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1. Introduction

Quite a large number of engineering materials utilized in tech-
nological applications possess an orthotropic macro-structure. Or-
thotropy is a reduced type of general anisotropy, which stems from
the existence of two orthogonal planes of elastic symmetry within
a medium. It is encountered not only in conventional composites
like fiber reinforced plates and shells but also in newer material
systems such as thin films and coatings. Orthotropy in thin films
is a result of the processing method. For instance, electron beam
physical vapor deposition induces a columnar thin film structure
whereas plasma spray technique causes a lamellar type formation.
Because of the importance and common usage of orthotropic ma-
terials in both conventional and arising fields of technology, there
is a vast amount of literature on related mechanics problems, par-
ticularly on contact and fracture mechanics.

Solutions in literature on contact mechanics of orthotropic ma-
terials depict a clear picture of the influences of material prop-
erties and loading parameters on stress distributions. Certain fun-
damental findings on contact mechanics of anisotropic half-planes
are compiled in the book by Kachanov et al. (2003). More recent
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advances in contact mechanics of orthotropic media include de-
velopments pertaining to indentation (Shi et al., 2003), Hertzian
contact (Swanson, 2004), frictional moving punch problems (Zhou
et al., 2014), and contact with collinear stamps (Dong et al., 2014).
Results on fracture mechanics of orthotropic materials are essen-
tial to quantify critical and sub-critical crack propagation phe-
nomena. For this reason, stress intensity factors (SIFs) are com-
puted for a variety of crack configurations. Newer results regard-
ing such research work are generated for multiple interacting
cracks (Baghestani et al., 2013), an edge cracked orthotropic strip
(Matbuly and Nassar, 2003), a dynamically loaded cracked half-
plane (Monfared and Ayatollahi, 2012), an inclined crack in an in-
finite medium (Nobile et al., 2004), and thermally loaded collinear
cracks (Zhong et al., 2013).

Certain types of cracking failures in engineering materials re-
quire simultaneous consideration of fracture and contact problems.
This is especially the case for brittle materials under the effect of
severe contact loadings. Primary cracking mechanisms in the vicin-
ity of contact zones in such materials are: Radial cracking due
to Vickers indentation (Page and Knight, 1989), Hertzian crack-
ing due to loading by a blunt indenter (Lawn, 1995), and her-
ringbone cracking due to sliding frictional contact (Suresh et al.,
1999). Moreover, surfaces subjected to oscillating frictional forces
tend to develop fretting fatigue cracks (Nesladek et al., 2012; Hills
and Nowell, 2014). Studies on the behavior of cracks located in the
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vicinity of a contact zone are required to understand these failure
mechanisms. Analytical research work has been undertaken to ex-
amine fracture in isotropic homogeneous and functionally graded
materials caused by sliding frictional contact (Hasebe et al., 1989;
Hasebe and Qian, 1998; Dag, 2001; Dag and Erdogan, 2002). How-
ever, there has been no prior work on such problems in orthotropic
materials.

Formulation of the problem of cracking due to sliding contact
for orthotropic materials is substantially different from those de-
veloped for isotropic homogeneous and functionally graded ma-
terials. Constitutive relations of orthotropic materials contain four
elastic constants in the case of plane stress, and seven in the case
of plane strain. Two elastic constants and an inhomogeneity pa-
rameter are needed for FGMs; whereas for the isotropic homo-
geneous case specification of two elastic constants suffices. Dis-
tinct structure of the constitutive law leads to a different set of
partial differential equations for orthotropic materials. Application
of Fourier transform techniques then results in completely differ-
ent general solutions, which depend on the elastic constants of
orthotropy. As a consequence, the terms and kernels of the sin-
gular integral equations are not same as those found for isotropic
homogeneous or functionally graded materials. For this reason, all
formulation steps need to be reapplied for orthotropic materials;
and general solutions and singular integral equations have to be
derived from scratch in terms of engineering constants of plane
orthotropy.

The present study puts forward an analytical approach capa-
ble of solving the coupled problem of cracking due to sliding con-
tact in an orthotropic medium. For this purpose, a surface crack
in an orthotropic half-plane in sliding frictional contact with a
rigid punch is considered. Governing partial differential equations
in terms of the displacement components are derived by employ-
ing the elements of plane orthotropic elasticity. Crack and con-
tact problems are formulated separately by means of Fourier trans-
form techniques. Primary unknown functions in these formulations
are respectively relative crack surface displacement derivatives and
contact stress for the crack and contact problems. These two sep-
arate formulations are then reconciled and reduced to a system of
three coupled singular integral equations. The integral equations
are solved numerically by an expansion-collocation technique, in
which primary unknowns are expanded into finite series entailing
Jacobi polynomials. Numerical analyses are carried out to compute
mode I and II stress intensity factors and contact stress as func-
tions of degree of orthotropy, coefficient of friction, and geometric
parameters.

