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Emphasis is placed on the coupling effect between tangential and normal directions which was often
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a pull-off force, there also exists a critical bending moment at which the cylinder can be bended apart
from the substrate. However, unlike pull-off force, the critical bending moment is insensitive to the gra-
dient exponent of the graded material.
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1. Introduction

The adhesion forces between surfaces which are induced by the
intermolecular interactions may significantly affect the contact
behavior of small size objects. Such situation often arises in mi-
cro-electro-mechanical-systems (MEMS), scanning probe micro-
scope (SPM) measurements and  micro/nano-tribology
applications. Therefore, the study of adhesive contact behavior
has received increasing attention in recent years (Johnson et al.,
1971; Derjaguin et al., 1975; Maugis, 1992; Barquins, 1988; Chau-
dhury et al., 1996; Baney and Hui, 1997; Greenwood, 1997; Green-
wood and Johnson, 1998; Barthel, 1998; Hui et al., 2001; Chen and
Gao, 2006, 2007). It is worth noting, however, that only homoge-
neous elastic materials are considered in all these works.

Problems arise when the contact behavior of non-homogeneous
materials is taken into account. Mathematical complexity involved
in this kind of problem often leads to great difficulties in obtaining
the exact stress and displacement fields in closed form. For in-
stance, the singular integral equations for contact analysis of
two-dimensional power-law graded half-space are not of Cauchy
but Abel type, whose solution requires more advanced techniques.

Previous studies on the contact behavior for graded materials
can be found in the works of Booker et al. (1985a,b), Gibson
(1967), Gibson et al. (1971), Gibson and Sills (1975), Brown and
Gibson (1972), Awojobi and Gibson (1973) and Calladine and
Greenwood (1978). In most of these literatures, only non-adhesive
contact problems under normal forces with specific Poisson’s ratio
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and gradient exponents were considered. Giannakopoulos et al.
made a systematic exploration into the micromechanics of inden-
tation on graded elastic solids (Giannakopoulos and Suresh,
1997a,b). In their work, the force-depth relations, the depth-con-
tact radius relations and stress/displacement fields at the contact
surface were examined through a combination of analytical, com-
putational and experimental investigations. Furthermore, two-
dimensional contact problem of power-law graded materials was
also addressed (Giannakopoulos and Pallot, 2000). Chen et al.
(2009a,b) extended these results to examine the adhesive behavior
of graded materials. By using the superposition technique pro-
posed by Johnson (1985) and Maugis (1992), they obtained the
analytical solutions for pull-off force and critical contact radius of
the contact area between a rigid sphere and a graded elastic half-
space. The same technique is also employed to study the corre-
sponding plane strain problem. In most of the above-mentioned
works, however, the tangential traction inside the contact region
was either ignored or assumed to be independent of the normal
traction. In addition, the possible bending moment that may be in-
duced by the external force was also totally neglected in these
works.

The main purpose of the present paper is to elucidate the cou-
pling effect between normal and tangential tractions on the adhe-
sive behavior of power-law graded materials from a theoretical
point of view. To this end, the orthogonal polynomial method
developed by Popov (1973) will be employed to find the exact tan-
gential and normal tractions inside the contact region under a rigid
cylinder punch taking into account the coupling effect. The rest of
the paper is organized as follows: In Section 2, the contact problem
under consideration and its solution approach are introduced.
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According to whether the bending effect is included or not, the
adhesive contact problem under different boundary conditions will
be examined analytically in Section 3. Analysis results and discus-
sions are presented in Section 4. The paper is ended with some
concluding remarks in the final section.

2. Contact problem and the solution approach

The problem under consideration is the same as that discussed
in Giannakopoulos and Pallot (2000) and Chen et al. (2009a). As
shown in Fig. 1, a rigid cylinder of radius R is in non-slipping adhe-
sive contact with an elastically graded half-space with constant
Poisson ratio and elastic modulus varying with depth according
to a power-law. The width of the contact region is assumed to be
2a. In the present work, two loading conditions are contained:
(a) Only the force effect is considered; (b) both the effects of force
and bending moment are considered.

The Young’s modulus of the graded half-space varies in the fol-
lowing form:

7 v
E:EO(C—O> , 0<v<l, (2.1)

where E, is a reference modulus, co a characteristic depth (co > 0)
and v is the gradient exponent.

With use of the surface Green’s function, the interfacial dis-
placements u,(x) and u,(y) of the half-space can be related to the
interfacial normal and tangential tractions p(x) and q(x) as follows
(Popov, 1973; Giannakopoulos and Pallot, 2000):

“ py)dy / sign(x —y) -
v 0 — 5 dy = i, (x s 2.2a
°f Vx—y] L q(y)dy = uy(x) (2.2a)
* q)dy / sign(x — y) .
v 0 v d = Ux(X), 22b
2|Vl KT p(y)dy = Ux(x) (2.2b)
where

(1= p?)BcyCy siny

0 (1= u?)(1+v)cyCysinkt
o = =

1+ v)E r2 BEo '
(1-)Cocosls 2S5
VvEq T nl(2+v) ’

ﬁ:\/(1+v)(1 —1‘ivﬂ) (2.3)

and I' = I'(x) is the Gamma function.

