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Abstract

Within a framework of the three-dimensional (3D) piezoelectricity, we present asymptotic formulations of functionally
graded (FG) piezoelectric cylindrical shells under cylindrical bending type of electromechanical loads using the method of
perturbation. Without loss of generality, the material properties are regarded to be heterogeneous through the thickness
coordinate. Afterwards, they are further specified to be constants in single-layer homogeneous shells and to obey an iden-
tical exponent-law in FG shells. The transverse normal load and normal electric displacement (or electric potential) are,
respectively, applied on the lateral surfaces of the shells. The cylindrical shells are considered to be fully simple supports
at the edges in the circumferential direction and with a large value of length in the axial direction. The present asymptotic
formulations are applied to several benchmark problems. The coupled electro-elastic effect on the structural behavior of
FG piezoelectric shells is evaluated. The influence of the material property gradient index on the variables of electric and
mechanical fields is studied.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Since numerous articles have reported that laminated piezoelectric structures often produce interfacial
stress concentration and large value of residual thermal stresses at the interfaces between elastic and piezoelec-
tric layers as they are subjected to a variety of electro-thermo-mechanical loads (Heyliger, 1997; Kapuria et al.,
1997; Chen et al., 1999; Wang and Zhong, 2003). That fact due to a sudden change of material properties
occurring at the interfaces between two dissimilar materials may limit the lifetime of this conventional type
of intelligent or smart structures.

In recent years, a new class of functionally graded (FG) piezoelectric materials has been widely used as
intelligent or smart structures in the engineering applications. Unlike a sudden change of material properties
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in laminated piezoelectric structures, the material properties of FG structures are gradually changed and
dependent upon the composition of the constituent materials. Since the interfacial stresses in the FG piezoelec-
tric plates and shells change smoothly, the aforementioned drawbacks in laminated piezoelectric structures are
reduced.

Recently, several researchers have worked on determination of exact solutions of FG piezoelectric plates
and shells due to the increasing usage of FG materials. Ramirez et al. (2006a) presented an approximately
three-dimensional (3D) solution for the coupled static analysis of FG piezoelectric plates using a discrete layer
approach. Two types of FG materials have been considered in their analysis where the through-the-thickness
distributions of material properties are taken as the power-law and quadratic functions. Based on the state
space approach, Zhong and Shang (2003, 2005) presented an exact 3D analysis for a FG piezoelectric plate
under electro-thermo-mechanical loads. The material properties have been assumed to obey the same expo-
nent-law dependence on the thickness coordinate. The influence of the power of the assumed exponent func-
tion on the structural behavior has been examined. Based on the Stroh-like formalism, Lu et al. (2006) studied
the similar static problem of FG piezoelectric plates. The appropriate range of thin plate theories has been
discussed on a basis of their 3D solutions. Several exact 3D solutions for a variety of coupled electro-mechan-
ical problems have also been presented. The free vibration problems of laminated circular piezoelectric plates
and discs and laminated magneto-electro-elastic plates have been studied by Heyliger and Ramirez (2000) and
Ramirez et al. (2006b). Based on the pseudo-Stroh formalism, Pan (2001) presented exact solutions for the
static analysis of linearly magneto-electro-elastic, simply supported, multilayered rectangular plates. The
pseudo-Stroh formalism has also been applied for the exact analysis of FG and layered magneto-electro-elastic
plates by Pan and Han (2005).

The cylindrical bending problems of orthotropic and laminated piezoelectric structures have been used
as the benchmark problems to assess a newly proposed 3D or 2D analysis (Ray et al., 1992; Heyliger and
Brooks, 1996; Dumir et al., 1997; Chen et al., 1996). It has been concluded that the assumption for the
linear variations of deformations and electric potential across the thickness coordinate may lead to the
satisfactory results for the structural behavior as the ratio of length-to-thickness is larger than six (Ray
et al., 1992).

After a close literature survey, we have realized that there are two approaches, the transfer matrix method
(or so-called the propagator matrix method) and power series method, commonly used for the exact analysis
of single-layer homogeneous, multilayered and FG elastic and piezoelectric structures. An alternative analyt-
ical approach, the asymptotic approach, has been proposed for the previous subjects by Wu and his colleagues
(1996, 2002, 2005, 2005, 2006). The 3D asymptotic formulations for the static, dynamic, buckling and nonlin-
ear analyses of laminated elastic or piezoelectric shells have been developed. It has been shown that the asymp-
totic solutions are accurate and the rate of convergence is rapid in comparison with the accurate results
available in the literature.

Since the asymptotic approach may account for an arbitrary function of material property through the
thickness, we extend its application to exact cylindrical bending analysis of FG piezoelectric shells. Based
on the generalized Hamilton’s principle, Tiersten (1969) indicated that there are two possibilities for electric
loading conditions on the lateral surfaces (i.e., either normal electric displacement or electric potential is
prescribed). Hence, we aim at developing two different asymptotic formulations corresponding to the cases
of prescribed normal electric displacement and electric potential, respectively. Afterwards, these two
asymptotic formulations are applied for several benchmark problems of single-layer homogeneous and FG
piezoelectric shells.

2. Basic equations of 3D piezoelectricity

A FG orthotropic piezoelectric cylindrical shell with a large value of length is considered and shown in
Fig. 1. The cylindrical coordinates system with variables x, 0, r is used and located on the middle surface of
the shell. 24 and R stand for the total thickness and the curvature radii to the middle surface of the shell,
respectively. The radial coordinate r is also represented as r = R + { where ( is the thickness coordinate mea-
sured from the middle surface of the shell.
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Fig. 1. The dimension and coordinate system for a cylindrical shell with a very long length.

The constitutive equations valid for the nature of symmetry class of piezoelectric material are given by
g; = C[jﬁj — ek,'Ek, (1)
Dy = eyje; + nyEr, (2)

where o;, ¢; denote the contracted notation for the stress and strain components, respectively. Dy and Ej de-
note the components of electric displacement and electric fields, respectively. The indices i and j range from 1
to 6, and k and / range from 1 to 3. ¢, e;; and #;; are the elastic, piezoelectric and dielectric coefficients, respec-
tively, relative to the geometrical axes of the cylindrical shell. The material properties are considered as het-
erogeneous through the thickness (i.e., ¢;({), e;({) and #,({)).

In the cases of cylindrical bending problems, all the field variables must be the functions of circumferential
and thickness coordinates only, not the axial coordinate. Hence, all the relative derivatives of the field vari-
ables with respect to the axial coordinate will be identical to zero in the present formulation.

