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Abstract

This paper serves as an introduction to the variational formulation of Cosserat beams. It
provides a detailed derivation and treatment of reduced balance laws of Cosserat beams from
the Lagrangian differential equation of motion,and Hamilton’s principle. Emphasis is given
to the details of the derivation, maintaining. Bernoulli’s assumption of the rigid cross-section.
Both the strong form and the weak form of the equilibrium equation for Cosserat beams are
derived independently from the infinitesimal stress equilibrium equation. The weak form is then
validated by obtaining it from the strong form of the reduced law in a purely mathematical sense.
Finally, the strong form is obtained using Hamilton’s principle. Once the equations are obtained
considering an initially stvaightreference beam configuration, the balance equation for the beam
with initial curved (but dnstrained) reference configuration is obtained. The D’Alembert forces
are interpreted fromthe non-inertial director frame of reference and conclusions drawn. The
energy conservation law and the conditions associated with it are obtained, establishing the
relation between thesLagrangian and Hamiltonian functional for Cosserat beams.

Keywords: | Cosserat beam theory, directors, material frame, stress resultant, strong form,
weak form, ‘balance laws, virtual work, non-inertial director frame.
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1. INTRODUCTION

The mechanics of Cosserat continuum has been a topic of interest since its discovery by Cosserat
and Cosserat [1] in 1909. Cosserat beam theory is a single manifold problem. The position vector
of the midcurve and the directors are the physical parameters that are used to define the state of
the beam. This description of the rod falls under the idea of Duhem [2], where any point in the
body is not only described by the position vector, but also by an attached set of vector triad called
directors. The Cosserat brothers [1] harnessed this idea to develop the finite straindheory of rods
and shells assuming a fixed rectangular Cartesian system. The work by Ericksen_and Truesdell [3]
was a mathematical generalization of the work of Cosserat brothers to developta nonlinear theory
of rods and shells. They first considered general differential geometry tools that deal with the
transformation from one space to other and then used them to obtain a generalidescription of the
undeformed and deformed configuration of the rods. They limited the spage tora three-dimensional
Euclidean space, thereby developing a complete differential description of the finite strain of the rod.
Their work [3] also serves as a concise introduction to the history of theory/of beams and rods. The
work on the finite displacement theory of the rods attributed toulSirehhoff was improvised by Hay
[4], which is in fact a special case of the formulation in [3] obtained-by choosing special coordinates.
Cohen [5] developed a comprehensive nonlinear theory of elastic curves for the static case. This work
was extended to the dynamic case by Whitman and Desilva, [6]."Eric Reissner [7]-[9] developed the
static finite strain beam theory for the plane case by incorporating the shear deformation using a
classical approach. He arrived at non-linear strain displacement relations consistent with equilibrium
equations for the static case. Simo [10] extended the ' work of Reissner for three-dimensional dynamic
case using a director type of approach. Further, work by Simo and Vu-Quoc [11] incorporated the
effect of Warping for initially straight beam, maintaining the single manifold nature of the problem.
Simo [10] discussed the balance law consideringythe uniform straight initial beam configuration, and
Iura and Atluri [12] obtained the governing equations for the initially curved beam configuration
using the principle of virtual works#The, work by Green and Naghdi is among the first exposition to
the theory of elastic rods, developing the mechanics using a classical three-dimensional equations
[13] and also using Cosserat carves [14]. Naghdi and Rubin [15] presented various constraint theories
of rods where various classes of,deformations were restraints. A relatively recent publication by
Brand and Rubin [16] dealt; with one of such constraint theories of a Cosserat point for numerical
solutions of non-linear elastic rods. Significant research on the finite element formulation of the
Cosserat beam element’is done by Cao et al. [17]-[18], Kapania and Li [19] and Rubin [20]-[23]. The
ability of Cosserat beam theory to capture all kinds of deformations including torsion and shear
has been exploited by Todd et al. [24], Chadha and Todd [25] to develop a theory of global shape
reconstruction using finite surface strain measurements.

Interested readers are also recommended to refer to the detailed work and references therein
by Love [26], Antman [27]-[28], Svetlitsky [29]-[30], Maugin [31] and Vetyukov [32]. The Cosserat
rod is a special case of problems that fall in the domain of micropolar continua, which in turn
is a special restraint case of micromorphic continua. An excellent compilation of explanation on
micropolar continua (by H. Altenbach and V. A. Eremeyev), micromorphic continua (by Samuel
Forest), Electromagnetism and generalized Continua (by G.A. Maugin) is found in [33].

It is evident that the problem of Cosserat rods has been well treated in the past. While the
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aforementioned references are seminal contributions to this field of mechanics, they do not tend to
elaborate the details of the inherent physical relationships or the connections particularly appreciative
to the engineers. We focus on illustrating various ideas by means of rigorous mathematical derivations
and illustrative schematic diagrams wherever possible, attempting to deliver the matter in a simplified
yet complete manner. The detail with which the derivations are performed and the results explained
in the defined domain of the discussion sets this work apart from the references mentioned above.
We believe that the primary novelty of our work is that the mathematical details and interpretations
it encompasses would help the reader get acquainted with a method of rational reasoning of the
description of finite strains and the governing differential equation of three dimensional, geometrically
exact Cosserat beams.

Unlike the general work of Ericksen and Truesdell [3], we limit our diseussion to the classical
Cosserat beam formulation with orthonormal director triad and fixed, Cartesian reference system.
We outline the tensor algebra and variational principles required to derive thestrong and weak form.
We discuss about a method to uniquely define the shear angles and obtain the curvature terms as a
function of pitch and yaw angles. A careful interpretation of the fimite strain vector obtained as a
result of superimposition of strain due to curvature, elongation,shears and torsion is presented. We
also present a detailed discussion on the variation of the director triad and parametrization of the
orthogonal rotation tensor using Rodrigues method with an explanatory example. The pioneering
work of Ibrahimbegovic [34] on vector like parametrization of three-dimensional finite rotations
details the kind of parametrization described in this,paper: Another approach on parametrization
of rotation tensor is the quaternion method, whichAs explained in the work of Argyris [35]. We
carefully develop the deformation gradient tensor of'the beam assuming the undeformed state of
the rod to be naturally curved. We culminate.the section on the deformation gradient tensor by
presenting a clear exposition of the finite strain vector of the rod referenced to the curved reference
configuration (section 3.1.3).

Since the balance laws in both weak and strong forms are at the heart of finite element analysis,
we firmly believe that it is béneficial’to obtain these equations in more elucidated and detailed
fashion, using both an infinitesimal equilibrium equation and the Hamilton-Lagrange principle. The
results obtained here will'be directly used to generalize the theory of shape reconstruction developed
by the authors and te investigate the conservation laws of Cosserat beams. In this paper, we do
not specifically assume/that the midcurve passes either through the geometric centroid or the mass
centroid of the heam but'rather leave its location general. We obtain the equations for the initially
straight configuration and finally achieve the same for an initially curved (but strain-free) reference
configuration. To clearly demonstrate the importance of the terms involved in the equation of
motion, we interpret the motion as viewed from the director frame of reference. We also obtain
the energyseonservation law from Hamilton’s principle, thereby establishing a transformational link
between the total energy and Lagrangian functional for Cosserat beams. This sets a foundation for
our further work on conservation laws of Cosserat rods as a problem of symmetries in the Noether
Theorem sense.

The remainder of the paper is arranged as follows: section 2 details the geometric formulation,
defines the deformation parameters (subsection 2.1), and finally outlines the required mathematical
tools (subsection 2.2). Section 3 derives the deformation gradient tensor (subsection 3.1) and the
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variation of deformation parameters (subsection 3.3), defines the stresses, and presents the reduced
force and moment in the classical sense (subsection 3.4). Section 4 presents the derivation of the
Strong form of the reduced balance law. Section 5 deals with the derivation and interpretation of
the weak form of equation from the infinitesimal Lagrangian equation (subsection 5.1), validating
the weak form by obtaining it from the strong form (subsection 5.2). Section 6 comprehends the
derivation of strong form from the Hamilton’s equation of motion. Section 7 presents a linear
constitutive law relating the reduced forces with the reduced strain parameters. Section 8 deals
with the energy conservation for the Cosserat beam. Finally, Section 9 draws some gonclusions and
describes the scope of future research in the field.
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2. KINEMATIC MODEL AND MATHEMATICAL TOOLS

2.1. GEOMETRY AND DEFORMATION PARAMETERS

The beam configuration is defined by a midcurve and the family of cross-sections. The beam
can possess different cross-sections varying smoothly. The cross-sections are assumed to be rigid,
and as such, the Poisson and warping effects are ignored (refer Appendix 10.5 for more details on
this assumption). The initial shape of the structure may be curved or straight andds assumed to
be unstrained. We begin by assuming that the initially curved reference beam Q¢ deforms to some
current configuration 2. Consider a fixed orthogonal Cartesian triad { E;}. Any<onfiguration of the
structure is described by the locus of the geometric centroids of the family oficross-sections called
the mid-curve, defined by the position vector ¢(&;) parametrized by the"undefermed arc-length
& €10, L), where Ly is the total length of the mid-curve in the undeformed-eenfiguration, or

©(&1) = i B;. (1)

The parameter B(&;) represents the cross-section ofithe beam at an arc length & and is
independent of deformation because cross-sections are assumed rigid. The orientation of any cross-
section in the deformed configuration is quantified bysthesset of orthogonal Cosserat triad called
directors {d;(&;)} such that

Any point on the beam is defined by theumaterial coordinates (&1, &2, &3) that are independent
of the configuration of the beam. The positionnvector (&) is sufficient to define the mid-curve but
not the orientation of the cross-sectionthat, is affected by shear and torsion. The directors take care
of this. The director dy(&;) is perpendicular to the cross-section and the directors do(&1) and ds(&)
span the cross-section B(&;). Any point /P on the cross-section is defined with respect to the point
G on the midcurve at B(&;) by thepesition vector rpg = &da(&1) + £3d3(&1), as shown in Fig. 1.
Therefore, any point P in the structure is given by the position vector

R(17€2,63) = p(&1) + ad2(&1) + &3ds(61) = p(&1) + Tpa(be, §3)- (3)

The initially curved reference beam configuration is defined by d{(&) = d;(&1) Ej, ¢°(&1) =
©0:°(&) E; apnd anywpoint on the cross-section is given by the vector R(&;) = ¢¢(&1) + &d5(&) +
&3dS(&1). tis convenient to mathematically define a straight beam configuration ©° such that the
directors are defined by {E;}, the position vector of the midcurve is given by ¢*(§;) = {1 E; and
any pointAn the beam is defined by R*(&1) = ¢°(&1) + &Ea(&1) + E3E5(&1). The triads {E;}, {d$}
and {d;} ‘are related to each other by means of orthogonal directional cosine tensors as shown in
Fig. 1, such that

d; =QE;; d; =Q°E;; d; = Q"d;". (4)

Therefore, any general vector g(&;) can be expressed in the fixed frame {E;} or the local frame {d;}

) University of California, San Diego
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such that g = ¢, FE; = g,d;. It can be established from Eq.(4) that

Q=Q"Q°, (5)
Q=d;FE; Q"=d;®d;; Q°=d; ® E;. (6)

In general, a Cosserat beam can capture the effect of elongation, shear, and multiple curvatures.