Under given interfacial displacements i (x) and t,(x), Eq. (2.2)
is a system of coupled Abel type singular integral equations for un-
known interfacial tractions. From Eq. (2.2), it can be seen that cou-
pling exists between the normal and tangential direction
problems: the tangential interfacial traction can induce normal
displacement whilst the normal interfacial traction can also induce
tangential displacement. Theoretically, the coupling effect can only
be neglected when 0, = 03 = 0. In previous studies (Giannakopou-
los and Pallot, 2000; Chen et al., 2009a), this coupling effect has
been neglected. Up to now, it is still unclear whether the coupling
effect will play an important role on the adhesive contact behavior
of graded materials or not. In the present work, this issue will be
addressed analytically by employing the seminal results developed
by Popov (1973) for solving the weakly singular integral equation.

Let us first rewrite Eq. (2.2) in dimensionless form. This can be
achieved by letting

x=a¢, y=an [<1, <l (2.4)
Substituting Eq. (2.4) into Eq. (2.2) and after some algebraic manip-
ulations, we have

05 = 0y = —

1-v % ! p(an)dn ! sign(¢ —n) :| —l*
a {91 aviE=n" T ) =) qan)dn| = 0 uy(as),
(2.5a)
1 [02 [ glapdn - r* sign(é —n) } 1.
22 B anl - La e
{93 aviE—n" S jEe-n p(an)dn 0 uy(aé)
(2.5b)
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Fig. 1. Arigid cylinder of radius R in non-slipping contact with an elastic graded half-space with Young’s modulus varying with depth z according to E = Eq(z/c,)" (0 < v < 1)
while Poisson’s ratio remaining constant. Both external force F and bending moment M are applied.
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By introducing
0003 /(010). (2.6)

Eq. (2.5) can be further transformed into the following complex
form:

/ SENE = m) IOt (F) ) gy g, 2.7)
-1 |&—7n|

where

2(n) = r(n) +is(n), (2.8a)
r(n) = i2a'p(an), s(n) =k 2a'"q(an), (2.8b)

cot(Am/2) = \/0003/(60162) /v, (2.8¢)
and
g(8) = i3 (0n) iy (ag) — 1(05) " t(ac). (2.8d)

According to Popov (1973), the exact solution of the integral equa-
tion in (2.7) can be expressed as a series of Jacobi polynomials, that
is

gmPh (&)

18 = mE::o m, (2.9)

where P’ (&) = P,¥7#~"+(¢) is the Jacobi polynomial of order m

with index (—w —ip,—w +1ip) and
. (1—¢gwe 1-v
l///)(g) ( 6),w+|p W= 2 I
_ sin[(v + A)m/2]
= 3 G2 210

_ 2m\/sin[(v + 2)1/2] sin[(v — 2)1/2]

' sin(vm) sin(71/2) L=p-1, (2.11)
_ [ 8P () C2r( —wip+m)p
ne [ B e m2(v+ 2m) I () @12)

Once y(n) is determined, the interfacial tractions p(an) and q(an)
can be obtained from its real and imaginary parts, respectively. Fur-
thermore, the width of the contact area can be calculated from

oUr (U + Uy)

0. |, 6).ay () oa

—0, (2.13)

U(x), ity (x)

where the derivative is taken under fixed u,(x) and u,(x). In Eq.
(2.13), Ug denotes the elastic strain energy stored in the grated
half-space and U; = —2aAy is associated with the surface energy
due to work of adhesion Ay.

It should be noted that the actual contact region is not neces-
sary symmetric when the external load is asymmetric (Yao et al,,
2009). However, our previous study on the contact behavior of pie-
zoelectric material showed that the assumption of symmetric con-
tact width is fair reasonable if we only focus on the contact
behavior before or at pull-off (Guo and Jin, 2009). For power-law
graded material, Chen et al. (2009a) also showed that the contact
region is symmetric even though tangential external force is ap-
plied if the coupling effect between normal and tangential trac-
tions is ignored. Strictly speaking, considerations of the coupling
effects and the bending moment will inevitably lead to an asym-
metric contact region (—b,a). Under this circumstance, the equilib-
rium condition (2.13) should be revised as
oUr(a,b) oUr(a,b)

oa T =0,

(2.14)
ab Uy (X),ly (x)

Uy (X), Uy (X)

and the corresponding surface energy U should be written as

Us = —(a+ b)Ay. (4.2)

Of course, the corresponding end points of integrals involved should
be modified as —b and q, respectively. This will not bring essential
difficulties to the solution procedure since any interval (—b,a) can
be transformed to (—1,1) by a linear transformation. But the corre-
sponding calculations will be quite lengthy and complex. In the
present work, in order to obtain some closed-form analytical solu-
tions, the assumption of symmetric contact region is adopted. The
effect of asymmetric contact region resulting from the bending mo-
ment will be intensively discussed in a separate work.

In the following sections, the above solution procedures will be
employed to investigate the adhesive contact behavior of rigid cyl-
inder indenter/graded half-space system under different loading
conditions with coupling effect taken into account.

3. Analysis
3.1. Contact behavior without bending effect

In this case, it is assumed that only external force applied on the
rigid cylinder is considered and the effect of bending moment is to-
tally omitted. As a consequence, the rigid cylinder just experiences
translation. This assumption has been adopted by many authors in
the analysis of adhesive contact behaviors by supposing external
force to be properly applied (Chen and Gao, 2007; Yao et al.,
2009; Guo and Jin, 2009; Chen et al., 2009a).

