrating Eqs. (69); under conditions (69), and (69),,
obtain

¥4
T <9l = ~(S'e+0), — [ (DivS"+b),dt,

W= rh) e +0), + [ @-0Divs" 4B,
—h

T =gt

zz

=M r=y0 4y /r—(S'e,+1),

- [ ;(DivSA +b),d, (71)

for the first layer (k = 1), and
T =g = Vo [ (DVS" ) d,

y4
P =P e + @25 +/ (z—{)(DivS" +b), d¢,
k1) (72)
(k=1)

Z
R(k R(k-1 k1 N K A .
= () [ oSt ma
(k-1) vz

for all other layers (k > 1).
As it has been done in Section 4.1 in the case of a generic cross-
section, the layers of axisymmetric circular plates that are also



1570 G. Formica et al./International Journal of Solids and Structures 51 (2014) 1562-1575

mid-plane symmetric are labeled in pairs, with the label k = 1 as-
signed to the pair adjacent to the mid-plane. The additional sym-
metry implies that the expressions (60); and (60); for membrane
forces and moments become simpler:

U
N, = / Shdz = 2A% u, +2AL1[1]()()_’
(73)

U

ub_/S zdz = D2 . +DE w,, + D2, —+Dm(, .

with

O DR
= 42}1 abcm alv]cb =
DB

oWpOEH HY 4+
abed T 42

k=1

43 (@VRYHY 4 (1)’ 13+ (00)*h ) 70)c ),

k=1

(hY9) 3+ (@0)2R9) (0 ~ 1)l (74)

indices a,b,¢,d can be equal to r and 0, and are such that a =5
and ¢=Db. For this class of plate problems, as a glance to the
resultants in (73) makes clear, the membranal and flexural equi-
librium Eqs. (64),3 and (64); decouple. Once again, it is important
to keep in mind that formulae (71) and (72) for the reactive stres-
ses have to be modified to take account of the different layer
numeration.

5. Examples

In this section, we apply our plate model to study some equilib-
rium problems for a multilayered plate-like body C having rectan-
gular or circular cross-section. For each of these problems, the
plate solution is used to construct the three-dimensional active
stress field in C, which is improved by addition of the reactive
stress field. Then, the total stress is compared with the stress of
the exact three-dimensional Levinson-type solution (the deduction
of the Levinson solutions we exploit has been presented in Formica
et al. (2013)). In all examples, the only external loads acting on C
are surface loads on the end faces. In the case of a circular cross-
section, we also apply those radial tractions on the mantel that
are needed to guarantee the existence of a Levinson-type solution
and, for simplicity, we restrict attention to axisymmetric loadings
and deformations.

5.1. Plate-like bodies with rectangular cross-section

Let the cross-section of C be a rectangle with sides parallel to
the axes x; and x,, of length [; and L, and let C consist of either
two, three, or five layers of equal thickness. In the last two cases,
let the layers symmetrically located with respect to the mid-plane
of C be formed by the same transversely isotropic material; thus,
according to the definitions of Section 4.1, C is a mid-plane sym-
metric multilayered plate-like body made of 2n layers, with n
equal to 2 and 3, respectively. Furthermore, let the boundary con-
ditions on the mantel of C be of the type assumed in the Levinson
problem (Levinson, 1985), namely, such that both transverse and
tangential displacements are prevented and normal tractions are
null: that is to say that, on the sides whose normal is parallel
to e;, the geometric boundary conditions are w = 0 and, in addi-
tion, U, = 0 and ¥, = 0, while the natural conditions are that both
the membrane force N;; and the bending moment M;; vanish;
and that, on the sides whose normal is parallel to e,, analogous
conditions prevail, modulo the interchange of the index values.
All in all, no matter the layer number, the boundary conditions
are:

forx;=0 and x;=1;:
forx, =0 and x;=1I:

U, =0, w=0, =0, N;; =0, My; =0;
=0, w=0, y;=0, Ny =0, M =0.
(75)

The external loads consist in normal tractions applied to S*, having
the following expressions:

. pTX qrx;
+ o+ p 1 2
g (X1,X%2) = Opg SIN I sin

DPTX1 . qTXy
hL L’
in which ¢, and g, are constants. These tractions can be thought

of as terms of series expansions of loads acting on the end faces of C;
the corresponding plate loads are:

U3p(X1,%2) = 0, SIN (76)

X1 . qTX
Q3pg(X1,X2) = Gpq smpl ! smql2 2

= (0 + G,) SiD

(77)

The unknown functions uy, i, w,;, and v, are assumed to have
the representations:

ﬁl(xl,XZ):ﬁlchosp ™ qunxz U3 (X1, X) = Ulgpg S PTX, qﬂxz
I I, I L
. pTX TX:
W(X1,X2) = Wpg pl nqlz2
X TTX: TIX X
Y1 (X1, %2) = '//wqcospl lsmql L hx) = !Pzpqsmpl coSqIZZ,

(78)

where Uypg, Uspg, Wpg, Yipg and v, are coefficients to be deter-
mined. Introduction of (78) into (37) produces a linear algebraic
system for the unknown coefficients in (78), that can be given the
form:

An A Az A Ais| [ty 0
Ayt An Az Ay Ags | | Uz 0
As1 Ay Az Ay Ass Wpg | = | =pq |- (79)
Apn Ap Ap Aw Ass | | Vi 0
Asi Asy Asz Asy Ass | [Wopg 0

Then, the total stresses are evaluated and compared with those fur-
nished by the exact three-dimensional Levinson-type solution of
the same problem, as given in Formica et al. (2013).