The strain—displacement relations are given by

& r o0 0 0 7

0 @m W[,

& 0 0 0, ¥

w0 @-un @m| | G)
Vsr o, 0 0 '

) Lawn 0 0

in which u,,uy and u, are the displacement components; 0, = 0/0i (i = 0,r).
The stress equilibrium equations without body forces are given by

Tx0,0 + Ty + Pl = Oa (4)
00,0 + 1T + 279 = 0, (5)
Tor0 + 10, + 0, — 09 = 0. (6)

The charge equation of the FG piezoelectric material without electric charge density is
V-D=0, (7)

where V stands for the del operator, the symbol of - denotes the inner product of vectors and D is the electric
displacement vector.
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The relations between the electric field and electric potential are

E=-Vo, ()

where E denotes the electric field vector and @ is the electric potential.

The boundary conditions of the problem are specified as follows:

On the lateral surfaces the transverse load g*(0) and normal electric displacement D*(0) (or electric poten-
tial &*(0)) are prescribed,

[tv Tor 0,]=[0 0 g=(0)] onr=R=xh, 9)
either D, = D*(0) or ® = ®*(0) on r=R+h. (10)

The edge boundary conditions for the suitably grounded, simply supported shells (Fig. 1) are
co=u,=u,=P=0 atf=0and 6=0,, (11)

where 0, denotes the angle between two edges.

According to Egs. (1)—(8), it is listed that there are 22 basic equations of the 3D piezoelectricity. For a 3D
analysis, we must determine the aforementioned 22 unknown variables satisfying the basic equations (Egs.
(1)—(8)) in the shell domain, the boundary conditions at outer surfaces (Egs. (9) and (10)) and at the edges
(Eq. (11)). Apart from the existingly analytical approaches, we aim at developing the asymptotic formulations
for the 3D analysis of FG piezoelectric cylindrical shells under two different electric loads (i.e., prescribed nor-
mal electric displacement cases and prescribed electric potential cases).

3. Nondimensionalization

A set of dimensionless coordinates and elastic field variables are defined as

xi=x/Re€, xx=0/¢€, x3=(/handr=R+

uy=u,/RE€, wy=uy/RE, us=u,/R;

01=0,/0, 02=00/0, Ti2="Tuy/0;

3 =1,/0€, 1T3=14/0C, 03=o0./0% (12a-d)

where €2 = h/R; O denotes a reference elastic moduli.
Two different sets of dimensionless electric field variables are defined as

Dy =D,/€"Ve, D,=Dy/e" Ve, Dy=D,/e;
¢ = Pe/€'RO; (13a-b)

where e denotes a reference piezoelectric moduli. In the present formulations, the superscript j is taken as zero
that corresponds to the analysis where the normal electric displacement and mechanical load are prescribed on
the lateral surfaces; whereas j = 2 corresponds to the analysis where the electric potential and mechanical load
are prescribed on the lateral surfaces.

To simplify the manipulation of the whole mathematic system, we select transverse stresses (7, 7g,, 0,), €las-
tic displacements (u,, ug, u,), normal electric displacement (D,) and electric potential (&) as primary field vari-
ables. The other variables are secondary field variables and can be expressed in terms of primary field
variables.

By eliminating the secondary field variables from Egs. (1)—(8), and then introducing the set of dimensionless
coordinates and variables (Egs. (12) and (13)) in the resulting equations, we can rewrite the basic equations in
the form of:
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U3 = —€auny — €23 + €403 + €2ED;,

U3z = €%355T13,

ury = —uzs + €(1 — x303)ur + E%5usTo3 + €% (x3544) 123 — €/ (3a224) 911,
D3 = —€'Dyy — €%(1 + x303) D3,

T133 = —Qsﬁuuz - 62(1 +X3a3)‘513,

T35 = —Onir — Ontizy — €22+ x303) 23 — €242035 — baDs 3,
033 = szuzz + Oty — 32 — 62(—512 +1 +X3a3)03 + byDs,
qﬁ( = —E bzuzz — E b2u3 + E 80'3 - E CD3

where the superscript j in Egs. (16), (17) and (21) represents two different electric loading cases, namely the
prescribed normal electric displacement cases (j = 0) and prescribed electric potential cases (j = 2). In addition,

w o~ _ T e33es + N33C3 T 2
la; a a;] =<m)[% L 1/y], ye=1+¢€xs,

~ ~ _ €33Ci3 — C33€3; e ~ ~
[b[ b; bi]T:<M)<_>[V0 1 1/”/9]T7 Ssszcg, S44=g;

7
€33 + N33€33 0 55 Ca4
>
3. — ejj i = Y 52— €33€ i C33€
[/ ) ’ ) ’ (2 ’
e €33 + 133¢33 €33 + 133C33 (€33 +1133¢33)0

[Qij sz Qij]T = (Qij/Q)[VH 1 I/VH]T and sz/ =cCy—a;cn — (EjQ/e)e3,-.

The secondary field variables, such as in-surface stresses and electric displacements, can be expressed in terms

of the primary variables as follows:
o1 = leuz‘z + Q12u3 + E2ay05 + I;ID3,
0y = Oniiry + Onus + €2a,05 + byDs,
T12 = QssU1,25

2y =
Dy = €@5558,513,

Dy = € 544804103 — [(544é§4 + ZQ>/ }(ﬁ,z

The dimensionless form of boundary conditions of the problem are given as follows:

On the lateral surface the transverse load and normal electric displacement are prescribed,

[t13 T3 03]=[0 0 gi(x»)] onx;==l,
either D; = D (X2) on x3 = :|:1(j = 0), or ¢ = ai(xz) on x; = :|:1(j: 2)’

where ¢ = g*/Q€?; Df = D¥/e; ¢* = d*e/’RQ.
At the edges the following quantities are satisfied:

oo=uy=uz;=¢=0atx, =0and x, =0,/\/h/R.

4. Asymptotic expansions

(29)

Since Egs. (14)—(21) contain terms involving only even powers of €, we therefore asymptotically expand the

primary variables in the powers €2 as given by

fx2,x3,€) = fO(x,x3) + €2V (32, x3) + € (g, 23) + -+ -

(30)
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4.1. Prescribed normal electric displacement cases (j=0)

Substituting Eq. (30) into Eqgs. (14)—(21), letting j = 0 and collecting coefficients of equal powers of €, we
obtain the following sets of recurrence equations for various order problems.