Relation between Relation between

). director triads deformation gradient tensor
Deformed d,(s) /—M

beam configuration ()

o di(s) < <
dR
d3 (S) F 3
d3
a‘pc — T c
Curved reference &= EE’ d, = Q"dS dR = F'dR
beam configuration Q¢ . S d; = Qch%i ’ dR = F'F°dR®
_ _ s
Lo =& =5.€[0,Lg] o d, - QF, dR°| dR=FdR
3 A A
d; =E;
Ls =Ly =& €[0,Lo]
' d; = >
A L T e (0 Wt SR 1< SN
Arclength &, di=E,
I — P —
Fs a5 =E R
3~ A3 Mathematical straight &5 = By

beam reference configuration Q°

Figure 1: : Deformed and undeformed configurations of Cosserat rod, material adapted frames and
deformation gradient tensors

Defining the deformed anc length as s, axial strain as e(£;) the three shear angles as v11(£1), 5 —712(&1)
and § — 713(£1) subtended by the directors dy, dy and dg with the tangent vector %‘E as in Chadha
and Todd [25], the following relations may be established:

d 1
& 1ie (M
a—LP.dl = COS 7Y11; a—('o.dz = sinyy; ai.d;; = sin ;3. (8)
0s 0s 0s
Therefore,
pe = (14 e){cosy11dy + siny12da + sin y13ds } 9)

The above equation is not enough to uniquely define the shear angles. Section 3.2 addresses a way
to uniquely define them.
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2.2. MATHEMATICAL TOOLS

2.2.1. Derivative of the moving frame

The derivative of the director d; with respect to a general parameter x is obtained using Eq.
(4) as
di,m = Q,mEz = Q,xQTdi =gy X dz (10)

It may be proven that @ ,Q" is antisymmetric from the fact that @ is orthogonal. Therefore, there
exists a corresponding axial vector g, such that Eq. (10) holds. For a deforming/eam, the director
frame {d;(t,&1)} is function of time ¢ and arc-length &;. The axial vector corresponding to the time
derivative d;; and the derivative with respect to arc length d, ¢, is given by the angular velocity
vector w = w; F; = w;d; and the Darboux vector k = k; F; = R;d; respectively, as shown in Eq.
(11) and (12). The component of the Darboux vector gives the curvatture about the corresponding
director. The first component ®; represents torsional deformation, whereas %, and k3 represent
bending curvature about dy and dg, respectively.

d;=Q.Q"d;=Wd; = w x d&, (11)
die, = Qe Q"d; = Kdi'= k'%.d;. (12)

Consider the orthogonal rotation tensor, for example Q(§;). It represents the family of orthogonal
tensors that belong to the SO(3) rotational group., Therefore, they satisfy Q(&)QT (&) = I and
det [Q] = 1. The rotation tensor Q(&;), beiig a curve in the manifold SO(3), Q¢ represents
the tangent vector to this curve in SO(3)..Therefore, Q¢ QT = K (&) is the linear space of skew
symmetric matrices that has k(&) as the corresponding axial vector.

2.2.2. Parametrization of the/rotation tensor

Argyris [35] describes various methods to describe large vector rotations. We choose Rodrigues
formula to describe the rotationiof director frame.

Consider a general vector g that is rotated to g® by an orthogonal tensor PR such that,
g% = Mg®. The orthogonal tensor has 3 independent entries because of the restriction 879 = I5.
Therefore, R can be parametrized by three parameters. The rotation described by R can be thought
of as the rotation of the vector g% about the unit vector ny by an angle 6. Therefore the vector
0 = Ony completely describes the rotation. If © represent anti-symmetric tensor for the axial vector
0, then by Redrigues formula

9" = [g® + ng x ng x g% + [ng x g%] sinf — [ng x ng x g*] cosf = M(0)g*?, (13)
where . a )
sin — cos

From Eq.(4), the orthogonal tensor Q(§;) can be parametrized by the rotation vector 0(;) such
that the vector triad {E;} is rotated to the director triad {d;} by an angle 6 about the unit vector

7 University of California, San Diego
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Solution of the director triad {d;} for a beam with a fixed left end serves as a good example to
appreciate above discussion. Equation (12) represents set of three differential equations that can be
written in the matrix form as

d17£1 0 R3 —R2 d1
d27§1 = | —K3 0 K1 d2 . (15)
d37§1 Ko —K1 0 d3

KT

Assume that the left end of the beam is fixed, implying d;(0) = E; and 6(&) = 0. These also
serve as the three vector boundary conditions to solve Eq. (15). Thé~Datrboux vector, k = R;d;,
may be interpreted as the rotation of the director frame per unit arc length at & by an angle
|k| = \/F: + K3+ k2. Since the left end of the beam is fixed; the'diréctor frame {d;(&)} can

be obtained by rotating the vectors E; by an angle 6(&1) = 4" [[(&1)]|dé; about the unit vector

k)
n0(&1) = T

Rotation of d4(§;) —» lim d4(¢; + d&;)
id 1 . dfa“)i ! ; ! Rotation of Eq — d4(&,)
and d($;) - ey 2(§1 +déy) and E, — do (&)
‘ dl _ dZ Plane ‘ d1 — dz Plane

/[ Planes 1" to
dl and dz

Where,

& &
= jo DIl dé; = fﬂ s (€1)dE,

S04 A A
0= (Sl dey)mg = LN ]

‘ 2D deformed beam bearing curvature about d3 ‘

Figure 2: : Geometric interpretation of solution to Eq. (15) for a 2D plane beam with curvature about
director dg
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Figure (2) geometrically explains the concept described above using a simplified 2D beam fixed
at left end. The director d3(&;) = Ej3 remains same throughout the midcurve for the problem
being planar in nature. Since the torsion is assumed to be zero, k(&) = Rsds. This scenario
simplifies the unit vector about which rotation occurs at any arc-length as ng(&;) = ds(&) = E
and the angle of rotation of directors dy(&;) and d2(§1) with respect to the directors (in a straight
configuration) F; and Ej respectively as, 6(&;) fo R3(&1)d&;. Note that this is a special case
where the vector ng(&;) = Ej is constant for all &. Therefore a general rotation tensor @, such
that d; (&) = Q(&1)E;, for a beam fixed at left end, is then expressed in terms of thé,curvatures as

fol H""’ ||d£1 K
B { Is (€l } «
Q(él) =€ ) (16)

where, K (&) is the anti-symmetric tensor corresponding to Darboux/vectorus(&;). From the above
discussion, the result of Eq. (13) and (14) is not surprising because the solution of the first order
differential equation is an exponential.

2.2.3. The material form and co-rotated‘derivatives of the vector

Consider a general vector g = g,d;. The material form of the vector g is defined using Eq. (4)
as,
T QTg =g Ei.
We obtain the material vector g by expressing the components of the vector g in the director frame
{d;}, in the fixed frame {E;}. The total derivative of the vector g, using Eq. (4), comprises of two
components— first being change im~theymagnitude and second representing the change due to the
rotation of the frame of referenee, (ice.,\rotation of the director frame)

(17)

gz = gi,zdi +9,dis = gi,zd’i + Q,xQT@idi) =9:+9q: Xg. (18)

The co-rotational derivative,g.. = g, .d; gives the contribution due to the change in the magnitude
of the vector g due‘te,change dr in the parameter x. It may also be interpreted as the derivative of
the vector g as abservedyin the director frame. Physically the co-rotated derivatives can be obtained
by taking thestotal derivative of the vector g (by the observer in the fixed frame {E;} followed by
subtracting/the rotational component g, x g. From Eq. (17)-(18)

=Qg, (19)

2.2.4. The material form and co-rotated derivatives of a tensor
Consider any two deformed state of the beam Q% and °. Consider two vectors g?(£;) and g°(&;)

(in states Q% and QP respectively) spanned by the director triads {d¢} and {db} respectively, such
that d2(&) = Q*(&,)E; and db(&)) = Qb(&,) E;. Therefore, g® = g?d¢ and g® = g®d?. Now assume

9 University of California, San Diego
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that these vectors are related by the tensor G such that g® = Gg®. The material form of tensor G
is defined such that g® = Gg®. The relation between G and G can be arrived using Eq. (17) as,

7’ =Gg* = Q" ¢ = GQg" = ¢* = [Q*GQ*"]g".

Hence, o
G =QGQ", o0)
G=0Q"GQ"
Therefore, the derivative of the tensor G can be obtained from Eq. (20) as
Contribution due to change Change in the
in the orientation of frame magnitude,of components
~aT el e ol T
G7§1 = [QbGQa :|,§1 = Q7 lGQa + Q GQa, 1 + Q Gynga (21)
T a a ~ a A
G7$1 = ( ,bngb )G - G( 7§1Q T) + G,& = K'G - GK* + G,El
Hence, . N\
Ge =G, — K'G+GK* =Q°G Q" (22)

3. KINEMATIC AND KINETIC RELATIONS

We approach along the lines of Simo [10]%and\Li [36], in an exhaustive way, to define the
kinematics of the beam such that the resultsiean ‘be tised readily to obtain both the weak and strong
forms in detail.

3.1. DEFORMATION GRADIENT,TENSOR AND STRAIN VECTOR

The initially curved configuration ¢ is assumed to be unstrained. This is because the stresses
in the current configuration {2 are defined with reference to €2¢. The straight beam configuration
(2 is defined for matheinatical convenience. If the beam in consideration is initially straight, then
Q¢ = Q*. The deformation gradient tensor of current state (F') and the curved reference state (F'¢)
is obtained refereneed'to §2°. The deformation gradient tensors F' and F'° are then used to define
the deformation gradient tensor F" of the current configuration referred to 2¢.