2. Formulation

The coupled problem of surface cracking in an orthotropic
medium due to sliding contact is illustrated in Fig. 1. An elastic
orthotropic half-plane lies in the region x; > 0 and —co < X3 < oo.
x1- and x,-axes are the principal axes of orthotropy. The half-plane
contains a crack located at x, = 0; and is in sliding frictional con-
tact with a rigid flat punch. Contact zone extends from x; =b
to X, = c. The elastic medium is assumed to be in a state of ei-
ther plane stress or plane strain. Normal and friction forces trans-
ferred by the contact are respectively designated by P and Q, where
Q = nP, n being the coefficient of friction.

The formulation is based on the constitutive relations of plane
orthotropic elasticity, which are expressed as:

o1 Ch Gz O &1
op| =|C G O &2 |, (1)
o12 0 0 Ges| L2

where elements of the stiffness matrix are given by
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Fig. 1. Geometry of the coupled problem.

Eq
_ for plane stress,
Cyi= 1—-vpvy
- E;1(1—vy3v .
1( 23V32) , for plane strain,
1—V12V21 —V13V31 — V23V33 —2V12 V23 V31
(2a)
Eyv
272 for plane stress,
Cip= 1-vpvy
- Ey (viz + vi3v .
2(V12 13V32) , for plane strain,
1—V12V21 —V13V31 —V23V32 —2V12 V2331
(2b)
E
-2 for plane stress,
Cpp= 1-vivp
- E>(1—vy3v .
2( 13V31) , for plane strain,
1—V12V21 —V13V31 —V23V32 —2V1p V23 V34
(2c)
Cs6 = 2 w12, for both plane stress and strain. (2d)

For an orthotropic material, following inequalities are deduced
by considering the fact that strain energy density function is posi-
tive definite (Agarwal and Broutman, 1990):

1- V12 V21 > O, 1- V13V31 > 0, 1- V23V3) > 0, (38)
1 = vi2V21 — Vi3V31 — V333 — 2V1pV3031 > 0. (3b)

Governing partial differential equations are derived by using the
constitutive relations in conjunction with equilibrium equations
and kinematic relations; and expressed as given below:

32U1 821,[1 82uZ
dn ox? * 0x3 + (1 +di) 0X10x, =0, (43)
82u2 BZUZ 82u1
e T g T g, =0 ()
2C]1 2C12 2C22
dy = =—, dpp =—"7=, dy = . 4c
n = 2= 2= (4c)

uy and u, here are the scalar components of the displacement vec-
tor in x;- and x,-directions, respectively. The solution has to satisfy
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Fig. 2. The mixed-mode crack problem.
the conditions:
011(0,x3) = 012(0,x3) =0, x, <bandx;, > c, (5a)
012(0,x2) = o (0,x2), b<x <c, (5b)
022(X1,0) =012(%1,0) =0, 0<x<a, (50)
8”18(73;"2)=0, b<x <, (5d)
o
/ o11 (0, Xz)dXz =-P. (56)
b

Furthermore, regularity condition requires that all field quanti-
ties be bounded as ,/x% +x§ — oo. Note that Eq. (5¢) assumes that
there is no contact of the crack faces. However, the results pro-
duced through this formulation will still be applicable in the pres-
ence of crack closure, provided that they are used as a part of a
superposition scheme for a combined loading that leads to a fully
open crack.

The first step in our analysis is the development of the general
solutions for the crack and contact problems. Crack problem is for-
mulated in terms of the relative displacements of the crack faces
whereas contact formulation hinges on the contact stress. These
two formulations are then combined to obtain the singular integral
equations for the coupled problem. In what follows below, we first
elaborate upon the formulations of crack and contact problems.

2.1. Crack problem

Fig. 2 illustrates the geometry of the surface crack problem an-
alyzed in this section. The crack is assumed to be under the effect
of mixed-mode loading. Field quantities are derived in terms of the
derivatives of relative crack surface displacements. Mode I and II
problems are uncoupled in this formulation owing to the symme-
try of material distribution and geometry about x;- axis. Hence,
general solutions can be derived by treating mode I and II prob-
lems separately.