4.1.1. The leading-order problem
After performing nondimensionalization and asymptotic expansion manipulation, we obtain the basic dif-
ferential equations for the leading-order problem given by

ug )73 - 07 (31)
¢(0>73 = 07 (32)
u§0)73 - 07 (33)
u§0)73 = 14(30)’2 (S44é24)¢(0)»2a (34)
0 0 < = Y
D§, )a3 = _Dg )72 = [(&148%4 + %) /V()} (f)(O)yzz, (35)
T(l(j);)73 = _@661"(10) 9229 (36)
ré% = —szu(zo) 22 szug()) 2 EzDgO) ”2) (37)
050)73 = Qzug"),z + szugo) - rg),z + 132D§°). (38)
The transverse loads and normal electric displacement at the lateral surfaces are given as
77 Y V=10 0 gf] onx;==l, (39)
Dgo) = 5?()(2) on x; = +1. (40)
At the edges, the following quantities are satisfied:
oV =ul” =4 =¢© =0 atx,=0and x, = 0,/\/h/R. (41)
4.1.2. The higher-order problems
The basic differential equations for the higher-order problems are obtained and given by
Mgk),3 = —Ezugkil),z — Ezugk D ~Dk D =+ 1’] g s (42)
¢<k>ﬂ = _EZU(kil)aZ - BZugk 1) cD + g ) (43)
uy =555l Y, (44)
iy = —ul) 5 — Gaaea) ™+ (1= x305)ud ™" + 5aarhy o+ (r38ua) s (45)
l)gk),3 = —Dék) (1 +X363) =1
N Kme% - 262Q> /Ve} ¢ 2 — (asaa) sy V= (1+x305)D5 Y, (46)
7(1];)73 = _§66M§k)722 —(1 +X363)T(1§_1), (47)
1(2'?,3 = —szugk)vzz - @22“(31{) 2 i?zng) o= (2 +x363)‘5(2§71) - a20'(3k71)>2a (48)
O'gk)73 = @22u§k>72 + szugk) — T(21;)72 + Bzng) — (—le + 1 +x363)agk7]). (49)
The transverse loads and electric normal displacement at the lateral surfaces are given as
[ ) <) =[0 0 0] onx;==l, (50)
DY =0 onx;==+l. (51)

At the edges, the following quantities are satisfied:
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o§k> = ugk) = ugk) =¢®W =0 atx,=0and x, =0,/\/h/R. (52)

It is noted that the secondary variables for various orders can be expressed in terms of the primary variables of
lower-order using Eqs. (22)—(26) with j = 0. For brevity, these expressions are omitted.

4.2. Prescribed electric potential cases (j=2)

Substituting Eq. (30) into Egs. (14)—(21), letting j = 2 and collecting coefficients of equal powers of €, we
obtain the following sets of recurrence equations corresponding to various order problems.

4.2.1. The leading order problem
The basic differential equations for the leading-order problem given by

¢(0)73 == _Bzug)),z - Bzu(;)) - ED:SO)7 (53)
u;0)73 = —“(30)a27 (54)
DY =0; (55)

The other basic equations related to the first derivative of primary field variables (u§°>, u(30>, rﬁ‘?, 122)7 ago)) with

respect to the thickness coordinate remain identical to those equations in the cases of prescribed normal elec-
tric displacement (i.e., Egs. (31), (33) and (36)—(38)).

The prescribed transverse loads on the lateral surfaces are expressed in the same form as Eq. (39). In addi-
tion, electric potential is prescribed as

¢ = (xy) onxy ==+l (56)

The edge conditions remain the same as those in the cases of prescribed normal electric displacement (Eq. (41)).

4.2.2. The higher-order problems
The basic differential equations for the higher-order problems are obtained and given by

o" 3 = —bul , — byl — D a6, (57)
w3 = —ul ) — (Gaan)p“ V5 + (1= 5303 + Sagrly Y+ (x35a) 1l 7, (58)
DYy = =DV, — (14 x303) D"
- _ .. 1,0 _ _
= —ueutn ot K tE ) / w} 4 — (1+x305) D4 (59)

The other differential equations are the same as Eqgs. (42), (44) and (47)—(49).

The prescribed transverse loads on the lateral surfaces are in the same form as Eq. (50) and the electric
potential is given as

dY' =0 onx; ==+l (60)

The edge conditions remain the same as those in the cases of prescribed normal electric displacement (Eq.
(52)).

Again, the secondary variables for various orders can be expressed in terms of the primary variables of
lower-order using Egs. (22)—(26) with j = 2.

5. Successive integration
5.1. Prescribed normal electric displacement cases (j=0)
5.1.1. The leading-order problem

Examination of the sets of asymptotic equations, it is found that the analysis can be carried on by integrat-
ing those equations through the thickness direction. We therefore integrate Eqs. (31)—-(34) to obtain
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(0)

uy = u3(x2), (61)
¢ = ¢°(x), (62)
0’ =1 (x2), (63)
uy) = s (x2) = w3y = Egg(3) ' o, (64)
where !, u) uz,u3 and ¢° represent the displacements and electric potential on the middle surface;

EX (x3) = I3 (Buew) dn.

By observation from Eq. (64), it is noted that the in-surface displacement at the leading-order level is depen-
dent on the electric potential. Based on the previous study, we may consider Egs. (61)—(64) as the generalized
kinematics assumptions for the cylindrical bending analysis of thin piezoelectric shells under prescribed nor-
mal electric displacement.

Proceeding to derive the governing equations for the leading-order, we successively integrate Egs. (35)—(38)
through the thickness with using the lateral boundary conditions on x3 = —1 (Egs. (39) and (40)) to yield

DgO) = 55 + [/ » (544624 + M) (V_> dﬂ] 450,22
-1 0

=Dy + D} (65)
- (/ ‘ @66 d’?) u(])a227 (66)
T23 = / rzz (U9, — ’7”37222 oo‘ls 2) + Q22”372 + bZ( 32 T D3a2)]d’77 (67)

.X’; o - o -
=q; + / [0 (U35 — Uy — E(2)3¢0,22) + Onul + b(D5 + DY)]dn
~1

X3 o
+ / (3 = 1) [0 (3,220 — M3 220 — g’ 1320) + Ontdl 0y + b(Dy 32 + DY,0)]dn. (68)
-1

After imposing the lateral boundary conditions on x3 = 1, we obtain the governing equations for the lead-
ing order problem as follows:

Ky =0, (69)

Kt + Koyl + K2s¢ = F3D; 5, (70)

ngug +K33ug + K34(,‘150 = ﬁ; —q; — F3253_ + i{3253_’22» (71)