Under this circumstance, the tangential and normal displace-
ments along the interface of the elastic graded half-space can be
expressed as

2
ﬁv
where ¢ and h are two constants.

Replacing x with a¢ in Eq. (3.1) and inserting it to Eq. (2.8d)
leads to

Uy = ¢, uy_h— x| < a, (3.1)

8(0) = — - & + (i — ), 3.2)
1

where

h* =x30,)"" h, Ry = 2K20,Ra 2. (3.3)

Substituting Eq. (3.2) into Eq. (2.12), yields (see Appendix Afor
details)

g = K2(03) ',

7 2'R, L[ 1+v—4p? .
g"‘_r(1+v){8 +1{R1 (1+v)(2+v)_h”’ (3.4)
2 [(1 +v)? +4p2] OR,
&i=- ECE)) (3.4b)
i R [(1 +v)% + 4p2] {(3 +)? 4+ 4p2 o 5
=—— = n=3),
g2 Rl 22_"[‘(5 + V) gn ( )
(3.4¢)
where
R =I(1-w+ip)[(1-w—ip) (3.5)
is real.!
Letting
1
Ji= [ xman. k=0.1, (36)

1 This is because T'(z) = I'(z), where z is a complex number.
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the boundary conditions

a a
/ p(x)dx =Fsingp =P, / q(x)dx=Fcosp =Q (3.7)
—a —a
can be rewritten in the following compact form:
P + ik 3Q = a'J,, (3:8)

where the explicit expression of J, is given in Eq. (A6). Then it fol-
lows that

g = ova” (idP — k71Q). (3.9)

Taking Eqs. (2.10),, (2.12),, (3.4b), (3.4c) and (3.9) into account, we
have

goP2(0) (iK%P - K’%Q) o,

W T @R (1 +v), (3.10a)
gllﬁ(é): Azg[iv)( +v)i}£] (3.10b)
gzigz(é) :JRLT (3+v)(2+1v)(1 2O (3.10¢)
g"iﬁ(f) -0, (n=3) (3.10d)
where
Pg(é):—3+vg4p2+62(2+v;(3+v)—ipé(l+§>. (3.11)

Then by substituting Eq. (3.10) into (2.9) and recalling Egs. (2.8a),
(2.8b) and (3.3);, we can obtain the following expressions of the
interfacial normal and tangential tractions inside the contact
region:

1 a+x a+x
p(x) = m{ll cos (plnm) — I, sin (pln—x> },

(3.12a)
i * a+x
qx) = m {12 cos (pln—) + I, sin (P In X) }7
(3.12b)
where
T4y, 1 @(1+4pY) X2 +)
h= 2a)R, KR 2+ Vv)(1+v)va, (3.13a)
_Ird+v 1 2pax
b (2a)"Ryx Ut RaR T+ v)va,” (3.13b)

With use of the identities listed in Eq. (A8), it can be verified
that the interfacial tractions described in Eq. (3.12) satisfy the
boundary conditions defined in Eq. (3.7). Oscillating with increas-
ing frequency as x approaches the contact edge, the tractions have
the singularities of r'z+ at the contact perimeter x = Za. This
immediately reminds us the similar stress singularity occurring
at the interfacial cracks between two dissimilar materials. Com-
pared with the case for homogenous materials (v = 0), the singu-
larity of the stress has been weakened for graded materials
(Giannakopoulos and Pallot, 2000).

In the homogeneous limit, i.e., v — 0, one can show that

A—0, W—>1

ﬁ_)17 27 K_>17

1 2 m/3 —4u
pﬂ—ln(3—4,u), CVHE7 Rvﬂm./

I+ -2 23 -4u
01 T VO, TR (3.14)

Hence, Eq. (3.12) reduces to

a+x — I, sin In—= atx
—_X pO a—x )

1 /
px) = m {I1 cos (po lna

(3.15a)
1 , a+ ) a+x
qx:i{l cos( ln >+I sm( ln ) ,
(x) @ ) Po Poll—
(3.15Db)
respectively. In Eq. (3.15)
,_2P(1—p) | @(G+2p7) - %
I, = 3.16
n3 -4 RA+py3_an " (3-162)
q ZQ(l - ) 2EOClpoX
I 3.16b
> n/3-4u "Ra W3 = 4u ( )
with
Po = ljrr(}p = 2171: In(3 —4p). (3.16¢)

In Appendix B, it can be shown that the interfacial tractions in Eq.
(3.15) are exactly the same as that obtained by solving the corre-
sponding Riemann-Hilbert problem using analytical function the-
ory for homogeneous half-space.

With use of above results, the relations between the interfacial
displacements and the corresponding external force can be estab-
lished as follows:

010,k (1+V) a1 +v—4p? 00,1+ V)

Q.