2.1.1. Mode I problem
The mode I problem is formulated in terms of the derivative
of the relative normal crack surface displacement, which is mathe-
matically expressed as
Cos 0
frta) = =22 = (ua (x1, 0%) — 3 (%1, 07)),0 <X <a. (6)
2 8x1
Boundary and continuity conditions that need to be imple-
mented in the formulation of the mode I problem are:

o1 (O,Xz) =012 (O,Xz) =0 ,-o0< Xy < 00, (7&)

(op)) (X], 0+) =07 (X], O_), 0 <xq < o0, (7b)
012 (Xl, O+) =012 (Xl, 0_), 0 < X1 < o0, (7C)
uq (X], 0+) = Uq (X], 07), 0 <xq <o0, (7d)
Uy (Xl, 0+) = U (X], 07), a< Xy <oo. (7e)

Applying Fourier, Fourier cosine and Fourier sine transforms to
the governing partial differential equations, general solutions for
the displacement components are derived to be:

1 =3 ,
U1 (X1, X2) = 5T / Zq exp(njx; +iwx;)dw
s

o/ 4
+f ( Bjexp (pjx1)> cos (auxy)der,
0

=3
X1 > 0, Xy > 0, (83)
1 o
Uy (X1, X3) = 5 /ij;CjAjexp(nsz +iwx)dw
w [ 4
+/ B;Dj exp (pjx1) | sin (axy)da,
0 N
Jj=3
X1 >0, x>0, (8b)
where
n3 =—E |a)|, ng=—F |CL)|, (9a)

Z(oe i)

dn a)2 — Tl?

d%(m ~VB). (o)

Aj(w) = T+dp)ion, i=3.4 (9¢)
p3 = —Ale|, psa=-Bla| (9d)
1 2 1 2
A= (B+VR). B=3 T (B-VE). (e
2 dn 2 dl]
o? —dyp?
Di(e)=——1L j=3,4, of
0= 0 dnyap o0
Bi = didy, — 2dip — d,, (9g)

ﬁz = d%] d%Z — 4d11d22d12 — 2d1]d22d%2 + 4d%2 + 4d?2
-‘rd;lz — 4d]1 d22. (9h)

G and Bj, j=3,4, in Eq. (8) are unknown functions and deter-
mined by using the boundary and continuity conditions. The ex-
pressions of these functions are provided in the dissertation by
Sarikaya (2014). Note that these unknowns are found in terms of
the primary unknown function fi. n; and p;, j = 3,4, are roots of
characteristic equations obtained by applying Fourier transforms to
the governing equations. An orthotropic material is classified ac-
cording to the form of these roots as detailed by Delale and Er-
dogan (1977). When B, > 0, || > \/E As a consequence, if 1
> 0 and B, > 0, all roots are real; and if 81 < 0 and B, > O
roots are pure imaginary. The roots are complex if 8, < 0. The or-
thotropic material is referred to as type I if 8; > 0 and 8, > 0;
and as type II if 8, < 0. In the present study, we consider type I
orthotropic material, which is commonly encountered in engineer-
ing applications such as fiber reinforced composites, and thin films
and coatings.
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2.1.2. Mode II problem

Mode II problem is formulated in terms of the derivative of the
relative tangential crack face displacement. The primary unknown
function is expressed in the following form:

C66 0
2 8X1
The conditions to be satisfied in the formulation of the mode II
problem are:

fa(x1) = (U1 (%1, 0%) —u3 (%1, 07)), O0<x; <a. (10)

011(0,X3) =012(0,x2) =0, —o00 <Xy < 00, (11a)
022(X1,07) = 022(%1,07), 0 <x; < o0, (11b)
o12(X1,07) = 012(%,07), 0 <x; <o, (11¢c)
Uz (%1,0%) =u(x1,07), 0 <x; < oo, (11d)
Uy (x1,0+) = (x1, 07), a<x <o (11e)

Fourier, Fourier cosine, and Fourier sine transforms are applied
to find the displacement fields, which are written as follows:

1 =& ,
uy(xq, X2) = 5 / ZFJ exp(njx; +iwx;)dw
-5

00 4
+/ ( Gjexp (pjx1)> sin (ax;)da,
0

j=3
x1>0, x>0 (12a)
1 =3
Uy(xq, X3) = E/ ZFjAjexp(nsz +iwx;)dw
3
0 4
+/0 GjHjexp(pjx1) cos (aux;)dor,
j=3
X1 >0, x>0, (12b)
where
dyp? —o?
Hy (o) = —10 j=3.4 (13)

(1 +dp)ap;’

The functions F;, G;, j = 3,4, are determined in terms of f, by
considering boundary and continuity conditions given by Eq. (11);
and provided by Sarikaya (2014).