Ku¢® = Dy — Dy, (72)
in which

Ky = —Ag60,

Ky = —Axn0n,

Koy = Byydny — Ands,

Koy = (B3 — F33) 0,

K3 = —Byn0y; + A0,

K33 = D30 — 2B + Ao,

Ky = (Gy3 — H33)0mm — (B3 — F53)0m,

Ky = F*0y;

ij 1 Qij

i | = / Qij dX3,
-11g,

ij 1 Qi/
ij | = / X3 Q,‘j dxs,
! O

h;| h;l k)
=l o

i
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N ~ ki ~
?ij ! Qij tjij 1 9’:" X3
Dy :./ 5| Qy|du, | Ef| = / Oy / (Suew)dndxs,
— -1 — — -1 | = 0
_Dij Qij E{cj[ Q[j
_Fgf 1 I;i X3 ﬁ3i 1 Bi
| = A IN(L o 1@ ~ . ~
3| T i — || Smey, + =5 |dndxs, | F3; | = b; | dxs,
Ll B 1 ‘ m)
- A ikl A
F 1 1.0 Vo (jl’f N R0
FH | = / <§11é12¢[ + IZZ ) 1 dX3, Gf(jl = / X3 Qij / (S";;ék;)dnd)Q,
= -1 _ -1 — 0
_Fk[ 1/?0 GZI Qij
_]:Igf 1 Ei X3 1 17 Q ]A{3l 1 éi
H%? = / X3 Z’i / <y) (544534 + 2622 )dndx3, HSi = / X3 Z), dxs.
) e m) s

Solutions of Egs. (69)—(72) must be supplemented with the edge boundary conditions (Eq. (41)) to constitute a
well-posed boundary value problem. Once u{,u),u} and ¢° are determined, the leading-order solutions of

other variables of electric and mechanical fields can be obtained by Eqgs. (61)—(68).

5.1.2. The higher-order problems
Proceeding to order €2* (k= 1, 2, 3, etc) and integrating Eqs. (42)—(45) through the thickness coordinate,
we readily obtain

) = 1 (x2) + Py (2, 33), (73)
¢<k> = ¢k(x2) + Qai(x2,x3), (74)
) = (x), (75)
“gk) = “g(x2) - x3”13(42 - Eég(x3)¢{(2 + @ (x2,x3), (76)

where u¥, u% u and ¢ represent the modifications to the elastic displacements and electric potential on the
middle surface; ¢,x, @3 and ¢4, are the relevant functions.

After integrating Eqgs. (46)—(49) through the thickness with using Eqgs. (73)—(76) and the lateral boundary
conditions (Egs. (50) and (51)), we obtain the governing equations for higher-order problems as follows:

Knut =0, (77)
Kol + Kozl + K¢ = fo(xa, 1), (78)
Kot 4 Kasulh 4+ K3y = fur(x2,1) + %}’Z’l), (79)
Kud" = fu(xa, 1), (80)

where f5, f3x and fy; are the nonhomogenous terms and they can be calculated from the lower-order solutions.

With the appropriate edge boundary conditions (Eq. (52)), we can readily obtain the higher-order modifi-
cations (i.e., uf, w5 u4and $") using the same solution methodology as used in the leading-order problem.
Afterwards, the higher-order modifications of other field variables can be obtained by Eqgs. (46)—(49) and Eqgs.
(73)—(76).

It is noted that the governing equations of higher-order problems are the same as those equations of the
leading-order problem except for the nonhomogenous terms. In view of the recursive property, a solution
methodology applied for solving the leading-order problem can be repeatedly applied for solving the
higher-order problems. Hence, the present asymptotic solutions can be obtained in a hierarchic manner.
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5.2. Prescribed electric potential cases (j=2)

5.2.1. The leading-order problem

Following the similar derivation in the previous cases of applied normal electric displacement and perform-
ing successive integration to those basic differential equations through the thickness direction (Egs. (31), (33),
(54) and (55)), we obtain

uy) = (x2), (81)
u = (x2), (82)
ul = ud(x,) — x3ul,, (83)
DY = D§(x,), (84)

where «?, ), u} and Dj represent the displacements and normal electric displacement on the middle

surface.

Eqgs. (81)—-(84) may be regarded as the generalized kinematics assumptions for the cylindrical bending anal-
ysis of thin piezoelectric shells under prescribed electric potential.

By integrating the basic differential equations relative to the transverse stresses (Egs. (36)—(38)) and electric
potential (Eq. (53)) through the thickness and using Eqgs. (81)—(84) and the lateral boundary conditions on
x3=—1 (Egs. (39) and (56)), we obtain

— x3 — —
P =¢ - /1 [172 (”gz - ’1”2,22) + byl + Z'Dg} dn, (85)
0 ([ Gud 86
113 Q66 n ”122’ (86)
h 9 Onul), + b,DY, | d 87
B 22 ”2 20 — M3 59 | + Onity, + boD5, | dn, (87)

~a / O (18— i) + Oont + 5]
/ (x3 —1n) [sz (“2 222 ’7”(3)72222) + Q22u(3)722 + Z’Dg,zz} dn. (88)

After imposing the lateral boundary conditions on x3 = 1, we obtain the governing equations for the lead-
ing-order problem as follows:

K“u? = 0, (89)
Kzzug + K231/l2 + L24Dg = 0, (90)
Kyu + Kssuy + LD = ¢3¢ — G, (91)
L) + Lasut + LD = — ¢, (92)

in which Kj; are defined as previous in the cases of prescribed normal electric displacement, and

Loy = —F3d,,

Ly = —H30dp + Fr,
Ly = —F3,0,,

Lys = H30y — Fa,
Ly = —Ey,

1
Eoz/ cdx;.
-1
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Solutions of Egs. (89)—(92) must be supplemented with the edge boundary conditions (Eq. (41)) to constitute a
well-posed boundary value problem. Once u{, 49, 4} and Dj are determined, the leading-order solutions of

other variables of electric and mechanical fields can be obtained from Egs. (81)—(88).

5.2.2. The higher-order problems
Proceeding to order €2* (k = 1, 2, 3, etc.) and integrating Eqgs. (42), (44), (58) and (59) through the thickness
coordinate, we readily obtain

ul) = 1y (x2) + W3y (x2,%3), )
DY) = DA(x2) + Wy (32, 33), oY
) =k (x), )
ugk) = 15(x2) — X314 5 + Yo (x2,x3), 6)

where ¥, uf u& and D) represent the modifications to the elastic displacements and electric potential on the
middle surface; Y-, Y3, and Y4, are the relevant functions.

