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a b s t r a c t

This work addresses the elastodynamic problem for a finite-sized, elastic solid matrix containing multiple

nano-heterogeneities of arbitrary shape, number and geometric configuration. The problem is formulated

under plane strain conditions, and time-harmonic motions are assumed to hold. The aim is to evaluate the

non-uniform stress and strain fields that develop in the solid matrix and to identify zones of dynamic stress

concentration for the case of dynamic loads applied along the matrix boundary. The mechanical model used

here is based on a combination of classical elastodynamic theory for the bulk solid under non-classical bound-

ary conditions, supplemented with a localized constitutive equation for the solid-inclusion interface in the

framework of the Gurtin–Murdoch theory of surface elasticity. As computational tools we use (a) the 2D

boundary element method (BEM) with frequency-dependent fundamental solutions for the bulk solid and

(b) the finite element method (FEM) software package ANSYS augmented by a macro-finite element for rep-

resenting surface effects on the contour of the nano-inclusions. At first, accuracy of the numerical solutions

obtained for the dynamic stress concentration factor (DSCF) and for the diffracted displacement wave field

is satisfactorily established. Next, comparison studies are conducted to gauge the BEM and FEM separately.

These are followed by extensive numerical simulations that show that both BEM and FEM are able to capture

the dependence of the diffracted wave field and of the DSCF on the type of the inclusions, their overall con-

figuration and the nature of applied dynamic loads. It is concluded that the interaction effect between the

nano-heterogeneities and the external perimeter of the bounded solid matrix is of paramount importance.

© 2015 Elsevier Ltd. All rights reserved.
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. Introduction

Wave propagation in homogeneous elastic continua is a well-

nown phenomenon and the numerical modeling effort involves so-

ution of hyperbolic partial differential equations. The situation be-

omes far more complicated if the medium is heterogeneous, see

erezovski (2010). Elastic wave propagation through naturally oc-

urring or man-made heterogeneous materials has attracted the

ttention of researchers from branches of science as diverse as seis-

ology, material science, fracture mechanics, computational me-

hanics, etc. Another difficulty is that discontinuities such as cracks,

avities and inclusions complicate the overall picture by acting as

catterers and stress concentrators, thus causing reflection, refrac-

ion, diffraction and scattering phenomena that are not easy to quan-

ify. In elastodynamics, the motion of waves in bounded solids is
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overned by the conservation law for linear momentum, the consti-

utive and kinematic relations, all complemented by initial as well

s boundary continuity conditions along the solid boundaries, see

chenbach (1973). Computational tools available for solution of these

roblems within the frame of classical elastodynamics are as fol-

ows: (a) analytical and semi-analytical techniques dealing with reg-

lar geometries and employing wave function expansion methods

Kratochvil and Becker (2012), Li (2004), Pao and Mow (1971)), ray

echniques (Babich (1956), Pao and Gajewski (1977)), complex func-

ion methods (Liu et al. (1982), Yang et al. (2015)), integral equa-

ion methods (Bostro ⁄m (2003), Lu and Hanyga (2004), Ayatollahi et

l. (2009)), matrix methods including reflectivity methods and gen-

ralized coefficient techniques (Kennett (1983)), and finally mode

atching techniques (Fah (1992), Panza et al. (2009)); (b) numeri-

al techniques based on direct time and space discretization of the

lastodynamic equations which lead to finite difference methods

Boore (1972), Kristek and Moczo (2003)) and finite element methods

Komatitsch et al. (2010), Nakasone et al. (2000), Santare et al. (2003),

olf and Song (1996), Wolf (2003), Zhang and Katsube (1995)).

he alternative use of integral representations based on reciprocity
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theorems and the concurrent introduction of fundamental solu-

tions of the governing differential equations leads to mesh reduc-

ing boundary element methods (Dominguez (1993), Dravinski and Yu

(2011), Kausel (2006), Kobayashi (1983), Manolis and Beskos (1988),

Manolis and Dineva (2015), Parvanova et al. (2013, 2014), Valeva and

Ivanova (1998)); (c) hybrid techniques that combine the previously

mentioned techniques in various ways (Dineva et al. (2012), Gatmiri

and Arson (2008), Gatmiri et al. (2008), Manolis et al. (2015), Manolis

and Dineva (2015), Mogilevskaya and Crouch (2001, 2002)).

During the last few years it has been recognized that the proper-

ties of a given material might not be primarily controlled by its chem-

ical composition, but rather by its microstructure and more so by size

ranging from nanometers to micrometers. The widely discussed in

the literature size effect cannot be described by models in the frame-

work of continuum mechanics and this demands the development

of alternative models and of high-performance computational tools.

When the characteristic cross-sectional dimension of a solid is in mi-

crons, the ratio of surface area to volume becomes an important pa-

rameter and the solid is strongly influenced by surface characteris-

tics. These lead to distinct mechanical properties as compared with

their bulk solid counterparts. With the rapid development of nano-

mechanical systems, size-dependent phenomena in the wave fields

that develop in nanostructures with defects such as holes and in-

clusions are insufficiently understood and need further study. More

specifically, variations in the surface energy in nanostructures are

caused by relaxation of bonds between the surface atoms and this

lead to formation of surface residual stress, which is something that

does not happen inside the solid core. This behavior is a surface stress

effect and is described in the surface elasticity model introduced

by Gurtin and Murdoch (1975). It has been determined that surface

stress is a summation of surface residual stress and surface elastic-

ity. In Gurtin and Murdoch (1975), the interfaces between the nano-

inhomogeneity and the matrix are regarded as ’thin’ material surfaces

that possess their own mechanical properties and surface tension.

Furthermore, non-classical boundary conditions are derived for the

tractions along an interface expressing a stress jump as we move from

matrix to inclusion, due to the presence of surface stress related to

the deformation-dependent surface energy. We note in passing that

if the defects present in a material at the nanoscale are cracks, even

more advanced mechanical theories must be used as surface effects

will surely change the crack tip singularity values, see Sendova and

Walton (2010).

A brief literature review for in-plane wave motion in heteroge-

neous nano-solids described by the Gurtin–Murdoch model points to

the following: (a) most computational techniques used are actually

analytical methods, and use of the boundary element method (BEM),

which is most efficient for problems with low surface to volume

ratios, is mostly absent (see Parvanova et al. 2015) for unbounded

solids), except for static solutions. Also, the finite element method

(FEM) is used to evaluate the contribution of surface stress to the to-

tal potential energy (see Wang et al. 2010) and the Gurtin–Murdoch

surface stress model is implemented in commercial program ANSYS

(2009) through its user programmable features. (b) There are no re-

sults for solution of in-plane wave diffraction problems in bounded

heterogeneous solids at nanoscale; (c) in-plane diffraction of time-

harmonic P- and SV- waves by nano-holes and nano-inclusions in un-

bounded solids were studied analytically in Ru et al. (2009), Wang

et al. (2006), Wang (2009), and Zhang et al. (2011). More specifi-

cally, the wave function expansion method was used to derive an-

alytical expressions for diffracted wave fields in the infinite elastic,

isotropic plane with two circular holes in Wang (2009). Next, Wang

et al. (2006) considered the diffraction of planar P- waves by a nano-

sized circular hole using wave function expansion method. The same

method was applied in Zhang and Katsube (1995) to study the diffrac-

tion of elastic waves by an array of cylindrical holes, including the ef-

fects of surface elasticity. The diffractions of planar P- and SV- waves
y a cylindrical nano-cavity and nano-inclusion were investigated in

u et al. (2009). Finally, Fang et al. (2010) analytically evaluated the

resence of surfaces/interfaces on the dynamic stress around single

ircular hole, a single circular inclusion and two interacting circular

ano-inclusions in an infinite matrix under P-waves.