2.2. Contact problem

The contact problem considered is shown in Fig. 3. Primary un-
known function in contact formulation is the contact stress at the
surface and defined by
f3(x2) =01 (0,x), b<x <c. (14)

Boundary conditions read:
b<x; <c,

012(0, X2) = 1011 (0, X2), (15a)

o1 (O,Xz) = 0'12(0, X2) =0, Xy < bandxz > C. (15b)

Applying Fourier transform in x, to Eqs. (4a) and (4b), displace-
ment components are found to be:

1 [ .
uy(xq, X2) = 57 / > Mj exp(sjx1 +ipxy)dp, (16a)
5

ﬂP
%

0

[——3

7 X2
b c
E,
v x1 E1

& /

Fig. 3. The contact problem.

1 (o2 .
Uy (X1, Xp) = E/ S M;N; exp(sjxi +ipxa)dp,  (16b)
o
where,
s1=—Alp|. s2=-B|p|. (17a)
p? —dps? )
N;i(p) = J j=1,2. (17b)

(1+dp)ips;’

The unknown functions M;, j = 1,2, in Eq. (16) are obtained in
terms of f3 by implementing the boundary conditions and written
in the form:

lp + Ni$q lp + N3sy

2 ¢ . .
My(0) = ZU3(0) [ SO exp(iptydt, j=1.2. (183
1 dusy +dpNaip
w n l,O + N>sy
1= A |
‘ dyis1 +dipNyip 1 ‘
l,0 + Nisq n
- , 18b
Ya2(p) A5 (0) (18b)
As(p) = ’ disi +dpNiip  dus; +diNaip ‘ (18¢)

2.3. Singular integral equations

Displacement field for the coupled crack and contact problem
shown in Fig. 1 is obtained by adding up the displacement fields
derived for mode I, mode II, and contact problems. Strains and
stresses are found by means of kinematic relations and generalized
Hooke’s law, respectively. The coupled problem is then reduced
to a system of three singular integral equations by applying the
boundary conditions conveyed by Eq. (5c) and (5d). Derivation pro-
cedure of the singular integral equations involves lengthy asymp-
totic analyses, which are needed to extract the singular terms.
These details are not presented here for the sake of brevity but
available in the dissertation by Sarikaya (2014). The integral equa-
tions are expressed as follows:
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1 a
022()(1,0):/(; [ 20

57 Fo + s g G, 0) | i e
+ /b [h13s<x1,r)+h13f<x1,t>] fyde =0,

0<x<a, (19a)

1 m
o1z (%1.0) = / |3 2 + a0 + ooy (0,0 | o0
0 T X —t

+ /b [ hass (1. 0) + hyss (1. O] 5 (O de = 0,

0 <x <a, (19Db)
C a
G w00 = [ [0 + .00 de
+/b [ h32s (X2, ) + 315 (X2, )] fo() dt
‘r1i
+ fb I:E (xzez_ot) + (610) 3 (x—1) +h33f(X2,t)]
xfa(t)dt =0, b<xy, <c. (19¢)

6(xp —t) in Eq. (19c¢) is the Dirac delta function. The constants
and functions associated with the integrands are given by Sarikaya
(2014).

2.4. Singular behaviors of the unknown functions

Singular behaviors of the primary unknown functions fi, f,, and
f3 at the end points of their respective intervals of definition are
determined by employing the function-theoretic method, whose
details are described by Dag (2001) and Erdogan (1978). The func-
tions may possess power singularities at the ends and thus can be
written as

i) = (@—x)"F(xi), 0<x <a, (20a)
f(x1) = X (@=x)?EXx), 0<x <a, (20b)
fi(x2) = (2 —b)*(c—%)’E(x), b<x <c (20c)

where F;(x1), Fo(x1), and F3(x;) are bounded functions; and the ex-
ponents 04, 65, A1, Ay, @, and B stand for strengths of singularity.
Considering these expressions and following the function-theoretic
method; the singular integral equations are recast into new forms
consisting of dominant terms near the end points. These represen-
tations are given by

T

022 (X1,0) _Fl(O)(a)*l{ 2 cot(r6r) - sin( ;)

X [bno F(AF)* + b1y E(AE)" +by10 F(BF)" + bago E(BE)Ol] }

x (x1)" = i (a)(@)” cot (A1) (a —x1)™" =0,
0<xq <a, (21a)

T

cot(n@z) Sin(ey)

012 (41.0) =R (0) (@) {22

X [nno F(AF)* 4 nyy E(AE)* 4110 F(BF)™ 4 ny E(BE)QZ] }

x(x1)% — B (a) ()% cot (TAy) (@ —x1)™ =0,

0<xy <a, (21b)

w0 = L [Rb) - b cot (o) o - by

~F(c)(c—b)” COt(”ﬂ)(C—Xz)B]
+ PR ) %~ b)° (€~ x) =0,

The constants A, B, E, andF are given by Egs. (9b) and (9e); and
20, Ma0, €20, €10, D120, b210, M110, N120, N210, AN Ny are available
in the dissertation by Sarikaya (2014).

