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This work addresses the elastodynamic problem for a finite-sized, elastic solid matrix containing multiple
nano-heterogeneities of arbitrary shape, number and geometric configuration. The problem is formulated
under plane strain conditions, and time-harmonic motions are assumed to hold. The aim is to evaluate the
non-uniform stress and strain fields that develop in the solid matrix and to identify zones of dynamic stress
concentration for the case of dynamic loads applied along the matrix boundary. The mechanical model used
here is based on a combination of classical elastodynamic theory for the bulk solid under non-classical bound-
ary conditions, supplemented with a localized constitutive equation for the solid-inclusion interface in the
framework of the Gurtin-Murdoch theory of surface elasticity. As computational tools we use (a) the 2D
boundary element method (BEM) with frequency-dependent fundamental solutions for the bulk solid and
(b) the finite element method (FEM) software package ANSYS augmented by a macro-finite element for rep-
resenting surface effects on the contour of the nano-inclusions. At first, accuracy of the numerical solutions
obtained for the dynamic stress concentration factor (DSCF) and for the diffracted displacement wave field
is satisfactorily established. Next, comparison studies are conducted to gauge the BEM and FEM separately.
These are followed by extensive numerical simulations that show that both BEM and FEM are able to capture
the dependence of the diffracted wave field and of the DSCF on the type of the inclusions, their overall con-
figuration and the nature of applied dynamic loads. It is concluded that the interaction effect between the

nano-heterogeneities and the external perimeter of the bounded solid matrix is of paramount importance.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Wave propagation in homogeneous elastic continua is a well-
known phenomenon and the numerical modeling effort involves so-
lution of hyperbolic partial differential equations. The situation be-
comes far more complicated if the medium is heterogeneous, see
Berezovski (2010). Elastic wave propagation through naturally oc-
curring or man-made heterogeneous materials has attracted the
attention of researchers from branches of science as diverse as seis-
mology, material science, fracture mechanics, computational me-
chanics, etc. Another difficulty is that discontinuities such as cracks,
cavities and inclusions complicate the overall picture by acting as
scatterers and stress concentrators, thus causing reflection, refrac-
tion, diffraction and scattering phenomena that are not easy to quan-
tify. In elastodynamics, the motion of waves in bounded solids is
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governed by the conservation law for linear momentum, the consti-
tutive and kinematic relations, all complemented by initial as well
as boundary continuity conditions along the solid boundaries, see
Achenbach (1973). Computational tools available for solution of these
problems within the frame of classical elastodynamics are as fol-
lows: (a) analytical and semi-analytical techniques dealing with reg-
ular geometries and employing wave function expansion methods
(Kratochvil and Becker (2012), Li (2004), Pao and Mow (1971)), ray
techniques (Babich (1956), Pao and Gajewski (1977)), complex func-
tion methods (Liu et al. (1982), Yang et al. (2015)), integral equa-
tion methods (Bostrom (2003), Lu and Hanyga (2004), Ayatollahi et
al. (2009)), matrix methods including reflectivity methods and gen-
eralized coefficient techniques (Kennett (1983)), and finally mode
matching techniques (Fah (1992), Panza et al. (2009)); (b) numeri-
cal techniques based on direct time and space discretization of the
elastodynamic equations which lead to finite difference methods
(Boore (1972), Kristek and Moczo (2003)) and finite element methods
(Komatitsch et al. (2010), Nakasone et al. (2000), Santare et al. (2003),
Wolf and Song (1996), Wolf (2003), Zhang and Katsube (1995)).
The alternative use of integral representations based on reciprocity
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theorems and the concurrent introduction of fundamental solu-
tions of the governing differential equations leads to mesh reduc-
ing boundary element methods (Dominguez (1993), Dravinski and Yu
(2011), Kausel (2006), Kobayashi (1983), Manolis and Beskos (1988),
Manolis and Dineva (2015), Parvanova et al. (2013, 2014), Valeva and
Ivanova (1998)); (c) hybrid techniques that combine the previously
mentioned techniques in various ways (Dineva et al. (2012), Gatmiri
and Arson (2008), Gatmiri et al. (2008), Manolis et al. (2015), Manolis
and Dineva (2015), Mogilevskaya and Crouch (2001, 2002)).

During the last few years it has been recognized that the proper-
ties of a given material might not be primarily controlled by its chem-
ical composition, but rather by its microstructure and more so by size
ranging from nanometers to micrometers. The widely discussed in
the literature size effect cannot be described by models in the frame-
work of continuum mechanics and this demands the development
of alternative models and of high-performance computational tools.
When the characteristic cross-sectional dimension of a solid is in mi-
crons, the ratio of surface area to volume becomes an important pa-
rameter and the solid is strongly influenced by surface characteris-
tics. These lead to distinct mechanical properties as compared with
their bulk solid counterparts. With the rapid development of nano-
mechanical systems, size-dependent phenomena in the wave fields
that develop in nanostructures with defects such as holes and in-
clusions are insufficiently understood and need further study. More
specifically, variations in the surface energy in nanostructures are
caused by relaxation of bonds between the surface atoms and this
lead to formation of surface residual stress, which is something that
does not happen inside the solid core. This behavior is a surface stress
effect and is described in the surface elasticity model introduced
by Gurtin and Murdoch (1975). It has been determined that surface
stress is a summation of surface residual stress and surface elastic-
ity. In Gurtin and Murdoch (1975), the interfaces between the nano-
inhomogeneity and the matrix are regarded as 'thin’ material surfaces
that possess their own mechanical properties and surface tension.
Furthermore, non-classical boundary conditions are derived for the
tractions along an interface expressing a stress jump as we move from
matrix to inclusion, due to the presence of surface stress related to
the deformation-dependent surface energy. We note in passing that
if the defects present in a material at the nanoscale are cracks, even
more advanced mechanical theories must be used as surface effects
will surely change the crack tip singularity values, see Sendova and
Walton (2010).

A brief literature review for in-plane wave motion in heteroge-
neous nano-solids described by the Gurtin-Murdoch model points to
the following: (a) most computational techniques used are actually
analytical methods, and use of the boundary element method (BEM),
which is most efficient for problems with low surface to volume
ratios, is mostly absent (see Parvanova et al. 2015) for unbounded
solids), except for static solutions. Also, the finite element method
(FEM) is used to evaluate the contribution of surface stress to the to-
tal potential energy (see Wang et al. 2010) and the Gurtin-Murdoch
surface stress model is implemented in commercial program ANSYS
(2009) through its user programmable features. (b) There are no re-
sults for solution of in-plane wave diffraction problems in bounded
heterogeneous solids at nanoscale; (c¢) in-plane diffraction of time-
harmonic P- and SV- waves by nano-holes and nano-inclusions in un-
bounded solids were studied analytically in Ru et al. (2009), Wang
et al. (2006), Wang (2009), and Zhang et al. (2011). More specifi-
cally, the wave function expansion method was used to derive an-
alytical expressions for diffracted wave fields in the infinite elastic,
isotropic plane with two circular holes in Wang (2009). Next, Wang
et al. (2006) considered the diffraction of planar P- waves by a nano-
sized circular hole using wave function expansion method. The same
method was applied in Zhang and Katsube (1995) to study the diffrac-
tion of elastic waves by an array of cylindrical holes, including the ef-
fects of surface elasticity. The diffractions of planar P- and SV- waves

by a cylindrical nano-cavity and nano-inclusion were investigated in
Ru et al. (2009). Finally, Fang et al. (2010) analytically evaluated the
presence of surfaces/interfaces on the dynamic stress around single
circular hole, a single circular inclusion and two interacting circular
nano-inclusions in an infinite matrix under P-waves.