3.1.1.. Deformation gradient tensor and strain vector referenced to ini-
tially straight configuration

Consider an infinitesimal vector dR® = d¢; E; in °, that deforms to dR in configuration 2.
The deformation gradient tensor F' maps the vector dR® from the straight configuration 2° to dR

University of California, San Diego 10
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in the current configuration €2 such that

dR = FdR® = ZR = FE;,
dR - 23)
F= — =R.®E;
T

Using Eq. (3), R¢, = @, + &adae, + E3dse,. Substituting for R, in Eq. (23) yields

strain vector €
7\

-~

axial strain €
e N A
F = ((pg —di) +&dag, +Edse,) OF1 +d; @ E; = € @ By +Q. (24)

The material form of deformation gradient tensor can be arrived using"Eq:4(20) and (24) as

F=€¢®E, +I;=Q"FIs. (25)

It is worth noting that the deformation gradient tensotF' that describes the motion bears two
parts. The motion consists of pure rotation ) and a component associated with strain € ® F;.
It’s clear that the first component of the vector dR® strains whereas the other two components
just experience rigid body rotation. This is becausey the cross-section is assumed rigid. The vector
€ represents the strain vector referenced to the cemfiguration 2° that includes the axial strain
€ = @ ¢, — dq, and strain due to shear and curvatures. The strain vector can also be evaluated by
finding the derivative of the position vector‘efrany point subtracted by the director d; as in Chadha
and Todd [25]. We subtract the director d; te_eliminate the contribution of pure rotation on the
deformation. Therefore, using Eq. (12)

€ = Eidi = % — dl =g+ €2d27§1 + §3d37§1 =€+ KX (§2d2 + €3d3). (26)
1

Substituting for the Darboti® vector k = K;d; and using Eq. (9) in Eq. (26), the complete expression
for the strain is obtained as

€ ={((1+4e)cosypy —) = &R3 + E3Ratdy + {(1 4 €) sinyia — oz }da + {(1 + €) sinyy3 + R1&2 }ds.
(27)

The material form of strain vector comes in handy to evaluate internal strain energy of the reduced
beam. It is obtaihed using Eq. (17) and (26) as

€=6E; = Q"[(pg — d1) + K(&ody + E3ds))]
= (Q"p¢ — E1)+ Q"KQ(&HE2 + &Es)
N e’ \Y_/

€ K
=+ f(ngz + £3E3) =€+ K X (€2E2 + §3E3). (28)

It is clear from the discussion above that only the first component (along E;) of an infinitesimal
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vector dR® is strained, with the cross-section being rigid. Therefore, it is insightful to observe the
deformation of the vector Ey. The flowchart (Fig. 3) demonstrates the straining of the unit vector
E; (not necessarily along the midcurve) with each deformation effect taken care separately followed
by superimposition.

Pure extension Pure extension followed by shear

AAAAAAAAAAAAAAAAAAAA

{(1+e)cosyy 3dyg
+{(1 + e) sinyy2}d2
+{(1 + e) siny,;3}d3

+{(1 + &) siny;,}d,
+{(1 + e) siny;3}ds

+{(1 + e) siny;z}d;
+{(1 + e) siny;3}d3

FE]_ =€+ d1
; m
{(1 +e) cosyyy — K3, + KyE3}dy Ej
| +H(1 +e)siny;; — K 8}dy g
+{(1 +e)siny;3 + K8 }d3 g=
: =
M1 Torsion E
JTET | 5
E3 | | - A
{(1+e)cosy,, — itzé, + i6E53d, /\)\ {(1 +e)cosyyy — k3&}dy

[~ Lk

Figure 3: : Flowchart showing deformation of the unit vector Eq in the configuration 2°

3.1.2. Deformation/gradient tensor and strain vector of curved refer-
ence configuration referenced to initially straight configuration

Consider that the configuration €2¢ is obtained by straining the initially straight configuration Q°
such that the total length of the midcurve remains the same and the cross-sections are perpendicular
to the tangent vector at the midcurve. This deformation is mapped by the deformation gradient
tensor F'¢ such that

_ dRe
~ dR®

Like Eq. (25), the material form of F¢ is

FC

= (&dSe, +&d5. ) @ By + df @ E; = €€ @ By + Q°. (29)

F =€ QFE,+I;=Q"F°I, (30)
The strain vector €° comprises of strain due to curvatures only because there is no shear v;; = 0

and elongation e(&;) = 0 in the curved reference configuration €°. This ensures the director df
to be the tangent vector of the midcurve such that ¢ ¢ = df. Therefore, the axial strain vector

University of California, San Diego 12



An Introductory Treatise on Reduced Balance Laws of Cosserat Beams—Chadha. M and Todd. M. D

e’ =g —df =0. From Eq. (29) and (30), it is observed that

e ) €+di=€d; +dy, fori=1 e, | €+ E=€E;+FE,, fori=1
FEz_{di, fori=2,3 [’ F B = E; fori=2,3 [~
(31)
From the above equation, the determinant of F'° is obtained as
[F°| = |QT||F|| Is| = | F°| = 1 +&. (32)

Using equation (31), the first component of the vector dR® in the straight configiration d&; E; gets
strained to F' (d& Ey) = (1 +€)dé;d$. This means that a fiber of unit lengthiparallel to E; in
the configuration 2° has length of \FC| in the configuration 2¢ along the director df. In terms of
classical continuum mechanics, |fc| is associated with volumetric strain

dQe P
Fe| = ==
| ‘ dQS pc’ (33)

where p® and p° represents the density field in the configuration Q% and 2¢, respectively.

3.1.3. Deformation gradient tensor and.strain vector of current config-
uration referenced to curved reference eonfiguration

The deformation gradient tensor F" is defined such that dR = F"dR€. Therefore, from Eq.

1

(23) and (29), F" = FF< ' and from Eq. (30), P ' = FC_IQCT. The tensor F*  can be found by
using the theorem for inverse of sum of'matrices (refer Miller [37]) as

—ct IJ'(e¢® Ey)I;! (e°® E,)
F — [g€ E I—1:I—1_ 3 3 Y SO S 24
€ ® By £l 3 1 + trace[€® @ Ei] 3 1+€ (34)
1
= —— (e E,) + I.
||
Therefore, the tensot F<' ¢an be found as
c 1 1 —C cr 1 Tl e cT 4c cT
PO e e B B0 - |- (@) 0 (@) + 1@
i (3)
— (& I _ C dC .
This brings us to the point of evaluating the deformation gradient tensor F" as follows
r CT 1 C C
F :[€®E1+Q}Q [Ig—W(E ®d1):|
¢ e (36)

€°.df

(Qme)®dj) + {1 - W}(e ®ds).

1
Q-
| Fel
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Noting that €®.d{ = €{ = |F¢| — 1, Eq. (36) can be simplified as

€

(le - Qret)@ds) + Q" = ﬁ(e” ®dS) + Q" (37)

1

Fr = ——
|[Fe]

There are three important points to infer from Eq. (37):

1. The strain €" represents the relative strain in the current configuration €2 with respect to the
strained curved reference configuration ¢ (strained with respect to mathematically straight
configuration (2°).

2. The strain € is obtained as (€ — Q"€®) and not as (e — €°)because theystrain €° is represented
in the ¢ configuration, whereas the strain € is represented in () configuration. The rotation
tensor Q" transforms the strain €€ in the current configuration/space.

3. The curved configuration is strained referenced to the mathematically straight configuration.
To obtain the strain vector in the current state {2 with ‘respect to the unstrained curved
configuration, the strain €” must be normalized by |F€|.

3.2. CLOSED-FORM EXPRESSION FOR THE“ORTHOGONAL ROTATIONAL TENSOR
AND DEFINING A UNIQUE SET OF SHEARVWANGLES

The position vector of the midcurve may beidefined in terms of the pitch angle ¢,(&;) and the
yaw angle ¢,(&;). We define the tangent veetor using Eq. (7) as

dp 1 0y

T(gl) = g = 1——|—68_§ = COS gzﬁp(fl) COS ¢y(§1)E1 + sin ¢p(§1)E2 + cos ¢p(£1) sin ¢y(£1>E3. (38)

Therefore, using the above equation, the position vector can be obtained as

&1 &
p(&) = (/ Cos ¢y, cos ¢, (1 + e)d&) E; + (/ sin ¢, (1 + e)d&) E,
0 0

&1
+ (/ oS ¢ sin ¢, (1 +6)d§1> Es.
0

To,definesthe three shear angles uniquely in Eq. (8), we define another local orthonormal
vector triad {T(&1), V (&), H (&)} that originate at the midcurve as shown in Fig. 4 (same origin
as the director triad {d;(&1)}). The vector T'(&;) and V(&) spans the pitch angle plane. Therefore,
H (&) =T(&) x V(&). Hence,

T COS ¢p COS P, SN,  €Os Py sin @, E,
V| = |—sing,cosp, cos¢, —sing,sing,| |Eaf . (40)
H — sin ¢, 0 oS ¢y E;
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We define three angles (&), ao(&1) and a3(&;) subtended by the directors {d;, d2, ds} with
the vector V' (&;). This definition serves for two purposes: firstly, it helps us to define a relationship
between the triad {T", V', H} and {d;(&)}, secondly, it uniquely defines the shear angles. Hence,

T CcOS Y11 sin 1o sin 13
VI= CoS arp COS (vg COS (v3
H COS (¥3 SN Y19 — COS (g SIN Y13 COS (¥3 COS Y11 — COS (/1 SIN Y13 COS (g SIN Y17 — COS (v SiN Y19

(41)

Consider an orthogonal rotation matrix A that relates the director triad {d;} to the fixed
orthogonal Cartesian triad { E;}, such that {d;, ds,ds} = A {E;, Es, E3}. The matrix A is related to
the components of the orthogonal rotation tensor @ such that A” = [Q] 44 g, These components can
be obtained using Eq. (40) and (41). The components of the rotation atrix‘are shown in Appendix
10.1. Note that the matrix A is orthogonal if the following constraints on/{«y, as, s, Y11, Y12, V13 }
in the above equation hold:

T|=|V[=[H|=1 [T|e =|Vig =NM|e =0. (42)

T(§1) pitch angle plane
Spanned by {T, V}

shear spanned byAV, H}- ------ | :
‘ dqy(&)
L_E-"‘“*Pitch angle ¢, *

A X -
| {E,, E5}Plane —
I , :
I . :
| 0(&) e Yaw angle ¢,,
v
CH(EY A vector in both
Original cross-section -~ HE) {T,V}and {E,, E5}

Spanned by {da, d3}* plane

{E,, E3}Plane

Figure 4: : Pitch angle plane and the body centered vector triad {T(&1),V (&1), H(&1)}
The components of the Darboux vector kK = &;d; as in Eq. (15) using Eq. (40) and (41) can
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be obtained and are shown in Appendix 10.2. This is a useful result in shape reconstruction as
presented in [25] and will be used in further extension and generalization of the work in [24], [25], and
experimental validation of the theory of shape reconstruction. Appendix 10.3 presents an example
of a deformed shape of a Cosserat rod using the description given in this section.

3.3. VARIATION OF KINEMATIC PARAMETERS AND ROTATION TENSOR

3.3.1. Variation of the rotation tensor and directors

We need to impart an admissible variational displacement field du to @btain the weak form
of reduced equilibrium equation (Principle of Virtual Work). The variatienal'displacement field
du = §(R — R®) = 0R comprises of variational translation of the mideurve.and rotation of the
director frame. It is necessary to arrive at the variation of the rotation tenser to proceed further.

To obtain the variation in rotation tensor, assume that the ténsor @= 9R(0) rotates the vector

E; to d; by an angle 6. As a result of the virtual displacement‘field dw, the vector d; transforms to

d;. The variational rotation is parametrized by the vector@a =\da)n, such that df = R(da)d;.

The vector d} can be obtained by direct rotation of E; parametrized by the rotation vector 6 + 0

as shown in Fig. 5. Therefore, for the variational rotatienefedc (¢ is a small number), the following
relations hold

d; = M(c0a)R(O)E;\= =*Q(0)E;.

