International Journal of Solids and Structures 48 (2011) 483-491

Contents lists available at ScienceDirect

International Journal of Solids and Structures

journal homepage: www.elsevier.com/locate/ijsolstr

Stress concentration around a hole in a radially inhomogeneous plate

Mohsen Mohammadi *, John R. Dryden, Liying Jiang

Department of Mechanical and Materials Engineering, The University of Western Ontario, London, Ontario, Canada N6A 5B9

ARTICLE INFO ABSTRACT

Article history:

Received 25 March 2010

Received in revised form 27 September 2010
Available online 20 October 2010

Keywords:

Functionally graded materials
Stress concentration factor
Circular hole

Biaxial tension

Pure shear loading

The stress concentration factor around a circular hole in an infinite plate subjected to uniform biaxial ten-
sion and pure shear is considered. The plate is made of a functionally graded material where both Young’s
modulus and Poisson’s ratio vary in the radial direction. For plane stress conditions, the governing differ-
ential equation for the stress function is derived and solved. A general form for the stress concentration
factor in case of biaxial tension is presented. Using a Frobenius series solution, the stress concentration
factor is calculated for pure shear case. The stress concentration factor for uniaxial tension is then
obtained by superposition of these two modes. The effect of nonhomogeneous stiffness and varying Pois-
son’s ratio upon the stress concentration factors are analyzed. A reasonable approximation in the practi-
cal range of Young’s modulus is obtained for the stress concentration factor in pure shear loading.
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1. Introduction

Functionally graded materials (FGMs) were initially brought to
scientific attention in 1984 (Koizumi, 1997). These nonhomogene-
ous composites are used in various applications (see, e.g. Watari
et al,, 1997; Simonet et al., 2007). The composition and the morphology
of FGMs gradually change over the volume; consequently, the
elastic properties of the material change with position (Miyamoto
et al., 1999). Of particular interest in this contribution is the special
case where the elastic properties within an elastic body vary in the
radial direction but are independent of tangential direction. This
type of inhomogeneity can be due to several causes: directional
cooling leading to a microstructural gradient (Markworth et al.,
1995); phase segregation arising as a result of centrifugal casting
(Fukui et al., 1999); and surface modification using laser technology
(Islam, 1996).

The elastic stress field in FGMs, where the elastic properties
vary in the radial direction, has recently received considerable
attention (Horgan and Chan, 1999; Noda, 1999; Zimmerman and
Lutz, 1999; Dryden and Jayaraman, 2006). For these types of FGMs
most of the analytic investigation has been axisymmetric and di-
rected toward pressurized FG tubes and disks (Tutuncu, 2007;
Mohammadi and Dryden, 2009), curved beams (Kardomateas,
1990; Dryden, 2007; Mohammadi and Dryden, 2008), and thermal
stress analysis (Jabbari et al., 2002; Lutz and Zimmerman, 1996a).

There has been less analytical investigation on the effect of ra-
dial inhomogeneity upon the elastic field in non-axisymmetric
problems (see, e.g. Batra and Nie, 2009; Nie and Batra, 2009).
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Curved beams have been investigated by Lekhnitskii (1981). Other
geometries such as hollow cylinders by Shao et al. (2008), spheres
by Poultangari et al. (2008), pressurized vessels by Jabbari et al.
(2003), and spherical inclusions by Lutz and Zimmerman
(1996b). In most of these contributions power law functions have
been used to define the variation of elastic properties. Here we
want to calculate the stress field around a circular hole subjected
to uniform far-field stress and power law functions are not suitable
to define the spatial variation of Young’s modulus in an infinite
plate.

The stress concentration factor around a hole in a homogeneous
plate has been received much attention over the last two centuries
(see, e.g. Savin, 1961; Pilkey and Pilkey, 2008). In the case of func-
tionally graded materials, some numerical work has been done
recently. Using an isoparametric finite element formulation, Kubair
and Bhanu-Chandar (2008) investigated stress concentration
around a circular hole in functionally graded panels under uniaxial
tension. They found that the stress concentration factor is reduced
when Young’s modulus progressively decreases towards the hole.
Subsequently, Yang et al. (2009) investigated the stress field
around a circular hole in a FGM plate. They used piece-wise homo-
geneous layers and complex variable methods. The plate was
decomposed into N rings with equal thickness and constant mate-
rial properties. The elastic fields for different spatial variations of
the elastic properties were calculated.