A systematic study of the dynamic response of a finite elastic,
isotropic solid with multiple heterogeneities at the nano-scale, which
act both as wave scatterers and stress concentrators, seems neces-
sary. To the authors’ knowledge, the majority of current results in the
field are for unbounded solids under static loads. In this respect, we
believe that new results that take into account the interaction effect
between the multiple inclusions and the external perimeter of the
solid matrix at the nano-scale is both interesting and important. The
present work is an effort in this direction and can be viewed as a con-
tinuation of our previous work (Parvanova et al. 2015) on the BEM
modeling of wave scattering phenomena in an infinite elastic plane.
Thus, we present new results for the interaction effect between the
multiple nano-inclusions and the external perimeter of the elastic
matrix.

More specifically, we focus on the 2D, time-harmonic elastody-
namic problem for a finite, isotropic elastic solid at the nano-scale
containing multiple heterogeneities of arbitrary configuration. To
this purpose, we develop, verify and use for numerical simulations
the following computational tools: (i) A BEM with 2D frequency-
dependent fundamental solutions for the bulk solid; (ii) an FEM im-
plementing of the surface effect on the contour of the nano-inclusion
as one macro-finite element in the ANSYS (2009) software package.
The paper is organized as follows: (a) we start with the formulation of
the 2D elastodynamic problem for a finite, elastic and isotropic solid
matrix with heterogeneous structure at the nano-scale solid under
time-harmonic waves in Section 2; (b) we continue with a BEM re-
formulation at all interfaces to include surface effects in Section 3;
(c) the FEM formulation and solution is developed in Section 4; (d)
verification studies follow in Section 5 for the proposed numerical
scheme; (e) comparison studies between the BEM and FEM follow in
Section 6; (f) extensive parametric studies are conducted in Section 7
to investigate the effect of size-dependent effects in the solid matrix
and finally (g) Section 8 lists the conclusions of the present study.

2. Problem statement

Consider wave motion in the plane x3 = 0 for a Cartesian coordi-
nate system O-x1x,X3, where a finite-sized, elastic and isotropic solid
with boundary I is subjected to time-harmonic loads with frequency
w, see Fig. 1. The solid matrix contains multiple nano-inclusions with
boundaries I'!" or nano-cavities I'};, where n = 1, 2,..., N, of arbi-
trary shape, number, size and configuration. We assume that hetero-
geneities do not intersect and we denote their total surfaces as I'} =
UN_; I'7 and T'y = UY_; TL. The total boundary is then S=T UTy
in the case of cavities (or holes) and S = I' U T} in the case of inclu-
sions. The material properties (Lamé constants and density) are de-
noted as Ay, ey, o for the solid matrix and A; p,, i p, o1 n for the nth
inclusion. Furthermore, the displacement vector u;(x1, Xo, @), (where
i,j =1,2), the stresses o j(x1, X, @) and the corresponding traction
Vector (X1, X3, w) = 0jj(X1, X2, w)nj, (n; is the outward pointing unit
normal vector) all satisfy the equations of motion in the bulk solid. In
the absence of body forces, these are:

Oiji + pwu; =0 (M
where
Clu (matrix)

]

ILn, In : : ’
Cijkluk,l(n — thinclusion)

Ujj =

0
Gija = A8ij0 + 1 (Budji + 8udji). p = {,OM -

I,n



S.L. Parvanova et al./ International Journal of Solids and Structures 80 (2016) 1-18 3

_ ot
Oy =0, €

Lt 1

t t t trt

_ ot
0y, =0y,€

DL

(n)
—>

I

EREEEEEEE

g solid boundary I

0, =0, " [«
1 o1 /7.1717, ;ul,m p[,n
|—
. . . n
inclusion boundary I'}
|—
nll n
hole boundary I'},
] S
— ty =
X T
A
! . lM’ Hrs Py
x5 .ot —rx —

L v v

vy v v v vy

_ ot
Oy =0pC

Fig. 1. Nano-cavities and nano-inclusions in a finite solid elastic matrix: problem layout.

In the above, comma subscripts denote partial differentiation with re-
spect to the spatial coordinates and the summation convention over
repeated indices is implied.

Following the surface elasticity theory of Gurtin and Murdoch
(1975), the nth interface between a nano-inclusion and its surround-
ing elastic matrix is regarded as a thin material film with its own me-
chanical properties A>", 45" and surface tension % ". More specif-
ically, %" is the residual surface tension under unstrained condi-
tion that will induce additional static deformation, which in dynamic
analysis is usually ignored. We assume that all inclusion surfaces have
the same material properties, denoted by AS, 4%, 0. The constitutive
equation along any interface FIM between the solid matrix and the
corresponding inclusion is

osur — .L.O + (ZMS + XS)gsur (3)

In the above, o and &' are the stress and the corresponding strain
along the interface F;"’. respectively. Next, the boundary conditions
along F}‘/’ are as follows, see Dong and Pan (2011):

(a) Continuity of the displacement vector along any interface as
seen from the side of the inclusion uf and from the side of the
surrounding matrix ug"’ in the Ox;x,x3 coordinate system:

u=ufl =u;i=1,2 (4)

—~
o
g

Interface equilibrium conditions along the arc length s, i.e., on
the undeformed interface s = F}V’ written in terms of the lo-
cal normal and tangential (n, t) coordinates defined along s.
These lead to the following relation between tractions along
any interface coming from the side of the heterogeneity ti’ and
from the side of the surrounding matrix t}"’, see Parvanova
etal. (2015):

th+tM u
{ | =R (5)
6+t K 24,
Matrix T?{“r and vector ﬁ{“r related with the kth node of the inter-
face under consideration are derived as follows:

ur __ _@ n
ol At}

n. —-m
sur __
k
a 002
(_ ()’ +r 352)
ap

—a 9 o s 9 92 7°
(( ps 05 (p)* 05 ) Mz 35) ( s* (ps>2) k

« nq le] (7)
|:—n2 P

In the above, ny = n} = —nM; n, = n, = —nd! are the components of
the normal vector as viewed from either side of an interface and
ps is the curvature radius for the corresponding interface s. As far
as assigning numerical values to the surface constants for single-
crystalline materials is concerned, these have been determined by
either atomic simulations (Miller and Shenoy 2000; Shenoy 2002)
or elaborate experiments (Jing et al. 2006). These results indicated
that these surface constants depend on the material type and on the
surface crystal orientation. Thus, a surface modulus that best cap-
tures interface effects at the nanoscale has been defined as @ = Ks =
2u° + A% in the papers by Dong and Pan (2011), Tian (2006), Tian
and Rajapakse (2007), Ru et al. (2009), Wang et al. (2006) and Wang
(2009). In the last two papers, a dimensionless parameter denoted
as s = Kg/2jua, where a is the radius of the nanoinclusion and pu is
the shear modulus of the bulk solid, is further used in the numeri-
cal simulations. The presence of a macroscopic inclusion with a large
value of a leads to s < <1.0, which implies that surface effects can
be neglected. However, when the radius of the inclusion shrinks to
the nanoscale, s becomes noticeable and surface effect should be
considered in analysis. For real nano-materials, the value of Ks is in
the neighborhood of + 10N/m, and negative values are also possible
based on atomistic calculations (see Tian and Rajapakse 2007; Miller
and Shenoy 2000).