(2a)'R, 2R(1+v)2+v)’ (2a)" kR,
(3.17)
The elastic strain energy stored in the substrate is
U = UEq + U].;p7 (3183)
where
1 /¢ _ 1
Uy = 5 / qidx = 5 Qz, (3.18b)
UEpfz/ p(x)u,dx == Ph—ﬁ xp( )dx. (3.18¢)

Making use of the identities in Eq. (A8) and inserting Eq. (3.15a) into
the last integral on the right-hand side of Eq. (3.18c), we have

/ax2 pe dx—dPaz—Ma“” (3.19)
a px)dx = di RK0;(4 + v)va, ’ ’
where
_ 4,2 (144p%)|(1 4 v)* + 4p?
d; :u7 dy = (3.20)
1+v2+v) 1+

W2+WI'3E+v)
are two dimensionless parameters.

The balance between elastic strain energy and surface energy
yields that

O(Ugp + Ugq)

), ~ (3.21)
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Since
Ug| 10Q
a |, =2 2al,% (3.222)
0Ug,|  10P dy ([ ,0P 1 2R, , 5.,
oa |, 20da|, 4R a aah+2Pa +41221<(91V(nda ’
(3.22b)
then from Eq. (3.17), we have
oP| v 2'Ry 1+v—-4p? ;. 0Q| v
aal, “a" “GowR TG+ © 0 da), a% (3-23)

Substitution of Egs. (3.7), (3.17), (3.22) and (3.23) into Eq. (3.21)
leads to

dsva, (1 +v)

Ay [ F\? ay=0+
(2 a2 gt BV (L5 (4
(Ksin” @ + K~ cos” @)o ER <AV> <R)

21+VRv
a F . 2""dyR, L E'R say G+
— iy SN+ Y Ty(k) —2=0, (3.24)
where
G pn .. E R
d; =— y COS >, E T a_C—O. (3.25)

Eq. (3.24) describes the relationship between the normalized load
F/Avy and the normalized contact half width a/R. For homogeneous
half-space, Eq. (3.24) reduces to

1Ay (F\*/a\-' 1-4piaF
(&) @ -

nER\Ay) \R

n(1+4p3)° E'R (9)3 90

ing + R

2 RAY® 16 Ay
(3.26)
by letting v — 0.

When ¢ =1, the vertical force P applied on the cylinder can be
expressed as

p— (1-4p5)nE'd® \/ZTCE*aA"/ B <p0nE*a2>2
R )

> (3.27)

where p, = (1/2m)In(3 — 4p). As shown in Eq. (3.27), which is de-
rived from the non-slipping model, the effect of tangential traction
manifests itself just through the term of p,. For an incompressible
half-space (1 = 0.5), p, =0, and Eq. (3.27) reduces to the following
two-dimensional JKR-like solution:

P = TE*a%/(4R) — \/2TE"aAy,

which was obtained by Barquins (1988) in the frictionless contact
condition. This is consistent with the conclusion documented in John-
son (1985). From Eq. (3.28a), it can be obtained that (Barquins, 1988)

(3.28a)

1
2A9R*\’
G = ( mi"* ) (3.28b)
and
1
TE'RAY\ ¥
P2 =3 (Ty> . (3.28¢)

3.2. Contact behavior with bending effect taken into account

In this subsection, adhesive contact behavior of graded half-
space with bending moment taken into account will be discussed.
This is a more realistic case since bending moment always exists
unless the action point of the external force is properly chosen
(Yao et al., 2009).

When bending moment is considered, it is necessary to include
the displacement components arising from the rotation of cylinder
into i, and u,. Denoting the rigid body rotation angle of the cylin-
der as 0, then under small deformation assumption, the interfacial
displacements can be written as

x2
ﬁ )
Replacing x with a¢ in Eq. (3.29) and inserting it to Eq. (2.8d) yield to

Uy=¢ Uy =h+06x— x| < a. (3.29)

88 = o EHIOEH (I~ 2) (3.30)
1

where h”, & and R, are defined in Eq. (3.3) and

0" = K2(0,) " ao. (3.31)

Substituting Eq. (3.30) into Eq. (2.12), yields (see Appendix A for

details)
v * _ 2
2°R {g* 2p0 +i{l“"’—4p)_h*}} (3.32a)

S="Tan® 1oy R T vmEy
(14v)* +4p2[R,
g (LR = | (0 -% 5 (3.32b)
2" I3 +v) Ry 3+v
i R0+ +4p2] [3+v) +4p7] . ,
=— , = n>3).
gZ Rl 227‘,[‘(5 + V) gn ( )
(3.32¢)
Recalling Eq. (3.6), the boundary conditions
a a a
/ p(x)dx = P, / q(x)dx = Q, / xp(x)dx = M (3.33)
—-a —a —a
can be rewritten as
P + ik 3Q = a'J,, KM =a'""Re(];), (3.34)

where the explicit expressions of ], and J, are given in Eqs. (A6) and
(A7), respectively.