Note that d%2( represents the skew-symmetrictensor corresponding to axial vector da. Variation of

(43)

Figure 5: Variation of the director d;
the rotation tensor @ can then be obtained by the usual process as,

2Q(0 +559)} _ Feéﬂcg(e)

5Q(0) = £ —su.(0). (44)
| I,

Oe Oe

The admissible variation in the directors can be obtained from above as

5d; = 0[QE;) = 6Q.E; = 6.Q.E; = 6d;, (45)
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implying
A =5Q.Q".

The variation of the displacement field can now be obtained using Egs. (3) and (45) as,

du = dp +da X rpg. (46)

3.3.2. Variation and co-rotated variation of any general vector and ten-
sor

The variation of any general vector g = g,d; consists of two parts, the firstybeing the variation
in the magnitude of components and second being the contribution due to the variation in the
director frame as shown below

g

s N < (47)
0g = 0g,d; +g,0d; = 6g + 0.g = 6g +o0&x'x g

The relationship between variation of material vector g and the co-rotated variation dg can be
obtained from Eq. (4), (17) and (47) as

59 =0g;d; = Q(5§¢Ei) = Qog. (48)

Using the description of the tensor G in subsection \(2.2.4), the co-rotated variation of the tensor
can be written as

0G =Q%GQ*". (49)
3.3.3. Variation of the/strain‘vector and deformation gradient tensor

The variation in the strain,vector e can be readily obtained if the variation in axial strain vector
e and curvature tensor K~are known. From Eq. (24), (28) and (45),

de =0, —0dy = 0p g, — 0AU.dy. (50)
Similarly, recallihg the rélation 62 = §Q.Q7 the variation of the curvature tensor is obtained as
K =0]QQ" = (0Q) £, Q" + Q,6Q" = U, + IAK — K.5. (51)

Recognizing that K and 621 are skew symmetric with K and da as the respective axial vectors, it
may be réadily obtained that
0k =dag, + 0o X K. (52)

Using the result (47) on Eq. (50)—(52), the co-rotated variation de and ok are obtained as

b = e — 0UAe = b, — b X g,

- (53)
0k = 0Kk — 0RK = darg, .
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Similarly, using the result (48) on (53), the variation of the material form ¢ and &k may be found
as

08 = QT = QToar,,

- 54
0K = QT5K/ = QT<6‘P7§1 —da x 90,§1>' ( )
From Eq. (25), (45) and (49), the variation of deformation gradient tensor is
OF = §(QFIL) = 6A.F +OF, (55)
OF = QSFI; = Q[§(€® Ey)|Ii = de® Ey,
where .
0€ = QT(5€ -+ QT(sKQ [§2E2 + £3E3] =g+ 0K [€2E2 + §3E3:|, (56)

o€ = Qi€ = de + 6 K [&rdy + E3d3].

3.4. STRESS TENSOR, THE REDUCED FORCE AND MOMENT

Consider the Cauchy stress tensor o referenced to theé current configuration {2 and the first
Piola Kirchhoff stress tensor §¢ and S° referenced to the‘configuration 2¢ and Q° respectively such
that the associated stress vectors are given by

o; = od; =0yd;; (57)
S; = S°d; =.S°E; = gﬁdi.

Therefore, the stress tensor can be written in.the index form as

o — 0'i®dj :Ejidi(g)dj,
SS == Sz X Ez == gﬂdz (%9 Ej.

It is expedient to define the reduced force and moment at the midcurve of the current configuration
in the classical sense as

A(E) = / ordesdts — | Sideade, — mids, (59)
M) M)

m(&l) = / Trpg X 01d§2d€3 = / Tpg X Sldfgdgg = mzdz (60)
(&) (1)

The first\component of the force vector 7, represents the axial force along d,, whereas the components
7y and 7Myrepresent the shear forces along the directors do and ds, respectively. Similarly, the
component 7; of the moment vector represents the torque about the vector d; whereas the
components my and M3 represents the moments about the directors do and dsz. Figure6 gives a
geometric interpretation of the reduced force and couple.

University of California, San Diego 18



An Introductory Treatise on Reduced Balance Laws of Cosserat Beams—Chadha. M and Todd. M. D

7= f o1 dE,di,
= f $1 dE,d,

Sectionm (¢, )of a deformed
beam in () configuration

" o dydés _
s nghds m= J;rpa X 03 d&,dE;
“R-o - [rpaxsldfzdfg
| |

Sectionm (£, ) of a deformed beam Reduced moment vector m(¢; )
E» in () configuration

Figure 6: Reduced force mmand moment m

4. STRONG FORM OF THE REDUCEDYBALANCE LAW OF COSSERAT BEAM USING
LAGRANGIAN DIFFERENTIAL EQUATION OF MOTION

We derive the reduced governing differential equations (strong form) by considering initially
straight configuration Q°, finally obtaining the equations for initially curved (but unstrained) reference
configuration Q¢ using thewelations defined in the previous sections. The infinitesimal equilibrium
equation for a general continuum problem referenced to the configuration €2° is given as in Lai et al.
[38] by

Va:.8°+p°b=p°R (61)
for the material point' defined by the position vector R(;, &2, &3). The operator Vs represents
the gradient operator with respect to the configuration Q°. Therefore, (Vs.8%) represents the
divergence of the'tensor S*® referenced to 2°. The quantity b(&;, &2, &3) is the body force per unit
mass of the.body and is independent of the reference configuration. Integrating above equation over
the entirg undeformed domain §2° followed by the application of greens theorem to get the boundary
terms gives the balance of linear momentum equation. Similarly, taking the cross product of the
lever arm (R — v) with all the terms in Eq. (61), followed by the integration over the entire domain
gives the angular momentum balance equation with respect to any fixed point p defined by the fixed
vector v (Fig. 7), such that

/ SEN*dI™ + / p*bdQ® = / p* RO, (62)
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/ (R — v) x (S*N*)dI*® + / P*(R — v) x bdQ® = / p*(R — v) x R, (63)

s

Here, I'* and IN® represents the boundary and the normal vector respectively in the configuration 2°.
Figure 7 gives physical interpretation of terms in Eq. (62) and (63). It also shows reduced element

Surface traction = _E

(dA)SSN* g9

==

E g

Deformed g7 :5:,
D

=9

---------- : -

Miraction = (R — v) X (dA)S°N*® = é
=

] . 2w

£ Body force % £

v phdQs £ &

— >

T T

£ 3

&8

E 3

p — Fixed deody—force =(R-v)x bp® A’ E ©

arbitary point

B dé, =1 (dA)N?® — area vector on I’
g < ,
: N(Ey) = —E; NG HdE) =y
Es i = [ ———
‘~ AY Lowd
e A LSy =m(E +d
) “e-eet "= -('51) N . , 2 (‘El gl)
Mathematical straight I3

beam reference configuration Q°

Figure 7: :Reduced element=of unit_arc-length of initially straight beam and incremental moment about an
arbitrary fixed point-p

with d¢; = 1 in 2° configuration, from which, the stress vectors at the cross-sectional boundaries
B, =N() and W, = B(& + dy) are

[SSNS].l - SSNS(é-l) - —SSEl - —Sl,

[S*N*|m, = S*N*(&, + d&,) = S°Ey = S,. (64)

4.1. STRONG FORM REFERENCED TO INITIALLY STRAIGHT CONFIGURATION

To obtain the reduced governing differential equation that holds at every point & on the
midcurve, we exploit the fact that the conservation equations (62) and (63) obtained for the entire
beam are also valid for the reduced element of the beam (Fig. 7), since equilibrium of the structure
as a whole implies the equilibrium of a reduced element in °.
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4.1.1. Conservation of linear momentum of the reduced beam

Like Eq. (62), the linear momentum conservation equation for the reduced unit arc-length
element (Fig. 7) is obtained as

Term F1: Term F2:
The reduced internal force at the cross-sectional boundary The reduced external force due to Term F3:
H; and W referred to unit arc-length reduced element. body force and surface traction. Inertial force term.
A 7\

SEN*dl* + / p*bdQ)® = / p R,

(65)
For the domain of unit arc-length reduced element, the volume integral of anyfunction W(&q, &s, &3)
would become integral over the cross section B(&;) as

/ SEIN?(&1)dE2dEs + / SEN*(& + d&)dEadEs +/
|5 |} T

s
3

lim W(&p, &, 83)dY° = W (&1, &o, &3)dE2dEs, (66)

=1 Jos m)

Term F1 may be simplified using Eq. (57), (59) and (64) and“Term F2 may be simplified using Eq.
(66) as

Term F1 = lim [n(& + déap=ml&1)] = n.e,; (67)
Term F2 = / SNl 4 / b deades = R(E)). (68)
rs [

Term F3 involves total time derivative B = 22Eithat may be obtained using Eq. (3) and (11) as

D12
R(£1,£2,£3) =u = %? = @(&) + w(&) X rpa,
R(&1,62,83) = 5N B(&1) +w(&1) X rpg +w(6) X w(&) X Tpe.

Here the vector w(&;) represent the axial vector corresponding to the anti symmetric tensor W (&;)
that deals with changé-of director with time (Eq. 11). In other words, w({;) and w(&;) represents
the rotational velocity andjrotational acceleration of the beam cross-section respectively. Therefore,
Term F3 can be/Obtained using the result (66) and (69) as,

Term F3 = p°@ +w x Y2+ w xw x Y2, (70)
where
1 (&) = / p*d&adSs, (71)
n
YT4(&) = / P’ rpad§edés = [/ p°ad&adEs | dy + /Psf3d§2df3] ds. (72)
n n n
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It is clear that the first term (p°@) of Eq. (70) represents the inertial force acting at the midcurve
point G (Fig. 1) on M(&;). The term u® represents the mass density per unit arc length in the
initially straight configuration 2°. The occurrence of second term is because of the fact that, in
general the midcurve may not coincide with the mass centroid. The terms T35 and T35 represent the
first mass moment of inertia per unit arc length of the straight beam configuration €2° about the
director dy (or E3) and dg (or E3) respectively. These terms would vanish for the untwisted straight
beam €2° of homogeneous material if the beam midcurve is chosen as the loci of mass centroids, which
in this case would coincide with the geometric centroids. If the initial configuration of the beam
were curved 2¢, these terms would vanish only if the mass centroid were chosen as.the midcurve, as
in this case the loci of geometric centroids may not coincide with the mass centroids.

Combining Egs. (65)—(72) gives the reduced linear momentum congeryvation equation of the
moving beam at section B(&;) referred to the initially straight configuration @Q-as

Ne + X&) = F°(&); (73)

where
F&) =1+ wx (wxT)+wxY?

represents reduced inertial force per unit arc length referenced to the straight configuration €2°.

