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a b s t r a c t

This is the first part of a two-part paper dedicated to a new plate theory for out-of-plane loaded thick
plates where the static unknowns are those of the Kirchhoff–Love theory (3 in-plane stresses and 3 bend-
ing moments), to which six components are added representing the gradient of the bending moment. The
new theory, called the Bending-Gradient plate theory is described in the present paper. It is an extension
to arbitrarily layered plates of the Reissner–Mindlin plate theory which appears as a special case of the
Bending-Gradient plate theory when the plate is homogeneous. However, we demonstrate also that, in
the general case, the Bending-Gradient model cannot be reduced to a Reissner–Mindlin model. In part
two (Lebée and Sab, 2011), the Bending-Gradient theory is applied to multilayered plates and its predic-
tions are compared to those of the Reissner–Mindlin theory and to full 3D Pagano’s exact solutions. The
main conclusion of the second part is that the Bending-Gradient gives good predictions of both deflection
and shear stress distributions in any material configuration. Moreover, under some symmetry conditions,
the Bending-Gradient model coincides with the second-order approximation of the exact solution as the
slenderness ratio L/h goes to infinity.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Laminated composite plates are widely used in engineering
applications, especially in aeronautics. They offer excellent stiff-
ness and strength performance for a low density. However, as fiber
reinforced composites are very anisotropic materials, the overall
plate properties of these laminates has been really difficult to cap-
ture. Because of a strong demand from industry for reliable models,
many suggestions have been made.

Let us recall some essential requirements for such a model. The
main goal is to simplify a computationally heavy 3D model into a
2D plate model without losing local 3D fields’ accuracy. One would
expect:

1. Good estimation of macroscopic deflection,
2. No limitation on local material symmetries,
3. A plate theory which is easy to implement with standard finite

element tools,
4. Good relocalization of 3D fields in order to estimate local

stresses.

The simplest and most widely-used theory is the Kirchhoff–
Love plate model. This model is easy to implement and gives good
estimates for in-plane stress components (far from the edges of the
ll rights reserved.
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plate) and neglects the contribution of out-of-plane stress compo-
nents to the stress energy. However, when the plate slenderness
ratio L/h (h is the plate thickness and L the span) is not large en-
ough, out-of-plane stresses have an increasing influence on the
plate deflection. This phenomenon becomes sensitive when L/
h < 10 for an isotropic plate and L/h < 40 for classical carbon fiber
reinforced laminated plates and cannot be neglected for conven-
tional use of composite laminates.

In recent decades many suggestions have been made to im-
prove both deflection estimation and field localization for highly
heterogeneous laminates. Reddy (1989), Noor and Malik (2000),
and Carrera (2002) provided detailed reviews for these models.
Two main approaches can be found: asymptotic approaches and
axiomatic approaches. The first one is mainly based on the fact that
h/L is a small parameter. Using asymptotic expansions in the small
parameter h/L (Caillerie, 1984; Lewinski, 1991a,b,c), it is found that
the Kirchhoff–Love kinematic is actually the first order of the
expansion. However, higher-order terms yield only intricated
‘‘Kirchhoff–Love’’ plate equations and no simple model to imple-
ment. This difficulty is illustrated in Boutin (1996) for 3D periodic
composites and in Buannic and Cartraud (2001a,b) for periodic
beams. Another asymptotic method is based on the so-called Var-
iational Asymptotic Method (VAM) applied to plates by Yu et al.
(2002a,b). The strength of this approach is that it does not make
more assumption than having h/L small and, according to its
authors, it could be applied also to any non-linearities. However,
this method does not seem simple to implement in conventional
finite element code.
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The second main approach is based on assuming ad hoc dis-
placement or stress 3D fields and often referred to as axiomatic ap-
proach. One of the assets of these approaches is that they seem
easier to implement in finite element codes. These models can be
‘‘Equivalent Single Layer’’ or ‘‘Layerwise’’.