Substituting Egs. (A6), (A7), (2.12),, (3.32a) and (3.32b) into Eq.
(3.34) yields

1 P (2a)"R\, - 2[)9* d1 o
K2P +iK Q_F(v+1)0\,. |:l<8 71+v> - (R—]fh . (3.353)

KPR+ VM (1+4v) +4p? 0*+£<_8*+ 2po*>
2a)'R, 22 +V)(A+v)vo, o, 1+v)’

(3.35b)

where d; is defined in Eq. (3.20);.
Then, combining Eqs. (3.3), (3.31) and (3.35) gives rise to

_O1oykI(1+)

a2
20, P+diop, (3.36a)
o034y [(1+4p1)(1+Y) Q i 492"1}, (3.36b)
[(1 ) 4 4p2]Rv 2+ (20)" (20
0 40,va, (3 +V) p%v (1+ vgﬁM} (3.360¢)
(1 V) +4p?]R, [20) (2a)

From Eq. (3.36), it can be seen that the bending moment M has no
influence on the maximum indentation depth h, but will affect both
tangential displacement ¢ and angular rotation 0.
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a/R Furthermore, by combining Egs. (2.4), (2.8a), (2.8b), (2.12),,
(3.4b), (3.32) and (3.36), we have
1 a+x . a+x
p(x) = m {13 cos (plnm> —I4sin (p lnm) },
Critical curve on F/ Ay - M/RAy plane (3.37a)
— ) M/R&y '
q(x) = #1 {14 cos (p lna—H) + I3 sin (plnu) },
F /by (@ —x2)7 a—x a—x
Loading path B(F/ Ay, M/RA4y) =0 (3.37b)
Fig. 2. Schematic illustration of the critical curve projected onto the F/Ay — M/RAy
plane, loading path and the corresponding critical state. where
a 0.8 4 — —
graded, v=0.1 //f,/"’/
0.7 4 E*RIAv=100, 1=0.3 a=l— " -
; T T
T i
06 e =400 .
//é . — = T ——
0.5 7 =7 = Ta=10000
& /s 7 - = =
S 044 // =
LA =
1 2
0.3 4 -
| —— with coupling effect
- Frictionless
0.1+ . (Fig. 4 of Chen et al.2009a)
] —
0.0 | E— |¥‘ T T T T T T 1
-10 -5 0 5 10 15 20 25 30
PIAy
b 08- -
E*RIAy=100, - -
074 K=0.3, a=100 homogeﬁgmrs/
s i/ﬁo v=0'2,—— -
06 P P
,i’// -:;/'{’f/- e
0.5 - y P - =
- /;;5" = =
S T TG
> 04 - -
/;/
03 -
—— with coupling effect
0.2 4 (Eq. (3.26),¢=n/2)
'''''''' without coupling effect
014 (Eq. (21) of Chen et al.2009a)
0.0 T T T 1
=20 10 20 30 40
PIAy

Fig. 3. Comparison of the contact half width as a function of the pulling force considering coupling effect with the corresponding results in the absence of tangible tractions
for (a) different values of o; (b) different values of v. Here ¢ = m/2, u = 0.3, and E'R/Ay = 100.
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I — r(1+v) . 2xI'(3 +v) (1 +v)1\/1+ pQ }
Q'R " a[(1+v)7 +4p2]R, | 20" K(20)
1 1+ 4p2 X2
" GuRK0; [(2 +V)(1+v)v t- v(1+ v)} (338a)
Lo Fa+vQ 4prG3+v) [ M 1 pQ }
Qa'Re K [(14v) 1 4p2]R, (R T+ VK@)’
1 2pax
TR0, v V) (3.38b)

Following the same procedure described in the previous sec-
tion, the governing equation for the dimensionless contact half

width can be obtained as
A/ (14v)
t() ®)

<m>2<%>*““’“

(Al sin® ® + As cos (p)

—Aysingp— Ay + Aso”

E
B M F sa (2+v) E*R a 34+v
A4 oS Ep e ol *5 R 4
F M a
I(Av RAT'R ) 0, (3.39)
where the coefficients A;, i =1,2,...,6 defined as
A= gf,;f KI(1+v), Ay =2d, (3.40)
_ods v+ V)2 + VI B+ V)K
PT2R, (1+v)* +4p?
- 65d3 4pv(1 + VZ)F(B +) (3.40D)
2Ry (14v)* +4p?
A — oyds v(1 +v)(1+4p*)F(2+V)
5 — y
21Rv {(-1 + V)2 +4’02} K
24+ V)Ryds
R (3.40c)

06 4 (Eq. (3.24))
- without coupling effect
(Eq. (48
0.5 -
0.4 o
.
o i ¥ /’;/’ 4
O B
\//

0.2

——— with coupling effect

are all dimensionless quantities. dq, d3, and a in Eq. (3.40) are given
by Egs. (3.20)4, (3.25); and (3.25)3, respectively. Meanwhile,

B +v)(1+4p?) [(1 + v)24p2}
T T ARG TY)

Eq. (3.39) describes an equilibrium surface %(£ 7RA’ 2. 0 in
a/R — F/Ay — M/RAy space implicitly. The “edge” curve of this equi-
librium surface, which represents the critical state, can be deter-
mined from the following formula:

F M a) _
‘@<va7§>_07

M( Joa =

(3.41)

(3.42)
AMRAV R)

Generally, a specific loading condition can be represented by an
implicit function #(F/Ay,M/RAy)=0. Then the corresponding
critical state (if it exists) can be determined by solving (3.42) and
#(F/Ay, M/RAy) = 0 simultaneously. See Fig. 2 for reference.