4.1.2. Conservation of angular momentum of the reduced beam

Like Eq. (63), the angular momentumsconservation for the unit arc-length reduced element
(figure 7) can be written as
Term M1:

The reduced internal mement at the cross-sectional boundary M; and H2

referred to unit arc-length reduced element about a fixed arbitrary pointp.
N

/ (R — )< (S3N®)deades + / (R —v) x (S°N*)déadets +
- - (74)
/S(R— V)X (S°N*)dl* +/ P (R —v) x bdQ)® = / P (R —v) x RS .

s

N 3 ., ~ J/
erm M2: o, Term M3:
The reduced external moment about a fixed arbitrary Inertial term corresponding to
point p due to the body force and surface traction. moment about point p.

It is sensible to define the moment about the midcurve such that the lever arm is rpg = (R — ¢),
for an arbitrary.fixed point p in space. Therefore, from the definition of reduced force and moment
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as in Egs. (59)—(60), and using the result in Eq. (64), Term M1 may be simplified as

2

TerlizZ[/.

k=1 k

(R— ) x (8°N*)dgades + /

L]

(¢ — ) x <SSNS>d§2d53}

= lim [m(fl +d&y1) — m(fl)] + lim [/. (p —v) X S1d&adEs —/ (p — ) X S1d&dEs

d§1—>1 df1—>1 n,;

=My, + Pe XM + (SO - ’U) X Mg -

(75)

For a unit arc-length reduced element, Term M2 and Term M3 may be simplified using Eq. (66) as
Term M2 = / (R—wv) x (S*N?)dl” + / P’ (R — v) x bd&sd§s

I3 ] (76)

—an(e) + |

I3

(¢ — ) x (S"N®)dI* + / plbp — v) x bicadss,
| |

where

Mm(e,) = / (R~ ) x (S*N*)dr* + / (R - @) x bdésdss

3
represents the reduced moment due to surface traction‘en peripheral boundary I'; and body force
about the midcurve point G on M(&;). Similarly,

Term M3a

Term M3 = / PY(R — @) x Rd&,des +/ p*(p — v) X RdEydes.
| |

(77)

Term M3a represents the reducedsmoment due to the inertial force about point G on W(&;). To
simplify Term M3, consider that the vector rpg to be the axial vector corresponding to the anti
symmetric tensor Rpg, such that fer any vector g = 7:d;, Rpeg = rpe X g. Noting the expression
for R and Y* as in Eq. (69) and (72), Term M3a becomes

Term M3a = /. p¥(rpe o R)dEdEs
=Y x @' — /.psrpg X (rpg X w)d&adés + /.psrpg X w X (WX rpg)dédés
=T°x @ — /IPSRPGéPGwdfzdﬁs — /.Psw x (RpaRpaw)déadés (78)
=T x @+ { /_ psREGRPGdgzdgg}w +w X { /_ pSRITJGRPGd@dgs}w

=Y x g+ Iyw+wx Iyw,
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where
o E+& 0 0
I3 () = / (R R )deades — / sl 0T 2 —ae| dads (79)
u u 0 —&ly &2
) 0 & &
Rpc=|& 0 0]. (80)
6 000

The quantity I3, is the second mass moment of inertia tensor per unit arc length of the straight
configuration 2°; it is associated with the distribution of mass across the cross seétion. The vector
(¢ — v) is independent of the parameters & and &3. Therefore, combining<Eqs. (74)—(80) we get

Equation M1

Ve

Mg +Pe XN+ — (L% x @+ Ijw +@w < Ty) +
77,£1+/
T

It is clear that term Equation M2 contains terms eonsisting of ¢p — v, which must vanish in order
to obtain angular momentum balance law with respect to moment taken about the point G on
B(&). It is clear from the linear momentum conservagion equation (73) that the term Equation M2
vanishes. Therefore, the reduced strong formsof angular momentum conservation of the Cosserat
beam, referenced to )° is given as

(0 — v) x (B1)

(.

SEN*dl® + /

b

s
3 |

pst@dgg] — 0.

Vv
Equation M2

My, +pg X1+ M= A’ (82)

where
A (&) =T x g+ Ij;w+wx Ijw

represents reduced moment about point G on cross-section B(&;) due to inertial force per unit arc
length referenced to the straight configuration 2°.

4.2. CONSERVATION LAWS OF THE REDUCED BEAM REFERENCED TO INITIALLY
CURVED CONFIGURATION

To 'derive the balance law referenced to Q¢ we need to transform the limits of the integrals in the
strong form obtained in previous section to the configuration 2¢. Consider that the unit arc-length
reduced curved beam element is defined by the boundary I'; U ll; U By in ¢ configuration similar
to the element defined in figure 7. To proceed further, it is required to establish a relation between
the stress tensors S° and S€. The relationship between o, §° and S¢ as referred from any standard
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continuum mechanics text like, Lai et al. [38] leads to

1 1
o=—8°FT=__
| Em| | F|

§° = |Fe|SeFeT. (84)

SeFsT, (83)

The area vector on the surface boundary N*dIl'* and IN°dI'“ in the configurations €2° and €°,
respectively, is related by Nanson’s relation as
1
N®dI'* = —F°" N°dI". (85)
| Fe|
Using Eq. (84) and (85) and the result in Eq. (33), the reduced lineaz/momentum conservation
equation referenced to the curved configuration 2¢ are obtained as,

Ne + V(&) = F(&), (86)
where,
N = SeNedl° F€lobdEsdEs: 87
/F§ +/.‘ |0°bAEdEs; (87)
F(&) = 1P+ w x (WX +w x T (88)
¢ = [ \B|ptdéadss; 89
e = [ Vrelhicads, (39)

YC = { / |Fc\p0§2d£2d§3}d2 + { / \Fclpcfgdggdgg}dg,. (90)
] ]

Similarly, the reduced angular momentum conservation equation referenced to Q2¢ has similar form
as Eq.(82), such that,

Mg, + e X1+ D= X&), (91)
where,
M. = / rpg X (SCNC)dFC +/ |Fc|pc<'r‘pg X b)dfgdfg, (92)
g [ ]
X&) =X X @+ Iyw +w x (Iyw); (93)
IS, = / p°(RE G Rpe)dEydes. (94)
| |

The parameter Y ¢ defines the first mass moment vector and Iy, defines the second mass moment of
inertia tensor per unit arc length of the curved reference configuration °.

5. WEAK FORM OF REDUCED BALANCE LAW FOR COSSERAT BEAM
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5.1. WEAK FORM FROM LAGRANGIAN DIFFERENTIAL EQUATION OF MOTION

To obtain the weak form of equilibrium equation, we imparted the object in the current state €2
with an admissible but arbitrary virtual displacement field ou given by Eq. (46). It is clear that
du comprises of the virtual displacement of the midcurve (translation) d¢ and a component due to
virtual rotation of the frame of reference, parametrized by da as explained in section 3.3. From the
definition of F' and u following results hold,

F = I3 + VQ@'U,,

95

The point-wise equilibrium equation Eq. (61) can be written in an integral (weak or scalar or
residual) form as

/ ou.(Vg:.8° + p°b — psé)dQS = 0} (96)

Using divergence theorem on the equation above, followed by substitution of Eq.(95) yields,

Term A Term B Term, C Term D

Ve

- / OF : S%dQ° + / Su.(S*IN*®)dI* + / dusbdl® — / p*ou.RAl® = 0; (97)

Note that unlike the strong form, the weak form considers-the equilibrium of the structure as a whole
(in integral sense). Therefore, for any function Wi(&;,¢s, &) the volume integrals can be written as,

L
\Il(§1,§2,§3)d§28:/0 [/.‘I’d§2d§3] d&y. (98)

Qs

5.1.1. Term A: Virtual strain energy

Term A represents the virtual strain energy stored in the beam. The result of the virtual strain
energy in Eq. (97) is*notisurprising as the stress conjugate to the first PK stress tensor is the
deformation gradienfitensor.” Using the expression for §F and 0F obtained in Eq. (55), Term A can
be simplified as,

Term Al Term A2
" N

-~

Term'A = | 6F : 8°dQ° = / (OA.F) : 82dQ° + / (0e @ Ey) : 8%dQ° .

Qs

(99)

Note thatyTerm A1, represents the virtual strain energy stored due to variation in the director frame,
which is purely due to virtual rigid body rotation (not strain!). Hence, using Eq. (83) and (84), and
noting that the scalar product between symmetric and antisymmetric tensor is zero (o : 024 = 0), it
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can be shown that Term A1 vanishes as,
Term Al :/ (0A.F) : S°dy° :/ trace[S*(0A.F)"]dQ* :/ trace[|Flo F~ T (02.F)"]dQ*

= |F| | trace[oF " TF.6A]dQ = |F| | o :6AdQ° = 0.
Qs Qs
(100)
Therefore, the virtual strain energy of the beam reduces to Term A2. It can be simplified using the

definition of de as in Eq. (56) and the result in Eq. (98) as,

Term A2—/ (56®E1)iijdeS—/ SeiSSijEldes—/ ge.SfdQs

:/OL d£1+/OL

Noticing that de and dk are independent of & and &; and using the property in Eq. (48), Term A2
simplifies as,

(101)
/ S1.0e déydé,
|

/ S1.[0k X Tpc] d@d&;] dé;.
||

L, . L L
Term A2 = / (n.6€ + m.dn) dé = / (n.(QéE) + m.(Qéﬁ)) dé = / (ﬁ.(SE + m(m) d&;.
0 0 0

(102)
It is noteworthy that the strain energy density (5F S8 = 51.56), is contributed solely by the stress
vector S7. This is because the cross-sections are\assumed to be rigid. Secondly, the strain conjugate
of reduced force vector n and reduced couple M is the co-rotated variance of the virtual midcurve
strain ée and the co-rotated variance of the virtwal rotation of the director frame d. Thus, we infer
that the virtual strain energy is onlydcontributed because of the variation in the components of the
strain vector (related to co-rotated virtual quantities).