The aim of this contribution is to present an analytical calcula-
tion for the stress concentration factor around a circular hole in an
infinite plate made of an inhomogeneous material subjected to
uniform biaxial tension and pure shear loading. Here, both Young’s
modulus and Poisson’s ratio are smooth monotonic functions of
the radius and attain limiting values far from the hole. Exponential
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functions are used to define the variation of elastic properties. A
closed form expression for the stress concentration factor for biax-
ial tension is presented; the expression for the stress concentration
factor for pure shear loading is obtained in terms of series solution.
The influence of nonhomogeneous stiffness and varying Poisson’s
ratio on the stress concentration factor for both cases are then con-
sidered. Finally, an approximation for the stress concentration fac-
tor for pure shear loading is obtained.

2. Description of the inhomogeneity

Consider an infinite plate with a circular hole of radius a where
the plate is subjected to a uniform far-field stress. The presence of
the hole changes the elastic field in the vicinity of the hole and to
calculate the stress, polar coordinates are used. The radial coordi-
nate, r, is normalized with respect to the radius of the hole, and a
dimensionless radius is then defined as p =r/a. The elastic solid
is nonhomogeneous, but here it is considered to be isotropic. The
material properties change in the radial direction and approach
uniform values at distances far away from the hole. As described
in Section 1, this type of nonhomogeneity can be due to several
reasons. With this behavior in mind, a dimensionless function
K(p) is introduced and Young’s modulus E is written as

E=E. k(p). (M
Similarly, Poisson’s ratio is expressed as
V= Vo + (Voo = Vo)K(p). 2)

There are many functions that can be used to describe the behavior
of xk and here the only restrictions are that

k(o) =1, Ky ===K(1)>0. (3)

E,

At large distances from the hole E=E_ and v = v_; whereas at the
periphery of the hole, E; =E.k; and v;=vg+ (V. — Vg)K;. The
parameter Vg is adjustable.

3. Governing differential equation

Suppose that the plate is subjected to a uniform far-field stress.
Near the hole the uniform elastic field is perturbed and a polar
coordinate system is used to calculate the stresses. The basic elas-
tic equations for plane stress are given. First, the displacement
components U and V, in the radial and tangential directions respec-
tively, are normalized, u = U/a and v = V/a. The strain-displacement
relations are well known (see, for example Timoshenko and
Goodier, 1970), and the relevant terms are

ou

El):%a (4)
u 109v

6():5"!‘5%7 (3)
ov v 10du

=30 "0 p a0’ (6)

where €, €y, and y,, represent the normal and shear strain compo-
nents, respectively. The compatibility equation is given in reference
Wang (1953) and is written as

3(3(,069) . ) L1 >e€, :1g<0v,m+m>
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The normal and shear stresses are labeled as o, 7, and 7, respec-
tively. The two equilibrium equations are given by Timoshenko and
Goodier (1970):

(7)
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The solid is a linear elastic material and in plane stress; Hooke’s law
is written as

1

€ = (0, —Vu), (10)
1

€ :E(a(,fvap), (11)
2(1+4v

p0 :7( E )Tp(h (12)

where E and v are defined by Egs. (1) and (2), respectively. It is
noted that, the average values of displacement, strain, and stress
across the thickness are used in this study and for the sake of sim-
plicity the overbar is omitted from all of these average values (Love,
1906).

If Y(p,0) is the stress function, then the stress components are
given by

10y 1 0%y
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Oy
01 = 502" (14)
2
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It is well known that the stress components defied in this way sat-
isfy the equilibrium equations (Wang, 1953). Combining the above
equations, the strain can be written in terms of the stress function:
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where «, vo, and v, are defined in Egs. (1) and (2). By inserting Eqgs.
(16)-(18) into the compatibility condition (7), the governing partial
differential equation for the stress function is obtained:
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where ’ and ” are the first and second total derivatives with respect
to p. The biharmonic equation V2V?y is defined by
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For the case of homogeneous materials, x is constant and Eq. (19)
reduces to V2V?y =0, (see, for example Timoshenko and Goodier,
1970; Love, 1906). It is noted that the terms involving v., — vo do
not enter into the final governing differential Eq. (19) and the stress
function only depends on vq.