Equivalent Single Layer models treat the whole laminate as an
equivalent homogeneous plate. Stress or displacement approaches
have been suggested. Reissner (1945) was the first one who sug-
gested a stress approach for homogeneous and isotropic plates.
His approach will be detailed further in the present work. Reiss-
ner’s transverse shear stress field is a parabolic distribution
through the thickness. However, experiments and some exact solu-
tions (Pagano, 1969, 1970a,b) when considering composite lami-
nates, revealed that shear stress distributions are much more
distorted than that. At the same time, numerous displacement ap-
proaches were suggested. The roughest suggestion for taking into
account transverse shear strains, ea3, is assuming that ea3 is uni-
form through the thickness (First Order Shear Deformation The-
ory). Yet, it leads to too stiff shear behavior and necessitates the
introduction of shear correction factors (Mindlin, 1951; Whitney,
1972). Above all, this assumption enforces a discontinuous shear
stress ra3 through the thickness. Other models have been designed
(Reddy, 1984; Touratier, 1991; Vidal and Polit, 2008) to remove the
use of shear correction factors, but most of them did not lead to
continuous ra3, as indicated by Reddy (1989). The most refined
Equivalent Single Layers models, which finally led to continuous
shear stress are zigzag models (Ambartsumian, 1969; Whitney,
1969; Carrera, 2003). However, these models are restricted to
some specific configurations (symmetry of the plate and material
constitutive equation) and involve higher-order partial derivative
equations than the simple Reissner–Mindlin plate model.

The difficulties encountered with transverse stress fields insti-
gated the consideration of enriched models: Layerwise models. In
these models, all plate degrees of freedom are introduced in each
layer of the laminate. Continuity conditions are enforced between
layers. In this area, most of the improvements have been focused
on refining the local displacement field. The reader can refer to
Reddy (1989) and Carrera (2002) for detailed reviews. It should
be noted that a static approach has also been considered for layer-
wise models. Based on the variational formulation from Pagano
(1978), it treats each layer as a Reissner–Mindlin plate and en-
forces stress continuity conditions (Naciri et al., 1998; Diaz Diaz
et al., 2001, 2007; Hadj-Ahmed et al., 2001; Caron et al., 2006; Dal-
lot and Sab, 2008). Both stress and displacement approaches for
Layerwise models lead to correct estimates of local 3D fields. How-
ever their main drawback is that they involve many more degrees
of freedom (proportional to the number of layers) than Equivalent
Single Layer models.

Based on Reissner (1945) paper, the purpose of this work is to
suggest an Equivalent Single Layer higher-order plate theory which
gives an accurate enough estimate of transverse shear stresses in
the linear elasticity framework. For this, we are motivated by
two observations. The first one is that Kirchhoff–Love strain fields
have clearly been identified as good first-order approximation for
slender plates thanks to asymptotic expansion approaches. Thus,
it would be inconsistent to refine in-plane fields further without
introducing correct estimation of transverse fields. The second
one is that the 3D equilibrium plays a critical role in the estimation
of transverse shear stress in all the existing approaches. For in-
stance, Whitney (1972) introduced 3D equilibrium in order to
compute shear correction factors and more recently, when bench-
marking several plate models, Noor and Malik (2000) used the 3D
equilibrium to estimate shear stresses. We show in this paper that
revisiting the use of 3D equilibrium in order to derive transverse
shear stress as Reissner (1945) did for homogeneous plates leads
to a full Bending Gradient plate theory. The Reissner–Mindlin the-
ory will appear as a special case of the new Bending-Gradient the-
ory when the plate is homogeneous.