After integrating the basic differential equations (Egs. (47)—(49) and (57)) through the thickness with using
Egs. (93)-(96) and the lateral boundary conditions (Egs. (50) and (60)), we obtain the governing equations for
higher-order problems as follows:

K]]Ltlf = 07 (97)

Kzzl/tg + K23u/§ + L24¢k = g2k(x27 1)7 (98)
) gy (x2, 1

Koty + Kssuy + LDy = g (x2, 1) +%22), (99)

L42u§ + L43u§ +L44D§ = g4k(3&'27 1)7 (100)

where g-;, g3r and g4, are the nonhomogenous terms and they can be calculated from the lower-order
solutions.

With the appropriate edge boundary conditions (Eq. (52)), the higher-order modifications (i.e., uf, u} u}
and D%) can be readily obtained using the same solution methodology as used in the leading-order problem.
Afterwards, the higher-order modifications of other field variables can be obtained from Egs. (47)—(49), (57)
and (93)—(96).

6. Applications to benchmark problems

The benchmark problems of simply-supported, functionally graded piezoelectric cylindrical shells under
lateral electromechanical loads (Fig. 2) are studied using the present asymptotic formulations.

The electromechanical loads acting on lateral surface of the shell ({ = /) are considered and expressed by
the Fourier series in the dimensionless form of

g, (x2) = > _ gy sinix,, (101)
n=1

D (xy) = ZE,, sin 7ix, (102)
n=1

" (x) =D Pysiniixs, (103)
n=1

where 7 = n/+/h/R and n is a positive integer.
The applications of the present asymptotic formulations to various piezoelectric cylindrical shells under
previous two cases of electromechanical loads are detailed described as follows.
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Fig. 2. The geometry and coordinates of a typical cross section of a cylindrical strip.

6.1. Prescribed normal electric displacement cases (j=0)

6461

The governing equations of the leading-order problem (Egs. (69)—(72)) can be readily solved by

letting

o0
0 _ 0 =
U, = E U,, COS 7ixy,

<

W O
Il
Nk
<

w o
3

sin }7[)(2,
oo
¢" =" ¢ysiniix,.

Substituting Eqgs. (104)—(107) into Egs. (69)—(72) gives

(104)

(105)

(106)

(107)
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k11 0 0 0 u?n 0

0 kyn kin k 9 0
2 ko kg ”gn !4 (108)

0 kn ki ku || us, Gn

0 0 0 kullo D,

where k;; are the relevant coefficients.

The elastic displacement u), u3,, u3, and electric potential ¢’ can be determined from Eq. (108). Once

ul,, ul, ul, and ¢, are determined, the €’-order solution can be obtained from Eqs. (61)~(68). The summation
signs would be dropped for brevity in the following derivation.
Carrying on the solution to higher-order (62k—order, k=1, 2, 3, etc.), we find that the nonhomogeneous

terms for fixed values of n in the €**-order equations are

Sor(x2, 1) = fa(1) cos iy, (109)
fa(x2, 1) = f3(1) sinfixy, (110)
fur(x2, 1) = far(1) sin fixs. (111)
In view of the recurrence of the equations, the €**-order solution can be obtained by letting
ub =t sinix,, (112)
ub = b, cosiixy, (113)
ul = U sinfix,, (114)
¢* = ¢ sin ix,. (115)
Substituting Eqgs. (109)—(111) and Egs. (112)—(115) into Egs. (77)—(80) gives
kn 0 0 O uk, .0
0 ko ky ko 1415,, _ ~ .l}zk(1)~ (1 16)
0 kyn ki k||, Sa(1) = nfxu(1)
0 0 0 kullde Sa(1)

Following the similar solution process of the leading-order level, we obtain the modifications of generalized
kinematics variables u,, u% , u%, and ¢ for the higher-order problems. Afterwards, the €**-order corrections
are determined using Egs. (46)—(49) and Eqgs. (73)—(76). It is shown that the solution process can be repeatedly

applied for various order problems and the asymptotic solutions can be obtained in a hierarchic manner.
6.2. Prescribed electric potential cases (j=2)

The governing equations of the leading-order problem (Egs. (89)—(92)) can be also solved by letting u!, )

and u} be in the same forms as Egs. (104)-(106) and
DY =" DS, sinjix,. (117)
n=1

Substituting Eqgs. (104)—(106) and (117) into Eqs. (89)—(92) gives

k“ 0 0 0 u?n 0

0 k k l 9 0
2 k3 I ”3,, {4 (118)

0 ks ki3 I us, n

0 lp lg lu| | D5, bu

where /; are the relevant coefficients; k;; are the same as those in Eq. (108).
The elastic displacement u), 43 , 19, and electric displacement Dj, can be obtained by solving the simulta-
neously algebraic equations (118). Once they are determined, the €’-order solution can be obtained from Egs.

(81)—(88). Again, the summation signs would be dropped for brevity in the following derivation.
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Carrying on the solution to higher-order (**-order, k = 1, 2, 3, etc.), we find that the nonhomogeneous
terms for fixed values of n in the €*-order equations are

o (x2,1) = gak(1) cos ixz, (119)
g (x2, 1) = ga(1) sin 7xs, (120)
g4k(x2, 1) = g4k(1) SiIlfl)Q. (121)

In view of the recurrence of the equations, the €**-order solution can be obtained by letting u, u4 and u be in
the same forms as Eqgs. (112)—(114) and

D\ = Dt siniix,. (122)
Substituting Eqgs. (112)—(114) and (122) into Eqgs. (97)—-(100) gives
k11 0 0 0 u’fn 0
0 kyp ky I k g (1
22 23 24 uin _ _ g2k(~?~ . (123)
0 kn ki Iy us, 2 (1) — nga(1)
0 lp ly lu D’§n gue(1)

By solving the system of algebraic equations (123), we may obtain the modifications of generalized kinematics
variables uf,, 5, uf and D, for the higher-order problems. Afterwards, the €*-order corrections are deter-
mined using Eqgs. (47)—(49), (57) and (93)—(96). Again, it is shown that the solution process can be repeatedly

applied for various order problems and the asymptotic solutions can be obtained in a hierarchic manner.
7. HNlustrative examples

In illustrative examples, we consider four cases of electromechanical loads as follows:
For the cases of prescribed electric potential (j = 2), we consider

Case 1. g/ = g, sin (g@) =N/m? g = ON/m* & =0V, & = 0V. (124)

Case 2.3 =0N/m?, - =0N/m% &' = g, sin (01 9>V, & = 0V. (125)
For the cases of prescribed normal electric displacement (j = 0), we consider

Case 3. § = g, sin (019> =N/m?, g, =0N/m* Df=0C/m’, D, =0 C/m’. (126)

Case 4.7 =0 N/m?, g =0 N/m? D' = Dysin (ge) C/m’, D. =0 C/m’. (127)

Since the material is considered as heterogeneous through the thickness coordinate in the present asymptotic
formulations, we evaluate the structural behavior of two types of piezoelectric cylindrical shells by assuming
appropriate material property variations through the thickness coordinate as follows:

Type 1-single-layer piezoelectric cylindrical shells.