In the three examples we consider, the thickness of C is
2h = 100 mm, the lengths of the sides of S are I; = 1500 mm and
I, = 2000 mm, and the values of the elastic moduli of a layer are al-
ways taken such that

E=075xE v=7=025 G=025xE. (80)

With this choice, specification of the Young modulus E for in-plane
directions suffices to define all the moduli of a layer. In Figs. 1-5, ex-
act solutions are plotted with continuous lines, our model with dot-
ted lines; dashed lines represent the constant active shear stresses
corresponding to the plate solutions.

5.1.1. Two-layer rectangular plate

Layers are assumed to have the same thickness, and are num-
bered from the bottom to top. The Young moduli of the layers for
the in-plane directions are E" =17x10° N/mm? and
E® = E® /25, The loads applied to C are those of Egs. (76) with
p=q=1and o}, = g,, =10 N/mm?. Plots in Fig. 1 give the stres-
ses along the fiber parallel to x; intersecting S at
(%1,%2) = (I;/3,5/3); they show a fairly good agreement between
the predictions of our model and the exact solution.

5.1.2. Three-layer, mid-plane symmetric rectangular plate

The mid-plane symmetric body C is formed by two layers la-
beled by the number 1 and located between the planes x3 =0
and x; = +h/3, and two layers labeled by the number 2 and located
between the planes x; = +h/3 and x;3 = +h (thus, C can also be re-
garded as formed by three layers of equal thickness 2h/3). The
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Young moduli of the layers for the in-plane directions are
EY =1.7 x 10° N/mm? and E® = E"/25. The external load are
those of Egs. (76), with p=q=1 and 7,, = g, = 10 N/mm?. Re-
sults are presented in Fig. 2, where stresses on the fiber parallel
to x3 intersecting S at (x4,x2) = (l;/3,1/3) are plotted; again, our
model’s predictions turn out to be fairly accurate.

5.1.3. Five-layer, mid-plane symmetric rectangular plate

This example considers a mid-plane symmetric body C that is
formed by two layers labeled by the number 1 and located be-
tween the planes x; = 0 and x3 = +h/5, two layers labeled by the
number 2 and located between the planes x; =+h/5 and
X3 = +3h/5, and two layers labeled by the number 3 located be-
tween the planes x; = +3h/5 and x3 = +h (thus, C can also be re-
garded as formed by five layers of equal thickness 2h/5). The
Young moduli of the layers for the in-plane directions are
EM =1.7 x 10° NJ/mm?, E® = E" /25, and E® = E. The loads ap-
plied to C have the expressions of Egs. (76), with p=q =1 and

Opg = 0pg =10 N/mm?. In Fig. 3, the stresses on the fiber parallel

1.0F " ]
0.5} 1
=
= 00 P °
= )‘/,/“'//
~05} 1
- 1 0 V. n n n n n :
~0015  -0010  -0005  0.000 0.005 0.010 0015
Sp/ED
10f
05}
=
= 00 N
= /./(ﬂ/‘/(‘
~0.5}
- l 0 '. . I I I I ]
~0010 ~0.005 0.000 0.005 0010
Sp/ED
1.0F
05t
<
= 00
* ."AX././'/
-05f
- 1 0 L I I I I ]
~0.00004 ~0.00002 0 0.00002 0.00004
S33/EW

1571

to x; and intersecting S at (x1,x2) = (I1/3,1,/3) are plotted; they
show the good accuracy achieved by the model. Some small differ-
ences appear on the external layers for the in-plane stresses, which
are all active in nature and arise from to the plate solution, because
there are no corresponding reactive stresses.

5.2. Plate-like bodies with circular cross-section

We consider two examples of axisymmetric deformations of
mid-plane symmetric plate-like bodies C with circular cross-sec-
tion. As observed at the end of Section 3.3, in such cases the equa-
tions describing membranal and flexural deformations decouple.
We assume that the external loads applied to the plate-like body
at S* are:

t; (1) = Oplo(Kkmr/R), £, () = 0Jo(KnT/R),

where o}, and ¢, are constant, ], is the Bessel function of the first
kind and order 0, and x,, are the positive zeros of J,. The loads (81)
represent terms of series expansions of loads acting on the end faces

(81)
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Fig. 1. (Two-layer rectangular plate) Non-dimensional stresses along the transverse fiber at x; /l; = 1/3, x2/l, = 1/3.
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Fig. 2. (Three-layers rectangular plate) Non-dimensional stresses along the transverse fiber at (x;/l; = 1/3,x2/l, = 1/3).

of C; they are accompanied, on the mantel of C, by those normal
tractions that are necessary for the equilibrium problem of plate-
like bodies with circular cross-section to have a solution of Levinson
type (cf. Nicotra et al., 1999; Formica et al., 2013); we recall that
such normal tractions have null resultant and non-null resultant
moment M,, along each segment parallel to the axis of C. The loads
(81) produce the plate load g, per unit area,
(G5 + G )lo(KmT/R).