3.1. The general form of the stress function

The stress function i is assigned the separable form

¥ (p,0) = f(p) cos (m0) (21)

and upon substituting this into Eq. (19), the governing equation re-
duces to an ordinary differential equation which is

o

P+ P22 - 2g)f" + p*[g(vo — 2) + h— 1 - 2m?|f"
+plg + 1)1 +2m?) — hvolf' + [m* + m?(hvo — 3g — 4)]f =0,
(22)
where g and h are dimensionless functions that describe the
nonhomogeneity:

_p¥
g==, 23)
h=g>+g-gp. (24)

Here we want to calculate the stress concentration factor around a
hole subjected to: (1) biaxial loading, m =0, as shown in Fig. 1(a),
and (2) pure shear, m = 2, as shown in Fig. 1(b). The former is an axi-
symmetric problem, while the latter is non-axisymmetric.

4. Stress state due to biaxial tension: m =0

Consider the far-field stress corresponding to m = 0 as shown in
Fig. 1(a). The governing differential Eq. (22) becomes

Pf" +20°[1 - glf" + p*[g(vo — 2) + h = 1]f" + plg + 1 — hvo]f' = 0
(25)

and this represents an axisymmetric stress field. After some algebra,
it can be verified that Eq. (25) can be written as

(- e

Defining p = f, the governing differential equation is then reduced
to

p 1—g> , (1 —vOg> eK
i _ & 27
p <p p 2 )P, (27)

where the coefficient ¢ is the constant of integration. The particular
solution of Eq. (27) associated with the constant ¢ corresponds to
the bending problem and is not required here.

The periphery of the hole is stress free and the radial stress is
equal to og at infinity; therefore, the boundary conditions for this
problem are

p(1) =0,

. P

lim = = gy. 28
Jim 5= o (28)
Suppose that p; and p, are two linearly independent solutions of Eq.

(27) where the constant ¢ is set equal to zero. Considering the
boundary conditions (28), the stress function p is written as

_ P1(p)P2(1) — p2(p)p1 (1)
p=an( pa(1) ) 29)

The stress concentration factor, Ky, corresponding to hydrostatic
loading can be found from this stress function.

The factor Ky is defined as the ratio of the maximum hoop stress
which occurs at p = 1 to the reference stress o (Pilkey and Pilkey,
2008). Using Eqs. (14) and (29), it follows that

(a) T%

Op
- =
m=0
(b) Oz
Oy
— = S

| m=2

Fig. 1. Far-field loading on the plate containing the circular hole: (a) shows the
biaxial loading oo, corresponding to m=0; and (b) shows pure shear o>,
corresponding to m = 2.

B (1) - py()py (1)
Ko pa(1) ' 30)

The numerator of Eq. (30) is equal to the Wronskian evaluated at
p =1, (see, for example Braun, 1993). In this case the Wronskian,
W = pip, — php: = Ck(p)/p where k(p) is defined in Eq. (1). The
elastic properties become uniform at large distances away from
the hole, i.e. k(cc)=1, so that the solutions must be such that
p1~p and p, ~ 1/p. It then follows that the constant C=2 and
the Wronskian can be written as W = 2x(p)/p. The stress concentra-
tion factor is then expressed as

Ko :2(E>ZO, (31)
EOC
where the normalized stress concentration factor X is
2o = 1 (32)
" p(1)

It is noted that, X is a function of s, vo, and E/E... In order to obtain
an analytical expression for Ko, a definite form must be assigned to
the function x(p).

4.1. Spatial variation of k(p)

For the kind of inhomogeneity envisaged in this paper there are
two main features. First, there is the value of the stiffness at the
hole periphery, and secondly, there is the rate at which the
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inhomogeneity decays away from the hole. These two features can
be captured by the following expression:

K(p) =exp(x), where x=rnp° (33)
where # and s<0 are adjustable parameters. The parameter #
determines the stiffness at the hole perimeter and s determines
the decay rate away from the hole. The function x(p) monotonically
approaches unity as p increases.