For a Type 1 shell, the material properties are assumed as homogeneous, independent upon the thickness
coordinate, and are given by

mj() = my, (128)
where m; = ¢;;, e; and ;.
Type 2-functionally graded piezoelectric shells.
For a Type 2 shell, the material properties are assumed to obey the identical exponent-law varied exponen-
tially with the thickness coordinate and are given by
m; = mgpea[(uh)/m (129)

b



6464 C.-P. Wu, Y.-S. Syu | International Journal of Solids and Structures 44 (2007) 6450-6472

where the superscript b in the parentheses denotes the bottom surface; o is the material property gradient index
which represents the degree of the material gradient along the thickness and can be determined by the values
of the material properties at the top and bottom surfaces, i.e.,

)
_ ij
o = lnm, (130)
ij
where the superscript ¢ in the parentheses denotes the top surface. In(z) denotes the natural logarithm function
of z which is the inverse of the exponential function, e. A typical exponential function e“*?) ysed for

material properties in the present analysis, is sketched in Fig. 3 where o is taken as the values of —3.0,
—1.5, 0, 1.5, 3, respectively.

7.1. Single-layer piezoelectric cylindrical shells

For comparison purpose, the present asymptotic formulations are applied to the cylindrical bending anal-
ysis of simply-supported, single-layer homogeneous piezoelectric cylindrical shells in Tables 2 and 3. The shells
are considered to be composed of polyvinyledence fluoride (PVDF) polarized along the radial direction. The
elastic, piezoelectric and dielectric properties of PVDF material are given in Table 1. The loading conditions
on lateral surfaces are considered as Cases 1 and 2 with gy = —1 N/m? and ¢o = —1 V (Egs. (124) and (125)),
respectively, in Tables 2 and 3. The dimensionless variables are denoted as the same forms of those in the ref-
erence (Dumir et al., 1997). For loading conditions of Case 1 in Table 2 where the mechanical load is applied
with free electric potential on the lateral surfaces of the shells, the dimensionless variables are denoted as

. 100Y,

(g, u,) = 25lg] (g, u,),

(2,50, 97, T0r) = (0./5,60/5,0,,70:/S) /|l

(5 D,) = (Dy, D;)/|dISlq,| (131a-d)

= |d\[Y,/2 hS?|qq,

and S = R/2h, Y, =2.0 GPa, d;=—30x 10" "2CN~.

For loading condltlons of Case 2 in Table 3 where the electric potential is applied with free tractions on the
lateral surfaces of the shells, the dimensionless variables are denoted as

W - -7
Y 7
‘ s
. I| /
S " :' / T
o /
||, P
¢ il i/
h o |! P |
'I| / — — — =3
P 15
05k ‘-5'/ Z:o i
',l::/ — - — G=-15
: .
s 0 5 10 s 0 25
(5

Fig. 3. Variation of normalized material properties along the thickness coordinate in the FG piezoelectric shells.
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Table 1

Elastic, piezoelectric and dielectric properties of piezoelectric materials

Moduli PVDT (Dumir et al., 1997) PZT-4 (Vel et al., 2004)
c11 (GPa) 3.0 138.499
2 3.0 138.499
C33 3.0 114.745
C12 1.5 77.371
c13 1.5 73.643
23 1.5 73.643
Caq 0.75 25.6
Css 0.75 25.6
Co6 0.75 30.6
x4 (C/m?) 0.0 12.72
es 0.0 12.72
€31 —0.15e—-02 -52
€3 0.285e—01 -5.2
€33 —0.51e—01 15.08
ni1 (F/m) 0.1062e—09 1.306e—08
22 0.1062e—09 1.306e—08
133 0.1062e—09 1.151e—08
100
(u(h ur) ‘d] |S|¢0| (14(), ul‘)7

(s, G, Gy Tor) = (04, 8%09,8°6,,8°10,) 21/ Y . |dy || |,
(Do, D,) = (SDy, D,)2h/|d\| Y, |y
b= ¢/|¢yl. (132a-d)

Tables 2 and 3 show the present asymptotic solutions of elastic and electric field variables for various orders at
crucial positions in the cylindrical shells. The present asymptotic solutions are computed up to the €'>-order
level with R/2h =4, 10, 100 and 0, = n/3. It is shown that the convergent speed in the cases of thin shells is
more rapid than that in the cases of thick shells. The present convergent solutions yield at the €®-order level
for the cases of thick shells (R/2h = 4), at the €%-order level for the cases of moderately thick shells (R/2h = 10)
and at the €*-order level for the cases of thin shells (R/2h = 100). The present convergent solutions are also
compared with the 3D piezoelectricity solutions available in the literature (Dumir et al., 1997). It is shown that
the present convergent solutions are in good agreement with the 3D piezoelectricity solutions.

7.2. Functionally graded piezoelectric cylindrical shells

Figs. 4-6 show the variations of mechanical and electric variables across the thickness coordinate for the
moderately shells (R/2h = 10) under loading conditions of Cases 1, 2 and 4, respectively, where o is taken
as —3.0, —1.5, 0, 1.5, 3.0.. The material properties are assumed to obey the identical exponent-law varied expo-
nentially with the thickness coordinate and are given in Eq. (129). The material properties of PZT-4 are used
as the reference material properties (Table 1) and placed on the bottom surface (i.e., cf;’), efjl-’>, ;1[(;7) ). According
to Eq. (130), the ratio of material properties between top surface and bottom surface is given as

(® () ()
o _ G _ My _ .
() ol ) ’
i i i

(133)

where o is considered to range from —3.0 to 3.0 so that the ratio of material properties between top surface
and bottom surface is approximately from 0.05 to 20. In addition, the present results for FG piezoelectric
shells with a particular value of « =0 may reduce to the results of single-layer homogeneous piezoelectric
shells.