In sum, the boundary-value problem (BVP) formulated above
must satisfy the governing equations, Eq. (1), plus the continuity
(or essential) boundary conditions of Eq. (4) and the equilibrium (or
natural) boundary conditions of Eq. (5) along each interface F,M be-
tween a particular inclusion and the surrounding matrix. Note that
if the membrane interface parameters 1% = 0, AS = ° = 0, then the
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boundary condition of Eq. (5) transforms into the classical equilib-
rium condition for the traction vector. The aim now is to determine
the dynamic stress-strain field at any point of the finite solid and the
dynamic stress concentration factor (DSCF) along the perimeter of a
nano-inclusion and a nano-cavity.

3. BEM formulation and solution

The BVP defined above can be reformulated (see Manolis and
Beskos 1988) using a set of integral equations along the boundary
S based on the Betti’s reciprocity theorem, plus a set of frequency-
dependent fundamental solutions for in-plane wave motion as fol-
lows:

¢t (%, @) = /s Uj (%, Y. )t (Y. 0)dS(y)
_ /sp;;(x, V. );(y, 0)dS(y). X € S 8)

In the above, ¢;; are jump terms dependent on the local surface geom-
etry at collocation point X(xq, x;), while U}; is the displacement fun-
damental solution of Eq. (1) and P = C,-jq,U;kJnk is the corresponding
traction fundamental solution. These surface integrals are either reg-
ular or singular, depending on whether or not the radial distance r
between the source y and the receiver x points is zero. In the latter
case, the displacement-based kernels exhibit a weak singularity of O
(In r), while the traction-based kernels exhibit a strong singularity of
0 (1/r). Both regular surface integrals and those with weak singularity
are computed using appropriate quadrature rules, while the strongly
singular ones are evaluated by the rigid body motion concept. Finally,
the displacements and stresses at any point inside the solid can be
obtained from the well-known integral representation formulas, af-
ter the solution to Eq. (8) has been obtained.

Numerical solution of the system of the boundary integral equa-
tions (BIE) generated for all inclusions plus their surrounding finite
solid matrix follows standard procedure, in the sense that all bound-
aries of the problem in question (in our case all interfaces F}‘f’j,j =1,
2,...,N and the finite-sized solid with boundary I") are discretized us-
ing quadratic boundary elements (BE). Following a standard nodal
collocation procedure, we get a system of linear algebraic equations
in the form Gt = Hu, where G and H are global influence matrices, t
and u are traction and displacement vectors at the nodal points. To
this end, our BIE formulation is enhanced by sub-structuring capabil-
ities, whereby it is possible to model inclusions plus the surround-
ing elastic matrix separately as if they were independently-occurring
structures. The solution of the complete BVP is accomplished by en-
forcing displacement compatibility and traction equilibrium across
all common boundaries.

In order to establish the nontrivial boundary conditions at any in-
terface when we move to the nanoscale, a global T" matrix for each
particular inclusion-matrix interface is defined. This matrix is com-
posed by the individual nodal T} matrices for the kth node of the
model defined by Eq. (7). Numerical evaluation of the Ts%" matrix re-
quires a more accurate approximation of the geometry and field vari-
ables at the nodal points so as to establish the relation between nodal
tractions t and nodal displacements u in accordance with the nontriv-
ial boundary conditions. This approximation, however, is not depen-
dent on the original contour discretization which produced the BIE
system matrices. In other words, standard BEM implementation can
be realized with constant, linear or quadratic BE, but for the T¥" ma-
trix evaluation we need a higher approximation of the geometry at
the interfaces in order to accommodate the order of spatial deriva-
tives required in Eq. (7). For that purpose we introduce a quartic (i.e.,
five-node) BE for approximation of the geometry, the displacements
and the tractions at the interfaces. It is now possible to keep the same
number of nodal points when modeling a closed surface, but when

the nodal collocation technique commences, each source (i.e., cen-
tral) node interfaces with the two advancing as well as with the two
receding nodes, yielding spatial derivatives continuous to the fourth
degree. This process is repeated until all nodes have been covered.
The polynomial shape functions used for the quartic interface BE, as
well as more details, are given in Parvanova et al. (2015).

4. FEM formulation and solution

In here, we apply the FEM for solving the above problem that re-
quires a precise rendering of the surface effects along the contour
of the nano-inclusions or the nano-cavities. In this work, we use the
commercial software ANSYS (2009). This FEM environment does not
have special type of elements for dealing with the surface effect, but
it has user-programmable features (UPF) capabilities, which allow
for the incorporation of any finite element (FE) developed outside
the program. Thus, we develop an efficient macro-FE which models
the boundary conditions along the interface contours. In the sections
which follow, and for the sake of simplicity, we consider an elastic
solid matrix with a single nano-inclusion, although the strategy for
more nano-inclusions is the same.

4.1. Incorporation of surface effects

In classical continuum mechanics, the inclusion-matrix interface
traction equilibrium condition is (t/ + tM), = 0, where t/ and tM are
the traction forces at kth node along this interface, as viewed from ei-
ther side, i.e., inclusion and elastic matrix in the ith direction, i = 1,2,
respectively. For a nano-inclusion, the interface equilibrium condi-
tion, given by Eq. (5), holds for the kth node: (t/ +tM), = (f5'"), +
(tf]?"ru i)k- We have that the vector £*" = {f"};, and the matrix T}'" =
[tl?j”r],< for the kth node of the model, i,j=1,2, are dependent on the
residual surface stress, the curvature and the orientation of the inter-
face boundary. Obviously, the difference between classical and non-
trivial equilibrium boundary condition is on the right-hand-side of
both equations, which could be considered as an additional traction
vector t;}dd =" + T;"u for the kth node. In the case of the macro-
scale, this non-classical boundary condition degenerates to classical
one, i.e, td44 = 0. Similarly with the BEM implementation, we now
have to obtain a proper relation between traction and displacement
vectors at the entire interface. The derivation of a global T*" matrix
and a global 4" vector for the entire interface is achieved by assem-
blage of the nodal T}*" and £}*" sub-matrices for all nodes of the con-

k
tact contour, obeying the nontrivial boundary conditions as

tl + tM — tadd’ tadd — fsur + T (9)