For the spatial variation E = E..exp[#p°], the solutions p; and p,
are known (Mohammadi and Dryden, 2009). They are given by

1-v 2
pl(p)=pM( 5 °,1+§,nps>, and
1 14w, 2,
pap) =y (- 1012 ), 34

where M(a,b,x) is the Kummer’s function and some of the basic
properties of Kummer’s function can be found in references
(Abramowitz and Stegun, 1972; Erdelyi, 1981). Using Egs. (31),
(33) and (34), Ky is written as

Ko = 2 exp (1) 2o, (35)
where considering Eq. (33) the coefficient
E
exp () = g~ (36)
and the normalized stress concentration factor Xy is given by
1
2o = (37)

MR 12y

N

If this expression for X is expanded as a power series in # it
becomes clear that there are two limiting cases corresponding to
small and large values for |s|

Is|>1,

38
Is| < 1. (38)

1
Zo ~
’ { exp|—(1+vo)1/2]
For the case of homogeneous materials, 77 = 0, and the stress concen-
tration factor reduces to the well-known result, (Pilkey and Pilkey,
2008), Ko = 2.

5. Stress state due to pure shear loading: m =2

Far field stresses o, = 0, and o, = —0 are applied as shown in
Fig. 1(b). The periphery of the hole is stress free. The stress function
is then written as

¥ (p,0) = f(p) cos (20). (39)

The problem is non-axisymmetric and the shear stress is not zero in
this case. Assuming the functional form for x(p) proposed in Eq.
(33), the governing differential Eq. (22) becomes
P +2[1 = sx]p’f" — [9 — (vo — 1 —5)sx — $°X°] p*f"

+ [9 + (9 + Vos — Vo)sx — vos*x?] pf’

+ [4(vo — Vos — 3)sx + 4vos*x?|f = 0. (40)

The periphery of the hole is stress free so that, the boundary condi-
tions are written as

0,(1)=0, 7T,(1)=0, ‘ljig;ap

= —0)3. (4])

0=0

Using Egs. (13), (15) and (39), the boundary conditions in terms of
fip) are

. (f'p) 4\ _
pm (- 5) == )

f(1)=0, (43)
f(1)=0. (44)

The independent solutions of governing Eq. (40) must be found and
adjusted to fit the boundary conditions (42)-(44). After finding
these solutions and applying the boundary conditions, the state of
stress and consequently, the stress concentration factor can be
determined.

5.1. Series solution

A closed form solution is not possible and here a series solution
is used. The function f{p) is written as a power series

Flp)=p' > At (45)
n=0

where q is an unknown constant. Substituting Eq. (45) into the gov-
erning differential Eq. (40) leads to the recursion formula

PO {onAn + Bu1 Anct + Py 2 An 21X =0, (46)

n=0

where the coefficients A ; = A ;, = 0. The terms «y,, B, and y, are
found as

oy = (q+ns—4)(q+ns—2)(q+ns)(q +ns+2),
Bu=s(@+ns)[(q+ns—1){-2(q +ns) + o+ 3 — s} + 9 + VoS — Vo]
+4s(vo — VoS — 3),
Yy = S2(q +ns)[q +ns — 1 — vo] + 4s%vp.
(47)

Setting n =0 in Eq. (46) yields ¢o.49 = 0 and since Ay # 0O it follows
that the indicial equation for q corresponds to

% =q(q-4)(q-2)qg+2)=0. (48)

The indicial roots are then q =(2,-2,0,4). An independent solution
is associated with each root q of the indicial equation. For values of
n > 0 the coefficients A, are deduced by the recursive relations

OC]A]+ﬁ0A0:0, Tl:1,
oAy + ﬁlAl + VOAO =0, n=2,
3 Az + fr Ay + 7,41 =0, n=3, (49)

OCnAn + ﬁnflAn—l + Vn_zAn—Z = 07

where A is an arbitrary constant and the coefficients A;, A;, ... can
be found as multiples of Ay. The solution corresponding to q =4
gives unbounded stress as p — oo and is not used here.

Now, the solutions corresponding to q = (2,—2,0) are calculated
and the procedure is discussed. It is noted that, f; corresponds to
q=2; f, corresponds to q = —2; and f3 corresponds to q = 0. Here,
using the recursive formula (46) and (49), the three solutions of
the governing differential Eq. (40) when m = 2 are determined.