5.1.2. Term B and ' Term C: Virtual external work due to surface trac-
tions and body forces

Term B represents the fotal external virtual work due to traction on the boundary of the beam.
The boundary of the entire beam in Q° consists of two cross-sectional boundaries B(0) and B(L)
and the lateraksurface of the beam. External virtual work due to traction in the reduced element of
unit arc length in figure 7 can be summed over the entire length to give Term B. Referring Eq. (64),

Terin\ B1 Term B2
7 L Y
dfl + / / 5“.(SSNS)d§2d£3] dgl
0 rs
(103)

Term B1 represents the virtual work at the end boundary of beams. All the reduced element of
unit arc length (d§; — 1) club together to give the entire beam, such that the external work due to
traction at the cross-sectional boundary is only because of end boundaries (l(0) and BM(L)) of the

g L
Term B = / [ / Su.SEdésdes — / Su.SEdE,des
0 [ D)

u,;
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beam. Substituting for du as in Eq. (46) into Term BI, we get

L
Term Bl :/
0

L
“
0

L
= /O [0p(&1 + d&r).m(& + dér) — dp(&n + dér)m (& + d&r)]dé

S+ déo). [

D)

Stdgades — 5ep(E1). /_ Sfd£zd§3] e,

do(& + d&p) x /

u;

rpag X Sfd&éd&g — (5&(51)/

u;

TpG X Sfd§2d§3] dé;

(104)

L
+ / [dau(& + d&).m(& + d&) — dau(&y + d&y).m(&y + dé)]dé
0

L
_ /O (5 + Sam) €y = [5pm] 9% + [sam] 9",

Term B2 represents the virtual work due to traction on the lateralssurface of the beam. This is
simplified as,

L
Term B2 = / / (0 +dax X rpg).(S*N?) dl'5d&;
0 3

I ; (105)
_ / {5(,0. Sstng}d& +/ {m./ (rpe X Sst)ng}dgl.
0 I3 0 I3
The total external virtual work due to body.féree can be simplified as,
L
Term C :/ /ps(éu.b) d&od€sdéy
0o Jm (106)

L L
= /0 5Q0 |:/;pr d§2d§3:| d£1 +/O dax. |:/.,0$(TPG X b) d£2d£3:| d€1

Term B and Term C combined together gives the virtual work due to the external force (body force
and surface traction). Therefore, using the definition of N and 9t as defined in Eq. (68) and (76),
Term B and Termn(C“can be clubbed as,

L
Tern' B4 Term C = [dpn]e—) + [Jam]f ) + / (6p.R + 6. D) dé;. (107)
0

5.1.3. { Term D: Inertial work due to virtual displacement

Term D gives the virtual work done due to the inertial forces. This can be simplified by making
substitution for R and du as in Eq. (69) and (46) and realizing the fact that dp, da, @, w and w
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are functions of & only. Thus,

L
Term D :/ dep.
0

/ PP (P +w xrpg+wx (wx rpG))d§2d§3] dé,
| |

L
+/ da. [/ P°’rpg X (Lp +w X rpg+w X (WX rpg))d§2d§3] dé&,
0 ]

SS
g #s Ys s ‘

L — ~ N - %
:/ dp. (/p%ll) @Y+ w x (/p%;:gdl) +w X w X (/ps’l"p(;'d.) d&,

0 ] ] ]

e

L g ° ~ ~ - ~ ~
+ / Sar. ( / pSrdel) X @+ ( / pSRITDGRPGdl) +w X < / pSR]:CGRpng) w| d&

0 | | | |

L
= / (6. F° + 0. A®)d&; (108)

0

5.1.4. Virtual work principle for Cosserat beam

The final virtual work equation for theteéduced Cosserat beam referenced to the initially straight
beam configuration 2° can be obtained by combining equations (97)— (108) as,

6Usstrain + 5VVif1ertial = 5Wexterna1; (109)
where,

L ~ R L

5Usstrain V4 / (7755 + m(S&) d§1 = / (ﬁég + m5E> d&, (110)
0 0
L
OWiertial :/ (0pp.F° + o X®)d¢;, (111)
0
L

Wesemat = [Sp.m]5 —y + [doem]{ 2] + / (5. R + 50 IM) de;. (112)

0

The equation,(109) bears a recognizable form of virtual work principle which states that if the body
in dynamic equilibrium is subjected to a virtual displacement at a given instant of time, the virtual
work done due to the real external forces 6Weyerna (Traction and body force) is stored as virtual
strain energy 0US, ., and virtual work due to the inertial forces on the body W} ;.- The virtual
work principle, when the deformation of the beam is referenced to the curved configuration would
then become,

6Usctrain + oWy, = 5Wexternal; (113)

inertial —
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where,
L ~ ~ L
U rain = / (77.587" + m.5/<ar) d& = / (ﬁ.éér +m.5z’") déy, (114)
0 0
L
iilertial = / (6(ch + 6aAc>d£1 (115)
0

The terms above have usual meaning as defined in previous sections. It’s worth noting that the
virtual external work dWoyiemal remains the same for both the reference configuration,$2° and €°.
The expression for the strain energy and the inertial work changes because the sttain'and the inertial
effect depends on the initial configuration of the beam considered.

5.2. EQUIVALENCE OF WEAK AND STRONG FORM OF EQUILIBRIUM EQUATION

The linear and angular momentum conservation principlefor thesreduced beam is obtained
in Eq. (73) and (82) of section 4. The weak form of equation as derived in section 5.1 can be
obtained in pure mathematical sense from the strong formi, This shows the equivalence of strong
and weak form and also validate the results obtained in“Section.5.1. We take the similar approach
as delineated in Hughes [39]. The linear momentum equation. (73) is associated with the midcurve
deformation. Therefore, the weight function used to obtain residual form of reduced equilibrium
equation is the virtual displacement of the midcurve\0gsSimilarly, the angular momentum equation
(82) is associated with the curvatures of the cross-section, thus making virtual rotation da as the
natural choice for the weight function. Notesthat\op and da are admissible and are related to du as
shown in Eq. (46). The residual form of equilibrium equation referenced to the straight configuration
2® can be written as,

L
/ {&p.(n,& +R_F°) + b (myg, + o, xn+ M — As)] d& = 0. (116)
0

Using Green’s theorem andithe property of the triple product of vectors, following results hold,

L

L o L
/ (dp.me)dér = [dpn], —/ (0p.¢,-m)dés,
0 0
L - L
/ (0p.mg )dE = [5a.m]£1:0 —/ (dov g, m)dE;, (117)
0 0

L L
/ 0k.(pe x M)d&s = / n.(6o X ¢, )dEs.
0 0
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Therefore, using the results in Eq. (117) with Eq. (116), the residual form of equilibrium equation
simplifies as,

L L
/ {((550751 —da X pg)n+ 5()(751.m:| d&; + / (0. F° + 0. A®%)d,
0 0

. (118)
= [&p.n]g:OL + [5am]§:§ ~|—/ (0. N+ da. D) d&;.
0
Noticing the expression for e and 0k in Eq. (53), the above equation becomes,
L. ~ L
/ {58.7] + 61-’.:.m] dé + / (0. F° + 0. A?%)d&y
0 0 (119)

L
&=L &=L
= [5go.n]£i:0 + [5a.m}§1:0 —i—/o (0p.R + SaN) déyp
which is exactly same as the weak form (Eq. (109)) derived from the infinitesimal Lagrangian
equation of motion thereby validating the former approach.

6. STRONG FORM OF EQUATIONS DERIVED FROM HAMILTON’S EQUATION

Hamilton’s Principle (refer [40]) can be used\to eévaluate the dynamic equation of motion.
The principle assumes that the configuration of,the.deformed beam is exactly known at time t;
and ty. Therefore, the variational field da(t1,6, 63, &3) = 0 and du(ts, &y, &2, &3) = 0. There are
infinitesimal configurations that the beam canvhave at any time ¢ (¢ # t;and t5), each configuration
deviating from the correct one by anarbitrary but admissible displacement field du(t, , &, &, &) =
dp(t, &) + da(t, &) X Tpc(&1, &2, Es), Wwhere ¢ defines the admissible variation in the midcurve and
the vector da parametrizes the variation in the director frame. The exact deformed configuration at
any time t; < t < ty is determined by making the action A stationary, defined as,

to to
A = / £dt - / (T - sstrain + chtcrnal)dt~ (120)

t1 t1

where, the functional £,is/called the Lagrangian of the problem. The Principle states that,

Term 1 Term 2 Term 3
t2 s iz T ) (121)

5/ (T = Ustrain + Wexternal) dt = / o7 dt — / 5Ustrain dt +/ 5Wexternal dt = 0.

t1 t1 t1 t1

6.1. TERM 1: SIMPLIFICATION OF KINETIC ENERGY TERM
The total kinetic energy of the beam referenced to 2° can be written using Eq. (69) as,
1 U | s T s 1 s/ . .. B
T= 5 [ pud A’ = 5/ P R.R d¥ = 5 /.° (¢ +7pc). (¢ + Tpc) dQ°. (122)
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Therefore,
to to
5/ T dt = / / P’ [0p.¢ + 6.7 pe + ¢.01pa + 67 pa.Tpc)dQ° dt. (123)
t1 t1 s

We subject Eq. (123) to integration by parts with respect to time and note that de(t1) = dp(t2) =
da(ty) = da(ty) = 0, therefore drpg(t1) = da(t1) X rpg = 0 and drpg(tz) = 0. This leads to,

to to
5/ T dt = — / / [(5QOQO + dp.Fpg + P.0rpc + (57‘13@.’;;]3(;.} dS2.dt. (124)
t1 t1 s

We notice the following relations,

QB.(STPG = 50[50 X ’I’pg] = 50(.[7"136' X QOL (125)
51“13@.’1."‘13@ = 5a~[TPG X ’i’:pg]. (126)

Substituting (125) and (126) in Eq. (124), and realizing that d¢,de, ¢, dw and dw are function of
(€1,t) only, we obtain,

S
I WX YT3+wxwxYs
to to L B )\ ¢ a S
5/ T dt = —/ / dep. 95-{/Psd§2d§3}+{/PSFPGd@df?)}] dg, dt
t1 t1 0 | ]
>
s I, wtwxIy,w
to L N\ \ 7 7S
—/ /O Sev. [{/.psrpgdfgdfg} X¢+{/.ps(rp(; xfpc)dggdgg}] de, di.
t1
Therefore,
to to L
5/ T dt = —/ / {w.gswa.v} de, dt. (127)
t1 t1 0

6.2. TERM(2: SIMPLIFICATION OF POTENTIAL ENERGY TERM

The virtual strain energy term in Hamilton’s equation can be obtained from Eq.(102) and using
the results from-Eq. (53) and (56) as,

to to L
/ OUstrain dt = / / {(5@51 —da X e )n+ 5a751.m} d¢, dt. (128)
t1 t1 0

Rearranging the terms and carrying out integration by parts with respect to &;, we obtain,

t &1=L
/ [bp.n+dcem] dt] (129)

h §1=0

to to L
/ OUstrain dt = _/ / 590-77,51 +5a.(90,§1 ><77+m751)d§1 dt+
t1 t1 0
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6.3. TERM 3: SIMPLIFICATION OF EXTERNAL WORK TERM

The body force field b and the surface traction are the external forces in the body. The external
force term in Hamilton’s equation can be written as,

Term 3.1 Term 3.2

ta - to L ~ o
/ OWexternal dt = / / p°(0u.b)dY’ dt+/ / / (5u.(SSNS))dF§ d&y dt (130)
t1 s t1 0 g

t1

where I'§ represents the surface boundary for an element of unit arc length in Q%configuration (refer
figure 7). Term 3.1 and Term 3.2 can be simplified using the expression fordu Egq. (46) as,

/: / (sub)dg, di = /: /0 ’ 5¢[ /_ psbdfzdfg} +5a.{ /_ o (rpX b)dégdgg} dé, dt; (131)

to L 17) L
/ / / (6u.(S*N*))dT; de, dt = / / 544 / SSNSng] —i—5a.[ / e X (SSNS)ng} de, dt.
t1 0 3 t1 0 rs r3

(132)

Combing Eq.(130)—(132) and noting the definition of reduced external force 8 and moment T in
Eq. (68) and (76) respectively, we get,

to ta L
/ 5Wexternal dt = / / [6(PN + (5(19)1] dfl dt. (133)
t1 11 0

6.4. GOVERNING EQUATIQNS, OF MOTION AND BOUNDARY TERMS

The Hamilton’s equation for the Cosserat beam can be realized by combining Eq. (121), (127),
(129) and (133) as,
h &1=0

s
(134)

Realizing that*dp,and da are arbitrary virtual quantities at time ¢, for Eq. (134) to hold good for
all d¢p and 0, following must be true,

£ &=L
/ [5cp.n+5a.m] dt] =0.