A systematic study of the dynamic response of a finite elastic,

sotropic solid with multiple heterogeneities at the nano-scale, which

ct both as wave scatterers and stress concentrators, seems neces-

ary. To the authors’ knowledge, the majority of current results in the

eld are for unbounded solids under static loads. In this respect, we

elieve that new results that take into account the interaction effect

etween the multiple inclusions and the external perimeter of the

olid matrix at the nano-scale is both interesting and important. The

resent work is an effort in this direction and can be viewed as a con-

inuation of our previous work (Parvanova et al. 2015) on the BEM

odeling of wave scattering phenomena in an infinite elastic plane.

hus, we present new results for the interaction effect between the

ultiple nano-inclusions and the external perimeter of the elastic

atrix.

More specifically, we focus on the 2D, time-harmonic elastody-

amic problem for a finite, isotropic elastic solid at the nano-scale

ontaining multiple heterogeneities of arbitrary configuration. To

his purpose, we develop, verify and use for numerical simulations

he following computational tools: (i) A BEM with 2D frequency-

ependent fundamental solutions for the bulk solid; (ii) an FEM im-

lementing of the surface effect on the contour of the nano-inclusion

s one macro-finite element in the ANSYS (2009) software package.

he paper is organized as follows: (a) we start with the formulation of

he 2D elastodynamic problem for a finite, elastic and isotropic solid

atrix with heterogeneous structure at the nano-scale solid under

ime-harmonic waves in Section 2; (b) we continue with a BEM re-

ormulation at all interfaces to include surface effects in Section 3;

c) the FEM formulation and solution is developed in Section 4; (d)

erification studies follow in Section 5 for the proposed numerical

cheme; (e) comparison studies between the BEM and FEM follow in

ection 6; (f) extensive parametric studies are conducted in Section 7

o investigate the effect of size-dependent effects in the solid matrix

nd finally (g) Section 8 lists the conclusions of the present study.

. Problem statement

Consider wave motion in the plane x3 = 0 for a Cartesian coordi-

ate system O-x1x2x3, where a finite-sized, elastic and isotropic solid

ith boundary � is subjected to time-harmonic loads with frequency

, see Fig. 1. The solid matrix contains multiple nano-inclusions with

oundaries �n
I

or nano-cavities �n
H

, where n = 1, 2,…, N, of arbi-

rary shape, number, size and configuration. We assume that hetero-

eneities do not intersect and we denote their total surfaces as �I =
N
n=1 �n

I
and �H = ⋃N

n=1 �n
H

. The total boundary is then S = � ∪ �H

n the case of cavities (or holes) and S = � ∪ �I in the case of inclu-

ions. The material properties (Lamè constants and density) are de-

oted as λM, μM, ρM for the solid matrix and λI, n, μI, n, ρ I, n for the nth

nclusion. Furthermore, the displacement vector ui(x1, x2, ω), (where

, j = 1, 2), the stresses σ ij(x1, x2, ω) and the corresponding traction

ector ti(x1, x2,ω) = σi j(x1, x2,ω)n j , (nj is the outward pointing unit

ormal vector) all satisfy the equations of motion in the bulk solid. In

he absence of body forces, these are:

i j,i + ρω2uj = 0 (1)

here

i j =
{

CM
i jkl

uM
k,l

(matrix)

CI,n
i jkl

uI,n
k,l

(n − th inclusion)
,

i jkl = λδi jδkl + μ(δikδ jl + δilδ jk), ρ =
{

ρM

ρI,n

(2)
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Fig. 1. Nano-cavities and nano-inclusions in a finite solid elastic matrix: problem layout.
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n the above, comma subscripts denote partial differentiation with re-

pect to the spatial coordinates and the summation convention over

epeated indices is implied.

Following the surface elasticity theory of Gurtin and Murdoch

1975), the nth interface between a nano-inclusion and its surround-

ng elastic matrix is regarded as a thin material film with its own me-

hanical properties λS, n, μS, n and surface tension τ 0, n. More specif-

cally, τ 0, n is the residual surface tension under unstrained condi-

ion that will induce additional static deformation, which in dynamic

nalysis is usually ignored. We assume that all inclusion surfaces have

he same material properties, denoted by λS, μS, τ 0. The constitutive

quation along any interface �M
I

between the solid matrix and the

orresponding inclusion is

sur = τ 0 + (2μs + λs)εsur (3)

n the above, σ surand ɛsurare the stress and the corresponding strain

long the interface �M
I , respectively. Next, the boundary conditions

long �M
I

are as follows, see Dong and Pan (2011):

(a) Continuity of the displacement vector along any interface as

seen from the side of the inclusion uI
i

and from the side of the

surrounding matrix uM
i

in the Ox1x2x3 coordinate system:

uI
i = uM

i = ui; i = 1, 2 (4)

(b) Interface equilibrium conditions along the arc length s, i.e., on

the undeformed interface s ≡ �M
I

written in terms of the lo-

cal normal and tangential (n, t) coordinates defined along s.

These lead to the following relation between tractions along

any interface coming from the side of the heterogeneity tI
i

and

from the side of the surrounding matrix tM
i

, see Parvanova

et al. (2015):{
tI

1 + tM
1

tI
2 + tM

2

}
k

= f
sur
k + Tsur

k

{
u1

u2

}
k

(5)

Matrix Tsur
k

and vector fsur
k

related with the kth node of the inter-

ace under consideration are derived as follows:

sur
k =

{
−τ0

ρs

{
n1

n2

}}
k

(6)
sur
k =

[
n1 −n2

n2 n1

]
k⎡

⎣
(
− α

(ρs)
2 + τ 0 ∂2

∂s2

) (
−α
ρs

∂
∂s

−
(

τ 0

ρs

∂
∂s

− τ0

(ρs)
2

∂ρs

∂s

))
((

−α
ρs

∂
∂s

− α

(ρs)
2

∂ρs

∂s

)
+ τ 0

ρs

∂
∂s

) (
α ∂2

∂s2 − τ 0

(ρs)
2

)
⎤
⎦

k[
n1 n2

−n2 n1

]
k

(7)

n the above, n1 = nI
1

= −nM
1

; n2 = nI
2

= −nM
2

are the components of

he normal vector as viewed from either side of an interface and

s is the curvature radius for the corresponding interface s. As far

s assigning numerical values to the surface constants for single-

rystalline materials is concerned, these have been determined by

ither atomic simulations (Miller and Shenoy 2000; Shenoy 2002)

r elaborate experiments (Jing et al. 2006). These results indicated

hat these surface constants depend on the material type and on the

urface crystal orientation. Thus, a surface modulus that best cap-

ures interface effects at the nanoscale has been defined as α = KS =
μS + λS in the papers by Dong and Pan (2011), Tian (2006), Tian

nd Rajapakse (2007), Ru et al. (2009), Wang et al. (2006) and Wang

2009). In the last two papers, a dimensionless parameter denoted

s s = KS/2μa, where a is the radius of the nanoinclusion and μ is

he shear modulus of the bulk solid, is further used in the numeri-

al simulations. The presence of a macroscopic inclusion with a large

alue of a leads to s < <1.0, which implies that surface effects can

e neglected. However, when the radius of the inclusion shrinks to

he nanoscale, s becomes noticeable and surface effect should be

onsidered in analysis. For real nano-materials, the value of KS is in

he neighborhood of ± 10N/m, and negative values are also possible

ased on atomistic calculations (see Tian and Rajapakse 2007; Miller

nd Shenoy 2000).