In here, t' and t™ are traction vectors along the entire interface
viewed from the side of the inclusion and from that of the elastic ma-
trix, u is the common displacement vector for the entire inclusion-
matrix interface, and finally t%¢ is an additional traction vector due
to the nontrivial boundary conditions at the nanoscale. The idea is to
implement these additional tractions in the FEM model as a macro-FE
described by a stiffness matrix and a load vector for all nodes belong-
ing to the contact interface. To that purpose, we must convert Eq. (9)
into nodal force-displacements relation. This means replacement of
the interface tractions t¢ with equivalent nodal forces F as follows:

F = Mtdd (10)

In the above, matrix M is defined as M = |, /;11 NTNJd&, ] is the Ja-
cobian of the transformation from local to global coordinates and &
is an intrinsic coordinate. The matrix M components are numerically
derived as a product of the traction shape functions for the eth FE
along the interface under consideration, see Vasilev et al. (2015). In
our previous BEM implementation, and in order to attain sufficient
accuracy for curved geometries of arbitrary shape, a quartic (i.e., five-
node) approximation for the geometry and field variables was used
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in conjunction with the generation of the T¥" matrix. This higher or-
der of approximation is mandatory for the derivation of the present
transformation matrix M, the nodal forces F, and for the proper gen-
eration of the macro-FE. After substitution of t%? from Eq. (9) in
Eq. (10) we get:

F = Mf" + MT"""u. (11)

Here, vector F represents the additional nodal forces which account
for surface effects at the inclusion-matrix interface.

4.2. Macro finite element formulation

A general methodology is presented here for the implementation
of the surface effect as one macro-FE in the ANSYS (2009) software.
We start with Eq. (11) that is identical to the well-known FEM formu-
lation, i.e.,F = Ku, where K is the stiffness matrix, u are displacements
and F is the load vector. Based on this expression and on Eq. (11), the
macro-FE is introduced in a straightforward manner by a new stiff-
ness matrix K and load vector F, created as follows:

K = MT""; F = —Mf™". (12)

It is worth mentioning that both matrix K and the vector F are real-
valued, independently of the type of analysis used. We can embed
this macro-FE in any commercial software that allows element gen-
eration directly through importation of a stiffness matrix and a load
vector. To this purpose, we activate the UPF option that offers many
features to the programmer, one of which is macro-FE generation
based on the stiffness, damping and mass matrices and on the el-
ement load vectors. Details about macro-FE implementation in an
ANSYS (2009) environment can be found in Vasilev et al. (2015). In
what follows, we implement macro-FE modeling directly in ANSYS
(2009) for the problem of a square plate containing inclusions, which
is a rather simple exercise. Finally, the discretized FE model and the
imported macro-FE are coupled so as to satisfy the nodal compati-
bility and equilibrium conditions required for all active degrees-of-
freedom (DOF) along the inclusion-matrix contact surface.

5. Verification study for the BEM

For our purposes, the available analytical and the majority of nu-
merical solutions up to now are for infinite domains. In order to ver-
ify the proposed BEM scheme developed for finite regions, the size of
the finite domain under consideration must be artificially extended
to infinity with respect to the heterogeneity size. In all test examples,
either nano-cavities or a single nano-inclusion are embedded in a fi-
nite square matrix. In order to achieve the best possible accuracy with
the infinite plate solution, the solid matrix size is augmented to about
one-hundred times the heterogeneity reference size.

5.1. Nano-scale elliptic cavity and inclusion in a square matrix under a
static load

Consider a square matrix of size 100d containing either an ellip-
tic cavity or an inclusion with semi-axes a and b, with d = a + b and
a/b = 1.5. The actual heterogeneity size is d = 6.10~2m for the case
of the cavity and d = 5.10~9m for the inclusion. The solid matrix is
an aluminium plate for the cavity case, with bulk elastic constants of
A =58.17GPa, © = 26.13 GPa. For the nano-inclusion case, we con-
sider a GaAs-InAs composite material with bulk Lame constant val-
ues for the matrix (i.e., GaAs) of Ay, = 64.43 GPa, uy = 32.9GPa and
with A; = 50.66 GPa, i; = 19.0GPa for the inclusion (i.e, InAs). The
excitation frequency is low and equal to w = 10~4rad/s in order to
simulate quasi-static conditions. The surface stresses acting at the in-
terface boundary are modeled as a thin film with surface elastic prop-
erties AS and w5, while the relevant surface effects are quantified by
use of the material parameter Ks = 2u’ + AS — 79, The special case

of 70 = 0 and Ks = +£10N/m are adopted in the present verification
study. The test examples used for comparison purposes were solved
analytically by Tian (2006), who obtained a closed form analytical
solution for the elastic field around a nanoscale inhomogeneity in an
infinite matrix under far-field loading by using the complex poten-
tial technique of Muskhelishvili. This benchmark solution is for an
infinite elastic plane with either a single, nano-scale elliptical cav-
ity or an inclusion, under both far-field uniaxial 053 = oy and biaxial
oy =055 = og loadings.

Moving on to the numerical implementation, the BEM used here
mesh comprised 32 quadratic BE for the cavity perimeter and sim-
ilarly for the matrix-inclusion interface boundary, and 64 quadratic
BE for the square matrix, with 16 BE per side. A comparison between
analytical solution of Tian (2006) and current BEM results is shown
in Fig. 2(a) and (b) for the elliptic cavity, where the hoop stresses
along the cavity perimeter are depicted for both loading types. Next,
Fig. 2(c) and (d) plot the hoop stresses at the elliptic inclusion inter-
face, as viewed from both solid matrix and nano-inclusion sides. As
the analytical and numerical results are plotted concurrently for both
uniaxial and biaxial far-field stress loadings, it is possible to observe
the excellent agreement between the present BEM results and the an-
alytical solutions. It is clarified here that the analytical results of Tian
(2006) were directly reproduced from his own figures digitally and
were not recomputed by the present authors.