Multiplying Eq. (21a) by (x;)~? and letting x; — 0, we arrive
at the characteristic equation

(21¢)

b<x, <c.

azo s 0, 6
2 COt(JT@] ) il’l(]'[e] ) [b]]oF(AF) + b]zOE(AE)
+ba10F (BF)** + bygoE (BE)"] = 0, (22)

and multiplying Eq. (21a) by (a —x;)~*1 and letting x; — a, one
finds

cot (mhy) =0. (23)

Eqg. (22) has no roots lying in the interval (-1, 0) which implies
that there is no power singularity for f; at x; = 0. Eq. (23) on the
other hand indicates that A; = —0.5. Operating on Egs. (21b) and
(21c) in a similar way, we derive the characteristic equations

20 T 0, 60,
cot (77.'92) sin(n@z) [nnoF(AF) + nqyE (AE)

+1910F (BF)% + ny50E (BE)%] = 0, (24)
cot (mAy) =0, (25)
cot (7 w) = _&o (26)

€20
cot(mr B) = aly (27)
€20

Again, Eq. (24) points out that there is no power singularity
for f, at x; = 0; and from Eq. (25) it follows that A, = —0.5. Egs.
(26) and (27) facilitate computation of the strengths of singular-
ity of the unknown function f;. These exponents depend upon
the orthotropic material properties and the coefficient of friction
n through eqg and eyg. Also note that w + 8 = —1.

3. Numerical solution
In order to be able to numerically solve the singular integral

equations, we first define the following substitutions and func-
tions:

a a a a
t= ir+ 3 X1 = i51 + 5 -1 < (r,51) < 1, forEq. (19a),
(28a)
a a a
t=§r+§, x2=552+§, -1 < (r,57) < 1, forEq. (19b),
(28b)
t—C_br c+b N _c—bs c+b
=5 —I—iz ) 35 5 3+72 ,
-1 < (r,s3) < 1, forEq. (190), (28¢)
f1(%r+%)
(]51(1‘):71)/((:_[]) , —l<r<1, (28d)
(37 +3)
(1) = B/ D) " “1<r<1, (28e)
f3( eh r+ c+b)
(f)g(l‘)—w, —-1<r<1. (28f)
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The new nondimensional unknown functions are expressed as
infinite series involving Jacobi polynomials:

Gr(1) = (1= AP0, —1<r<1,

(29a)
n=0

Gr(r) = (1= AP 20(r), —1<r<1, (29b)
n=0

ps(r)=(1-nfQ +r)“’iA3nPn(’3"”)(r), “1<r<1.  (29)
n=0

Aip, i=1,...,3, here are unknown coefficients of the expansions;
and Péﬁ’w) (r) is the Jacobi polynomial of order n. Using ¢3r in con-
junction with the equilibrium condition given by Eq. (5e), Asg is
found to be:

2l(B+w+2)
28+ 10 (B + (w0 +1)°

where I' is the Gamma function. Substituting Eqs. (29) and
(30) into the singular integral equations, regularizing the singu-
lar terms, and truncating the infinite series at n = N, we reduce
the problem to a system of functional linear algebraic equations as
given below:

Az = — (30)

N N
D AnMin(s1) + Y AsaMiza(s1) = —Asomizo(s1),  —1<s1 <1,

n=0 n=1

(31a)

N N
D Ao (s2) + ) AsnMasn(sz) = —Asomazo(sy), —1 <53 <1,

n=0 n=1

(31b)

N N N
> AinMmain(s3) + Y AxnMizn(s3) + Y AsaMsza(s3)

n=0 n=0 n=1
= —A3oms3(s3), —1<s3<1.
The functions associated with this system read
ay I'(=1/2)I"(n+1)
2 27T (n+1/2)

(31¢)

My (s1) =

F(n—i—l; Cnt12;32; ) _251)

1
[ A=y RO @t 51 rydr. (322)
-1

1
Mi3n(s1) = /_ - 1P (1 + )PP () Hys(s1, 1) dr, (32b)

_ mu 12T (1)
Moz ($2) = = V2r T(n+1/2)

F<n+1; —n+1/2: 3/2: 1532)

+ [ 11 (1=1)" V2P 129 (1Y Hyy (s, 1) dr, (320)
Ma3n(53) = [ 11 (1 =P +1)?PP (r)Hys (s, 1) dr, (32d)
M (s3) = [ ]1 (1 =) 2P0 () Hy (55, 1) dr (32¢)
maan(s2) = [ 11 (1= 1) 229 (1) Hyy (53, ) i, (320

e 1 pw ! g o
4 sin(ﬂ,B)P"*1 (82 + /71 (=n7t+n

M3sn(s3) = | P (rHa3(s3. 1) dr. if n#0,
1
[ A =nP AR s (1.1 dr. if n =0,
-1
(328)