In sum, the boundary-value problem (BVP) formulated above

ust satisfy the governing equations, Eq. (1), plus the continuity

or essential) boundary conditions of Eq. (4) and the equilibrium (or

atural) boundary conditions of Eq. (5) along each interface �M
I

be-

ween a particular inclusion and the surrounding matrix. Note that

f the membrane interface parameters τ 0 = 0, λS = μS = 0, then the
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boundary condition of Eq. (5) transforms into the classical equilib-

rium condition for the traction vector. The aim now is to determine

the dynamic stress-strain field at any point of the finite solid and the

dynamic stress concentration factor (DSCF) along the perimeter of a

nano-inclusion and a nano-cavity.

3. BEM formulation and solution

The BVP defined above can be reformulated (see Manolis and

Beskos 1988) using a set of integral equations along the boundary

S based on the Betti’s reciprocity theorem, plus a set of frequency-

dependent fundamental solutions for in-plane wave motion as fol-

lows:

ci ju j(x,ω) =
∫

S

U∗
i j(x, y,ω)t j(y,ω)dS(y)

−
∫

S

P∗
i j(x, y,ω)uj(y,ω)dS(y), x ∈ S (8)

In the above, cij are jump terms dependent on the local surface geom-

etry at collocation point x(x1, x2), while U∗
i j

is the displacement fun-

damental solution of Eq. (1) and P∗
i j

= Ci jqlU
∗
qk,l

nk is the corresponding

traction fundamental solution. These surface integrals are either reg-

ular or singular, depending on whether or not the radial distance r

between the source y and the receiver x points is zero. In the latter

case, the displacement-based kernels exhibit a weak singularity of O

(ln r), while the traction-based kernels exhibit a strong singularity of

O (1/r). Both regular surface integrals and those with weak singularity

are computed using appropriate quadrature rules, while the strongly

singular ones are evaluated by the rigid body motion concept. Finally,

the displacements and stresses at any point inside the solid can be

obtained from the well-known integral representation formulas, af-

ter the solution to Eq. (8) has been obtained.

Numerical solution of the system of the boundary integral equa-

tions (BIE) generated for all inclusions plus their surrounding finite

solid matrix follows standard procedure, in the sense that all bound-

aries of the problem in question (in our case all interfaces �M
I, j

, j = 1,

2,…,N and the finite-sized solid with boundary �) are discretized us-

ing quadratic boundary elements (BE). Following a standard nodal

collocation procedure, we get a system of linear algebraic equations

in the form Gt = Hu, where G and H are global influence matrices, t

and u are traction and displacement vectors at the nodal points. To

this end, our BIE formulation is enhanced by sub-structuring capabil-

ities, whereby it is possible to model inclusions plus the surround-

ing elastic matrix separately as if they were independently-occurring

structures. The solution of the complete BVP is accomplished by en-

forcing displacement compatibility and traction equilibrium across

all common boundaries.

In order to establish the nontrivial boundary conditions at any in-

terface when we move to the nanoscale, a global Tsur matrix for each

particular inclusion-matrix interface is defined. This matrix is com-

posed by the individual nodal Tsur
k

matrices for the kth node of the

model defined by Eq. (7). Numerical evaluation of the Tsur matrix re-

quires a more accurate approximation of the geometry and field vari-

ables at the nodal points so as to establish the relation between nodal

tractions t and nodal displacements u in accordance with the nontriv-

ial boundary conditions. This approximation, however, is not depen-

dent on the original contour discretization which produced the BIE

system matrices. In other words, standard BEM implementation can

be realized with constant, linear or quadratic BE, but for the Tsur ma-

trix evaluation we need a higher approximation of the geometry at

the interfaces in order to accommodate the order of spatial deriva-

tives required in Eq. (7). For that purpose we introduce a quartic (i.e.,

five-node) BE for approximation of the geometry, the displacements

and the tractions at the interfaces. It is now possible to keep the same

number of nodal points when modeling a closed surface, but when
he nodal collocation technique commences, each source (i.e., cen-

ral) node interfaces with the two advancing as well as with the two

eceding nodes, yielding spatial derivatives continuous to the fourth

egree. This process is repeated until all nodes have been covered.

he polynomial shape functions used for the quartic interface BE, as

ell as more details, are given in Parvanova et al. (2015).

. FEM formulation and solution

In here, we apply the FEM for solving the above problem that re-

uires a precise rendering of the surface effects along the contour

f the nano-inclusions or the nano-cavities. In this work, we use the

ommercial software ANSYS (2009). This FEM environment does not

ave special type of elements for dealing with the surface effect, but

t has user-programmable features (UPF) capabilities, which allow

or the incorporation of any finite element (FE) developed outside

he program. Thus, we develop an efficient macro-FE which models

he boundary conditions along the interface contours. In the sections

hich follow, and for the sake of simplicity, we consider an elastic

olid matrix with a single nano-inclusion, although the strategy for

ore nano-inclusions is the same.

.1. Incorporation of surface effects

In classical continuum mechanics, the inclusion-matrix interface

raction equilibrium condition is (tI
i
+ tM

i
)k = 0, where tI

i
and tM

i
are

he traction forces at kth node along this interface, as viewed from ei-

her side, i.e., inclusion and elastic matrix in the ith direction, i = 1,2,

espectively. For a nano-inclusion, the interface equilibrium condi-

ion, given by Eq. (5), holds for the kth node: (tI
i
+ tM

i
)k = ( f sur

i
)k +

tsur
i j

u j)k. We have that the vector fsur
k

= { f sur
i

}k and the matrix Tsur
k

=
tsur
i j

]k for the kth node of the model, i,j=1,2, are dependent on the

esidual surface stress, the curvature and the orientation of the inter-

ace boundary. Obviously, the difference between classical and non-

rivial equilibrium boundary condition is on the right-hand-side of

oth equations, which could be considered as an additional traction

ector tadd
k

= fsur
k

+ Tsur
k

u for the kth node. In the case of the macro-

cale, this non-classical boundary condition degenerates to classical

ne, i.e., tadd
k

= 0. Similarly with the BEM implementation, we now

ave to obtain a proper relation between traction and displacement

ectors at the entire interface. The derivation of a global Tsur matrix

nd a global fsur vector for the entire interface is achieved by assem-

lage of the nodal Tsur
k

and fsur
k

sub-matrices for all nodes of the con-

act contour, obeying the nontrivial boundary conditions as

I + tM = tadd, tadd = fsur + Tsuru (9)

n here, tI and tM are traction vectors along the entire interface

iewed from the side of the inclusion and from that of the elastic ma-

rix, u is the common displacement vector for the entire inclusion-

atrix interface, and finally tadd is an additional traction vector due

o the nontrivial boundary conditions at the nanoscale. The idea is to

mplement these additional tractions in the FEM model as a macro-FE

escribed by a stiffness matrix and a load vector for all nodes belong-

ng to the contact interface. To that purpose, we must convert Eq. (9)

nto nodal force-displacements relation. This means replacement of

he interface tractions tadd with equivalent nodal forces F as follows:

