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In a previous study, it was found that the shape memory functionality of a shape memory polymer based
syntactic foam can be utilized to self-seal impact damage repeatedly, efficiently, and almost autono-
mously [Li G., John M., 2008. A self-healing smart syntactic foam under multiple impacts. Comp. Sci. Tech-
nol. 68(15–16), 3337–3343]. The purpose of this study is to develop a thermodynamics based constitutive
model to predict the thermomechanical behavior of the smart foam. First, based on DMA tests and FTIR
tests, the foam is perceived as a three-phase composite with interfacial transition zone (interphase)
coated microballoons dispersed in the shape memory polymer (SMP) matrix; for simplicity, it is assumed
to be an equivalent two-phase composite by dispersing elastic microballoons into an equivalent SMP
matrix. Second, the equivalent SMP matrix is phenomenologically assumed to consist of an active (rub-
bery) phase and a frozen (glassy) phase following Liu et al. [Liu, Y., Gall, K., Dunn, M.L., Greenberg, A.R.,
Diani J., 2006. Thermomechanics of shape memory polymers: uniaxial experiments and constitutive
modeling. Int. J. Plasticity 22, 279–313]. The phase transition between these two phases is through the
change of the volume fraction of each phase and it captures the thermomechanical behavior of the foam.
The time rate effect is also considered by using rheological models. With some parameters determined by
additional experimental testing, the prediction by this model is in good agreement with the 1D test result
found in the literature. Parametric studies are also conducted using the constitutive model, which pro-
vide guidance for future design of this novel self-healing syntactic foam and a class of light-weight com-
posite sandwich structures.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Syntactic foams, a class of composites made of a polymeric ma-
trix filled with hollow particulate inclusions, renowned for its low
density and high specific mechanical properties, are currently
enjoying continuous growth in various civilian and military sec-
tors. Their typical applications range from buoyancy materials for
submarines to cushion materials for packing (Anderson et al.,
1970). The versatility and applicability of such composites attracts
interest from numerous researchers and thus propels many char-
acteristic-improvement studies such as functionally grading syn-
tactic foams (El-Hadek and Tippur, 2003; Gupta, 2007) and
toughened syntactic foams (Li and Nji, 2007; Li and John, 2008;
Nji and Li, 2008), as well as analytical modeling of constitutive
behavior (Rizzi et al., 2000; Song et al., 2004). Because of the im-
proved mechanical/functional properties, a tendency is found that
syntactic foams are being increasingly used in high performance
load-bearing structures such as foam cored sandwich, grid stiff-
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ened foam cored sandwich, etc. (Li and Muthyala, 2008; Li and
Chakka, 2010). However, like other composite structures, foam
cored or hybrid foam cored sandwich structures are still vulnerable
to impact damage. Self-healing or self-mending of structural dam-
age is desired.

One of the grand challenges facing self-healing community is
how to heal macroscopic or structural scale damage such as impact
damage autonomously, repeatedly, efficiently, and at molecular-
length scale. For the existing self-healing schemes such as micro-
capsules (Blaiszik et al., 2008), hollow fibers (Pang and Bond,
2005), microvascular networks (Toohey et al., 2007), ionomers
(Varley and van der Zwaag, 2008), thermally reversible covalent
bonds (Liu and Chen, 2007), thermal plastic particle additives
(Zako and Takano, 1999), etc., they are very effective in self-healing
micro-length scale damages. However, they face tremendous chal-
lenges when they are used to heal large, millimeter-scale, struc-
tural damage. The reason for this is that structural damage needs
a sufficient amount of healing agent to fill in the crack. However,
incorporation of a large amount of healing agent such as thermo-
plastic particles will significantly alter the physical/mechanical
properties of the host structure. Also, large capsules or thick hollow
fibers themselves may become potential defects when the encased
healing agent is released. Although ionomer has been proved to
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self-heal ballistic impact damage (Varley and van der Zwaag,
2008), it inherently utilized the rebound of the broken ionomers.
Without the elastic rebound, the broken pieces cannot be brought
into contact and ionomer cannot self-heal itself, either.

Because of this, we propose that a sequential two-step scheme
be used by mimicking the biological healing process such as hu-
man skin: seal then heal (STH). In STH, the structural scale crack
will be first sealed or closed by a certain mechanism before the
existing self-healing mechanisms such as microcapsule or thermo-
plastic particles take effect. Shape memory polymer (SMP), due to
its autonomous, conformational entropy driven shape recovery
properties, can be utilized to achieve the self-sealing purposes. In
a previous study, it has been proved that the confined shape recov-
ery of a shape memory polymer based syntactic foam is able to seal
impact damage repeatedly, efficiently, and almost autonomously
(Li and John, 2008). It is believed that if the existing micro-length
scale repairing scheme such as microcapsules or thermoplastic
particles are incorporated into the SMP matrix, a two-step (seal
then heal) self-healing scheme could be achieved and the healing
would be achieved repeatedly, efficiently, almost autonomously,
and at molecular-length scale.