5.2. Solution corresponding to uniform far-field stress
Consider fi(p) as the first general solution corresponding to

q = 2. This solution refers to uniform far-field stress and using Eq.
(45), it is written as

filp) = %2 Xx: Fax", (50)
n=0

where the coefficients F, are defined from
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o F1 + foFo =0, n=1,
0Fa + B1F1 +poFo =0, n=2,
o3F3 + f,F, +79,F1 =0, n=3, (51)

OCnFn + ﬁann—l + A))n,an—Z = Os
where the coefficients oy, 4, and v, are

oy = ns(ns + 4)(ns — 2)(ns + 2),
=52 +ns)[(1+ns){-2ns+vg—1—5}+ 9+ VoS — V]

+ 4s(vo — vos — 3), (52)
Yn = 52(2 + ns)[ns +1- Vo} + 452V0.
The coefficients
_ 2(1 + vo)
P ras )™
(14 0)(28 49 2~ ves? — 20— )], Y
A+ 2 s+ 1) 0

are the first two terms of the series (50) and Fy is an arbitrary con-
stant. For the sake of brevity, the other coefficients are not given. In
addition the coefficient Fy is arbitrary and is considered as Fo = 1.

5.3. Solution associated with q = -2

The solution f5(p) corresponds to the root g = —2 and is written

das

sz ZG,, , (54)

where the coefficients G, are defined from

o1Gy + oGo =0, n=1,

06262+ﬁ1G1 +')/OGO :O7 Tl:27

06363+ﬁ2G2+)/]G1 :0, n:3, (55)

OCnGn + ﬁann—l + Vn,zcn—Z = 03

where the coefficients oy, 4, and v, are

o, = ns(ns — 6)(ns — 4)(ns — 2),

By =s(ns—2)[(ns —3){-2ns+vo+7 — S} + 9 + VoS — V|
+4s(vg — vos — 3),

v, = $%(ns — 2)[ns — 3 — vo] + 4s%vq.

(56)

The first two coefficients of the series (54) are then written as
[ 6(14w)
6= [ s |
G — 3(1 4 o) (105 + 6vos + 5% — 6 — 6V — 65% — Vos?)
27 4(s—-4)(s—=6)(s—=3)(s—=2)(s—-1)

and the coefficient Go=1.

(57)

Go

5.4. Solution associated with q =0

The third solution f3(p), corresponds to the root q=0 and is
written as

= Zan"7 (58)
n=0

where the coefficients H,, are defined from

a1H1+/50H0:O7 n:],
oxHy + piH1 + 90Ho =0, n=2,
O£3H3 + ﬁsz + “/1H1 = 0, n= 37 (59)

O!an + ﬂann—l + Vn,an—Z = O»
where the coefficients oy, ,, and y, are

o, = ns(ns — 4)(ns — 2)(ns + 2),
Bn =ns*[(ns — 1){=2ns + vo +3 — s} + 9 + vps — Vo]

60
+4s(vo — vos — 3), (60)
Y, = ns3[ns — 1 — o] + 4s%vp.
The first two coefficients are then written as
T 4(vos +3 — V)
VT4 -2)(5+2)
= 253Vg — Vos? — 2352 + 9s% — 4vs + 4v3s — 2v3 +12v — 18 H
- As—BHs-2)5-D)E+1)(5+2) 0
(61)

Like previous solutions, the coefficient Hg = 1.

5.5. The stress function f{p) and stress concentration factor K>

Considering the boundary conditions (42)-(44) and using the
three solutions defined in (50), (54) and (58), the stress function
can be determined and it is written as

. fs = ff3].fi(p) + (6] = fifs] fa(p) +
? ofs — f:f3],

f(p)

)

Hifs —fzmlf3(,0)>

(62)

where the terms [---]; indicate evaluation at p = 1. Far from the
hole, when p > 1, the stress function f ~ ¢,p?/2 corresponding to
uniform far-field stress. Here, the stress function f{p) is approxi-
mated by a truncated series containing terms up to .

The hoop stress is given by g, =f'(p)cos(20) and attains its
maximum value at 0 =0 on the periphery of the hole; thus, the
stress concentration factor for the pure shear case, i.e. m=2, is
written as

K - [(fzf; ~ IR+ (B AR~ (i R 63)
f2f3/ _f3f2’ 1‘

In the same vein as Eq. (35), K is written as

K, = 4(5;)22 (64)

where the normalized stress concentration factor X5 is given by

a a annV
2271+a1n+ﬂ+33—7+ + 7\17

(65)

where the coefficients ay, ... are known and they are functions of vq
and s. Upon inspection of the series terms, two limiting cases, corre-
sponding to small and large values for |s|, are observed to be given by

1 Is| > 1,
2y~ 66
{03/ w21 (©9
For the case of homogeneous materials, 7 = 0, and the stress concen-
tration factor reduces to the well-known result, (Pilkey and Pilkey,
2008), K> = 4.