= Mtadd (10)

n the above, matrix M is defined as M = ⋃
e

∫ 1
−1 NT NJdξ , J is the Ja-

obian of the transformation from local to global coordinates and ξ
s an intrinsic coordinate. The matrix M components are numerically

erived as a product of the traction shape functions for the eth FE

long the interface under consideration, see Vasilev et al. (2015). In

ur previous BEM implementation, and in order to attain sufficient

ccuracy for curved geometries of arbitrary shape, a quartic (i.e., five-

ode) approximation for the geometry and field variables was used
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n conjunction with the generation of the Tsur matrix. This higher or-

er of approximation is mandatory for the derivation of the present

ransformation matrix M, the nodal forces F, and for the proper gen-

ration of the macro-FE. After substitution of tadd from Eq. (9) in

q. (10) we get:

= Mfsur + MTsuru. (11)

ere, vector F represents the additional nodal forces which account

or surface effects at the inclusion-matrix interface.

.2. Macro finite element formulation

A general methodology is presented here for the implementation

f the surface effect as one macro-FE in the ANSYS (2009) software.

e start with Eq. (11) that is identical to the well-known FEM formu-

ation, i.e.,F̄ = Ku, where K is the stiffness matrix, u are displacements

nd F̄ is the load vector. Based on this expression and on Eq. (11), the

acro-FE is introduced in a straightforward manner by a new stiff-

ess matrix K and load vector F̄, created as follows:

= MTsur; F̄ = −Mfsur. (12)

t is worth mentioning that both matrix K and the vector F̄ are real-

alued, independently of the type of analysis used. We can embed

his macro-FE in any commercial software that allows element gen-

ration directly through importation of a stiffness matrix and a load

ector. To this purpose, we activate the UPF option that offers many

eatures to the programmer, one of which is macro-FE generation

ased on the stiffness, damping and mass matrices and on the el-

ment load vectors. Details about macro-FE implementation in an

NSYS (2009) environment can be found in Vasilev et al. (2015). In

hat follows, we implement macro-FE modeling directly in ANSYS

2009) for the problem of a square plate containing inclusions, which

s a rather simple exercise. Finally, the discretized FE model and the

mported macro-FE are coupled so as to satisfy the nodal compati-

ility and equilibrium conditions required for all active degrees-of-

reedom (DOF) along the inclusion-matrix contact surface.

. Verification study for the BEM

For our purposes, the available analytical and the majority of nu-

erical solutions up to now are for infinite domains. In order to ver-

fy the proposed BEM scheme developed for finite regions, the size of

he finite domain under consideration must be artificially extended

o infinity with respect to the heterogeneity size. In all test examples,

ither nano-cavities or a single nano-inclusion are embedded in a fi-

ite square matrix. In order to achieve the best possible accuracy with

he infinite plate solution, the solid matrix size is augmented to about

ne-hundred times the heterogeneity reference size.

.1. Nano-scale elliptic cavity and inclusion in a square matrix under a

tatic load

Consider a square matrix of size 100d containing either an ellip-

ic cavity or an inclusion with semi-axes a and b, with d = a + b and

/b = 1.5. The actual heterogeneity size is d = 6.10−9m for the case

f the cavity and d = 5.10−9m for the inclusion. The solid matrix is

n aluminium plate for the cavity case, with bulk elastic constants of

= 58.17 GPa, μ = 26.13 GPa . For the nano-inclusion case, we con-

ider a GaAs-InAs composite material with bulk Lame constant val-

es for the matrix (i.e., GaAs) of λM = 64.43 GPa , μM = 32.9 GPa and

ith λI = 50.66 GPa , μI = 19.0 GPa for the inclusion (i.e, InAs). The

xcitation frequency is low and equal to ω = 10−4 rad/s in order to

imulate quasi-static conditions. The surface stresses acting at the in-

erface boundary are modeled as a thin film with surface elastic prop-

rties λS and μS, while the relevant surface effects are quantified by

se of the material parameter K = 2μS + λS − τ 0. The special case
S
f τ 0 = 0 and KS = ±10 N/m are adopted in the present verification

tudy. The test examples used for comparison purposes were solved

nalytically by Tian (2006), who obtained a closed form analytical

olution for the elastic field around a nanoscale inhomogeneity in an

nfinite matrix under far-field loading by using the complex poten-

ial technique of Muskhelishvili. This benchmark solution is for an

nfinite elastic plane with either a single, nano-scale elliptical cav-

ty or an inclusion, under both far-field uniaxial σ∞
22 = σ0 and biaxial

∞
11

= σ∞
22

= σ0 loadings.

Moving on to the numerical implementation, the BEM used here

esh comprised 32 quadratic BE for the cavity perimeter and sim-

larly for the matrix-inclusion interface boundary, and 64 quadratic

E for the square matrix, with 16 BE per side. A comparison between

nalytical solution of Tian (2006) and current BEM results is shown

n Fig. 2(a) and (b) for the elliptic cavity, where the hoop stresses

long the cavity perimeter are depicted for both loading types. Next,

ig. 2(c) and (d) plot the hoop stresses at the elliptic inclusion inter-

ace, as viewed from both solid matrix and nano-inclusion sides. As

he analytical and numerical results are plotted concurrently for both

niaxial and biaxial far-field stress loadings, it is possible to observe

he excellent agreement between the present BEM results and the an-

lytical solutions. It is clarified here that the analytical results of Tian

2006) were directly reproduced from his own figures digitally and

ere not recomputed by the present authors.