For a homogeneous half-space, Eq. (3.39) reduces to

14y ay' 1-4pia F n(1+4p2)° E'R /a\?
TER (Ay) R —— Ray*" P16 Ay (7

(1 Jf4p 2 E AV (RA*/>2<Q)73

8pp,cosqp Ay M F (_) -2

n(1+4p2) ERRAy Ay \R —2=0

(3.43)
Comparing Eq. (3.43) with Eq. (3.26), it seems that the bending mo-
ment M affects the contact width a only through the fourth and fifth
terms. When M = 0, Eq. (3.43) will reduce to Eq. (3.26). On the other
hand, if F = 0 (there is no net force exerted on the cylinder), from
Eq. (3.39), we have

o A'y M 2 a\ —3+) ' E*R /a3t B

Asa™ o <W) (k) +Asa o ;) -4-0 (3.44)
which can be simplified as

3 6+2
M AT K@ (3.45)
RAy K ! '

/3
— ’J_,j:'") o

) of Chen et al.2009a) -~ ~—

/ v=0.1, a=100,

/ E*RIAJ=100, p=0.3

0.0 4—r \

T
-15 -10 -5 0

10 15 20 25 30

Finy

Fig. 4. Comparison of the contact half width obtained by considering coupling effect with the corresponding results in the absence of coupling effect for different pulling

angles. Here v=0.1, © =0.3, E'R/Ay =100, and o = 100.
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different values of o.

where

sk

JE'R
I(] :Aea A_y’

K, = Agaiv Ay

Fr (3.46)

The critical contact half width at bend-off can be obtained from the
following condition:

oM
50 =0 (3.47)
which gives
2\ =
Opend-off = R (K_1> . (348)

Inserting Eq. (3.48) back into Eq. (3.45) yields the closed-form solu-
tion for the bend-off moment which is required to bend the cylinder
away from the substrate

2RAy

V1+4p?

In the homogeneous limit, the critical contact half width and the
corresponding bend-off moment reduce to

1
2 3
a‘;ssa‘ioff—( LR AV>, e 2849

L o2 * bnd-ff:iiv
n(1+4p)" E 1

Mbend-off = & (3.49)

(3.50)

respectively.

From the above analysis, it is interesting to note that the bend-
off moment is independent of the two parameters E'R/Ay and o
defined in Eq. (3.25)s. In other words, it is irrespective of the char-
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Fig. 6. The gradient exponent v versus (a) the normalized pull-off force Ppyj.ofr /Pﬁg{ and (b) the normalized pull-off contact width apu-ofr /asz[}( with u = 0.3 and different values

of E‘'R/Ay and a.

acteristic depth ¢y and the characteristic Young’s modulus Ey but
only depends on the gradient exponent v, Poisson ratio u, cylinder
radius R and the work of adhesion Ay.

At this position, it is worth noting that for any symmetric inden-
ter whose shape can be described by a polynomial, the closed-form
analytical solution of the corresponding problem can also be ob-
tained with the above procedure. This is because it can be proved,
with use of the properties of Jacobi polynomials, that there are only
finite non-zero terms of g,, in Eq. (2.9) if g(¢) is a polynomial func-
tion of ¢.

4. Results and discussion

First, let us investigate the adhesive contact behavior under ver-
tical force (i.e., @ = %). For comparison purpose, the variation of the

contact width under non-slipping condition with coupling effect
taken into account along with the corresponding solutions for fric-
tionless contact (Chen et al., 2009a) are schematically shown in
Fig. 3(a) and (b). For the material examined, it can be observed that
the two sets of solutions agree well in the tensile regime (P < 0).
Whereas, in the compressive regime (P > 0), they give distinct pre-
dictions of the contact width. Concretely speaking, it is found that
the tangential tractions due to friction can reduce the area of con-
tact between the cylinder and substrate. Compared with graded
materials, this difference is more obvious for homogenous case.
This is reasonable since compared with homogenous material,
the average stiffness near the surface of the half-space is larger
for graded materials whose modulus varies in the form of
E=E, g&f) ,0<v<1 along depth. Fig. 3 also shows that the
pull-off forces are almost identical for homogenous material and
the graded materials tested.
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Fig. 7. The equilibrium surface described by Eq. (3.39) with a specific set of parameters in a/R — F/Ay — M/RAy space. Panels (a) and (b) are side views from different angles.
(c) Projections of the curves obtained by intersecting the surface with a M/RAy = const plane onto the a/R—F/Ay plane. Here p=0.3, E'R/Ay =100, o = 100,

v=0.1, and ¢ = /2.

Similar conclusions can also be drawn from Fig. 4, which depicts
the normalized inclined force as a function of the normalized con-
tact half width for different pulling angles under a specific set of
parameters v = 0.1, u =0.3, o« = 100, and E'R/Ay = 100. This fig-
ure shows that the coupling effect between the normal and tan-
gential problem becomes obvious when the external force is
inside the compressive regime (F > 0). In addition, the critical force
corresponding to ¢ = 0 (only shear force applied) exhibits bilateral
symmetry about contact center.