F in Egs. (32a) and (32c) is the hypergeometric function; and Hj
are defined as

a
Hy(s1.1) = E(Hlls(slyr) +Hyg(s1,1)),
c—b
Hiz(s1.1) = T(HBs(sls r) + Hizp(s1,1)), (33a)
a
Hay(s2. 1) = E(HZZS(SZ’ 1)+ Hyp(s2, 1)),
c—b
Ha3(s2. 1) = T(HBS(SL 1)+ Hysp(52, 1)), (33b)
a
Hs;(s3,1) = E(H3ls(53, 1) + Hai5(s3,1)),
a
Hsy(s3.1) = i(H32$(53’ 1)+ Hagf(s3,1), (330)
c—b
H33(s3, 1) = TH33f(53s r, (33d)
Hijs(si. 1) = hyjs(x. t),  Hijp(si. 1) = hijp(x. £), (33e)
a a . a_ a .
§Si+§, i=1,2, §r+§, ji=12,
X= t=
c—bs'+c+b i3 c—br+c+b 3
5 Sit S =2 5 — J=>.
(33f)

The functional equation system, expressed by Eq. (31), is dis-
cretized by means of a collocation scheme. The collocations points,
which are selected to be the roots of Chebyshev polynomials of the
first kind, are given by:

~ TQ2i-1) ~ 7(2i—1)
S1; = COS m , Spj = COS m s

i=1,.. N+1, (34a)
53,~=cos<ﬂ(2211;1)>, i=1,...,N. (34b)

Mixed-mode stress intensity factors at the crack tip, and contact
stress at the surface can be computed once the unknown coeffi-
cients Aj,, i=1,..., 3, are evaluated. The definitions of the mode I
and II stress intensity factors at the crack tip are

xlirrl}+ mazz (%1.0)
Voo =) 10107~ 0). 35

X1—>a- 0X1

k, = lim /2(x; — a) o12(x1, 0)
Xj—at
.G 0
o 7? z(a—X])TM(U](X], O+)_u1(x'lv 07)) (35b)

Through the use of these definitions and Eq. (29), normalized
SIFs are expressed as

ki

Il
I
g

Il

|

=
a3
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Fig. 4. Comparisons of the computed normalized contact stress to the closed form solution for an orthotropic half-plane: (a) n = 0.0; (b) n =0.2; (c) n =0.4; (d) n = 0.6,

(c—b)/a=1.0,b/a=6.

kiv/a a & _ kov/a
1I;/i:klnz_c_bX:AlnPn( ]/2’0)(1), ZI;[:an
n=0
a N
= ———5 2 APV (). (36)
n=0

Normalized contact stress on the other hand is of the form:

o111 (O, %bS;J, + %b)
P/(c —Db)

(0, N
::gé_?;za-sgﬁl+g)

N
<Y A3 PP (s3), -1 <s3 <1 (37)
n=0

4. Numerical results

In parametric analyses, normalized stress intensity factors and
contact stresses described by Eqs. (36) and (37) are computed as
functions of orthotropic material properties, coefficient of friction,
and normalized dimensions. To be able to verify the formulation
and developed solution procedures, we made comparisons to the
results available in the technical literature for certain special cases.
The first set of comparisons is provided in Fig. 4, in which nor-
malized contact stresses are compared to the results obtained by
using the closed form contact mechanics solution formulated by
Galin (Kachanov et al.,, 2003). This solution is for an orthotropic
half-plane in frictional contact with a rigid flat punch; and does
not take cracking into account. As a sample orthotropic material,
plasma-sprayed alumina is considered in the computations. The
elastic properties of orthotropic alumina are given as follows (Dag,

2006):
E; =116.36 GPa, E; =90.43 GPa, w1, =38.21 GPa, (38a)
Vi = 0.28, V13 = 0.27, V31 = 0.21, V3 = 0.14. (38b)

Once these values are provided, remaining elastic properties
Vo1, Va3, and E3 can be found employing the relations

Vo _Vn Vi3 _Vn o V3 _Vp
Ey  E,° E  E3' E E’
The results presented in Fig. 4 are generated by setting
(c—b)/a and b/a as 1.0 and 6.0, respectively. (c — b)/a is the ratio
of the contact zone size to the crack length; and b/a represents rel-
ative punch location. Normalized contact stresses are plotted with
respect to the nondimensional coordinate s3 defined by Eq. (28c).
A relatively larger value is assigned to b/a to be able to suppress
the influence of the crack on the contact stress distribution. It can
be seen that for each of the four different friction coefficients con-
sidered, our results are in excellent agreement with those obtained
through Galin’s solution.