The objective of this study is to develop a constitutive model to
predict the thermomechanical behavior of this novel foam so that
it can be optimized for advanced mechanical and self-healing prop-
erties. While considerable experimental investigations of SMP have
been reported in the literature (Tobushi et al., 1996, 1998; Liu
et al., 2004), fundamental knowledge of the constitutive relation-
ship for the thermomechanical properties of SMP remains an
emerging topic. Although earlier efforts (Tobushi et al., 1997; Bhat-
tacharyya and Tobushi, 2000) using rheological models were able
to describe the characteristic thermomechanical behavior of SMP,
the loss of the strain storage and release mechanisms usually led
to limited prediction accuracy. Later, other approaches such as
mesoscale model (Kafka, 2001, 2008) and molecular dynamic sim-
ulation (Diani and Gall, 2007) were further developed to under-
stand the mechanisms at a rather detailed level. Recently, various
phenomenological approaches (Morshedian et al., 2005; Gall et al.,
2005; Liu et al., 2006; Yakacki et al., 2007; Qi et al., 2008; Chen and
Lagoudas, 2008a,b; Nguyen et al., 2008) have been developed to
interpret the thermomechanical behavior of SMP from a macro-
scopic viewpoint. With different underlying hypotheses, these ap-
proaches can be roughly divided into two categories. Liu et al.
(2006) adopted a first-order phase transition concept and modeled
the SMP as a continuum mixture of a frozen and an active phase.
The frozen phase and active phase represented two different con-
figurations for temperature below and above the glass transition
temperature (hg). And a term of stored strain (es) was introduced
to identify the strain storage and release mechanisms. The param-
eters of their model can be easily determined by simple macro-
scopic testing and the simulation reasonably captures the
essential shape memory responses. However, the model simplified
the SMP as a special elastic problem hence did not consider the
time-dependence of the material. And a notable controversy was
that it did not represent the physical processes of the glass transi-
tion and thus resulted in nonphysical parameters, such as volume
fraction of the frozen phase. To address such issues, Nguyen et al.
(2008) investigated the shape memory behavior through a struc-
tural and stress relaxation mechanism. They proposed that the
shape memory phenomena of SMP were primarily motivated by
the dramatic change of molecular chain mobility induced by the
glass transition. The chain mobility underpins the ability of the
chain segments to rearrange locally to bring the macromolecular
structure and stress response to equilibrium, suggesting that the
structure relaxes instantaneously to the equilibrium state at high
temperature but responds sluggishly during cooling. Such behavior
macroscopically freezes the structure at a low temperature in a
non-equilibrium configuration thus allows the material to store a
temporary shape. Reheating restores the mobility and allows the
shape recovery. The important feature of this approach is that it
reasonably and physically interprets the underlying mechanism
for shape memory effects and the time-dependence behavior of
the shape memory can be reproduced. However, the utilization
of the model requires the incorporation of many other sophisti-
cated models, which not only complicates the entire constitutive
model but also requires some additional fundamental assump-
tions. It is noticed that some of these hypotheses such as the free
energy activation parameter in the Adams-Gibbs model which
was considered to be invariant to the temperature and pressure
are still debatable (Tüdõs and David, 1996; Andreozzi et al., 2004).

Since our focus is on establishing a theoretical framework that
captures the shape memory effects of the self-healing foam, the
simplified two-phase concept (frozen phase and active phase) of
Liu et al. (2006) is employed to formulate the equivalent SMP ma-
trix. To be more realistic, we further provide the model with pre-
dictive ability for the time-dependent behavior of the foam.

The current paper will be presented in the following sections.
First, experimental evidence will be provided using FTIR and
DMA to deduce the three-phase microstructure of the syntactic
foam (interfacial transition zone coated glass microballoons dis-
persed in the SMP matrix). For simplicity, the three-phase syntactic
foam will be treated as an equivalent two-phase composite mate-
rial with glass microballoons dispersed in an equivalent SMP ma-
trix. As did by Liu et al. (2006), the equivalent SMP will be
further subdivided into two phases (frozen phase and active
phase), and the 3D constitutive model will be developed. In order
to consider the viscoelastic and viscoplastic behavior, the time rate
effect will be considered by using rheological models. The constitu-
tive model will then be examined against the second thermody-
namic law for compatibility. With additional tests such as
coefficient of thermal expansion test, the model prediction will
be compared with a 1D stress-controlled programming and 1D
strain controlled stress recovery and free-strain recovery test re-
sults of an SMP based syntactic foam by Li and Nettles (2009). Fi-
nally, parametric studies will be conducted to provide some
guidance for future design of this novel syntactic foam.
2. Experimental investigation