.2. Nano scale circular cavity and inclusions in a finite domain under a

tatic load

In order to present a more quantitative comparison of current re-

ults with analytical ones, we consider the same square matrix as

efore, but now containing a circular cavity. A closed form solution

or an infinite, linear elastic plane with a single nanoscale cylindrical

ole is available in Grekov and Morozov (2012). The plane is under

far-field biaxial static stress load and the cavity has a fixed radius

f a0 = 1.10−9m. The surface stresses that develop around the cavity

oundary are modeled as a thin film with different values for the sur-

ace elasticity parameter KS (in N/m), keeping at the same time the

lastic properties of the surrounding elastic matrix fixed, i.e., λM =
8.17 GPa, μM = 26.13 GPa . Furthermore, plane strain conditions

re assumed to hold and the far-field load is t1 = σ0; t2 = v(1 − ν)σ0,

here v is the Poisson ratio of the matrix. Again the special case of
0 = 0 is used for verification purposes. Fig. 3 shows a comparison

etween the present BEM results and the analytical solution derived

n Grekov and Morozov (2012). More specifically, the plots present

he variation of the normalized stress ratio σϕϕ /σ 0 at a fixed point on

he cavity perimeter with polar angle π /2, versus surface parameter

S. Three different BEM meshes are considered: (a) 8 quadratic BE for

he cavity perimeter and 8 more BE for the square matrix edges; (b)

6 BE for each of these contours and (c) 32 BE for each of these con-

ours. Furthermore, for more detail Fig. 3(b) presents the logarithmic

base 10) relative error (RE) between the BEM results for the three

eshes and the analytical result, again versus surface parameter KS.

he relative error is defined as RE = 1 − σϕϕ(BEM)/σϕϕ(analytical).

e note that the source of numerical error in this example is also

ue to the fact that by using the BEM, we are trying to recover the

nalytical solution of an infinite domain by modeling a finite-size re-

ion. Furthermore, we reproduce static conditions indirectly by fixing

he elastodynamic fundamental solutions at an extremely low circu-

ar frequency value of ω = 10−4 rad/s. Despite these problems, the

ifference (as a percentage) between the BEM and the analytical so-

ution at the observer point with polar angle π /2 range from 0.65% for

he coarse mesh to 0.08% for the finer mesh, which is an acceptable

evel of accuracy.

The second verification example in this sub-section involves a fi-

ite metallic composite plate made of GaAs, containing two circu-

ar inclusions made of InAs with equal radii R, as shown in Fig. 4.
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The plate is subjected to uniform tension in the vertical direction.

The layout of the inhomogeneities in the finite domain is depicted in

Fig. 4(a), where we observe the inclusions located symmetrically in

the plate at a centre-to-centre distance of 2D, where D = 2R, L/R = 10

and H/R = 20. This test example was solved numerically by Tian

(2006), where the classical FEM was re-formulated so as to take into

account the surface stress effect, while at the same time a FEM-based

computer code was developed for numerical solution purposes. The
ariation of dimensionless hoop stresses along the inclusion-matrix

nterface at the right-side inclusion is now shown in Fig. 4(b) concur-

ently with the results of Tian (2006). These stresses are presented

rom both the matrix and the inclusion sides of the common inter-

ace, for two sub-cases: (i) an inclusion radius of R = 5 nm and a sur-

ace parameter value of KS = 10 N/m and (ii) R = 6 nm with KS =
10 N/m. Next, Fig. 4(c) and (d) depicts the variation of hoop stresses

ersus inhomogeneity radius in the matrix and right-side inclusion at
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wo polar locations corresponding to the equator (ϕ = 0, ϕ = π ). In

ll cases, the results obtained by Tian (2006) are plotted concurrently

ith our BEM solutions. Again, we see good agreement in all cases.

t is worth noting here that Tian (2006) observed that the stress dis-

ribution furnished by the FEM is unstable for negative values of KS

nd for inclusion radii smaller than 7 nm. This, however, was not ob-

erved in our BEM solution, which is stable for the entire range of

nm–40 nm for the inhomogeneity radius variation.

.3. Nano-scale circular cavity in a square elastic matrix under a

ynamic load

The final verification example is a comparison study between a

nite square domain containing a circular nano- cavity of radius a0,

nd the same nano-cavity in an infinite domain, both subjected to

ncident P-wave. This problem was originally solved analytically by

ang et al. (2006) using the displacement potential method and sub-

equently repeated for verification purposes by the present authors in

arvanova et al. (2015), where a BEM code was developed and used

or modeling nano-heterogeneities in an infinite domain. The finite

quare domain considered here is of size 100a0. The numerical solu-

ion is in terms of the scattered displacement field, while the total

isplacement and stress fields are obtained by superposition of their

espective scattered and incident field quantities. In order to ensure

hat no scattered displacements develop along the finite boundaries

f the solid matrix, a 5% material damping is introduced, as opposed

o Wang et al. (2006) solution.

The following notations are now introduced: (a) A dimension-

ess frequency parameter � = ω a0/CP , where CP is the phase ve-

ocity of the propagating P-wave; (b) a dimensionless parameter
= Ks/(2a0μ), with Ks previously defined and the shear modulus of

urrounding medium, which serves to characterize surface effects; (c)

dynamic stress concentration factor defined as DSCFP = |σϕϕ/σ0|,
here σ0 = −μ u0 C2

S
with CS = √

μ/ρ the shear wave velocity and

0 the unit amplitude of the incoming wave. The residual surface ten-

ion τ 0 induces an additional static deformation, which is neglected

n the present dynamic analysis. Finally, Poisson’s ratio for the elas-

ic medium is ν = 0.26. The BEM numerical results are plotted in

ig. 5(a) and (b), concurrently for both finite and infinite domains,

long with those given in Parvanova et al. (2015). More specifically,

he DSCF is plotted along the interface boundary at two different di-

ensionless frequency values of � = 0.2 and � = π , when the in-

ident P-wave is propagating in the positive Ox1 direction. The BEM

esh used now comprises 32 elements for the interface at the low

requency value � = 0.2 and 64 elements at the higher value � = π .

he same size of mesh is also used for the finite domain model’s outer

erimeter, but in this case the square domain is discretized with 64

E for both frequency values. In closing, we again observe the good

uality of our BEM results, as they are in agreement with those of

ang et al. (2006). Thus, all verification examples establish the cor-

ect BEM implementation at the nano-scale, which indirectly points

o a correct FEM formulation for the macro-FE construction.

. Comparison studies between BEM and FEM

The aim of this section is to establish the accuracy characteristics

f the two different numerical methods developed herein for hetero-

eneous solid domains of finite extent at the nano-scale, namely the

EM and the FEM. To that purpose, the surface effect is implemented

n the FEM ANSYS (2009) software by conversion of the Tsur matrix
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given in Section 4 into a single macro-FE, which is attached along

the contact inclusion-matrix interface. The FEM results are compared

with the ones obtained by already verified BEM software code in

Section 5. The advantage of using an FEM commercial software pack-

ages, as compared to our in-house BEM code, is that they allow for

solutions involving a solid finite matrix with anisotropic structure, or

any other composition that is available in the ANSYS (2009) advanced

element library.

6.1. Single nano-scale circular cavity in a square matrix under a

dynamic load

As a first numerical example, we consider a square plate with a

single circular cavity at its center under time harmonic tensile forces

of magnitude σ 0 applied in horizontal direction, see Fig. 6(a). The di-

ameter of the cavity is d = 2a0 and the size of the square plate is 10d.

As before, a dimensionless parameter which captures interface ef-

fects at the nanoscale is defined as s = KS/(2μMa0), where μM is the

shear modulus of the matrix material. In all simulations, the material

damping is set to 5% and Poisson’s ratio is 0.26. In order to avoid rigid

body motion, four edge nodes belonging to the axes of symmetry are

restrained. The difference in the results (as a percentage) that follow

is calculated with respect to the average BEM/FEM values, since both

are numerical methods and could be considered as having compara-

ble accuracy.