Table 2
Mechanical and electric components at the crucial positions in single-layer piezoelectric cylindrical shells (PVDF) under cylindrical bending (case 1)

R/2h € (0, +h) #(0,—h) w.(%,0) (%, +h) a(§,—h) 50§, +h) 0(%,—h) 5:(%,0) 76,(0,0) 10°¢(%,0) 10D,(%,+h) 10D,(%,—h) Dy(0,0)
4 €° 0.7432 —8.9744 —12.9568 —0.2058 0.2433 —-0.6148 0.7270 0.1499 —0.4992 2.2113 0.0000 0.0000 —0.3914
e? —0.3777 —12.2956 —19.2634 —0.2706 0.3145 —0.7466 0.9399 0.2069 —0.6132 2.4302 0.1164 2.1034 —0.4301

et —0.7915 —12.9657 —20.7983 —0.2746 0.3244 —0.7585 0.9696 0.2159 —0.6229 2.4399 0.0299 2.5156 —0.4319

e —0.8675 —13.0728 —21.0594 —0.2749 0.3255 —0.7596 0.9730 0.2169 —0.6237 2.4425 0.0218 2.5472 —0.4323

et —0.8788 —13.0879 —21.0972 —0.2750 0.3257 —0.7597 0.9734 0.2170 —0.6237 2.4427 0.0214 2.5494 —0.4324

elo —0.8804 —13.0899 —21.1022 —0.2750 0.3257 —0.7597 0.9735 0.2170 —0.6238 2.4427 0.0213 2.5496 —0.4324

el —0.8806 —13.0902 —21.1029 —0.2750 0.3257 —0.7597 0.9735 0.2170 —0.6238 2.4428 0.0213 2.5496 —0.4324

3D solutions (Dumir et al., 1997) —0.8806 —13.09 —21.10 —0.2750 0.3257 —0.7597 0.9735 0.2170 —0.6238 2.443 0.0213 2.550 —0.4324

10 &° —2.3513  —6.2520 —13.0025 —0.2159 0.2308 —0.6451 0.6896 1.1600 —0.4999 2.2142 0.0000 0.0000 —0.3919
e? —-3.3276  —7.8519 —16.8350 —0.2510 0.2724 —0.7402 0.8140 1.3886 —0.5798 2.5225 —0.0810 0.7047 —0.4465

et —3.5329 —8.1285 —17.5532 —0.2544 0.2773 —0.7501 0.8286 1.4161 —0.5882 2.5558 —0.1496 0.7782 —0.4524

et —3.5665 —8.1702 —17.6658 —0.2547 0.2778 —0.7512  0.8302 1.4191 —0.5891 2.5595 —0.1566 0.7826 —0.4530

e’ —3.5715 —8.1761 —17.6819 —0.2548 0.2779 —0.7513 0.8304 0.4195 —0.5892 2.5600 —0.1574 0.7829 —0.4531

elt —3.5722  —8.1769 —17.6841 —0.2548 0.2779 —0.7514 0.8304 1.4195 —0.5893 2.5600 —0.1574 0.7830 —0.4531

el? —3.5723 —8.1770 —17.6844 —0.2548 0.2779 —0.7514 0.8304 1.4195 —0.5893 2.5600 —0.1575 0.7830 —0.4531

3D solutions (Dumir et al., 1997) —3.572 —8.177 —17.68 —0.2548 0.2779 —0.7514 0.8304 1.420 —0.5893 2.560 —0.1575 0.7830 —0.4531

100 &° —4.1416 —4.5319 —13.0111 —0.2224 0.2239 —0.6645 0.6689 16.1660 —0.5000 2.2148 0.0000 0.0000 —0.3920
e? —5.1054 —5.5411 —15.9705 —0.2479 0.2502 —0.7405 0.7477 18.0972 —0.5580 2.4714 —0.1759 —0.0975 —0.4374

et —5.2686 —5.7093 —16.4677 —0.2507 0.2532 —0.7490 0.7565 18.3121 —0.5645 2.5000 —0.2010 —0.1148 —0.4425

e —5.2930 —5.7342 —16.5416 —0.2510 0.2535 —0.7499 0.7574 18.3359 —0.5652 2.5031 —0.2037 —0.1168 —0.4431

et —5.2964 —5.7377 —16.5519 —0.2510 0.2535 —0.7500 0.7575 18.3386 —0.5653 2.5035 —0.2041 —0.1170 —0.4431

elo —5.2968 —5.7382 —16.5533 —0.2510 0.2535 —0.7500 0.7575 18.3389 —0.5653 2.5035 —0.2041 —-0.1171 —0.4431

el —5.2969 —5.7382 —16.5535 —0.2510 0.2535 —0.7500 0.7576 18.3389 —0.5653 2.5035 —0.2041 —0.1171 —0.4431

3D solutions (Dumir et al., 1997) —5.297 —5.738 —16.55 —0.2510 0.2535 —0.7500 0.7576 18.34 —0.5653 2.504 —0.2041 —0.1171 —0.4431

99t9
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Table 3

Mechanical and electric components at the crucial positions in single-layer piezoelectric cylindrical shells (PVDF) under cylindrical bending (case 2)

R/Zh EZk H()(07 +h) 1_4()(01 _h) ﬁr(% ) 0) Ex(% ) +h) Ex(%ﬂ _h) E()(%, +h) E()(% ) 0) 60(% ) _h) f(’r(o - %) a(% ) 0) Er(%1 +h) Er(% ) _h) E{)(O, h)

4 & —27.0370 —20.3704 8.8889 —0.1000 —0.1000 0.0000  0.0000 0.0000  0.0000 —0.5000 60.2017  60.2017  157.3333

e? —28.6269 —13.6980 12.0040 —0.1318 —0.1364 —1.3132 0.7100 —1.5595 0.4048 —0.4981 62.8177  62.4993  157.3333
et —28.7444 —13.7686 11.9212 —0.1307 —0.1359 —1.2650 0.6757 —1.5355 0.3935 —0.4978 62.7708  62.4753  157.3333
e —28.7425 —13.7762 11.8976 —0.1307 —0.1359 —1.2659 0.6767 —1.5358  0.3925 —0.4978 62.7676  62.4760  157.3333
S —28.7434 —13.7763 11.8957 —0.1307 —0.1359 —1.2662 0.6768 —1.5361 0.3925 —0.4978 62.7679  62.4760  157.3333
el —28.7436 —13.7764 11.8953 —0.1307 —0.1359 —1.2661 0.6768 —1.5361 0.3925 —0.4978 62.7679  62.4760  157.3333
el? —28.7436 —13.7764 11.8952 —0.1307 —0.1359 —1.2661 0.6768 —1.5361  0.3925 —0.4978 62.7679  62.4760  157.3333
3D solutions (Dumir et al., 1997) —28.74  —13.78 11.90 —-0.1307 —0.1359 —-1.266  0.6768 —1.536 0.3925 —0.4978 62.77 62.48 157.3