As shown in the SEM picture in Fig. 1, the SMP based syntactic
foam is formed by dispersing glass microballons in the SMP matrix.
However, since the fabrication of the syntactic foam involves a ser-
ies of chemical reactions, the interaction between the microbal-
loons and the polymer matrix may not be just the physical
contact. Berriot et al. (2003) discovered that a long-ranged gradient
of the matrix glass transition temperature existed in the vicinity of
the silica inclusions, suggesting that an interfacial transition zone
(ITZ) may be present. In order to validate the possible chemical
interactions and further facilitate formulation, several typical
experiments are conducted on the foam.
2.1. Raw materials and curing

The syntactic foam consists of hollow glass microballoons dis-
persed in a shape memory polymer matrix. The polymer is a sty-
rene based thermoset SMP resin system (hg = 62 �C) by CRG
Industries under the name Veriflex. The glass microballoons were
from Potters Industries (Q-CEL 6014: 85 lm average outer diame-
ter, effective density of 0.14 g/cm3, and 0.8 lm wall thickness).
These raw materials have been used previously for the smart syn-
tactic foam (Li and Nettles, 2009).



Fig. 1. SEM image of a SMP based syntactic foam sample.
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The SMP based syntactic foam was fabricated by dispersing 40%
by volume of glass microspheres into the SMP resin. The micro-
spheres were added incrementally, with several minutes of
mechanical blending between additions. A hardening agent was
then added and the solution mixed for 10 min. The composite
was poured into a 229 � 229 � 12.7mm steel mold and placed in
a vacuum chamber at 40 kPa for 20 min in order to remove any
air bubbles entrapped in the matrix. The curing cycle was 79 �C
for 24 h, 107 �C for 3 h, and 121 �C for 9 h. After curing, the foam
panel was de-molded and was machined into different geometry
for various testing. This foam is the same as the one used by Li
and Nettles (2009).
2.2. Dynamic mechanical analysis

The dynamic mechanical analysis (DMA) test was conducted on
a DMA 2980 tester from TA instruments. A rectangular bar with
dimensions of 17.5mm � 11.9mm � 1.20mm was placed into a
DMA single cantilever clamping fixture. A small dynamic load at
1 Hz was applied to the platen and the temperature was ramped
from room temperature to 120 �C at a rate of 3 �C/min. The ampli-
tude was set to 15 lm. The glass transition temperature hg was
determined from the storage modulus curve as suggested by ASTM
E 1640-04.
2.3. Fourier transform infrared (FTIR) spectroscopy analysis

Fourier transform infrared (FTIR) spectra of both the pure poly-
mer and the foam sample were recorded on a Bruker Tensor 27 sin-
gle beam instrument at 16 scans with a nominal resolution of
4 cm�1. Absorption spectra were saved from 4000 to 700 cm�1.
Fig. 2. DMA results for the pure SMP and syntactic foam.
2.4. Coefficient of thermal expansion measurement

The coefficient of thermal expansion (CTE) was measured by
using the Vishay BLH SR-4 general-purpose strain gages and a Yok-
agawa DC100 data acquisition system. The test procedure followed
the Tech note TN-513 (Vishay Micro Measurement, 2007). The ref-
erence material was Aluminum alloy. Both the test and reference
sample dimensions were 30mm � 12mm � 5mm. The tempera-
ture was ramped from room temperature to 90 �C at an average
heating rate of 1 �C/min and then naturally cooled down to room
temperature.

3. Modeling

3.1. Facts and assumptions

According to the DMA results (Fig. 2), it is found that the glass
transition temperature of the foam has been shifted up as com-
pared to that of the pure SMP. This suggests that some chemical
reaction may have occurred at the glass microballoon/SMP inter-
face. The mobility of the SMP polymer in the vicinity of the inter-
face has been confined and reduced, leading to an increase in glass
transition temperature. This has been further evidenced by the
FTIR test results. Fig. 3 indicates that the intensity ratio of the
two peaks around 1746 and 1724 cm�1 (the peaks marked in
red) changed after the incorporation of the microballoons, which
implies that some hydrogen bonds may have been formed and
chemical reaction at the interface probably occurred.

Of course, in order to make sure that the change is due to chem-
ical reaction but not due to the physical presence of the microbal-
loons, a control test, i.e., incorporating microballoons with
defunctionalized surface coatings to prevent chemical activity,
would be helpful. Although there still exists uncertainty about
the origin of the change of material properties after the incorpora-
tion of glass microballoons, it can be concluded that an interfacial
transition zone (ITZ) probably exists in the syntactic foam and the
foam can be perceived as a three-phase composite with ITZ coated
microballoons dispersed in the SMP matrix.

As mentioned previously, it is known that the gradient of the
glass transition temperature of the polymer can be very large
across the thin layer of interfacial transition zone (Berriot et al.,
2003). Because the current techniques cannot determine the de-
tailed profile of the glass transition temperature in the ITZ layer,
it is convenient to treat the ITZ and the pure SMP matrix as an
equivalent SMP medium.