5.2. Nano scale circular cavity and inclusions in a finite domain under a
static load

In order to present a more quantitative comparison of current re-
sults with analytical ones, we consider the same square matrix as
before, but now containing a circular cavity. A closed form solution
for an infinite, linear elastic plane with a single nanoscale cylindrical
hole is available in Grekov and Morozov (2012). The plane is under
a far-field biaxial static stress load and the cavity has a fixed radius
of ag = 1.10~2m. The surface stresses that develop around the cavity
boundary are modeled as a thin film with different values for the sur-
face elasticity parameter Ks (in N/m), keeping at the same time the
elastic properties of the surrounding elastic matrix fixed, i.e., Ay =
58.17 GPa, )y = 26.13 GPa. Furthermore, plane strain conditions
are assumed to hold and the far-field load is t; = og; t; = V(1 — V)0,
where v is the Poisson ratio of the matrix. Again the special case of
70 =0 is used for verification purposes. Fig. 3 shows a comparison
between the present BEM results and the analytical solution derived
in Grekov and Morozov (2012). More specifically, the plots present
the variation of the normalized stress ratio o, /0 at a fixed point on
the cavity perimeter with polar angle /2, versus surface parameter
Ks. Three different BEM meshes are considered: (a) 8 quadratic BE for
the cavity perimeter and 8 more BE for the square matrix edges; (b)
16 BE for each of these contours and (c) 32 BE for each of these con-
tours. Furthermore, for more detail Fig. 3(b) presents the logarithmic
(base 10) relative error (RE) between the BEM results for the three
meshes and the analytical result, again versus surface parameter Ks.
The relative error is defined as RE = 1 — 0 (BEM) /0y, (analytical).
We note that the source of numerical error in this example is also
due to the fact that by using the BEM, we are trying to recover the
analytical solution of an infinite domain by modeling a finite-size re-
gion. Furthermore, we reproduce static conditions indirectly by fixing
the elastodynamic fundamental solutions at an extremely low circu-
lar frequency value of @ = 10~*rad/s. Despite these problems, the
difference (as a percentage) between the BEM and the analytical so-
lution at the observer point with polar angle 7 /2 range from 0.65% for
the coarse mesh to 0.08% for the finer mesh, which is an acceptable
level of accuracy.

The second verification example in this sub-section involves a fi-
nite metallic composite plate made of GaAs, containing two circu-
lar inclusions made of InAs with equal radii R, as shown in Fig. 4.
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The plate is subjected to uniform tension in the vertical direction.
The layout of the inhomogeneities in the finite domain is depicted in
Fig. 4(a), where we observe the inclusions located symmetrically in
the plate at a centre-to-centre distance of 2D, where D = 2R, L/[R = 10
and H/R = 20. This test example was solved numerically by Tian
(2006), where the classical FEM was re-formulated so as to take into
account the surface stress effect, while at the same time a FEM-based
computer code was developed for numerical solution purposes. The

variation of dimensionless hoop stresses along the inclusion-matrix
interface at the right-side inclusion is now shown in Fig. 4(b) concur-
rently with the results of Tian (2006). These stresses are presented
from both the matrix and the inclusion sides of the common inter-
face, for two sub-cases: (i) an inclusion radius of R = 5 nm and a sur-
face parameter value of Ks = 10 N/m and (ii) R = 6 nm with K5 =
-10 N/m. Next, Fig. 4(c) and (d) depicts the variation of hoop stresses
versus inhomogeneity radius in the matrix and right-side inclusion at
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two polar locations corresponding to the equator (¢ =0, ¢ = 7). In
all cases, the results obtained by Tian (2006) are plotted concurrently
with our BEM solutions. Again, we see good agreement in all cases.
It is worth noting here that Tian (2006) observed that the stress dis-
tribution furnished by the FEM is unstable for negative values of Kg
and for inclusion radii smaller than 7 nm. This, however, was not ob-
served in our BEM solution, which is stable for the entire range of
1 nm-40 nm for the inhomogeneity radius variation.

5.3. Nano-scale circular cavity in a square elastic matrix under a
dynamic load

The final verification example is a comparison study between a
finite square domain containing a circular nano- cavity of radius ag,
and the same nano-cavity in an infinite domain, both subjected to
incident P-wave. This problem was originally solved analytically by
Wang et al. (2006) using the displacement potential method and sub-
sequently repeated for verification purposes by the present authors in
Parvanova et al. (2015), where a BEM code was developed and used
for modeling nano-heterogeneities in an infinite domain. The finite
square domain considered here is of size 100ay. The numerical solu-
tion is in terms of the scattered displacement field, while the total
displacement and stress fields are obtained by superposition of their
respective scattered and incident field quantities. In order to ensure
that no scattered displacements develop along the finite boundaries
of the solid matrix, a 5% material damping is introduced, as opposed
to Wang et al. (2006) solution.

The following notations are now introduced: (a) A dimension-
less frequency parameter 2 = way/Cp, where Cp is the phase ve-
locity of the propagating P-wave; (b) a dimensionless parameter

s =Ks/(2apu), with K previously defined and the shear modulus of
surrounding medium, which serves to characterize surface effects; (c)
a dynamic stress concentration factor defined as DSCFp = |0y /00|,
where oy = - ug C52 with Cs = /i/p the shear wave velocity and
g the unit amplitude of the incoming wave. The residual surface ten-
sion 70 induces an additional static deformation, which is neglected
in the present dynamic analysis. Finally, Poisson’s ratio for the elas-
tic medium is v = 0.26. The BEM numerical results are plotted in
Fig. 5(a) and (b), concurrently for both finite and infinite domains,
along with those given in Parvanova et al. (2015). More specifically,
the DSCF is plotted along the interface boundary at two different di-
mensionless frequency values of 2 = 0.2 and 2 = &, when the in-
cident P-wave is propagating in the positive Ox; direction. The BEM
mesh used now comprises 32 elements for the interface at the low
frequency value 2 = 0.2 and 64 elements at the higher value Q = 7.
The same size of mesh is also used for the finite domain model’s outer
perimeter, but in this case the square domain is discretized with 64
BE for both frequency values. In closing, we again observe the good
quality of our BEM results, as they are in agreement with those of
Wang et al. (2006). Thus, all verification examples establish the cor-
rect BEM implementation at the nano-scale, which indirectly points
to a correct FEM formulation for the macro-FE construction.

6. Comparison studies between BEM and FEM

The aim of this section is to establish the accuracy characteristics
of the two different numerical methods developed herein for hetero-
geneous solid domains of finite extent at the nano-scale, namely the
BEM and the FEM. To that purpose, the surface effect is implemented
in the FEM ANSYS (2009) software by conversion of the T¥" matrix
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given in Section 4 into a single macro-FE, which is attached along
the contact inclusion-matrix interface. The FEM results are compared
with the ones obtained by already verified BEM software code in
Section 5. The advantage of using an FEM commercial software pack-
ages, as compared to our in-house BEM code, is that they allow for
solutions involving a solid finite matrix with anisotropic structure, or
any other composition that is available in the ANSYS (2009) advanced
element library.

6.1. Single nano-scale circular cavity in a square matrix under a
dynamic load

As a first numerical example, we consider a square plate with a
single circular cavity at its center under time harmonic tensile forces
of magnitude o applied in horizontal direction, see Fig. 6(a). The di-
ameter of the cavity is d = 2ag and the size of the square plate is 10d.
As before, a dimensionless parameter which captures interface ef-
fects at the nanoscale is defined as s = Ks/(2pa9), where py; is the
shear modulus of the matrix material. In all simulations, the material
damping is set to 5% and Poisson’s ratio is 0.26. In order to avoid rigid
body motion, four edge nodes belonging to the axes of symmetry are
restrained. The difference in the results (as a percentage) that follow
is calculated with respect to the average BEM/FEM values, since both
are numerical methods and could be considered as having compara-
ble accuracy.