10 € —25.0370 —22.3704 8.8889 —0.1000 —0.1000 0.0000  0.0000 0.0000  0.0000 —0.5000 60.2017  60.2017  168.5714
e? —26.3777 —22.0113 6.6537 —0.1025 —0.1085 —1.3732 0.7096 —1.4705 0.4011 —0.5071 58.9259  62.3782  168.5714
et —26.4755 —22.0890 6.3729 —0.1024 —0.1086 —1.3443 0.6994 —1.4704 0.3986 —0.5070 58.9648  62.3947  168.5714
S —26.4850 —22.0989 6.3434 —0.1024 —0.1086 —1.3448 0.6995 —1.4705 0.3984 —0.5070 58.9643  62.3945  168.5714
et —26.4862 —22.1000 6.3401 —0.1024 —0.1086 —1.3448 0.6995 —1.4705 0.3984 —0.5070 58.9643  62.3945  168.5714
el —26.4863 —22.1001 6.3397 —0.1024 —0.1086 —1.3448 0.6995 —1.4705 0.3984 —0.5070 58.9643  62.3945  168.5714
e? —26.4863 —22.1001 6.3397 —0.1024 —0.1086 —1.3448 0.6995 —1.4705 0.3984 —0.5070 58.9643  62.3945  168.5714
3D solutions (Dumir et al., 1997) —26.49  —22.10 6.340 —0.1024 0.1086 —1.345 0.6995 —1.410 0.3984 —0.5070 58.96 62.39 168.6

100 €° —23.8370 —23.5704 8.8889 —0.1000 —0.1000 0.0000  0.0000 0.0000  0.0000 —0.5000 60.2017  60.2017  176.1194
e? —25.7542 —25.4203 3.2304 —0.0996 —0.1005 —1.4143 0.7096 —1.4240 0.3993 —0.5012 59.9188  60.4943  176.1194
et —25.9637 —25.6297 2.6016 —0.0996 —0.1005 —1.3971 0.7019 —1.4108 0.3953 —0.5012 59.9193  60.4948  176.1194
e —25.9870 —25.6530 2.5318 —0.0996 —0.1005 —1.3972 0.7019 —1.4108 0.3953 —0.5012 59.9193  60.4948  176.1194
et —25.9896 —25.6556 2.5240 —0.0996 —0.1005 —1.3972 0.7019 —1.4108 0.3953 —0.5012 59.9193  60.4948  176.1194
el —25.9898 —25.6559 2.5232 —0.0996 —0.1005 —1.3972 0.7019 —1.4108 0.3953 —0.5012 59.9193  60.4948  176.1194
el? —25.9899 —25.6559 2.5231 —0.0996 —0.1005 —1.3972 0.7019 —1.4108 0.3953 —0.5012 59.9193  60.4948  176.1194
3D solutions (Dumir et al., 1997) —25.99  —25.66 2.523  —-0.0996 —0.1005 —1.397  0.7019 —1.411 0.3953 —0.5012 59.92 60.49 176.1
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Fig. 4. Distributions of elastic and electric field variables through the thickness of FG piezoelectric cylindrical shell under cylindrical
bending (Case 1).
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Fig. 5. Distributions of elastic and electric field variables through the thickness

bending (Case 2).
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Fig. 6. Distributions of elastic and electric field variables through the thickness of FG piezoelectric cylindrical shell under cylindrical
bending (Case 4).
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The relative field variables are normalized as follows:
For loading condition of Case 1 (Eq. (124)),

= uc*/qy(2h), T;=1/qy, P = ®e"/qy(2h), D;= Dic*/qye"; (134)
For loading conditions of Case 2 (Eq. (129)),

U = uc' [doe", Ty =1,(2h)/doe’, O =/dy, Di= DiC*(Zh)/%(e*)z; (135)
For loading conditions of case 4 (Eq. (127)),

% = we' /Do(2h), Ty =15e'/Doc’, @ = ®(e*)’/Doc*(2h), D; = D;/Dy. (136)

where ¢* =10 x 10° N/m?, ¢* = 10 C/m?, go = —1 N/m?, ¢y =1V, Dy =1 C/m>.

The influence of material property gradient index on the mechanical and electric variables is studied among
loading conditions of Cases 1, 2 and 4 in Figs. 4-6, respectively. Figs. 5(c) and (d) and 6(c) and (d) show that
the through-the-thickness distributions of transverse stresses change dramatically as the index o becomes a
positive value for Case 2; conversely, they change dramatically as the index « becomes a negative value for
Case 4. The distributions of transverse stresses across the thickness coordinate in the Cases of 2 and 4 are
higher-degree polynomials and are back and forth among the positive and negative values. It is also shown
from Figs. 4(e) and (f) that the distributions of normal electric displacement through the thickness coordinate
are approximately linear functions and parabolic functions for electric potential in Case 1. The through-the-
thickness distributions of electric potential and normal electric displacement in Figs. 5(e) and (f) and 6(e) and
(f) are shown to be different patterns between homogeneous piezoelectric shells (2 = 0) and FG piezoelectric
shells in the cases of applied electric loads. By observation through Figs. 4-6, we found that the distributions
of mechanical and electric variables through the thickness coordinate in FG piezoelectric shells reveal different
patterns from homogeneous piezoelectric shells. Hence, it is suggested that an advanced 2D theory may be
necessary to be developed for the analysis of FG piezoelectric shells, especially when the shells are subjected
to electric loads.

8. Concluding remarks

Based on the method of perturbation, we develop two asymptotic formulations for the coupled static anal-
ysis of FG piezoelectric shells under two cylindrical bending types of electric loads. After a dimensional anal-
ysis, we select two different sets of dimensionless variables of electric field in conjunction with one identical set
of those of elastic field. Through the complicated but straightforward manipulation, such as nondimension-
alization, asymptotic expansions, successive integration etc, we obtain two recursive sets of governing equa-
tions for various order problems. In the cases of prescribed normal electric displacement, the variable of
electric potential becomes as one of the generalized kinematics field variables in the governing equations
for various order problems; whereas the variable of normal electric displacement becomes so in the cases of
prescribed electric potential. These formulations are illustrated to be feasible in a systematic manner. Appli-
cations of the present formulations to illustrated examples show that the present solutions are accurate and the
rate of convergence is rapid. It is noted that the through-the-thickness distributions of field variables in FG
piezoelectric shells reveal different patterns from those in homogenous piezoelectric shells. According to the
present analysis, we suggest that an advanced 2D theory may be necessary to be developed for the analysis
of multilayered and FG piezoelectric shells, especially when the shells are subjected to electric loads.
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