The second set of comparisons provided in Fig. 5 involves nor-
malized mode I and II stress intensity factors for a surface crack in
an isotropic half-plane, that is loaded by a rigid flat punch. The re-
sults produced by the method described in Section 3 are compared
to those given by Dag (2001). The figure shows normalized mixed-
mode stress intensity factors ki, and ky, as functions of relative
punch location b/a and friction coefficient 1. The ratio of the con-
tact zone size to crack length (c — b)/a is taken as 1.0. Our results
are in very good agreement with those computed by Dag (2001),
which is indicative of the high degree of accuracy attained by the
application of the methods developed in the present study.

(39)
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Fig. 5. Comparisons of the normalized mode I and II stress intensity factors for an
isotropic half-plane: (a) mode I SIFs; (b) mode II SIFs. (c —b)/a=1.0,v;; = v;3 =
V31 = V3 = 0.25.

The new results calculated for the coupled problem depicted
by Fig. 1 are provided in Figs. 6-12. In Figs. 6 and 7, we display
the influence of the variation in the elastic modulus E, upon the
contact stress and the mixed-mode stress intensity factors, respec-
tively. In the generation of this group of results, the base material
considered is plasma-sprayed alumina, whose properties are given
by Eq. (38). All properties given in this equation are kept constant
except for the elastic modulus E,, which is varied to be able to
examine the influence of orthotropy. The degree of orthotropy is
quantified by the ratio E,/E;. Fig. 6 shows the effect of the change
in E; on the normalized contact stress. It is seen that as E,/E; in-
creases, stress magnitude decreases slightly near the trailing end
of the contact zone, and increases near the leading end. The influ-
ence of the change in E,/E; is rather pronounced on the normal-
ized mixed-mode stress intensity factors ki, and k,, as evidenced
by Fig. 7. The results provided in this figure are generated by con-
sidering a wider range of E,/E; including larger values. Note that
E,/E; cannot be increased arbitrarily due to the constraints con-
veyed by Eq. (3). With the orthotropy constants specified by Eq.
(38), largest possible E5/E; is 7.5. When the punch is closer to the
crack plane, i.e. when b/a is relatively small, normalized mode I
SIF decreases and normalized mode II SIF increases with a corre-
sponding rise in E,. Higher degree of negativity in the mode I SIF
for larger E,/E; implies more extensive crack closure for these val-
ues of the modulus ratio. As b/a is increased further, mode II SIF

0.6
~ 08F
<
K -1.0 C
~
& .2t
w14l E,/E\=2/3
ISy _ E,/E;=1.0
s : E,/E=2.0
18 F _
: E,/E=4.0
2.0 [ i 1 1 1 i
-1.0 -0.5 0.0 0.5 1.0
53

Fig. 6. Normalized contact stress distributions for different values of the modulus

ratio E;[E1, (c—b)/a=1.0,bja=0.1,n=04.
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& 005 E,/E=1.0
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-0.10 E,/E;=4.0
E,/E=6.0
-0.15 E,/E;=7.0
E,/E,=15/2
-0.20 L
0 1 2 3 4 5 6
b/a
0.20
0.15
0.10
< i
oS

0.05

0.00
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b/a

Fig. 7. Normalized mixed-mode stress intensity factors as functions of b/a and the
modulus ratio E,/E;: (a) mode I SIFs; (b) mode II SIFs. (¢ — b)/a=1.0,n =0.4.
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Fig. 8. Normalized relative crack face displacement distributions for various values
of the modulus ratio E;/E;: (a) normal relative displacements; (b) tangential relative
displacements. (c — b)/a =1.0,n = 0.4,b/a = 1.6.

rapidly levels off around zero whereas mode I SIF exhibits a more
gradual drop in magnitude.

Fig. 8 shows normalized relative crack opening displacements
for various values of the modulus ratio E,/E;. Normalized relative
displacements are found by integrating Eqs. (6) and (10), and given

by
(B )/ o (Brore Dydr Ay

Uy (X1, (0hs ) - U2(X1, 07), 0<x; <a, (40a)

Cﬂ AUZ(X1)
a P/(c-b)

ER (5 ) [ smen

ur(x1,0%) —uy(x1,07), 0<x <a. (40b)

For E,/E1 = 2/3, ky, is positive, crack is open, and relative nor-
mal displacement A, is seen to be positive for all values of x;/a.
Relative tangential displacement A; on the other hand is nega-
tive for this value of modulus ratio. As E,/E; is increased, crack
closure occurs and relative normal displacement becomes negative
near the crack tip. Relative tangential displacement continually in-
creases with the corresponding rise in E,/Eq. Increase in the size
of the contact zone is manifested by the extension of the region
where A; is negative. But, calculation of the exact contact zone
size requires specification of the contact conditions in the formu-
lation and implementation of an iterative procedure.