In the ensuing numerical simulations, the BEM mesh employed
comprises 64 BE, 32 for the cavity contour and 32 for the square ma-
trix with 8 BE per side. The FEM mesh is structured so as to have
32 quadratic, planar FE along the cavity contour, which results in 64
boundary nodes so as to use an identical form of the TS“' matrix in
both methods. The plate edges are discretized into 40 FE and finally
the entire mesh comprises 1876 quadratic, 8-noded plane FE (PLANE
82) augmented with the macro-FE. The results obtained by both nu-
merical techniques are plotted in Fig. 6(b)—(d), where the dimension-
less surface parameter value is fixed as s = 0.5, while the normal-
ized frequency of vibration is Q2 = wd/Cp = 0.24. More specifically
Fig. 6(b) depicts the normalized hoop stresses |0 yp /0 o| versus polar
angle ¢, while Fig. 6(c) and (d) respectively plots the real and imag-
inary displacement components normalized as u;u)/ap0g,i=1, 2.
The percentage difference in the normalized displacement compo-
nents obtained by the BEM and FEM solutions ranges from 0.01 to
1.0% for most cases, but can reach up to 2% for low values at the
edges ¢ = 0 and ¢ = 7. This percentage difference in the normal-
ized stresses is in the range 0.005-4.4%, and again the larger differ-
ences are observed when the stress values are low. In sum, the BEM
and FEM convergence rates are different. If separate comparisons are
made for two consecutive meshes as the discretization becomes finer,

and at a fixed frequency value, then the differences observed in the
displacements are less than 0.1% for both meshes.

Finally, a convergence study between the BEM and FEM results for
the circular nano-cavity is presented in Fig. 7. More specifically, the
Fig. 7 sub-plots (a)-(c) present the percentage difference in the re-
sults obtained by the BEM and FEM separately and both BEM/FEM nu-
merical solutions. Five different BEM and FEM discretization schemes
are used along the cavity perimeter employing 8, 16, 32, 64 and
128 quadratic-type boundary and finite elements. A parallel mesh
refinement of the outer plate contour for each particular mesh has
also been done, but for the purposes of the present comparison only
the number of elements along the perimeter is important, as it di-
rectly influences the displacement and stress field recovery along
the cavity contour. In more detail, Fig. 7(a) shows the fast rate of
convergence between two successive meshes (e.g., 8 versus 16 BE,
then, 16 versus 32, etc.) for the BEM solution, which is for the
absolute values of the horizontal displacement component at po-
lar angle =0, the amplitude of the vertical displacement compo-
nent at ¢ = m/2 and the amplitudes of the hoop stresses at the
same locations. A similar rate of convergence for the FEM solu-
tion is observed in Fig. 7(b). In quantitative terms, the differences
in the BEM horizontal and vertical displacements between the two
consecutive meshes of 32 and 64 quadratic BE are both 0.03% ,
while the same difference in the FEM displacements are 0.05% and
0.03%. Fig. 7(c) shows the percentage differences (calculated with re-
spect to the averaged BEM/FEM numerical values) in the displace-
ments and stresses from each pair of identical meshes. In all these
sub-plots, the number of BE and FE used is plotted in logarithmic
scale.

The last three plots in Fig. 7 quantify the logarithmic (base
10) relative difference (RD) (not the error as these are not ana-
lytical results) for the BEM and FEM separately and in combina-
tion. More specifically, the relative difference is defined asRD =1 —
p(BE)/p(finest mesh), where p(BE) is either |u;], [u] or |0 y¢ /0| for
the particular BEM mesh identified by the number of BE along the
cavity perimeter, while p(finest mesh) is the analogous component
under consideration recovered from the most detailed mesh avail-
able (here 128 elements per cavity) insofar as analytical results are
not available for this example, see Fig. 7(d). The same comparison for
the logarithmic (base 10) RD involving the FEM results is illustrated
in Fig. 7(e). Finally, Fig. 7(f) plots the aforementioned RD between
two identical (in terms of elements used) BEM and FEM meshes. Here
the relative difference is defined as RD = 1 — p(FEM)/p(BEM) where
p(FEM)and p(BEM) are the recovered |u], |uz| and |o 4y /0 o] values. In
this last plot, the logarithmic (base 10) RD can be shown to be equiv-
alent to the number of significant digits in either the BEM or FEM
solutions.
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versus polar angle, all along the cavity contour.

6.2. Single nano-scale circular inclusion in a square matrix under a
dynamic load

The second numerical example is for a single circular inclusion in
a square plate, see Fig. 8(a). The geometrical dimensions and load-
ing are the same as in Example 6.1. The stiffness ratio of inclu-
sion to matrix material is pu;/uy = 0.2 and their respective densi-
ties yield a frequency ratio of€2;/€2) = 3.0, where €; = wd/Cp; and
Qyp = wd/Cpyy, with Cpj and Cp y the phase velocities of the P-wave
propagating in the inclusion and in the matrix medium. Poisson’s ra-
tio is the same for both inclusion and matrix, equal to v = 0.26.

The same discretization strategy as in Example 6.1 is used here,
bringing the total to 2021 PLANE 82 FE in the model (plus the macro-
FE and the inclusion domain). Note that the BEM mesh remains the
same as in Example 6.1, as only surfaces are modeled. The results ob-
tained by both BEM and FEM are now depicted in Fig. 8. More specif-
ically, Fig. 8(b) plots the dimensionless hoop stresses at inclusion-
matrix interface for a fixed surface parameter value of s = 0.5 and at
a normalized frequency2y = w d/Cp = 0.24. Furthermore, Fig. 8(c)
and (d) plots the horizontal and vertical displacement components
along the inclusion-matrix interface, normalized by the matrix stiff-
ness as u;fy/agog; i = 1, 2. As before, excellent agreement between
both solutions is observed, with the percentage error stemming from
differences in the kinematic and in the stress field response being
smaller than before for the cavity model.

6.3. Three nano-scale circular cavities or inclusions in a square matrix
under a dynamic load

We now consider three circular cavities or inclusions embedded in
a square solid matrix, as shown in Fig. 9(a). The aim here is to evalu-
ate results obtained by both methods when multiple heterogeneities
are embedded in the matrix, leading to interaction phenomena

between them. The material properties, surface effect parameter and
dimensionless frequency are the same as those used in Examples 6.1
and 6.2. In terms of discretization, the BEM mesh comprises 128 BE,
32 per each cavity contour and 32 for the plate perimeter. The corre-
sponding FEM mesh comprises of 2100 quadratic FE when three cir-
cular cavities are present and 5479 quadratic FE when three circular
inclusions are present. Next, in order to achieve plotting accuracy in
the hoop stresses plotted in Fig. 10 when inclusions are present in the
square matrix, the FEM mesh needs to be much finer than the corre-
sponding BEM mesh. More specifically, the BEM model comprises 32
quadratic BE resulting in 64 nodal points at a single inclusion-matrix
interface (as was the case for a cavity), while the FEM model for the
same interface is modeled by 64 quadratic FE resulting in 128 nodes,
which is double the refinement.