488 M. Mohammadi et al./ International Journal of Solids and Structures 48 (2011) 483-491

6. Results and discussion

Suppose that the plate is subjected to uniform far-field stress
with components o, and o,. By inspection of Fig. 1(a) and (b), it
is clear that o, = 09 — 03 and 0, = 6 + 0. It then follows that

oy + 0y
==

Oy — Oy
2

Oo and 0y = (67)
For uniaxial tension, o, =0 and the stress concentration factor is
then

K= (E—l) (2o +25,). (68)

o0

When # = 0 this reduces to the well-known result K = 3.

Here, the elastic stiffness is given by E = E__exp(1p*) where s < 0.
The far-field stiffness, E = E., is attained when p° ~ 0. The require-
ment for p° to become arbitrarily small can be written as
(1 +t)°=e™ where m < 0. Upon solving for t, it is found that

n m 1m?2 1 /m\3
t—e _17?+§(?) +§(?) 4o (69)
The convergence of this estimate for t depends on the ratio m/s. For
simplicity m = —1 and ¢ is estimated as

t=-— 3 (70)
This gives a characteristic parameter to estimate the width of the
inhomogeneous zone surrounding the hole and it is similar to the
use of a characteristic time in electrical engineering. Fig. 2 shows
the distribution of InE/E,, versus the dimensionless radius p for dif-
ferent values of n and t.

This section is divided into two parts. First, Poisson’s ratio is
considered as constant and the effect of nonhomogeneous stiffness
on the stress concentration factors is discussed. Secondly, Young’s
modulus is held constant and the influence of varying Poisson’s ra-
tio is analyzed.

6.1. Effect of nonhomogeneous stiffness upon Ky

For biaxial loading the stress concentration factor is Ko = 2(E;/
E..)Xo where the function X is given in Eq. (37)

1

20 Mt oo 11 260)

(71)

where M(a,b,x) is the Kummer’s function. When t = 0 the function
Yo =1 and its derivative is given by

820 B ”2 113 ’74
WO*_“+v°)<'7+2x21+3x31+4x4!+"' : (72)
When t>1 the function X, approaches the limit Lo=

exp[—(1 + vo)n/2] as given in Eq. (38). Fig. 3 shows a graph of InX,
versus t for various values of # and Poisson’s ratio v=vo=1/4. As t

bao _

2 . . ; . . : ' ' .
\\ n= 2,t=02
h ———- n= 2,t=1
T~~~ I n=-2,t=02
1F \\\ —_————— n=-2.t=1 |
—-——__
“
= or e
-
’ _
/ ................
/ e
/ ./././
/ ././
1+ - |
/ -
! ./
// 7
e
-2 ’ * L L n 1 n n 1 n n
1 5 : 4 5

Dimensionless Radius, p

Fig. 2. Graph of normalized Young’s modulus Inx(p), defined in Eq. (33), versus
dimensionless radius p for the values of # and t shown.

becomes large, In Xy ~ +5#/8. The most rapid change in X, occurs
in the region 0 < t <1 and a Taylor’s expansion around t = 0 requires
too many terms to be very useful. However, commonly available
software packages such as MAPLE allow convenient evaluation of
the Kummer’s function. The behavior of K, for other values of vy is
similar.

6.2. Effect of nonhomogeneous stiffness upon K>

For the case of pure shear, the stress concentration factor is
K5 = 4(E4/E..)X, where the function X, is given in Eq. (65)

2 3 4 5
S L LT T BT
The number of terms required for the series to converge evidently
depends upon the magnitude of # and as might be expected, the
terms get more complicated as N becomes large. Moving into the
plate, from the far field to the periphery of the hole, the stiffness
changes by a factor exp(#). In most FGMs this change is not exceed-
ingly large and the value of 1 is likely less than 2. For this value of
the series gives a reasonable estimate if it is truncated when N = 5.
The coefficients aq,a,,...,as depend on t=—1/s and vo. The coeffi-
cient a; = (b1o + b11vo)/c1 and is written as

_ —3t—12t2 - 3663 N vo(—t + 8% +12¢%)
T 14126+ 441 + 4813 T 1+ 12t + 441> + 4837

a (73)
The second coefficient has the form a, = (by + by1Vo + b2aV3)/Ca
and is written asSubsequent coefficients have the form
an = (bpo + bmivo + - -+ bpav?)/C, but become too unwieldy to be
useful and they are not presented.