In the ensuing numerical simulations, the BEM mesh employed

comprises 64 BE, 32 for the cavity contour and 32 for the square ma-

trix with 8 BE per side. The FEM mesh is structured so as to have

32 quadratic, planar FE along the cavity contour, which results in 64

boundary nodes so as to use an identical form of the Tsur matrix in

both methods. The plate edges are discretized into 40 FE and finally

the entire mesh comprises 1876 quadratic, 8-noded plane FE (PLANE

82) augmented with the macro-FE. The results obtained by both nu-

merical techniques are plotted in Fig. 6(b)–(d), where the dimension-

less surface parameter value is fixed as s = 0.5, while the normal-

ized frequency of vibration is � = ω d/CP = 0.24. More specifically

Fig. 6(b) depicts the normalized hoop stresses |σϕϕ /σ 0| versus polar

angle ϕ, while Fig. 6(c) and (d) respectively plots the real and imag-

inary displacement components normalized as uiμM/a0σ0, i = 1, 2.

The percentage difference in the normalized displacement compo-

nents obtained by the BEM and FEM solutions ranges from 0.01 to

1.0% for most cases, but can reach up to 2% for low values at the

edges ϕ = 0 and ϕ = π . This percentage difference in the normal-

ized stresses is in the range 0.005–4.4%, and again the larger differ-

ences are observed when the stress values are low. In sum, the BEM

and FEM convergence rates are different. If separate comparisons are

made for two consecutive meshes as the discretization becomes finer,
nd at a fixed frequency value, then the differences observed in the

isplacements are less than 0.1% for both meshes.

Finally, a convergence study between the BEM and FEM results for

he circular nano-cavity is presented in Fig. 7. More specifically, the

ig. 7 sub-plots (a)–(c) present the percentage difference in the re-

ults obtained by the BEM and FEM separately and both BEM/FEM nu-

erical solutions. Five different BEM and FEM discretization schemes

re used along the cavity perimeter employing 8, 16, 32, 64 and

28 quadratic-type boundary and finite elements. A parallel mesh

efinement of the outer plate contour for each particular mesh has

lso been done, but for the purposes of the present comparison only

he number of elements along the perimeter is important, as it di-

ectly influences the displacement and stress field recovery along

he cavity contour. In more detail, Fig. 7(a) shows the fast rate of

onvergence between two successive meshes (e.g., 8 versus 16 BE,

hen, 16 versus 32, etc.) for the BEM solution, which is for the

bsolute values of the horizontal displacement component at po-

ar angle ϕ=0, the amplitude of the vertical displacement compo-

ent at ϕ = π /2 and the amplitudes of the hoop stresses at the

ame locations. A similar rate of convergence for the FEM solu-

ion is observed in Fig. 7(b). In quantitative terms, the differences

n the BEM horizontal and vertical displacements between the two

onsecutive meshes of 32 and 64 quadratic BE are both 0.03% ,

hile the same difference in the FEM displacements are 0.05% and

.03%. Fig. 7(c) shows the percentage differences (calculated with re-

pect to the averaged BEM/FEM numerical values) in the displace-

ents and stresses from each pair of identical meshes. In all these

ub-plots, the number of BE and FE used is plotted in logarithmic

cale.

The last three plots in Fig. 7 quantify the logarithmic (base

0) relative difference (RD) (not the error as these are not ana-

ytical results) for the BEM and FEM separately and in combina-

ion. More specifically, the relative difference is defined as RD = 1 −
p(BE)/p( f inest mesh), where p(BE) is either |u1|, |u2| or |σϕϕ /σ 0| for

he particular BEM mesh identified by the number of BE along the

avity perimeter, while p(finest mesh) is the analogous component

nder consideration recovered from the most detailed mesh avail-

ble (here 128 elements per cavity) insofar as analytical results are

ot available for this example, see Fig. 7(d). The same comparison for

he logarithmic (base 10) RD involving the FEM results is illustrated

n Fig. 7(e). Finally, Fig. 7(f) plots the aforementioned RD between

wo identical (in terms of elements used) BEM and FEM meshes. Here

he relative difference is defined as RD = 1 − p(FEM)/p(BEM) where

(FEM)and p(BEM) are the recovered |u1|, |u2| and |σϕϕ /σ 0| values. In

his last plot, the logarithmic (base 10) RD can be shown to be equiv-

lent to the number of significant digits in either the BEM or FEM

olutions.
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.2. Single nano-scale circular inclusion in a square matrix under a

ynamic load

The second numerical example is for a single circular inclusion in

square plate, see Fig. 8(a). The geometrical dimensions and load-

ng are the same as in Example 6.1. The stiffness ratio of inclu-

ion to matrix material is μI/μM = 0.2 and their respective densi-

ies yield a frequency ratio of�I/�M = 3.0, where �I = ω d/CP,I and

M = ω d/CP,M , with CP, I and CP, M the phase velocities of the P-wave

ropagating in the inclusion and in the matrix medium. Poisson’s ra-

io is the same for both inclusion and matrix, equal to ν = 0.26.

The same discretization strategy as in Example 6.1 is used here,

ringing the total to 2021 PLANE 82 FE in the model (plus the macro-

E and the inclusion domain). Note that the BEM mesh remains the

ame as in Example 6.1, as only surfaces are modeled. The results ob-

ained by both BEM and FEM are now depicted in Fig. 8. More specif-

cally, Fig. 8(b) plots the dimensionless hoop stresses at inclusion-

atrix interface for a fixed surface parameter value of s = 0.5 and at

normalized frequency�M = ω d/CP,M = 0.24. Furthermore, Fig. 8(c)

nd (d) plots the horizontal and vertical displacement components

long the inclusion-matrix interface, normalized by the matrix stiff-

ess as uiμM/a0σ0; i = 1, 2. As before, excellent agreement between

oth solutions is observed, with the percentage error stemming from

ifferences in the kinematic and in the stress field response being

maller than before for the cavity model.

.3. Three nano-scale circular cavities or inclusions in a square matrix

nder a dynamic load

We now consider three circular cavities or inclusions embedded in

square solid matrix, as shown in Fig. 9(a). The aim here is to evalu-

te results obtained by both methods when multiple heterogeneities

re embedded in the matrix, leading to interaction phenomena
etween them. The material properties, surface effect parameter and

imensionless frequency are the same as those used in Examples 6.1

nd 6.2. In terms of discretization, the BEM mesh comprises 128 BE,

2 per each cavity contour and 32 for the plate perimeter. The corre-

ponding FEM mesh comprises of 2100 quadratic FE when three cir-

ular cavities are present and 5479 quadratic FE when three circular

nclusions are present. Next, in order to achieve plotting accuracy in

he hoop stresses plotted in Fig. 10 when inclusions are present in the

quare matrix, the FEM mesh needs to be much finer than the corre-

ponding BEM mesh. More specifically, the BEM model comprises 32

uadratic BE resulting in 64 nodal points at a single inclusion-matrix

nterface (as was the case for a cavity), while the FEM model for the

ame interface is modeled by 64 quadratic FE resulting in 128 nodes,

hich is double the refinement.