The normalized hoop stresses along the central and left cavity
perimeters are presented in Fig. 9(b). Also, the normalized displace-
ment amplitudes |u;| ity /ago o in the case of cavities are depicted in
Fig. 9(c) and (d). The normalized hoop stresses for the central and left
inclusion-matrix interfaces, as viewed from the matrix and inclusion
sides, are depicted in Fig. 10(a) and (b), respectively. Finally, Fig. 10(c)
and (d) plots the normalized displacement amplitudes |u;|up/ag0 o
for the central and left contact interfaces, respectively. We observe
excellent agreement in the response furnished by both numerical
methods for this complex problem. In sum, the percentage differ-
ences are of the same order as already reported in Example 6.1, reach-
ing a maximum deviation of 1% in the displacements and of 5% in the
stresses.

6.4. Single elliptic nano-scale cavity in a square matrix under a
dynamic load

The last example in this section is for a nano-scale elliptic cavity in
a square plate. We consider a relatively sharp ellipse with semi-axes
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dimensions a and b, with d = a + b and a semi-axes ratio of a/b = 3.
The size of the square plate is 20d, see Fig. 11(a), while the dimen-
sionless parameter which captures interface effects at the nanoscale
now is defined as s = Ks/(14)d). In this example, the surface parame-
ter value is relatively high, set to s = 1, and the normalized frequency
isQ2=wd/Cp =0.12.

We note that the numerical accuracy level in the case of circu-
lar and elliptical nano-inhomogeneities, accounting for surface ef-
fects, is not the same and depends on the semi-axes ratio. The larger
this ratio becomes, the more BE are needed in the model discretiza-
tion. In order to verify the BEM accuracy and to find an optimal dis-
cretization scheme, several BEM solutions are tried involving 32, 64
and 128 BE for the elliptic cavity interface. Although the results ob-
tained by numerical models with 64 and 128 BE along the cavity
perimeter are practically identical, those obtained with 32 BE give
different hoop stress distributions at the sharp edge of the ellipse.
A similar picture is observed in the horizontal displacement compo-
nents at the sharp edge, but there the discrepancies are minor, while
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for the stresses they are significant. As far as the FEM model is con-
cerned, the cavity perimeter is discretized using 128 quadratic planar
FE, which results in 256 nodal points and 5739 elements for the whole
model.

In terms of results, the normalized hoop stresses along the cavity
perimeter, as obtained by both BEM and FEM, are plotted in Fig. 11(b).
Also, the normalized displacement amplitudes |u;|tp/do g at the cav-
ity interface are depicted in Fig. 11(c). As with the previous examples,
an excellent level of agreement is reached for the numerical results
obtained by both methods.

7. Parametric studies

This final section collects numerical results from a series test ex-
amples involving multiple nano-cavities and nano-inclusions within
a finite, elastic matrix in order to quantify DSCF dependence to
the following key factors: (a) type, size and shape of the nano-
heterogeneity; (b) ratio of the material bulk properties of the solid
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Fig. 8. Circular inclusion in a square matrix: (a) geometry and loading; (b) normalized hoop stresses at inclusion-matrix interface viewed from the matrix side; normalized
(c) horizontal and (d) vertical displacement components versus polar angle, all along the inclusion contour.

matrix to those of the nano-inclusions; (c) surface properties, as
quantified by the interfacial material constants; (d) dynamic interac-
tions between multiple nano-heterogeneities, including the external
boundary of the elastic matrix, and (e) frequency content of the time-
harmonic loads.

7.1. Circular cavities or inclusions in a finite square matrix

We consider the reference case where the solid matrix is a square
plate under time-harmonic tensile forces of magnitude o applied at
the vertical sides. Fig. 12 shows the four basic configurations (Models
A, B, C, D) involving one, three and five nano-heterogeneities. These
heterogeneities are either circular cavities or inclusions of radius ag.
The size of the square plate is 10d, with d the heterogeneity diam-
eter. As before, the dimensionless parameter which captures inter-
face effects at the nanoscale is defined as s = Kg/upd, where iy, is
the shear modulus of the matrix material. When the heterogeneity
is an inclusion, then the stiffness ratio of the two material phases is
1/ um = 0.2 and their respective densities correspond to a frequency
ratio of 2;/€2); = 3.0. In all simulations, the material damping is set
to 5% and Poisson’s ratio is 0.26 for both phases. In terms of boundary
discretization, the BEM meshes used to model the perimeter of any
given heterogeneity comprise 32 quadratic BE resulting in 64 nodal
points. The outer perimeter of the plate is modeled by 32 BE of equal
length, arranged as 8 BE along each side.

The normalized hoop stresses spectra plotted in Fig. 13 are the
DSCF defined as |0 4y /0| at a key point with polar angle ¢ = 7r/2 at
the central cavity perimeter. The results for all numerical models A-
D are presented, while four different values of the surface parameter

are considered, namely s = 0; 0.1; 0.5; 1.0.The problem is solved
for a normalized frequency range going up to 2,; = 1, divided into
50 equal frequency increments. For clarity, the plots are presented up
to ), = 0.8. In addition, the results obtained by FEM using ANSYS
(2009) software are also depicted in Fig. 13(a) for the case of a single
circular cavity and normalized surface parameter s = 0.5. As before,
BEM-FEM comparisons at a fixed frequency yield an excellent match,
and this agreement is repeated here across the entire frequency range
of interest.

Next, the DSCF for the multiple inclusions in the square matrix,
arranged in the A-D pattern, are plotted in Fig. 14. The key point is
located on the central inclusion interface with polar angle ¢ = /2,
while the hoop stresses shown are those appearing on the matrix side
of the interface. As expected, the DSCF values recorded for circular
inclusions are smaller compared to those recorded for cavities. The
strongest amplification in the DSCF is observed at the (dimensionless)
frequency range 0.20 < 2, < 0.24 for all models and for all surface
parameter values. By increasing the number of heterogeneities, espe-
cially in case of cavities, we observe a shift of the first DSCF peak to
the left (lower values) of this frequency range. This is so because the
reduced stiffness in the composite plate leads to a lower fundamental
frequency values.