5g0.{n751+N—§S}+5a.{m7§1+<,0,§1 ><7]+9ﬁ—)\8}] dé, dt+

Ne +R—F° =0, (135)

Mg +@g XN+IM—A =0, (136)
1=L

[bpm]g =, =0, (137)

[baem]i — =0, (138)

The Eq. (135) and (136) represent linear momentum conservation and angular momentum conser-
vation law referenced to straight configuration €2° respectively. It is not surprising that the result
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is same as obtained from infinitesimal equilibrium equation in section 4 as in Eq. (73) and (82).
Secondly, the Eq. (137) and (138) represent the general boundary condition at & = 0 and & = L.
For instance, if the left boundary is fixed and the right boundary is free, ¢(0) = 6(0) = 0 and
n(L) = m(L) = 0. Note that o parametrizes the variational rotation of director frame that has
rotation of Q() in equilibrium state. Therefore, for the fixed end, da(0) = 0 implies 6(0) = 0 at
all time ¢.

6.5. INTERPRETATION OF EQUATION OF MOTION FROM D’ALEMBERT?S PRINCIPLE-
MOTION VIEWED FROM THE DIRECTOR FRAME

To interpret motion from the non-inertial frame in general, we definesthe impressed forces as
the forces that are imposed on the system due to external effects and dué te thesconfiguration of the
system. In the case of Cosserat beam, the body force, traction (extérnal forces), and the internal
stresses (due to deformed configuration) are the sources of the impressed forces. We define the forces
of inertia referenced to a frame in consideration as the resisting forees,by the structure, as observed
from the frame considered. Lastly the Einstein forces or the apparent forces are defined as the forces
experienced by the object due to non-inertial nature of thé frame)of reference. The object satisfies
the state of equilibrium if the effect of impressed forces, Finstein forces, and the forces of inertia
referenced to a frame in consideration are considered simultaneously. This law is referred to as the
D’Alembert’s Principle.

Owing to the single manifold nature of the ptoblem, the motion of the Cosserat beam is
simplified to motion of the midcurve. Each®peint of the midcurve has a rigid section attached to it.
Therefore, the equation of motions developed.in section 4.1 can be thought of as the equilibrium
equation of a unit arc length element-with, the mass p° idealized as a rigid section B(;), with the
mass p° distributed homogeneously thzoughout the section.

We have assumed that the'midcuryve may not necessarily be the locus of the center of mass. For
the section B(&;), the point Girepresents the intersection of the midcurve at the section and the
point M represents the niass centroid. The director frame {d;(&1)} is attached to the section B(&;)
with origin at G. The*point M is located by the vector ry;q = 15: . The figure below describe the
details.

The conservation of linear momentum equation (73) represents the translational equilibrium of
the mass p%¢ The'mass p® is static with respect to the frame {d;} because the section is rigid. The
frame {d;}'is translating with the translational acceleration of ¢ and is rotating with the angular
acceleration w Teferenced to the inertial frame of reference E;. The mass u® experiences the following
forces,

1. The impressed force = ng, + N(&).

2. The force of inertia w.r.t the frame {d;} = —p*# ¢ = 0.

3. The Einstein force due to translation = —p®@.

4. The centrifugal force = —w X w X (P*ryg) = —w X w x (Y*).
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Where,

Tpg = &ady + &3d3;

fl(fﬂ r.Pde fl(fﬂ rPGdefzdfii YS

Deformed configuration Tme = = p =—.
Of the Cosserat beam () f. (¢1) dm J..(‘fl) pdEydss K

Figure 8: :Reduced element of unit arc-length\idealized as a rigid section with mass p*

5. The Euler force = —w x (p'rye) = —w X(YX®).
6. The Coriolis force = —2w X (W7 ya) = 0.

The conservation of angular momentum Eq. (82) represents the moment balance of the section
B(&). If the force on the elemental mass p*d&adés located at point P of the section, positioned by
the vector rpg, is dF', thén the total reduced moment of the section is f.(&) rpa X dF'. Therefore,

1. The reduced"moment due to the impressed forces = mg, + @ X 1+ N

2. The reduced moment due to force of inertia w.r.t the frame {d;} = —f.(gl)psrpg X

’;;Pgdggdgg = 0. Note that the parameter i}pG represents the acceleration of the point P
w.r.t theuframe {d;}; it vanishes since the section is assumed rigid.

3. The'reduced moment due to the translational Einstein force = — f.(&) p°’rpa X @déadés =
Y% x .

4. The reduced moment due to the centrifugal force = — fl(gl) rpe X (W X w X (rpgp’déadEs))
= —w X Iyw.

5. The reduced moment due to the Euler force = — fl(él) rpg X (W X (rpgp’déadés)) = Iyw.

6. The moment due to the Coriolis force is 0 because r pa = 0.
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It is noteworthy that the Coriolis force and the force of inertia w.r.t {d;} (and the respective
moments) vanishes because we have ignored the Poisson’s and the warping effect. If the section
is not assumed to be rigid, we will have these two forces (and the respective moments) and an
additional force term in the impressed force on account of addition stresses developed. Secondly, if
the mass centroid was considered as the midcurve, the mass p® would not experience centrifugal
force and FEuler force.

7. COMMENTS ON CONSTITUTIVE RELATIONS

The equations of motion derived in the previous sections are completelygenetal. The internal
forces m and the moment m are related to the finite strain vectors €” and.k” through constitutive
relations of the modeler’s choice. As a matter of example, we demonstrate a hyperelastic linear
constitutive model (as in [12]), considering the Q¢ as initial configuration. Asis observed in Eq. (59)
and (60), the reduced force and the moment depends on the stress veetor Sj. Therefore, we linearly
relate the stress vector Sy to the strain vector €” as,

e'l‘

||

S, =C (139)

From the definition of €” = € — Q"€® = €/d;, we can write
e = €'r + K % (gzdz -+ fgdg)

where,
e"=e-Q"e“=¢d;; K" =Kk—-Q"K°=FK.d,.

Note that the the curved reference configuration has same length as the mathematically straight
configuration and zero shear angles. “Fherefore, €€ = 0. Using all these results and plugging equation
(139) into Eq. (59) and (60), weyobtain a constitutive law of the form shown below.

[’rTr’J —¢ [Z:] . (140)

The coefficients C' and € are detailed for the homogeneous and isotropic case in the Appendix 10.4.

8. (CONSERVATION OF ENERGY AND TIME INVARIANCE

We know that the Hamilton’s formulation of least action holds if the impressed forces are
monogenic in nature (refer Lanczos [41]). Therefore, work functions for the forces can be defined.
The work function need not necessarily be conservative for the applicability of Hamilton’s principle.
Table 1 lists the work function for all the forces considering the straight beam as the undeformed
state. In table 1, U® represents the strain energy density. Secondly, the work function for external
force used in Eq. (121) can be written as Weyernal = Wi + Wh.
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We may arrive at the Energy conservation laws and the conditions associated with it by
considering the real infinitesimal displacement du = udt as the variational field in the Hamilton’s
equation (121). This unique consideration no longer guarantees the virtual displacement at time ¢,
and ty to vanish. Therefore, for du — du, the Hamilton’s principle modifies to,

to t=to
(5/ £ dt = / P’ {ddu} sy, (141)
t1 s t=t1

Using table 1, the left hand side of the above equation can be simplified for )u —‘du as,

to to .
5/ Sdt:/ { / (”S"'L-‘m—wsﬂswb)dfzw / / (Su.(S*IN%) dP; d§1}dt
t1 t1 s 0 g
o L
. / {/ <psu.a—dUs+psu.b)dQs+/ / (.(5° M) d&}dt] "
t s o :

o /t2 d_T N dUstrain + de + th dt
), \dt dt dt dt

to
dt — {T — Ustrain + Wexternal} dt
t1

(142)
It was possible to simplify Eq. (142) by assuming the4raetion and body forces to be constant with
time. This was done to obtain a particular and simplified*form of energy as (7" — Usrain + Wexternal)-

The second step of (142) shows the general energy conservation law. We can evaluate the right hand
side of Eq. (141) for du — du as,

t=to t=to t=to
/ p° {ﬁéu} dQ)° = [/ psd.’iLdQs] dt = [ZT] dt. (143)
s t=t1 s t=t1 t=ty

Therefore, from Eqs. (141)—(143); we haye

t=to

t=to
|:/ psuadﬂs - £:| = |:T - Wexternal + Ustrain:| =0. (144)

t=t1 t=t1

This implies that thé quantity (7" — Wexternal + Ustrain) 18 conserved. This quantity is energy H (or
Hamiltonian). It4s-clear that the external work Weyernal adds energy to the system. This energy

FORCES WORK FUNCTION

Body force b = [o. p*(u.b)dQ®

Surface traction fo frg (u.(S*N#))dls d&
Internal stress Ubirain = Jos Fi5S5d2° = [, UdQ?
Inertial force =1 [ pPRRIY =1 [ pPt.0dQ

Table 1: Forces and their respective work functions
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is used to deform the beam (stored as strain energy Usain) and to bring the motion in the beam
(stored as kinetic energy T'), implying Wexternal = Ustrain + 1. Therefore, a relationship between the
Lagrangian and the Hamilton can be established for Continuum problem as,

/ pPu.ad)’ — £ = H. (145)
The above equation establishes a relationship between the Lagrangian and Hamiltonian functional.
It is well known from the classical mechanics of discrete bodies that both the functignals are related
by Legendre transformation [41]. The continuum is an infinite degree of freedom system. If we

assume the beam to be composed of infinite particle each of mass m; = p*AQ;, located by wu;, the
Lagrangian takes the form,

ZOO Lo
£= imzuzuz — Ustrain + Wexternal/ (146)
i=1

Note that only the kinetic energy is function of velocity. Weadefine the generalized momentum of

the " particle as p; = (p*AQS)w; = %. The Legendre transformation applied to the Lagrangian is
therefore, written as,
5o Wi — L= > pid; —£=H. (147)
i=1 ¢ =1

For the continuum case,

oo n

S piti = lim S i AQ — / P dD (148)

=1 AQZ=dQS =1 Qs

Therefore, for continuum case, Eq. (14%) is same as Eq. 145.