The normalized hoop stresses along the central and left cavity

erimeters are presented in Fig. 9(b). Also, the normalized displace-

ent amplitudes |ui|μM/a0σ 0 in the case of cavities are depicted in

ig. 9(c) and (d). The normalized hoop stresses for the central and left

nclusion-matrix interfaces, as viewed from the matrix and inclusion

ides, are depicted in Fig. 10(a) and (b), respectively. Finally, Fig. 10(c)

nd (d) plots the normalized displacement amplitudes |ui|μM/a0σ 0

or the central and left contact interfaces, respectively. We observe

xcellent agreement in the response furnished by both numerical

ethods for this complex problem. In sum, the percentage differ-

nces are of the same order as already reported in Example 6.1, reach-

ng a maximum deviation of 1% in the displacements and of 5% in the

tresses.

.4. Single elliptic nano-scale cavity in a square matrix under a

ynamic load

The last example in this section is for a nano-scale elliptic cavity in

square plate. We consider a relatively sharp ellipse with semi-axes



10 S.L. Parvanova et al. / International Journal of Solids and Structures 80 (2016) 1–18

0

2

4

6

8

10

12

14

8 16 32 64 128

0

2

4

6

8

10

12

14

16

8 16 32 64

0

1

2

3

4

5

6

8 16 32 64

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

8 16 32 64 128

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

8 16 32 64

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

8 16 32 64

-lo
g 1

0(|
RD

|)
-lo

g 1
0(|

RD
|)

-lo
g 1

0(|
RD

|)

Quadratic BE(FE) along cavity contour

Quadratic FE along cavity contour

Quadratic BE along cavity contour

Quadratic FE along cavity contour

Quadratic BE along cavity contour

Pe
rc

en
ta

ge
 d

iff
er

en
ce

s
Pe

rc
en

ta
ge

 d
iff

er
en

ce
s

Pe
rc

en
ta

ge
 d

iff
er

en
ce

s

Quadratic BE(FE) along cavity contour

/16 /32 /64 /128

/16 /32 /64 /128

a d

b e

c f

Fig. 7. Mesh convergence study between the BEM and FEM displacements and stresses for the case of a single circular nanocavity in a finite plate: (a)–(c) difference (as %) and

(d)–(f) logarithmic difference, both versus cavity perimeter discretization.

f

c

F

m

p

A

i

a

o

7

a

a

t

h

dimensions a and b, with d = a + b and a semi-axes ratio of a/b = 3.

The size of the square plate is 20d, see Fig. 11(a), while the dimen-

sionless parameter which captures interface effects at the nanoscale

now is defined as s = KS/(μMd). In this example, the surface parame-

ter value is relatively high, set to s = 1, and the normalized frequency

is � = ω d/CP = 0.12.

We note that the numerical accuracy level in the case of circu-

lar and elliptical nano-inhomogeneities, accounting for surface ef-

fects, is not the same and depends on the semi-axes ratio. The larger

this ratio becomes, the more BE are needed in the model discretiza-

tion. In order to verify the BEM accuracy and to find an optimal dis-

cretization scheme, several BEM solutions are tried involving 32, 64

and 128 BE for the elliptic cavity interface. Although the results ob-

tained by numerical models with 64 and 128 BE along the cavity

perimeter are practically identical, those obtained with 32 BE give

different hoop stress distributions at the sharp edge of the ellipse.

A similar picture is observed in the horizontal displacement compo-

nents at the sharp edge, but there the discrepancies are minor, while
or the stresses they are significant. As far as the FEM model is con-

erned, the cavity perimeter is discretized using 128 quadratic planar

E, which results in 256 nodal points and 5739 elements for the whole

odel.

In terms of results, the normalized hoop stresses along the cavity

erimeter, as obtained by both BEM and FEM, are plotted in Fig. 11(b).

lso, the normalized displacement amplitudes |ui|μM/dσ 0 at the cav-

ty interface are depicted in Fig. 11(c). As with the previous examples,

n excellent level of agreement is reached for the numerical results

btained by both methods.

. Parametric studies

This final section collects numerical results from a series test ex-

mples involving multiple nano-cavities and nano-inclusions within

finite, elastic matrix in order to quantify DSCF dependence to

he following key factors: (a) type, size and shape of the nano-

eterogeneity; (b) ratio of the material bulk properties of the solid
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atrix to those of the nano-inclusions; (c) surface properties, as

uantified by the interfacial material constants; (d) dynamic interac-

ions between multiple nano-heterogeneities, including the external

oundary of the elastic matrix, and (e) frequency content of the time-

armonic loads.

.1. Circular cavities or inclusions in a finite square matrix

We consider the reference case where the solid matrix is a square

late under time-harmonic tensile forces of magnitude σ 0 applied at

he vertical sides. Fig. 12 shows the four basic configurations (Models

, B, C, D) involving one, three and five nano-heterogeneities. These

eterogeneities are either circular cavities or inclusions of radius a0.

he size of the square plate is 10d, with d the heterogeneity diam-

ter. As before, the dimensionless parameter which captures inter-

ace effects at the nanoscale is defined as s = KS/μMd, where μM is

he shear modulus of the matrix material. When the heterogeneity

s an inclusion, then the stiffness ratio of the two material phases is

I/μM = 0.2 and their respective densities correspond to a frequency

atio of �I/�M = 3.0. In all simulations, the material damping is set

o 5% and Poisson’s ratio is 0.26 for both phases. In terms of boundary

iscretization, the BEM meshes used to model the perimeter of any

iven heterogeneity comprise 32 quadratic BE resulting in 64 nodal

oints. The outer perimeter of the plate is modeled by 32 BE of equal

ength, arranged as 8 BE along each side.

The normalized hoop stresses spectra plotted in Fig. 13 are the

SCF defined as |σϕϕ /σ 0| at a key point with polar angle ϕ = π/2 at

he central cavity perimeter. The results for all numerical models A–

are presented, while four different values of the surface parameter
re considered, namely s = 0; 0.1; 0.5; 1.0. The problem is solved

or a normalized frequency range going up to �M = 1, divided into

0 equal frequency increments. For clarity, the plots are presented up

o �M = 0.8. In addition, the results obtained by FEM using ANSYS

2009) software are also depicted in Fig. 13(a) for the case of a single

ircular cavity and normalized surface parameter s = 0.5. As before,

EM-FEM comparisons at a fixed frequency yield an excellent match,

nd this agreement is repeated here across the entire frequency range

f interest.

Next, the DSCF for the multiple inclusions in the square matrix,

rranged in the A–D pattern, are plotted in Fig. 14. The key point is

ocated on the central inclusion interface with polar angle ϕ = π/2,

hile the hoop stresses shown are those appearing on the matrix side

f the interface. As expected, the DSCF values recorded for circular

nclusions are smaller compared to those recorded for cavities. The

trongest amplification in the DSCF is observed at the (dimensionless)

requency range 0.20 < �M < 0.24 for all models and for all surface

arameter values. By increasing the number of heterogeneities, espe-

ially in case of cavities, we observe a shift of the first DSCF peak to

he left (lower values) of this frequency range. This is so because the

educed stiffness in the composite plate leads to a lower fundamental

requency values.