When t = 0 the function >, =1 and its derivative is given by

—3t— 27t — 81> + 180t* + 1938¢> + 7128t° + 13608t + 7776t8

€2 2+56t+662t2 +4304t3 + 16784t* + 40064t° + 569285 + 43776t7 + 138248’

b1 —t+ 14t2 + 11563 + 112t* — 2544t — 110885 — 142567 — 51848

C2 2+ 56t + 662t% + 4304t° + 16784t" + 400641° + 56928(° + 4377617 + 138241°’
3t2 — 2813 — 68t* + 542¢> + 18485 4 2088t” + 864t°

b

(74)

C2 2+ 56t + 662t +4304t> + 16784t* + 40064t° + 56928t° + 43776t + 13824t°
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Fig. 3. Graph of In Xy versus t for the values of 17 shown and Poisson’s ratio vo = 1/4.
At t = 0 the slope is given by Eq. (72). For large values of ¢t the limiting values +57/8
are attained.

1.50 T T T T

-1.50 L L L L

Fig. 4. Graph of In X, versus t for the values of # shown and Poisson’s ratio vo = 1/4.
At t =0 the slope is equal to ¥ which is given by Eq. (75). For large values of t the
limiting values +11#/16 are attained. The solid lines represent the series solution
and the dashed lines are obtained from approximation given in Eq. (76).

+ ) (75)

Whent > 1 the function X, approaches the limit L, = exp[(vo — 3)1/4]
as given in Eq. (66). Fig. 4 shows a graph of In X, versus t for various
values of 77 and Poisson’s ratio v = v = 1/4. The solid lines in Fig. 4 rep-
resent the series solution and the dashed lines are found from an
approximate method which is described later. The most rapid change
in X5 occurs in the region 0 < t<1 and a Taylor’s expansion around
t =0 requires too many terms to be very useful. As t becomes large,
In X, ~ +11#/16. The behavior of X, is qualitatively similar to that of
2. However, unlike X, the series terms in the expression for 2, can
only be found after the lengthy calculation.

02y
V=00,

. n N n
= (3+V0)<”+2><2!+3><3!+4><4!

6.2.1. Approximate solution
To avoid the long calculation to find the coefficients, a; to as, a
method of fitting the rational form

9t + (L — 1)wy 2

S=1+ 5
14+ wyt +wyt

(76)

to the exact result is presented. At t=0 this approximate form
agrees with X, and its derivative. At the other extreme when
t — oo, the approximate form S approaches the limit L,. The param-
eters wy and w, are adjusted to render a reasonable approximation
and this is accomplished by interpolating the expression for S
through two suitably chosen points [t1,S;] and [t,S,]. At these
two interpolation points S = X». By trial and error, it has been found
that setting t; =1/5 and t, =1 produces an expression S with a
relative error (X, — S)/Z5 < 0.05. After some algebra it is found that
the parameter wy is

wi = (1= 2v)(1 — 4v0)(14.558, + 28.830; + 8.3540_; + 69.640;
+5.4860_3) + 8vo(1 — 2v0)(12.9200 + 27.455, + 6.8165_;
+72.445, + 3.9865_5) + 2vo(4vo — 1)(11.005 + 25.305;
+5.4535_, +73.875, +2.9895_,)

and w,, is given by

Wy = (1 —2v)(1 —4v0)(13.095¢ + 17.6567 + 11.055_1 + 27.049,
+10.786_3) + 8vo(1 — 2v0)(13.625¢ + 19.175; + 10.66_,
+30.016; +9.2506 ) + 2vo(4ve — 1)(14.2560 + 20.486,
+10.796_1 + 32.996, + 8.8525_5).

The Lagrangian interpolation functions are,

do = (1-1)(4-n?)/4,

o1 = (1+m)(4-n*)n/6,

51 =(n-1)4=n*)n/6, (77)
= (n+2)(* - 1)n/24,

02 =(n—2)(n* - 1)n/24.

For example if vo=1/4 and 5 =1, then L,~.5028, ¥~ —4.282,
wy &~ 27.45, and w, ~ 19.17. The approximation S is then found to
be

—4.282t — 13.65¢t?
1.0+ 19.17t + 27.45¢*

and as shown in Fig. 4 this gives a reasonably accurate
approximation.