The above comparison results indicate that, for the material
examined, the coupling effect almost does not have significant
influence on the critical force and critical contact width at pull-
off. Therefore when the bending effect is neglected, nearly the
same results as those of Chen et al. (2009a) are obtained at pull-
off. Fig. 5 plots the pull-off force (scaled by Pf,?R defined in Eq.
(3.28¢)) and the critical contact width (scaled by afi defined in
Eq. (3.28b)) as functions of the gradient exponent v for various «
with the other parameters are constant. Fig. 6 shows the effects
of E'R/Ay on the critical force and the critical contact width. From

this figure, it is observed that parameter E'R/A7y does not affect the
trend of the variations of critical contact width or pull-off force
with respect to v significantly even though coupling effect is con-
sidered. For materials with different values of v and ¢, the variation
of the normalized pull-off force % as a function of the pulling
angle ¢ is almost the same as that Without coupling effect. We re-
fer the readers to Chen et al. (2009a) for more detail discussions.

When bending moment is considered, the corresponding adhe-
sive behavior is shown in Fig. 7. Viewed from different angles in
a/R — F/Ay — M/RAy space, Fig. 7(a) and (b) plots an equilibrium
surface with a specific set of parameters described by Eq. (3.39).
Fig. 7c shows the projection of the curves obtained by intersecting
the surface with a M/RAy = const. plane onto the a/R—F/Ay
plane. From these figures, it is observed that bending moment
has a significant effect on the contact behavior of the considered
system. For a specific loading process, it can be represented by a
curve on the equilibrium surface. When this curve arrived at the
edge of the surface, the cylinder will be taken away from the
substrate.
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For the case where only bending moment exists (F = 0), Fig. 8
plots the relation between the contact width and the bending
moment for prescribed values of E'R/Ay and p. It shows that
the contact width is independent of the direction of the bending
moment. In addition, one can also notice that each curve has al-
most the same critical point (M/(RAy) ~ £2), at which the con-
tact is separated. Given bend-off moment, adhesion strength is
measured by the critical contact area. Therefore, it can be seen
from Fig. 8 that for a specific gradient exponent, the larger the va-
lue of o, the more difficult to bend the cylinder apart from the
graded substrate.

Fig. 9 plots the variation of the normalized bend-off moment

Mierd.. . . .
W with respect to the gradient exponent v for prescribed

0.8 4
—— homogeneous, v=0
0.7 4
0.6+

05 - %

04+

a/R

0.3+

0.2 4

014

graded, v=0.5, t=100

Young’s modulus p = 0.3. It shows that the bend-off moment
changes slightly although it rises monotonically with the increas-
ing value of v. It means that the bend-off moment is insensitive
to the gradient exponent v.

Fig. 10 shows the influence of o and v on the critical contact
width at bend-off when the values of E'R/Ay and p are prescribed.
It is interesting that the trend of critical contact width at bend-off
shares the similar character with that corresponding to the pull-off
force plotted in Fig. 5b.

The effect of E'R/Ay on the critical contact width at bend-off is
shown in Fig. 11. One can see that parameter E'R/Ay does not sig-
nificantly affect the critical contact width, just as we concluded
from Fig. 6b.

--------- graded, v=0.5, u=1
R graded‘ v=0. 5‘ au=10000

0.0 ; . , .

. T » T
0 1 2

MI(RAY)

Fig. 8. The normalized external bending moment M/(RAy) as a function of the normalized contact half width a/R for homogeneous and graded materials (v = 0.5) with

different values of a. Here u = 0.3, E'R/Ay = 100.
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5. Summary

In this paper, we examined the non-slipping adhesive contact
behavior of power-law graded materials focusing on the coupling
effect between the tangential and normal directions which was of-
ten neglected in previous works. Based on the theory developed by
Popov (1973), some closed-form analytical solutions were ob-
tained for the considered problem. Our analysis showed that, for
the material examined, the coupling effect becomes obvious
mainly in the compressive regime of the external force but does
not affect the critical force and critical contact width at pull-off sig-
nificantly. This justified some of the results obtained by Chen et al.
(2009a) about the adhesive behavior of graded materials where the
coupling effect was ignored.

v

versus the gradient exponent v under the effects of different values of E'R/Ay and o with u = 0.3.

The role of the bending moment was also studied analytically in
the present paper. The closed-form analytical solutions of the crit-
ical contact width and critical moments at bend-off are obtained.
Our analysis showed that bending moment has a significant effect
on the adhesive behavior of the considered system. When only
bending moment is applied, unlike pull-off force, the bend-off mo-
ment is not sensitive to the gradient exponent and is almost equal
to that for the corresponding homogeneous case. On the other
hand, the trend of critical contact width at bend-off shares the sim-
ilar character with that at pull-off. Compared to the homogeneous
case, the graded materials has critical contact width which is larger
for small values of o but smaller for large values of o. The results
obtained in this paper are helpful for understanding the adhesive
behavior of contact systems involving graded elastic materials.
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Appendix A. Some integrals related to Jacobi polynomials

In this appendix, some useful integrals of Jacobi polynomials
(e.g. g, in Eq. (2.12); and J, in Eq. (3.6)) are derived.
First, let us introduce the following two identities:

2P (p+ )I(B+m+ 1) (o= p+m)
mil'(e—p)I(B+p+m+2)