Hence, several assumptions have been made in this study:

(1) The foam system is treated as a two-phase composite with
glass microballoons dispersed in an equivalent SMP matrix
(Fig. 5), and is considered to be macroscopically homoge-
neous, meaning that the stress field is uniform everywhere.
Also the temperature is assumed uniform over the entire
body.

(2) The equivalent SMP matrix is considered as a two-phase
mixture (Liu et al., 2006): the active phase and the frozen
phase. The frozen phase is responsible for the strain storage.
When the frozen phase passes through a frozen material



Fig. 3. FTIR spectra of the pure SMP and syntactic foam.

Fig. 4. Thermal expansion strain measured using strain gages.
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point again during subsequent heating, the stored deforma-
tion at such point is fully recovered and the frozen phase
becomes the active phase.
3.2. Constitutive model

Let X0 denote the initial reference configuration of an unde-
formed and unheated continuum body, while X denotes the spatial
configuration of the deformed body which may also experience the
temperature change. If the nonlinear mapping of a material point
X 2X0 to X can be defined as a function of location, temperature
and time: x=x (X, h(t),t), the tangent of the deformation map de-
SMP 

ITZ 

Glass microb

Fig. 5. A general m
fines the deformation gradient F ¼ @x
@X. To separate the thermal

and mechanical deformation we introduce the multiplicative
decomposition of the thermomechanical deformation gradient into
thermal and mechanical components (Lu and Pister, 1975; Lion,
1997):

F ¼ FMFh; ð1Þ

As shown in Fig. 6, the thermal component Fh is a mapping from
X0 to an intermediate heated configuration Xh.

The mechanical component FM can be further split multiplica-
tively into reversible and irreversible components (Kröner, 1960;
Lee, 1969):

FM ¼ FrFir ð2Þ

where Fr is the reversible component and Fir is the irreversible
component.

As discussed previously, the foam can be first treated as a com-
posite material which has glass microballoons as the dispersed
phase and equivalent SMP as the matrix or continuous phase. With
the initial assumptions of spatially uniform temperature and stress
field and with the help of the average scheme, the reversible defor-
mation can be expressed as:

Fr ¼ fgFg þ fpFp ð3Þ

where f denotes the volume fraction, subscripts g and p denote glass
microballoon and the equivalent SMP matrix, respectively fg + fp = 1.

The equivalent SMP matrix, as elaborated earlier, is considered
to be composed of two phases: the active phase and the frozen
phase. An implication of Assumption 2 in Section 3.1 is that the
deformation gradient at a material point is in general discontinu-
ous when heating from the frozen phase to the active phase. And
whenever a material point is in the active phase, it does not
‘‘remember” its states in the previous frozen state (Chen and
Lagoudas, 2008a).

Therefore, the deformation gradient at a material point in the
equivalent SMP matrix can be described as:

FpðX; tÞ ¼
FaðrðX; tÞ; hðX; tÞ; tÞ; if X 2 Xa

Ff ðrðX; tÞÞ; hðX; tÞ; tÞÞ~F; if X 2 Xf

(
ð4Þ

where the subscripts a and f denote the active phase and the frozen
phase, respectively. r is the stress tensor. ~F, the deformation gradi-
ent from the original reference configuration to the frozen reference
configuration, represents the redistribution of deformation due to
the history dependence of the frozen phase. Xa and Xf denote the
active region and the frozen region, respectively. Their relationship
with the equivalent SMP matrix domain Xp can be expressed as:

Xa [Xf ¼ Xp; ð5Þ

We then apply the average to the deformation gradient of the
equivalent matrix over Xp,
Equivalent SMP 

alloon 

odel scheme.
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Fig. 6. An analogous decomposition scheme for the deformation gradient.
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Fig. 7. Linear rheological representation of (a) the active phase and (b) the frozen
phase.
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FpðX; tÞ ¼ ð1� /ÞFaðr; h; tÞ þ
Z t

t0

Ff ðr; h; tÞ~FðsÞ/0ð~hðsÞÞds ð6Þ

here ~hðsÞ physically represents the maximum temperature the
material experiences immediately before it is frozen. /(h) = Xf/Xp

is the frozen phase volume fraction. If we consider that the growth
of the frozen region only depends on the temperature and the
equivalent SMP can be assumed to be statistically homogeneous,
the statement that the frozen region growth during cooling can
be expressed as:

/ðh2Þ > /ðh1Þ if h1 > h2; ð7Þ

and when h0 is well above hg, /(h0) = 0,
Finally, the total deformation gradient of the foam body yields:

F ¼ fgFg þ fp ð1� /ÞFaðr; h; tÞ þ
Z t

0
Ff ðr; h; tÞ~F/0ðsÞds

� �� �
FirFh;