We were able to obtain the Energy conservation law from the Hamilton’s Principle by considering
the differential displacement as the virtual displacement. We can choose this special case of variation
only if the Lagrangian dees,not have explicit time dependence. If the Lagrangian has explicit time
dependence, then theé variation in Lagrangian occurs at a specific time ¢, whereas the differential
change in Lagrangianoccurs in a duration of dt. Therefore, for the Energy of the system to be
conserved, the system must be scleronomic and the forces must be conservative in addition to
monogenic. lftheiexternal forces are time dependent, it would imply the presence of external source
of energy which is not taken into account, leading to the addition of unaccounted energy in the
system._In faety-the Energy conservation law arises from the time invariance symmetry of the nature.
Therefore, 6ur understanding are in accordance with Noether’s theorem.

9. (CONCLUSION AND SUMMARY

This paper presents the reduced balance laws of a Cosserat beam in an exhaustive fashion focusing
on all relevant details and the interpretation of results. The Cosserat theory of rods defines the
configuration of the beam by the midcurve and the cross-section attached to the midcurve. Therefore,
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the technical discussion begins with the description of the geometry, deformation parameters, and
mathematical tools. This sets the ground to define the deformation gradient tensor and strain vector
of the Cosserat beam referenced to initially straight or curved configurations of the beam.

The deformation gradient tensor for the curved reference configuration and the current con-
figuration is developed from the mathematically straight reference beam. The result is then used
to obtain the deformation gradient tensor of the current configuration referenced to the curved
referenced configuration. A complete derivation to obtain the inverse of deformation gradient tensor
is shown. It is observed that, for the cross-section being rigid, only the first compoment of any
infinitesimal vector is strained whereas, the second and the third component of the vector merely
rotates. This fact is clearly reflected in the expression for the deformation gradientitensor. We also
define the arbitrary but admissible variational displacement field d)u and.ebtain‘the expression for
the co-rotated variation of the axial strain and curvature vector that, istusedsto obtain the weak
form of the equilibrium equation (Virtual work principle). The virtnal displacement comprises of
the virtual translation given by d¢ and the virtual rotation of the director frame parametrized by
the rotation vector da. A detailed description of the parametrizationsof the rotation tensor @ using
Rodrigues’ formula is presented drawing physical interpretation.of wirtual rotation of director d;.

The discussion in section 2 and 3 provides the reader.with-a concrete platform to obtain the
strong and weak forms of reduced balance laws. The strong“form in general incorporates the linear
momentum and angular momentum conservation laws. The single manifold nature (defined by &;)
of the problem allows us to arrive at the reduced strong form (from the infinitesimal equilibrium
equation that is valid at every point of the body)s The reduced strong form of the Cosserat beam is
the set of differential equations that governssthe\mechanics of the beam.

We obtained the reduced linear anidvangular momentum balance equation using infinitesimal
equilibrium equation and Lagrangian-Hamilton’s equation independently. It may be inferred that the
inertial term in the strong form_of equations has the terms associated with both, the first moment
of inertia and the second montent of inertia. This is because we did not assume that the midcurve
passes through the mass centroid of the beam. The interpretation of forces from the director frame
points out that the absence of a"Coriolis force (and respective moment) is due to assumption of
Bernoulli’s rigid crossssection. Hence, we anticipate the presence of a Coriolis force, force of inertia
referenced to the diréetor frame and additional impressed forces due to additional stresses developed
when we consider the Peisson’s and warping effects.

The integralor“weak form of the equation represents the principle of virtual work for the
Cosserat beam. The integral form of equilibrium equations is also obtained in two ways. In the first
approachy, we obtain the weak form using the infinitesimal equilibrium equation. Mathematically,
strong and the weak form of the equilibrium equations are equivalent. Therefore, the second approach
involves obtaining the weak form from the strong form in a complete mathematical sense.

It is also observed that the conservation of energy principle holds if the forces are monogenic
and conservative and the Lagrangian functional is scleronomic as expected. The Lagrangian and
Hamilton functionals are linked by Legendre transformation, in an integral sense.

Each of the derivations is performed rigorously to fully describe the mechanics of the beam.
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The understanding presented in this paper sets the framework to develop/understand finite element
formulation of the Cosserat beam. An interesting study on the application of the Noether’s Theorem
for the Cosserat beam, and an extension to the formulation including Poisson’s and warping effects
(by developing deformation adaptive optimized warping functions) is something Authors are looking

' <
g
&
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10. APPENDIX

10.1. THE COMPONENT OF ROTATION MATRIX

A1 = cos ¢, ( COS Y11 COS (), — COS O} Sin (;Sp) + sin ¢y, ( COS (rp SiN Y13 — €OS (g Sin 712)
A9 = cos ay cos ¢, + cos Y11 sin @,

Ay = cos ¢y, ( sin 12 COS v — COS (g Sin 713) + sin ¢, ( COS Y11 COS ¢, — COS QSN ¢y)
A9y = cos ¢y, ( sin 12 cos ¢, — €os ap Sin (bp) + sin ¢, ( COS (¥3 COS Y11 — COS (g SIn 713)
A9y = cos ay cos ¢, + sin y1o sin ¢,

Ag3 = cos ¢, ( sin 13 COS vy — COS (¥3 COS ’yn) + sin ¢ ( COS ¢y, SIN Y19, €08 (v2 SIN ngP)
A3z = cos ¢, ( sin ;3 cos ¢, — cos ag sin ¢p) + sin ¢, ( cos v sih ¢, —,COs g sin 711)
A3y = cos az cos ¢, + sin y3sin ¢,

Agg = cos ¢y, ( COS (¥ COS Y11 — COS (¥1 Sin 712) + sin ¢, ( €OS ¢ Sin 713 — cos a3 sin qﬁp)

10.2. THE COMPONENT OF DARBOUX VECTOR-THE CURVATURE TERMS

R1 = —Qag, COS 3 8iN (g + Qi3 ¢, COS (i SIN A3 F94 ¢; COS (1 8In Y11 (— cos arg sin Y12 + €os g sin y13)
2 . . 2 .
— Y12,¢; COS (g COS Y12 SI Y13 — 7Y13,49°€0S Y13/5111 Y13 -+ V13,6, COS (Y3 COS 713 S1I1 Y12
— 13,6, COS (r COS (v3 COS Y13 SIN g + Py ¢, (COS Qg 8IN Y19 — COS (g SIn Y13)

- (by,fl (COS Q1 COS (bp + cos 11 sin ¢p)

1
Ko = 5 (2041751 cos a3 sin oy £ 2as¢, COS g sin ag + Y11.¢, (2 + cos 2a0 + cos 2a3) sin ;3

+ V2.6 ( COS (v COS iy SN 2713 + 2 €OS (g €OS Y12(—cosaz cos Y11 + €os ag sin 713))

+ 2( COS 711 CO87y13/8IN a§ + cos a1 cos a3 sin 2713) + 2¢, ¢, (— cos a3 cos 11 + cos oy sin;3)

— 206 ( COS (vg COS @), + sin y2 sin ¢p))

Fg = —Q ¢} COS Qg SiN 0y + Qa g, €OS vy SIN Qg + V12,6, (COS (v COS Qi3 COS Y12 SIN Y13 — COS A5 COS Y15 COS,,, )
+a3.¢, (€085 iy COS (i3 COS Y11 COS Y13 — COS (¥ COS (rg COS Y13 SINY12) + Pp g, (COS Qg COS Y17 — COS (v SIn Y12)

+ Y., €OS (e 8in Y11 (COS Qi sin 13 — €os g Sin Y1) — Py ¢, (COS a3 COS Py, + sin 13 sin ¢,

10.3. ILLUSTRATION OF A DEFORMED SHAPE OF THE BEAM

We present an example of geometric description of the deformed shape of a slender rod obtained
by using the methodology detailed in the section 3.2. The components of the directors and the
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Darboux vector can be obtained using the results in Appendix 10.1 and 10.2 respectively. The rod
has an undeformed length L, = 500m and a circular cross-section with radius 0.15m. The initial
configuration of the rod is assumed to be straight along x-axis and the rod is fixed at x = 0. We
ignore the shear deformation (7y;; = 0) in this example. The beam is subjected to elongation and
curvatures (including torsion). Therefore, the director triad {d;} is same as the triad {T',V, H }.
The red, blue and green vectors represents the directors dy, do and ds respectively. The black curve
shows the midcurve of the rod. Note that the directors are scaled up for clear representation. This
deformation assumes following parameters satisfying the boundary conditions,

¢p(£1) - (g Sin Zil) (1 B O'5Sin 3.’27:&); ¢y<§1) = ’ﬂ'Sin WL—il;
&1

e(&1) = i—ﬁsm %; a1(§1) = g; as(§1) = 107 <L_>’ az(éy) = g + s (&1);

x 100

Figure 9: Illustration of geometric description of finite deformation of the beam

10.4. THE COEFFICIENTS OF THE CONSTITUTIVE LAW
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[ FA, 0 0 0 FA, —EA?,-
0 GkA 0 —GAy, 0 0
E 0 0
0 0 Gk,A GA; 0 0
C=10 G 0 ¢ =
0 —GAy, GAs GkA; 0 0
0 0 G
EA, 0 0 0 EAs —BA;
—FA; 0 0 0 —FEAy FAg

Note that here k, and k; are the standard shape factor for shear and torsiom,and-the geometric
constants A; are given below.

1
A — / ey
| |

Ay = / w%légdggdgg
| |

1
A= [ gtadéads

Ay

]
Jeg (S dcades
||

1
Fc

R
[

£3d&adés

1
Fc
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1

A= |

£382d8dEs

&
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10.5. COMMENTS ON THE CROSS SECTION RIGIDITY ASSUMPTION AND THE
VALID¥EY OF THE THEORY

We made an assumption of a rigid cross-section in 2.1 and all the results obtained incorporated
this assumption. The absence of Coriolis forces and the absence of Poisson’s effect in the constitutive
laws are direct consequences of this assumption, for example. Therefore, it is beneficial to look into
the limitations of the results presented. Let us momentarily consider warping and Poisson’s effect.
If we had these effects, the position vector of any point in Eq. (3) would take the form

R* = p(&1) + (& — ve&o)dy + (& — ve&s)ds + Z(&o, §3)Ruda.
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Note that here, =(&,, &) represents the warping function of the problem obtained from St. Venant’s
theory, and v is Poisson’s ratio. To ignore warping, we must assume the section is circular (or
"sufficiently” circular that warping is negligible) such that Z(&,&3)—0. Now we are left with
Poisson’s effect. The expression for R* can be rearranged as

R* = R — ve&dy — velsds.

Using R* to develop the kinematics of the Cosserat beam would change the strain yector and the
deformation gradient tensor. The strain vector would then become

°. [OR*
€:Z<3€i _di).

=1

For slender structures, the lateral cross-sectional strain vector components arenegligible. Thus, it is

OR* d.
%

acceptable to write S~

~ 0 for i = 2,3. The direct implication/of this approximation is

that the strain vector reduces to that in Eq. (26) as

OR* OR
ex — —dy = — =d;j.
96 &
Thus, Bernoulli’s rigid cross-section assumption makes,this theory acceptable for slender structure
where the total length of beam is sufficiently lohg compared to the lateral dimensions of the beam,
and for the structure with cross-sectional shapes such that the effect of warping is negligible.
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