= qnfo(KnT/R) = (82)

The solution of the plate problem can be determined as follows
(cf. Formica et al., 2011). Equilibrium is governed by equations
(64),3, that, making use of Egs. (60), can be written in terms of
the functions w and y:

Brol(r(wy +y)), +q, =0, DR.(r (r(wy +v)),),
(D?rrr D[rzrrr)( (ﬂ/\/r)r)r - B(WV + lﬁ) = O (83)

It follows from Eq. (83); that

1 r
Wety =g /0 q.pdp; (84)
substitution of this in Eq. (83); yields
(™ w))), = s t/%pp+ o e D

The general solution of the homogeneous equation associated with
(85)is
(86)

where c¢; must be zero to have a finite displacement at r = 0. When
the load per unit area g, has the expression (82), Eq. (85) has the
particular solution

w(r)=ci+crr+clnr,



G. Formica et al./International Journal of Solids and Structures 51 (2014) 1562-1575

"’ | /
05} ] 1
=
5 00
[
—0.5} p 1
_IAO»‘/ ‘ ‘ ) ) J
20006 —0004 0002 0000 0002 0004 0006
Si/ED

0.5F

X3//’l

0.0

—-0.5+

~0.002 0.000 0002 0004

Sx/ED)

X3//’l
o
=)

—0.5+

-10(é
~0.00004

~0.00002 0 000002 0.00004

S33/ED

1573

10

0.5

-~
= 00
S
4
~0.5} ]
\
- l -O L i i i i . 1
20,0010 20,0005 0.0000 0.0005 0.0010
Sip/ED

X3/]’l

—10Fk 1
0.00000 0.00005 0.00010 0.00015 0.00020

S3/ED

.X3/h

000010 000012 0.00014

000000 000002 0.00004 0.00006 0.00008
So3/ED
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Thus, the general solution of (85) is known, and it follows from
(83); that

2 2l
Y(r)=-2cr—q, (( R_ : (DngRKm +£> _%y] (Kmr/R),

"3 2
Dm'r - D[rr]rr) K5 Km

(88)

with J; the Bessel function of the first kind and order 1, and where
the integration constants c¢; and ¢, are determined from the condi-
tions w(R) = 0 e M;+(R) = M.

In both examples we present, the cross-section of C has radius
R = 1000 mm and the thickness is 2h = 100 mm.

5.2.1. Three-layer, mid-plane symmetric circular plate

Here C consists of two layers labeled by the number 1 and
located between the planes z=0 and z = +h/3, and two layers
labeled by the number 2 and located between the planes
z==+h/3 and z = +h (so that C can be regarded as formed by three
layers of equal thickness 2h/3). The Young moduli of the layers for
the in-plane directions are E" =1.7 x10° N/mm? and
E® = E /25, The external loads on C are those of Eqs. (81) with
m=1 and ¢}, = 6,, = 10 N/mm?; the external loads on the plate
are: the surface load g,, given by Eq. (82) and acting on S, and
the bending moment M,,, acting on dS and due to the tractions
necessary on the mantel of C to have a Levinson-type exact
solution. In Fig. 4 a comparison of the stresses on a fiber parallel
to z and intersecting S at r = R/2 is given; it shows that the results
of our model are in very good agreement with those of the exact
solution.
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5.2.2. Five-layer, mid-plane symmetric circular plate

In this example, C is composed of two layers labeled by the
number 1 and located between the planes z=0 and z = +h/5;
two layers, labeled by the number 2 and located between the
planes z=+h/5 and z= +3h/5, and two layers labeled by the
number 3 and located between the planes z= +3h/5 and z = +h
(so that C can be regarded as formed by five layers of equal thick-
ness 2h/5). The Young moduli of the layers for the in-plane direc-
tions are " = 1.7 x 10° N/mm?, E? = E" /25, and E® = EV. The
external loads on C are those of Eq. (81), with m=1 and
0}, = 6,, = 10 N/mm?; the external loads on the plate are: the sur-
face load q,, given by Eq. (82) and acting on S, and the bending mo-
ment My, acting on dS and due to the tractions on the mantel of C
necessary in a Levinson-type exact solution. Fig. 5 gives a compar-
ison of the stresses on a fiber parallel to z intersecting S at r = R/2,
and shows that the accuracy of the results of our model is again
good.
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