Regarding the interaction effect between multiple nanohetero-
geneities, as manifested by their number and configuration, the fol-
lowing general conclusions can now be drawn: (a) there is strong in-
fluence of the surface elasticity effects when comparing DSCF results
for different values of surface elasticity parameter s. In fact, as sur-
face effects become more pronounced, DSCF values drop, indicating
that surface elasticity adds extra strength to the interface itself; (b)
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Fig.9. Three cavities in a square matrix: (a) geometry and loading; (b) normalized hoop stresses along the central and left cavity perimeters; normalized displacement amplitudes

for (c) the central cavity and (d) the left cavity.

a vertical arrangement of cavities (Model C) for this particular orien-
tation of the externally applied stress field is of minor consequence,
as computed DSCF values are close to those computed for the single
cavity case; (c) conversely, a horizontal cavity arrangement leads to
a reduction in the DSCF values as compared again to the single het-
erogeneity, indicating a ’shielding’ effect produced by the outer two
cavities; (d) when we have solid inclusions, the DSCF does not change
very much for the central single inclusion, irrespective of the remain-
ing inclusion arrangement; (e) the five cavity arrangement of Model
D, cause considerable amplification in the DSCF at the central cav-
ity of about 50% as compared to the single cavity case of Model A;
This amplification is less pronounced (about 25%) when the hetero-
geneities are solid inclusions, cavities. More specifically, these DSCF
amplification effects observed between Models A and D in the case
of cavities ranges from 35% for s = 0 to 41% when s = 0.5. In the case
of inclusions, the same differences drop to 31% and 9% for s = 0 and
s = 0.5, respectively. Furthermore, the DSCF reduction observed be-
tween Models A and B is 41% and 28% for s = 0 and s = 0.5, respec-
tively, when the heterogeneities are cavities. Finally, the multiple in-
clusion de-amplification effect that is caused to the central inclusion
is about 11% when s = 0, while for s = 0.5 a small amplification of 1.7%
is observed.

The next series of plots shown in Figs. 15 and 16 are for the nor-
malized DSCF distribution along the central heterogeneity perime-
ter at a fixed frequency value. More specifically, Fig. 15 depicts the
normalized DSCF along the central cavity perimeter for all previously
considered values of the surface parameter s and for the four cav-
ity configurations depicted as Models A-D. The same set of results,
but for inclusions in lieu of cavities are presented in Fig. 16. The nor-

malized frequency for the case of inclusions is defined as 2 = Qy,
while the numerical value selected in all plots corresponds to the first
peak in the DSCF, as reported in Figs. 13 and 14. The stress distribu-
tion along the entire interface allows for a better assessment of the
interaction effects between the cavities or the inclusions. Although
the horizontal cavity arrangement of Model B leads to a reduction in
the DSCF value at polar anglep = /2, an amplification is observed
at the equator (¢ = 0 and ¢ = 1) due to the presence of neighbour-
ing cavities close to these points, see Fig. 15(b). Moreover the influ-
ence of the surface parameter s is not as straightforward as it is for
the single cavity case in Fig. 15(a). For s = 0.1, both amplification and
de-amplification effects are manifested along the cavity perimeter in
Fig. 15(b) as compare to the absence of surface effect (s = 0), which
indicates that strong molecular surface action overrides the classical
mechanical effects observed at the macro-scale.

7.2. Elliptical cavities in a finite square matrix

The aim of this final sequence of numerical simulations is to ex-
amine the influence of the cavity shape on the DSCF. The square ma-
trix domain now contains elliptical, horizontally or vertically elon-
gated cavities arranged in the same geometrical configuration as be-
fore and involving one, three (row or column), and five cavities. The
semi-axes are chosen so that a + b = d and their ratio is a/b = 2 for
horizontally elongated and a/b = 0.5 for vertically elongated cavities,
respectively (see Figs. 17 and 18). The centre-to-centre distance be-
tween ellipses is 1.5d, as was shown in Fig. 12 and the size of the
square plate is 10d. The square plate itself is subjected to uniaxial ten-
sion in the horizontal direction, as in all previous simulations. The
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dimensionless parameter which captures interface effects at the
nano-scale, namely s = Ks/(upyd) is set equal to s = 0.5.

More specifically, the normalized DSCF for the central cavity and
the four aforementioned configurations is plotted versus normalized
frequency at observer points with polar angles ¢ = 7/2 and ¢ = 0
along the perimeter in order to cover the behaviour of sharpest edge
and the smoothest part of the cavity. As previously mentioned, re-
sults associated with the horizontally elongated ellipses are plotted
in Fig. 17 and those for the vertically elongated in Fig. 18. The sub-
plots of Figs. 17(a) and 18(a) give the frequency variation of the DSCF
for an observation point located at polar angle for ¢ = /2, while
Figs. 17(b) and 18(b) are similar plots for observation point with po-
lar angle ¢ = 0. Finally, Figs. 17(c) and 18(c) are the polar distributions
of normalized hoop stresses, for horizontally and vertically elongated

ellipses respectively, along the central cavity perimeter for a fixed
frequency value corresponding to the first peak of the immediately
previous frequency plots. All results point to a strong interaction ef-
fect between the elliptical cavities, irrespective of their orientation.
Also, for a tension field in the horizontal direction of the solid ma-
trix, it is the horizontally arranged elliptic cavities that consistently
produce higher DSCF values, but the critical frequencies of vibration
are roughly two, namely € ~ 0.25 and © ~ 0.35. In terms of the
spatial distribution of the DSCF, the critical point is the apex (sharp
edge) of the cavity, a conclusion that is expected. What is somewhat
surprising, however, is that the presence of multiple cavities in the
vicinity of the centrally-placed one, cause both amplification and de-
amplification effects, depending on their number and their geometric
orientation.



Fig. 15. Polar angle distribution of the DSCF for cavities at a fixed frequency value corresponding to the maximum amplification for: (a) Model A; (b) Model B; (c) Model C;

(d) Model D.
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8. Conclusions

In this work, we present two computational tools for the solu-
tion of 2D elastodynamic problems involving a finite-sized elastic
matrix at the nano-scale containing multiple heterogeneities of arbi-
trary type, shape, size, number and geometrical configuration. More
specifically, these tools are based on frequency-dependent BEM and
FEM formulations. The former is a complete formulation, while in the
latter case we develop a macro-finite element which is implemented
within the ANSYS (2009) software package. In both cases, due con-
sideration is given to the surface elasticity effect, as expressed by
non-classical boundary conditions proposed in the surface elasticity
theory of Gurtin and Murdoch (1975). These two numerical schemes
were first verified, then compared to each other and finally used for
numerical parametric studies. The numerical results produced serve
to quantify the non-uniform stress distribution in the solid matrix
and the zones of pronounced dynamic stress concentration around
the cavity/inclusion perimeters.

The basic conclusion that can be drawn from the numerical sim-
ulations is that dynamic stress concentration phenomena at the
mechanical nanoscale are sensitive to a number of key factors (or
problem parameters), namely: (a) The type of heterogeneities (be it
a cavity or a solid inclusion), (b) their size (macro or nano scales),
(c) the interface material parameter values, (d) the shape, num-
ber and configuration of the heterogeneities embedded in the elas-
tic solid matrix, (e) the type of dynamic interaction which devel-
ops between the heterogeneities themselves and the perimeter of
the bounded solid matrix and finally (f) the type of applied exter-
nal loads. Of course, it is necessary to have available the range of nu-
merical values for the mechanical properties of heterogeneous nano-
composite materials, which are either provided by the manufacturer
or made available following material testing by specialized labora-

tories. In sum, the present combination of classical elastodynamic
theory with non-classical boundary conditions within the framework
of Gurtin-Murdoch surface elasticity theory, has the potential to (a)
quantify size effects at the nano-scale, (b) help optimize the design of
nanocomposites and (c) to maximize their performance under oper-
ating conditions.
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