/ ] (1-x)(1+x)" P3P (x)dx =
-1

forRep>—1, Ref> -1, (A1)
1 207 Do+ DI (6 + 1) (m+1+a)
Y4 7 p(a.p) _
/,1(1 X)(1+X)"Py T (X)dx mi(p+0o+2)T(1+a)

x sFy(—m,o+f+m+1,
p+Loa+1,p4+0+2;1),
for Rep > —1, Ref> -1, (A2)
where 5F,(a, b, c;d, e;z) is the hypergeometric function.
With use of the above results, it can be shown that
) 211R 1 Pap(f) B 21+vlpR
i

v L@ T TRy

p
1 — 2 1 — z
P, 2. 2'R,(1+v—4p?) / PP .
dc: s 1 d :O.
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1 V(&) 21" r(3+ )
VP g, 2 P[0 07+ 402]R,
/,m,p(é) T I(4+v) ’
"R L. [TPE) L.
|/ v >éd§‘°’

f)(é) . 1 P;f)(é) s 1 P;p é) 5 B
/4 P_p(&) dg*/,1 W,p(g)CdC*L v dé=0 (n=3)
(A3)
and

GRS SN A
/—1 ‘I’;)(Cv)di_F(1+y)’ [1 lI/p(é)dg—O (n>])

VPG L. 2ipR, [P L (AR,
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/1 Pln)(é) édé:O (n>2)

1 () ’ - r
(A4)

where P, = P, W »" (&) W, and R, are defined in Egs. (2.10),
and (3. 5) respectlvely In the above derivations, the following facts

1

T =0, T(A+2)=zI(2) (A5)

have been used. In (A5), z is a complex number.

From the results in (A3), Egs. (3.4) and (3.32) can be obtained by
inserting Egs. (3.2) and (3.30) into Eq. (2.12),, respectively. From
the results in (A4) the integral in (3.6) can be calculated as:

1 pp v
Pm(”) d',li gO 2 Rv

1
J":/,lﬂ )dn = vaﬂm

-1 ‘//;)(17) h io—v)~0 F(l + 7/)7
(AB)
1 00
Ji= /71 x(mndn = mZ —— % ;7 dn
_ 2R, 1+ Z}) +4p? g, go
“io o | devo) a P (A7)

Furthermore, by expressing the sine and cosine functions in com-
plex exponential form and making use of Eq. (A1), we have

@ XA . a+x
[amsm(pln—)dx:O n=0,1,2,...,
a 2n+1
a a+x R, v
o (@ —x2)" cos (plna X)dx_F(1+1/) 2a)",
a X2 a+x\,  1+v—4p? 20,
@ xz)wcos<plna_x>dx7 610 R,2%a
a X4 a+x
/41 @ O plnm>dx (A8)
_30+9)B+v) 78p2(7+2072p2)R Qv gty
r(5+v) v ’
21H}pRU a1+v’
v)

/j @) _Xx ) sin (,olna—_H{)dxfr(z_F
)

_2p(5+3v—4p?)
n I'4+v)

where w is defined in (2.10),.

v 3
2R, a7,

Appendix B. Tractions force inside the adhesive contact region
of a rigid cylinder on homogeneous isotropic half-space

In this appendix, the stress distributions inside the adhesive
contact region of a rigid cylinder on homogeneous isotropic half-
space under vertical and horizontal force (denoted as P and Q,
respectively) will be derived for comparison purpose.

Since there is no mismatch strain in our problem, then by
adopting the notations in Chen and Gao (2006), we have

E

1 -BTy + 1+ pPT; = ﬁx, (B1a)
E*
1+BTy; +(1 =BT, = _ﬁ’“ (B1b)
where
. E _1-2u
F=i—p F=30-p (B2)

and E and y are the Young’s modulus and Poisson’s ratio of the half-
space, respectively.

The Riemann-Hilbert equations in Eq. (B1) can be solved ana-
lytically by following the standard analytical function approach.
By virtue of some calculations based on the identities given by
Guo and Jin (2009), we have

R
@+x)"a-x"-

T] — T, = — cosh(mk)

x* — 2ikax — a? (% + 2K2>

7

2ic; cosh(mk)(a+x)"(a—x)™",
(B3a)
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(a+x)"(a—x)"" - 2ic, cosh(mic)(@a+x) " (@—x)"

7

(B3b)
and
qx) = Ty =T0) + (T; = T3), p)
=i(Ty =Ty) - i(T; - T,), (B4)
where
r:%+iK, K:%ln}%ﬁ (B5)

and q(x) as well as p(x) denote the tangential and normal traction
forces, respectively.

The constants ¢; and ¢, in Eq. (B3) can be determined by using
the boundary conditions

[ﬂ gix)dx =Q, /jp(x) dx =P, (B6)

which gives
o _P+iQ P-iQ
VT 4n 4

Then by combining Eqgs. (B3), (B4) and (B7), we can obtain that

G =- (B7)

1 " a+x v a+x
p(x) :W{Il cos (K lnﬁ) —I;sin (Klnﬁ>}, (B8a)
1 " a—+x b a+x
q(x) = ﬁ{lz cos (Klnﬁ> +1!'sin (Kll‘lm) } (B8b)
where
_ 2(1 2\ 42
,1:2P(1 ,u)+a(2+2K) ¥ E (B9a)
n/3—-4u R(1+p)\/3—-4u
% 2Q(1 - M) 2Eaix
I = B9b
2 m/3—4,u+R(l+,u)\/3—4u (B9b)
and
1
k=5 In(3 — 4p). (B10)

It is obvious the results in Eq. (B8) are the same as that in Eq. (3.15),
which verifies the assertion made in Section 3 of the main text.
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