The paper is organized as follows. In Section 2 notations are
introduced. In Section 3 we recall briefly the full 3D elastic problem
for a clamped plate and, in Section 4, how it is possible to derive
plate equilibrium equations without any assumption on micro-
scopic fields and how Reissner derived his shear stress distribution.
Then we demonstrate in Section 5.1.1 that applying Reissner’s ap-
proach for deriving transverse shear stress to a composite laminate
involves more static shear degrees of freedom (DOF) than the usual
shear forces Q. The mechanical meaning of these new DOF is pre-
sented and compatible fields are identified in Section 5.2. The con-
stitutive equation for the Bending Gradient is derived in Section 5.3
which leads to the formulation of a complete plate theory. Finally,
in Section 6, it is demonstrated that for the special case of homoge-
neous plates, the Reissner–Mindlin and the Bending-Gradient plate
theory are identical. Thus a means to quantitatively compare both
theories is provided and applied to conventional laminates.
2. Notations

Vectors and higher-order tensors are boldfaced and different
typefaces are used for each order: vectors are slanted: T, u. Second
order tensors are sans serif: M, e. Third order tensors are in type-
writer style: , . Fourth order tensors are in calligraphic style
D; c. Sixth order tensors are double stroked , .

When dealing with plates, both 2-dimensional (2D) and 3D ten-
sors are used. Thus, eT denotes a 3D vector and T denotes a 2D vec-
tor or the in-plane part of eT . The same notation is used for higher-
order tensors: ~r is the 3D second-order stress tensor while r is its
in-plane part. When dealing with tensor components, the indexes
specify the dimension: aij denotes the 3D tensor ~a with Latin index
i, j, k.. = 1,2,3 and aab denotes the 2D tensor a with Greek indexes a,
b, c.. = 1,2. eC ¼ Cijkl is the fourth-order 3D elasticity stiffness tensor.eS ¼ Sijkl ¼ eC�1 is the fourth-order 3D elasticity compliance tensor
while c ¼ cabcd denotes the plane-stress elasticity tensor. c is not
the in-plane part of eC but it is the inverse of the in-plane part ofeS : c ¼ S�1. The identity for in-plane elasticity is
iabcd ¼ 1

2 dacdbd þ daddbc
� �

, where dab is Kronecker symbol (dab = 1 if
a = b, dab = 0 otherwise).

The transpose operation t� is applied to any order tensors as fol-
lows: (tA)ab. . .wx = Axw. . .ba.

Three contraction products are defined, the usual dot product
ð~a � ~b ¼ aibiÞ, the double contraction product ð~a : ~b ¼ aijbjiÞ and a
triple contraction product (A)B = AabcBcba). Einstein’s notation on
repeated indexes is used in these definitions. It should be noticed
that closest indexes are summed together in contraction products.
Thus, � n = abcnc is different from n � = na abc. The reader might
easily check that i : i ¼ i; i)i ¼ 3=2d and that i � i ¼ iabcdid�fg is a
sixth-order tensor. We recall also that resp. a � b, ta : b and ta)b

define inner products and associated norms on 2; ð 2Þ2 and
ð 2Þ3, respectively.

The derivation operator ~$ is also formally represented as a vec-
tor: ~a � ~$ ¼ aijrj ¼ aij;j is the divergence and a� $ ¼ aabrc ¼ aab;c is
the gradient. Here � is the dyadic product.

Finally, the integration through the thickness is noted
h�i :

R h
2

�h
2

f ðx3Þdx3 ¼ hf i.

3. The 3D model

We consider a linear elastic plate of thickness h occupying the 3D
domain X = x�] � h/2,h/2[, where x � R2 is the mid-plane of the
plate (Fig. 1). Cartesian coordinates (x1,x2,x3) in the reference frame
~e1; ~e2; ~e3ð Þ are used. The constitutive material is assumed to be

invariant with respect to translations in the (x1,x2) plane. Hence,



Fig. 1. The plate configuration.
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the stiffness tensor eC is a function of x3 only. The plate is loaded on its
upper and lower facesx± = x � {±h/2} with the distributed force eT�.
There are no body forces and the plate is clamped on its lateral edge,
@x�] � h/2,h/2[ where @x is the edge of x.