S=1.0+

6.3. Influence of varying Poisson’s ratio upon Ky

The goal here is to find the effect of varying Poisson’s ratio upon
the stress concentration factors when Young’s modulus is almost
constant. Letting # approach zero corresponds to constant stiffness
and it is desired that v change from v, to v, as the radius increases.
Poisson’s ratio is given in Eq. (2) and as n — 0, the function

~1+np°. Poisson’s ratio is then given by v=v+(v; —v,)p°
and the coefficient vq is given by

Vo~ —, (78)

where w = v, — v4. Using Eq. (78) and as » approaches zero,

1 1
M(t(T +vo), 1 +26,5))  oF1(1 + 26, t)

o= (79)
where oF;(a,x) is the Hypergeometric function and some of its basic
properties can be found in references (Abramowitz and Stegun,
1972; Erdelyi, 1981). For the case of homogeneous materials, i.e.
w = 0, the coefficient Xy =1 and Ky = 2. Fig. 5 shows the distribution
of In X versus t for various values of . For the maximum change in
Poisson’s ratio, i.e. || = 0.5, it is found that as t becomes large Ko
changes by 28% from the case where Poisson’s ratio is constant.
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Fig. 5. Graph of In X, versus t for the values of > shown. The coefficient # — 0 and
Young’s modulus is virtually constant; nonetheless, Poisson’s ratio varies between
vy and v.. The stress concentration factor differs by 28% from the case where
Poisson’s ratio is constant.

6.4. Influence of varying Poisson’s ratio upon K>

Considering # — 0, performing the same limiting process, and
using Eq. (78), the governing differential Eq. (40) for the case of
almost constant Young's modulus is written as
Pf" +20°f" — 19 — wsp®lp*f" + (9 + ws(s — 1)p*] pf

+[4ws(1 —s)p°]f = 0. (80)
As mentioned before, only three linearly independent solutions of
Eq. (80) yield bounded stresses when p — oo and they are written as

2
fl(p):”—ng(l—tJr£1 (-t 1—2t,1+2t7]—4t;a)tp5>,

22732 22 2
(81)
o) =—oFs (A3t iz S a1 201 16t 0tp0
2P—2p2232 o) Ok ) ) yotp” |,
(82)
B = (et L S Can1 o1 v Aot
3 23 2 272 27 ) } ) )
(83)
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Fig. 6. Graph of In X, versus t for the values of w shown. The coefficient 7 — 0 and
Young’s modulus is virtually constant; nonetheless, Poisson’s ratio varies between
vy and v,. The stress concentration factor differs by 13% from the case where
Poisson’s ratio is constant.

where the coefficient

(= V1-12t-12¢, (84)

and ,Fs(a,b;c,d,e;x) is the Hypergeometric function; some of its
basic properties can be found in references (Abramowitz and
Stegun, 1972; Erdelyi, 1981). Using Eqgs. (63) and (64), the normal-
ized stress concentration factor X, is calculated. Fig. 6 shows the
distribution of In2', versus t for different values of w. For the case
of homogeneous materails, i.e. w =0, the coefficient X,=1 and
K> = 4. It is noted that for the maximum change in Poisson’s ratio,
as t becomes large K, changes by 13% from the case where Poisson’s
ratio is constant.

7. Concluding remarks

In this paper the stress concentration factor around a circular
hole in a radially inhomogeneous plate subjected to uniform biax-
ial tension and pure shear loading has been considered. An expo-
nential function has been used to model the spatial variation of
the elastic properties. The parameters # and s can be adjusted so
that the shape of this function is reasonably general.

An analytical expression (31) for the stress concentration factor
Ko, i.e. uniform biaxial tension, was calculated. The normalized
stress concentration factor Xy was presented in terms of Kummer's
function. The two Kummer’s functions are given in Eq. (34). If

= —1/s, then it appears that the values t=(1+ N)/2 where N is
an integer is not possible; otherwise the function p,(p) is not
defined. However, because K, depends on the Wronskian, these
forbidden values of t are not problematic. A similar phenomenon
occurs when K; is calculated.

Poisson’s ratio was considered as constant and the effect of non-
homogeneous stiffness was considered on Ky and K. Since K, did
not have a closed form solution, a reasonable approximation in
the range |n| <2 was devised. Subsequently, Young’s modulus
was considered virtually constant and a limiting process was
performed. It was concluded that for the maximum change in
Poisson’s ratio, as t becomes large K, and K, change by 28% and
13%, respectively from the case where Poisson’s ratio is constant.
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