ð8Þ

In the classical theory of mechanics, the Cauchy strain e is re-
lated to the deformation gradient through

e ¼ 1
2
ðFþ FTÞ � I; ð9Þ

and also

F ¼ Iþ @u
@X

; ð10Þ

where u is the displacement tensor.
If we only consider the linear deformation, we have

F1F2 ¼ F1 þ F2 � I; ð11Þ

Then the strain field in the SMP based syntactic foam material
can be obtained:

e ¼ ð1� fpÞeg þ fpðð1� /Þea þ /ef þ esÞ þ eir þ eh; ð12Þ

where es ¼
R t

t0
~eðsÞ/0ðsÞds is the stored strain. In the paper by Liu

et al. (2006), this terminology is considered as an internal variable
depending on temperature only. Thus, it can be obtained from the
cooling process where it is defined as:

es ¼
Z t

t0

eaðsÞ/0ðsÞds; ð13Þ

meaning that the stored strain comes from the entropic strain in the
active phase.

The other terms in Eq. (12) are analyzed as follows:
3.2.1. Glass microballoons
The glass microballoons are considered to be fully linear elastic.

Then the Cauchy strain can be defined as:

eg ¼ Sgr: ð14Þ

where S is the compliance tensor.
3.2.2. Active phase
There are quite a few sophisticated models trying to capture the

behavior of the polymers at temperature above hg (Boyce and Arr-
uda, 1993; Kontou, 2005; Khan et al., 2006). The combination of
the Maxwell and Kelvin elements in series is often used to describe
in simple terms the viscoelastic deformation of polymers (Sperling,
2006). As demonstrated previously, the overall deformation has
been split into the reversible and the irreversible component. It
is therefore possible to capture the reversible deformation behav-
ior of the active phase using a linear viscoelastic rheological model
shown in Fig. 7(a). The Cauchy strain tensor can then be defined as:

ea ¼ ee
a þ ev

a; ð15Þ

and the Cauchy stress tensor is:

r ¼ Ce
ae

e
a ¼ Cr

ae
v
a þ ca _ev

a; ð16Þ

where superscripts e, v, and r denote the elastic, the viscous and the
rubbery parts. C is the stiffness tensor and c is the viscosity tensor.
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3.2.3. Frozen phase
The viscoplastic behavior of a polymer at the temperature be-

low hg can be captured by decomposing the stress response into
an equilibrium time-independent behavior and a non-equilibrium
time-dependent behavior (Qi et al., 2008). Fig. 7(b) shows the rhe-
ological scheme. Thus, the total Cauchy stress tensor is:

r ¼ r
eq
f þ r

neq
f ¼ Cr

fe
eq
f þ r

neq
f ð17Þ

The non-equilibrium component is described as:

_eeq
f ¼ ðS

e
f _rneq

f þ r
neq
f Þ; ð18Þ

here superscripts eq and neq denote the equilibrium and the non-
equilibrium components. Also it should be noted that eeq

f ¼ ef .
To further consider the post-yielding strain softening behavior,

a bi-viscosity model that the original viscosity decreases to a value
after yielding can be assumed, although there exist other more
complicated models such as the activation volume evolution with
respect to deformation through a probability density function
assumption proposed by Kontou (2005), which captures such fea-
ture as well.

3.2.4. Evolution rules for the frozen fraction /
In a thermomechanical cycle, the change of the frozen fraction /

controls the strain storage and release. Since we only consider the
equilibrium phase separation condition, the frozen fraction
function is considered to be dependent on temperature only. A
phenomenological function of the frozen fraction has been intro-
duced (Qi et al., 2008):

/ ¼ 1� 1
1þ expð�ðh� href Þ=AÞ ; ð19Þ

where href is a reference temperature at which / ¼ 1
2. Thus, it is rea-

sonable to choose hg as href if we consider the definition of the glass
transition temperature (Chen and Lagoudas, 2008a). A is a parame-
ter determining the width of the phase transition zone. It can be ob-
tained from curve-fitting of the experimental results. In a uniaxial
free recovery test, / is in fact the ratio of scalar e*/epre (Liu et al.,
2006), where in our case e* is the modified recovery strain by sub-
tracting the thermal strain and irreversible strain from the recovery
strain. And epre denotes the pre-deformation strain, which is ob-
tained by subtracting the thermal strain and irreversible strain from
the fixed-strain.

3.2.5. Thermal strain
The thermal strain can be expressed in terms of thermal expan-

sion coefficient a.
If the isotropic thermomechanical response is further assumed,

the thermal strain is:

eh ¼
Z h

h0

a � Idh ð20Þ
Table 1
Summary of the model.

Total strain
Frozen phase volume fraction evolution

Mechanisms
Glass balloons (g)
Active phase (a)
Frozen phase (f)

Entropic storage (s)

Thermal (h)

Irreversible (ir)
In order not to lose generality (Fig. 4), a is considered as a func-
tion of temperature.