0.4 ¢

0.6
0.8
-1.0
12
14

-1.6 |

o,70,5,)/ (P/(c-b))

-1.8 F

20t

Fig. 9. Normalized contact stress distributions for different values of the friction
coefficient n, (¢ —b)/a=1.0,b/a=0.1.
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Fig. 10. Normalized mixed-mode stress intensity factors as functions of b/a and the
friction coefficient n: (a) mode I SIFs; (b) mode II SIFs. (c — b)/a =1.0.

Figs. 9 and 10 illustrate the effect of the coefficient of friction n
on the contact stress and the mixed-mode stress intensity factors
for an orthotropic medium. Plasma sprayed orthotropic alumina
is the half-plane material. When n = 0, the contact stress curve
slants towards the trailing end of contact, i.e. towards s3 = —1. The
curve shifts towards the leading end as the friction coefficient gets
larger. The influence upon both of the stress intensity factors is no-
table. For frictionless contact, mode I SIF is negative whereas mode
Il SIF is positive. Negativity of the mode I stress intensity factor im-
plies crack closure. As 1 is increased, mode I SIF also increases and
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Fig. 12. Normalized mixed-mode stress intensity factors as functions of bja and
contact zone size to crack length ratio (c — b)/a : (a) mode I SIFs; (b) mode II SIFs.
n=04.

becomes completely positive for 7 = 0.6. Mode II SIF is smaller for
larger friction coefficients; and assumes negative values for certain
combinations of 1 and b/a. A reversal in the sign of ky, points to a
deviation in the path of crack propagation.

In Figs. 11 and 12, we present contact stress and mode I and
Il stress intensity factors as functions of contact zone size to crack
length ratio (c — b)/a and relative stamp location b/a. The base ma-
terial is again plasma sprayed alumina. The variation in (¢ —b)/a
is seen to lead to a slight change in the contact stress magni-

tude. This change is in the form a magnitude rise near the trail-
ing end and a magnitude drop near the leading end for increasing
(c —b)/a. The influence upon the mixed-mode SIFs is significant
for relatively small values of b/a. Within this zone, an increase in
(c — b)/a results in a larger mode I SIF and a smaller mode II SIF.

5. Summary and final remarks

This study puts forward an analytical method, which is capa-
ble of tackling the coupled surface crack and contact problem in
an elastic orthotropic medium. The general solution for the cou-
pled problem is constructed by superposing the separate solutions
obtained for opening and sliding mode crack problems; and con-
tact problem. A system of three coupled singular integral equations
is then derived utilizing crack surface and contact zone condi-
tions. The system is solved numerically by means of an expansion-
collocation technique. Comparisons to the closed-form contact so-
lution of Galin (Kachanov et al., 2003) and the mixed-mode stress
intensity factors provided by Dag (2001) demonstrate the high
level of accuracy of the results generated through the proposed
procedures. Further numerical results are presented to illustrate
the dependences of fracture behavior and contact stress on ma-
terial and geometric properties, and friction coefficient.

It is shown that each of the parameters modulus ratio, coeffi-
cient of friction, and contact zone size to crack length ratio has a
notable effect on the mode I and II stress intensity factors. For cer-
tain combinations of these quantities, the mode I stress intensity
factor turns out to be negative, which indicates crack closure. Yet,
the results generated in the case of closure will still be applicable
if they are employed in a superposition procedure for a combined
loading that results in a completely open crack. Contact of crack
faces is treated by implementing a different type of procedure. Be-
cause of the nonlinearity stemming from the unknown size of the
contact zone, this procedure is iterative. Additionally, contact con-
dition needs to be imposed for the crack-contact region. Although
crack face contact is not within the scope of the current study, its
consideration as future work will provide valuable information re-
garding fracture behavior especially for small friction coefficients.

The effects of the problem parameters upon the mixed-mode
SIFs are pronounced especially when the rigid punch is in close
proximity of the crack plane, i.e. when b/a is small. A small b/a
value implies a higher degree of coupling between crack and con-
tact problems. The method introduced in this article is perfectly
suitable for such configurations since crack-contact coupling is
fully taken into consideration. Thus, the analytical solution proce-
dures presented are expected to prove useful in developing a bet-
ter insight into critical and subcritical crack propagation phenom-
ena in orthotropic media subjected to contact loading.
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