The 3D problem P3D is summarized as follows:

P3D

~r � ~$ ¼ 0 on X: ðaÞ
~r ¼ eCðx3Þ : ~e on X: ðbÞ
~r � ~e3 ¼ eT� on x�: ðcÞ
~e ¼ 1

2 ð~$� eu þ ~u� ~$Þ on X: ðdÞ
~u ¼ 0 on @x�	 � h=2;h=2½: ðeÞ

8>>>>>>><>>>>>>>:
ð1Þ

where ~u is the 3D displacement vector field, ~e is the strain tensor
field and ~r is the stress tensor field. It is useful to recall the varia-
tional approach for the problem P3D. The sets of statically compat-
ible stress fields SC3D and kinematically compatible strain fields
KC3D are introduced. SC3D is the set of stress fields ~r which comply
with equilibrium Eq. (1a) and boundary condition on the upper and
lower faces of the plate Eq. (1c). KC3D is the set of strain fields ~e
which derive from a continuous displacement field ~u (Eq. (1d))
and comply with boundary condition on the edge of the plate (1e).

The strain and stress energy density w3D and w⁄3D are respec-
tively given by:

w3Dð~eÞ ¼ 1
2

~e : eC : ~e; w
3Dð~rÞ ¼ 1
2

~r : eS : ~r ð2Þ

They are related by the following Legendre–Fenchel transform:

w
3Dð~rÞ ¼ sup
~e
f~r : ~e�w3Dð~eÞg ð3Þ

The kinematic variational approach states that the strain solution
~e3D of P3D is the one that minimizes P3D among all kinematically
compatible strain fields:

P3Dð~e3DÞ ¼ min
~e2KC3D

fP3Dð~eÞg ð4Þ

where P3D is the potential energy given by:

P3Dð~eÞ ¼
Z

X
w3Dð~eÞdX�

Z
x

eTþ � ~uþ þ eT� � ~u� dx ð5Þ

and ~u� ¼ ~uðx1; x2;�h=2Þ are the 3D displacement fields on the
upper and lower faces of the plate.

The static variational approach states that the stress solution
~r3D of P3D is the one that minimizes P⁄3D among all statically com-
patible stress fields:

P
3Dð~r3DÞ ¼ min
~r2SC3D

fP
3Dð~rÞg ð6Þ
where P⁄3D is the complementary potential energy given by:

P
3Dð~rÞ ¼
Z

X
w
3Dð~rÞdX ð7Þ

Moreover, the following relation holds for the solution:

P3Dð~e3DÞ ¼ �P
3Dð~r3DÞ () V3D
ext ¼ V3D

int ð8Þ

where the external work is:

V3D
ext ¼

Z
x

eTþ � u3Dþ þ eT� � u3D� dx ð9Þ

and the internal work is:

V3D
int ¼

Z
X

~r3D : ~e3DdX ð10Þ
4. Revisiting the Reissner–Mindlin plate theory

4.1. Reissner–Mindlin statically compatible fields

This section recalls shortly the procedure for the derivation of
Reissner–Mindlin equilibrium equations (Reissner, 1945; Mindlin,
1951; Caron and Sab, 2001; Nguyen et al., 2005).

The generalized Reissner–Mindlin stresses associated to the 3D
stress field ~r are:

Nabðx1; x2Þ ¼ hrabi ðaÞ
Mabðx1; x2Þ ¼ hx3rabi ðbÞ
Qaðx1; x2Þ ¼ hra3i ðcÞ

8><>: ð11Þ

where N is the membrane stress, M the bending moment, and Q the
shear forces.

Reissner–Mindlin equilibrium equations are obtained by inte-
grating Eq. (1a) and x3 � (1a) with respect to x3 leading to:

hrab;bi þ ½ra3	h=2
�h=2 ¼ 0

hra3;ai þ ½r33	h=2
�h=2 ¼ 0

hx3rab;bi � hra3i þ ½x3ra3	h=2
�h=2 ¼ 0

8>>><>>>:
Using boundary conditions (1c) yields:

Nab;b þ pa ¼ 0 ðaÞ
Qa;a þ p3 ¼ 0 ðbÞ
Mab;b � Qa þ la ¼ 0 ðcÞ

8><>: ð12Þ

where pi ¼ Tþi þ T�i are symmetric loadings per unit surface and
li ¼ h

2 Tþi � T�i
� �

are skew-symmetric loadings per unit surface.
More precisely, p = (pa) are membrane loadings per unit surface,
p3 is the out-of-plane loading per unit surface, l = (la) are couples
per unit surface and l3 is the transverse bulk loading.