3.2.6. Irreversible strain
A Maxwell dash-pot component is used to describe the perma-

nent deformation:

r ¼ cir _eir ð21Þ

Based on the experimental observation (Tobushi et al., 1997), cir

can be assumed as a function of temperature in the vicinity of hg

but almost constant outside the phase transition region. The tem-
perature dependence of cir can be considered in the manner of Wil-
liam-Landel-Ferry (WLF) equation:

cirðhÞ ¼ c0
ir exp

�c1ðh� hrÞ
c2 þ h� hr

� �
ð22Þ

where c1, c2, co
ir , and hr are constants.

3.3. Summary of the model

As discussed in the previous section, the complicated thermo-
mechanical behavior of the SMP based self-healing syntactic foam
is studied with a comprehensive model, which separately consid-
ers the material behavior in the manner of multi-phase and
different mechanisms. The important features of this model are
summarized in Table 1.
4. Thermodynamic consideration

In order to prove the thermodynamic consistency as well as to
give a better understanding of this material model, the thermody-
namic framework of the constitutive modeling is discussed in this
section.

As a result of the physical understanding of the deformation
mechanisms and experimental results (Liu et al., 2006; Helm and
Haupt, 2003; Holzapfel, 2000) in combination with specific consid-
eration in our case, the Helmholtz free energy function is expressed
in the form:

w ¼ wmh h; eg; ea; e
v
a; ef ; e

neq
f ;/

� �
þ wsðh; esÞ; ð23Þ

where wmh consists of the mechanical energy, the thermal energy
and the initial free energy of the material; ws represents the free en-
ergy due to the entropic strain storage.

Then the second Law of thermodynamics applies in the form of
the Clausius-Duhem inequality (Holzapfel, 2000):

r : e� qð _wþ g _hÞ � q � rh
h

P 0; ð24Þ

where g represents the entropy, q denotes the heat flux, and q is the
density.
e = (1 � fp)eg + fp (1 - /)ea + fp /ef + fpes + eh + eir

/ ¼ 1� 1
1þexpð�ðh�hgÞ=AÞ

eg = Sgr

ea ¼ ee
a þ ev

a r ¼ Cr
ae

v
a þ ca _ev

a

r ¼ Cr
fef þ r

neq
f

_eeq
f ¼ ðS

e
f _rneq

f þ c�1
f r

neq
f Þ

es ¼
R t

t0
eaðsÞ/0ðsÞds

�h ¼
R h

h0
aI dh

r ¼ cir _�ir cir ¼ c0
ir exp �c1ðh�hr Þ

c2þh�hr

� �
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In most cases, the inequality is expediently divided into the
thermal dissipation inequality:

�q � rh
h

P 0; ð25Þ

and the internal dissipation inequality:

r : e� qð _wþ g _hÞP 0; ð26Þ

The validity of the thermal dissipation inequality (Eq. (25)) is
guaranteed in the Fourier-model, where q = � kDh with k > 0.

Then we introduce the free energy (Eq. (23)) into the internal
dissipation inequality (Eq. (26)) in combination with the Cauchy
strain decomposition (Eq. (12)), it leads to:

ð1� fpÞr� q
@wmh

@eg

� �
: _eg þ fpð1� /Þr� q

@wmh

@ea

� �
: _ea

þ fp/r� q
@wmh

@ef

� �
: _ef

� q
@wmh

@ev
a
� q

@wmh

@eneq
f

_eneq
f þ r : _eir

þ fpr� q
@ws

@es

� �
: _es þ r : D _em

� q
@wmh

@U
_/� q

@w
@h
þ g

� �
_h P 0; ð27Þ

where Dem ¼ fp
R /

0 ðef � eaÞd/, then D _em ¼ fpðef � eaÞ _/.
Following standard arguments, the following potential relation

for the stress tensor and the entropy is suggested to guarantee the
inequality:

g ¼ � @w
@h
þ 1

2
r : ð _eh þ D _emÞ: ð28Þ

If we further introduce the following elastic part of the free en-
ergy function:

wmh ¼
1
q
ð1� fpÞ

1
2

Cg : eg : eg

� �
þ fpð1� /Þ 1

2
Ce

a : ðea � ev
aÞ

� ��

: ea � ev
aÞ þ fp/

1
2
ðef � eneq

f Þ þ
1
2

Cr
f : ef : ef

� �� 	

þ cd0 ðh� h0Þ � h log
h
h0

� 	
þ wa0 þ /D0f g ð29Þ

where the second bracketed term describes the pure thermal con-
tribution, and cd0 denotes the specific heat capacity (Liu et al.,
2006); the third bracketed term represents the initial free energy
of the material. wa0 denotes the initial free energy of the active
phase and Dw = Dj0 - hDg0, where Dj0 ¼ jf

0 � ja
0 and Dg0 ¼ gf

0�
ga

0. j0 and g0 represent the initial internal energy and entropy
(Helm and Haupt, 2003).