Regarding the interaction effect between multiple nanohetero-

eneities, as manifested by their number and configuration, the fol-

owing general conclusions can now be drawn: (a) there is strong in-

uence of the surface elasticity effects when comparing DSCF results

or different values of surface elasticity parameter s. In fact, as sur-

ace effects become more pronounced, DSCF values drop, indicating

hat surface elasticity adds extra strength to the interface itself; (b)
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a vertical arrangement of cavities (Model C) for this particular orien-

tation of the externally applied stress field is of minor consequence,

as computed DSCF values are close to those computed for the single

cavity case; (c) conversely, a horizontal cavity arrangement leads to

a reduction in the DSCF values as compared again to the single het-

erogeneity, indicating a ’shielding’ effect produced by the outer two

cavities; (d) when we have solid inclusions, the DSCF does not change

very much for the central single inclusion, irrespective of the remain-

ing inclusion arrangement; (e) the five cavity arrangement of Model

D, cause considerable amplification in the DSCF at the central cav-

ity of about 50% as compared to the single cavity case of Model A;

This amplification is less pronounced (about 25%) when the hetero-

geneities are solid inclusions, cavities. More specifically, these DSCF

amplification effects observed between Models A and D in the case

of cavities ranges from 35% for s = 0 to 41% when s = 0.5. In the case

of inclusions, the same differences drop to 31% and 9% for s = 0 and

s = 0.5, respectively. Furthermore, the DSCF reduction observed be-

tween Models A and B is 41% and 28% for s = 0 and s = 0.5, respec-

tively, when the heterogeneities are cavities. Finally, the multiple in-

clusion de-amplification effect that is caused to the central inclusion

is about 11% when s = 0, while for s = 0.5 a small amplification of 1.7%

is observed.

The next series of plots shown in Figs. 15 and 16 are for the nor-

malized DSCF distribution along the central heterogeneity perime-

ter at a fixed frequency value. More specifically, Fig. 15 depicts the

normalized DSCF along the central cavity perimeter for all previously

considered values of the surface parameter s and for the four cav-

ity configurations depicted as Models A–D. The same set of results,

but for inclusions in lieu of cavities are presented in Fig. 16. The nor-
alized frequency for the case of inclusions is defined as � = �M,

hile the numerical value selected in all plots corresponds to the first

eak in the DSCF, as reported in Figs. 13 and 14. The stress distribu-

ion along the entire interface allows for a better assessment of the

nteraction effects between the cavities or the inclusions. Although

he horizontal cavity arrangement of Model B leads to a reduction in

he DSCF value at polar angleϕ = π/2, an amplification is observed

t the equator (ϕ = 0 and ϕ = π ) due to the presence of neighbour-

ng cavities close to these points, see Fig. 15(b). Moreover the influ-

nce of the surface parameter s is not as straightforward as it is for

he single cavity case in Fig. 15(a). For s = 0.1, both amplification and

e-amplification effects are manifested along the cavity perimeter in

ig. 15(b) as compare to the absence of surface effect (s = 0), which

ndicates that strong molecular surface action overrides the classical

echanical effects observed at the macro-scale.

.2. Elliptical cavities in a finite square matrix

The aim of this final sequence of numerical simulations is to ex-

mine the influence of the cavity shape on the DSCF. The square ma-

rix domain now contains elliptical, horizontally or vertically elon-

ated cavities arranged in the same geometrical configuration as be-

ore and involving one, three (row or column), and five cavities. The

emi-axes are chosen so that a + b = d and their ratio is a/b = 2 for

orizontally elongated and a/b = 0.5 for vertically elongated cavities,

espectively (see Figs. 17 and 18). The centre-to-centre distance be-

ween ellipses is 1.5d, as was shown in Fig. 12 and the size of the

quare plate is 10d. The square plate itself is subjected to uniaxial ten-

ion in the horizontal direction, as in all previous simulations. The
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dimensionless parameter which captures interface effects at the

nano-scale, namely s = KS/(μMd) is set equal to s = 0.5.

More specifically, the normalized DSCF for the central cavity and

the four aforementioned configurations is plotted versus normalized

frequency at observer points with polar angles ϕ = π /2 and ϕ = 0

along the perimeter in order to cover the behaviour of sharpest edge

and the smoothest part of the cavity. As previously mentioned, re-

sults associated with the horizontally elongated ellipses are plotted

in Fig. 17 and those for the vertically elongated in Fig. 18. The sub-

plots of Figs. 17(a) and 18(a) give the frequency variation of the DSCF

for an observation point located at polar angle for ϕ = π /2, while

Figs. 17(b) and 18(b) are similar plots for observation point with po-

lar angle ϕ = 0. Finally, Figs. 17(c) and 18(c) are the polar distributions

of normalized hoop stresses, for horizontally and vertically elongated
llipses respectively, along the central cavity perimeter for a fixed

requency value corresponding to the first peak of the immediately

revious frequency plots. All results point to a strong interaction ef-

ect between the elliptical cavities, irrespective of their orientation.

lso, for a tension field in the horizontal direction of the solid ma-

rix, it is the horizontally arranged elliptic cavities that consistently

roduce higher DSCF values, but the critical frequencies of vibration

re roughly two, namely � ∼ 0.25 and � ∼ 0.35. In terms of the

patial distribution of the DSCF, the critical point is the apex (sharp

dge) of the cavity, a conclusion that is expected. What is somewhat

urprising, however, is that the presence of multiple cavities in the

icinity of the centrally-placed one, cause both amplification and de-

mplification effects, depending on their number and their geometric

rientation.
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. Conclusions

In this work, we present two computational tools for the solu-

ion of 2D elastodynamic problems involving a finite-sized elastic

atrix at the nano-scale containing multiple heterogeneities of arbi-

rary type, shape, size, number and geometrical configuration. More

pecifically, these tools are based on frequency-dependent BEM and

EM formulations. The former is a complete formulation, while in the

atter case we develop a macro-finite element which is implemented

ithin the ANSYS (2009) software package. In both cases, due con-

ideration is given to the surface elasticity effect, as expressed by

on-classical boundary conditions proposed in the surface elasticity

heory of Gurtin and Murdoch (1975). These two numerical schemes

ere first verified, then compared to each other and finally used for

umerical parametric studies. The numerical results produced serve

o quantify the non-uniform stress distribution in the solid matrix

nd the zones of pronounced dynamic stress concentration around

he cavity/inclusion perimeters.

The basic conclusion that can be drawn from the numerical sim-

lations is that dynamic stress concentration phenomena at the

echanical nanoscale are sensitive to a number of key factors (or

roblem parameters), namely: (a) The type of heterogeneities (be it

cavity or a solid inclusion), (b) their size (macro or nano scales),

c) the interface material parameter values, (d) the shape, num-

er and configuration of the heterogeneities embedded in the elas-

ic solid matrix, (e) the type of dynamic interaction which devel-

ps between the heterogeneities themselves and the perimeter of

he bounded solid matrix and finally (f) the type of applied exter-

al loads. Of course, it is necessary to have available the range of nu-

erical values for the mechanical properties of heterogeneous nano-

omposite materials, which are either provided by the manufacturer

r made available following material testing by specialized labora-
ories. In sum, the present combination of classical elastodynamic

heory with non-classical boundary conditions within the framework

f Gurtin–Murdoch surface elasticity theory, has the potential to (a)

uantify size effects at the nano-scale, (b) help optimize the design of

anocomposites and (c) to maximize their performance under oper-

ting conditions.
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