Then, based on the previous stress analysis of each phase, the
internal dissipation inequality (Eq. (27)) reduces to:

ca : _ev
a : _ev

a þ cf : _eneq
f : _eneq

f þ cir : _eir

: _eir � qDw _/þ fpr� q
@ws

@es

� �
: _es P 0 ð30Þ

The first three terms in the residual dissipation inequality (Eq.
(30)) represent the rate of energy necessary to overcome internal
dissipative resistance. Therein, c is the viscosity tensor, so they
must be positive definite. Consequently, these three terms are al-
ways non-negative. Furthermore, Helm and Haupt (2003) pro-
posed an evolution equation for the temperature-induced phase
transition in the shape memory alloy constitutive model,
_/ ¼ � j _/jDh

Dw
jDwj, if such assumption also stands in the current issue

of SMP, where D h represents the phase transition temperature
range, it yields that the fourth term is also non-negative. Then
the proportional relation _es � fpr
@ws
@es

� �D
(Helm and Haupt, 2003)

guarantees the positiveness of the fifth term, where fpr� q @ws
@es

� �
is the deviatoric stress tensor. As a result, the Clausius-Duhem
inequality is satisfied and the proposed constitutive model is ther-
modynamically admissible for an arbitrary thermomechanical
process.
5. Model validation

The constitutive model was computed in MATLAB. The simula-
tions are compared with the experimental results presented in the
literature. The details of the stress-controlled programming, con-
fined shape recovery, and free recovery can be found in (Li and Net-
tles, 2009). The material parameters are listed in Table 2.
5.1. Stress-controlled programming and free recovery

During the experiment, a SMP based syntactic foam sample was
stressed by a constant load r0 at hH and then held for a time period
t1 (Step 1). After that the sample was naturally cooled down to hL

with the same constant load (Step 2). The cooling rate can be deter-
mined by Newton’s Law of Cooling: dh

dt ¼ kðh� hsÞ. hs is the sur-
rounding environment temperature. Once the temperature
reaches hL, the load was removed (Step 3) and the sample was then
heated up to hH without any loading (free recovery) (Step 4).

In order to fully understand the whole thermomechanical cycle,
the numerical simulation is conducted in the time scale (Fig. 8(a)).
The model shows the general behavior of the compressive strain in
the thermomechanical history which increases rapidly at hH (Step
1) and reaches the plateau during cooling and unloading (Steps 2
and 3) then decreases as temperature rises (Step 4). In general,
the model is in agreement with the test results.
5.2. Constrained stress recovery

After the stress-controlled programming (the first three steps in
Fig. 8(a)), the fully constrained recovery process is carried out with
boundary conditions of fixed-strain constraint (zero initial stress)
and a constant heating rate, aiming to characterize the stress
recovery feature of the SMP based syntactic foam. Fig. 8(b) shows
the stress vs. temperature behavior from the experiment and the
numerical simulation. The two curves agree fairly well especially
after the peak stress. The difference between the model and the
experiment in the initial part probably comes from the lack of close
contact between the specimen and the load cell at the beginning of
the loading.
6. Prediction and discussion

6.1. Dependence on microballoon volume fraction

Superior to pure shape memory polymer, the thermomechani-
cal properties of the studied SMP based syntactic foam can be mod-
ified without complex chemical procedures. Fig. 9 shows the
predicted thermomechanical behavior of two SMP based syntactic
foams with different volume fractions of microballoon inclusions.
It appears that more glass microballoons addition leads to a stiffer
material and a higher peak recovery stress, but does not affect the
recoverability. Thus, with proper adjustment of the percentage of
the compositions, one can customize the foam to satisfy both the
conventional mechanical capability demands and the material
intelligence requirements.



Table 2
Material parameters of the preliminary thermoviscoelastic constitutive model.

Model components Material parameters Values

Volume fraction of matrix fp 0.6
Frozen fraction evolution (/) A; hg (�C) 1.5; 71
Glass microballoon Eg (MPa) 7E4
Active phase Ee

a (MPa) 9.38

Ev
a (MPa) 1.90

ca (MPas) 332
Frozen phase Eeq

f (MPa) 15

Eneq
f (MPa) 247

cf (MPa s) 2E9
Thermal expansion coefficient a (h) (�C�1) 1.72E�4�1.40E�6 �h
Irreversible strain cir (MPas) (h P hH); hH (�C) 1.2E5; 79

cir (MPas) (h 6 hi); hi (�C)1 7E8; 55
c0

ir(MPas); 1.2E5

c1; c2(�C); hr (�C) 3.06; 34.07; 79
Experimental setup hL (�C); t1 (min); r0 (MPa) 22; 30; 0.263
Cooling rate k (s�1); hS 4.6E�5; 20
Heating rate hv (�C/min) 0.3

1 hi represents the temperature at which the phase transition starts during heating.

Fig. 8. Numerical simulations of thermo-mechanical behavior of the SMP based
syntactic foam (a) stress-controlled strain fixity and free recovery (b) constrained
stress recovery.

Fig. 9. Effect of microballoon volume on the (a) strain history throughout the
thermomechanical cycle and (b) stress evolution during shape recovery.
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6.2. Dependence on microballoon stiffness

Another approach to tailor the mechanical properties of the
SMP based syntactic foam is to modify the particle stiffness. Gen-
erally, the hallow particles have different stiffness with different
wall thickness. If we assume that the properties of the ITZ are only
dependent on the geometry and the surface composition of the
hallow particles, the syntactic foams with different particle wall
thickness but the same particle size will have the same equivalent
polymer matrix. The addition of soft inclusions (with thinner wall)
consequently reduces the foam stiffness and yields a slightly high-
er strain level during step 1 and step 2 (loading and cooling) as
shown in Fig. 10(a). But because the additional elastic strain orig-
inates from the stiffness reduction of the hallow particles, a larger
strain spring-back occurs immediately after the load is removed
(Step 3 in Fig. 10(a)). The most significant change appears in the
constrained stress recovery (Fig. 10(b)) as the peak recovery stress
is clearly increased with stiffer particles. Again, the recoverability
of the foam is not affected by the change of the stiffness of the glass
microballoons.
6.3. Dependence on cooling and heating rate

The structural relaxation suggests a temperature rate depen-
dence of the SMP based syntactic foam. Fig. 11(a) shows the effect
Fig. 10. Effect of microballoon stiffness on the (a) strain history throughout the
thermomechanical cycle and (b) stress evolution during shape recovery.

Fig. 11. Effect of temperature rate on the (a) strain history throughout the
thermomechanical cycle and (b) stress evolution during shape recovery.
of cooling rate on the strain in the thermomechanical cycle by
maintaining the same heating rate in terms of the normalized time
(t/t0) (t0 is the total time period for the programming and re-heat-
ing process) and Fig. 11(b) shows the effect of heating rate on the
recovered compressive stress during the constrained shape recov-
ery step (Step 4 in the thermomechanical cycle) in terms of the
normalized time (t/t0). It can be concluded from the illustrations
that fast cooling reduces the irreversible strain and a higher heat-
ing rate leads to a slightly higher peak stress and slightly higher
recovered stress.

6.4. Constrained strain recovery

As mentioned earlier, in practice, the syntactic foam is typically
used as a core material and incorporated into the sandwich com-
posite structure where two stiff skins are attached to its top and
bottom surfaces (Fig. 12(a)). Therefore strictly speaking, during a
free recovery process of a sandwich structure, the SMP based syn-
tactic foam core is actually experiencing a partially confined pro-
cess with a constant stress constraint. Such constant stress can
be expressed as r = W/S, where W denotes the skin weight and
external confinement load and S is the foam surface area.
Fig. 12(b) shows the recovery strain response of the SMP based



Fig. 12. (a) Illustration of a SMP based syntactic foam cored sandwich composite structure (b) the recovery strain response of the sandwich structures to different external
stresses.
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syntactic foam core for various constraint stress levels. If the same
foam core is considered in these cases, the results indicate that
heavier skins or higher external confinement load resist the recov-
ery of the shape externally (small strain recovered externally). Be-
cause the recoverability of the foam is not affected by the
confinement load, the reduced external strain translates to an in-
creases in internal deformation, i.e., the material will be pushed
into the internal open space such as cracks, leading to self-sealing
of the damaged foam.

7. Conclusions

A thermomechanical constitutive model was developed for an
innovative SMP based syntactic foam. With the effects of classical
viscoelasticity and pseudo-plasticity incorporated, the model rea-
sonably captures the essential elements of the shape memory or
self-healing response. The model was proved through the Claus-
iu-Duhem inequality for thermodynamic consistency and verified
against the uniaxial experimental results. A parametric study was
further conducted to feature the future design and optimization
of such intelligent foam material. The main results of the simula-
tion are:

(1) The thermomechanical properties of the SMP based syntac-
tic foam material could be customized by adjusting the vol-
ume fraction and the stiffness of the hallow particles. High
particle volume fraction or stiffer inclusions strengthened
the material and increased the recovery peak stress. An opti-
mal material could be achieved through the adjustment of
these two factors.
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(2) Fast cooling reduced the permanent deformation thus
enhanced the recoverability, while fast re-heating increased
the peak stress and recovery stress because of the reduction
in irreversible structure relaxation.

(3) External confinement during shape recovery significantly
affects the recovery stress or strain. As the external confine-
ment stress increases, the externally recovered strain
reduces but the internal deformation increases, leading to
better self-sealing of the internal damage such as crack.

(4) More realistic models such as mesomechanical model to
avoid homogeneous stress assumption, consideration of
nonlinear behavior below Tg, etc., will be developed in future
studies to reduce the discrepancies between the experimen-
tal and theoretical results.
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