Since in-plane loadings (p,l) and out-of-plane loadings (p3,l3)
are not of the same order in the asymptotic analysis of the plate
as h/L goes to 0 (see Lewinski, 1991c), and for the sake of simplic-
ity, we focus only on the out-of-plane loading p3 (pa = li = 0).

Finally, for clamped plates, SCRM is the set of statically compat-
ible (N,M,Q) fields defined by:

ðN;M;QÞ 2 SCRM ()
N � $ ¼ 0 on x ðaÞ
M � $� Q ¼ 0 on x ðbÞ
Q � $þ q3 ¼ 0 on x ðcÞ

8><>: ð13Þ
4.2. Localization

The second step of the static approach consists in deriving the
Reissner–Mindlin stress energy per unit surface w⁄RM(N,M,Q) from



1 The constitutive material is symmetric with respect to (x1,x2) plane. This
assumption could be released but would compromise the simplicity of the
presentation.
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the 3D model. Then, the solution for the Reissner–Mindlin model is
obtained by minimizing the complementary potential energy
P
RM ¼

R
x w
RM dx over all (N,M,Q) in SCRM.

As in many homogenization procedures, the derivation of w⁄RM

is based on an approximation scheme for the real 3D stress fields in
terms of Reissner–Mindlin stress fields:

~rRMðx1; x2; x3Þ ¼ ~rðNÞðx1; x2; x3Þ þ ~rðMÞðx1; x2; x3Þ þ ~rðQÞðx1; x2; x3Þ

where ~rðNÞ; ~rðMÞ, and ~rðQÞ are 3D stress fields generated by N, M and
Q as follows:

rðNÞij ¼ s
ðNÞ
ijabðx3ÞNabðx1; x2Þ ðaÞ

rðMÞij ¼ s
ðMÞ
ijabðx3ÞMabðx1; x2Þ ðbÞ

rðQÞij ¼ s
ðQÞ
ija ðx3ÞQaðx1; x2Þ ðcÞ

8>><>>: ð14Þ

where s
ðNÞ
ijabðx3Þ; sðMÞijabðx3Þ and s

ðQÞ
ija ðx3Þ are localization tensors depend-

ing only on the x3 coordinate. This can be rewritten using contrac-
tion products as:

~rRM ¼ ~sðNÞ : Nþ ~sðMÞ : Mþ ~sðQÞ � Q

Once this approximation of stress fields is set, the stress poten-
tial energy density w⁄RM(N,M,Q) is defined simply as the quadratic
form:

w
RMðNðx1; x2Þ;Mðx1; x2Þ;Qðx1; x2ÞÞ

¼ 1
2

~rRMðx1; x2; x3Þ : eSðx3Þ : ~rRMðx1; x2; x3Þ
D E

ð15Þ

Hence, a consistent choice for ~sðNÞ; ~sðMÞ and ~sðQÞ is critical.

4.2.1. Kirchhoff–Love fields
The derivation of ~sðNÞ and ~sðMÞ is based on the Kirchhoff–Love

plate theory. This theory is the first order of asymptotic expansion
in the small parameter h/L (Ciarlet and Destuynder, 1979; Caillerie,
1984). According to this theory, plane-stress is assumed and the in-
plane part of the displacement is linear in x3:

uKL
a ¼ Ua � x3U3;a ð16Þ

where Ua is the average in-plane displacement and U3 the average
out-of-plane displacement (the deflection). From this, the in-plane
strains are derived as:

eKL ¼ 1
2
ðUa;b þ Ub;aÞ � x3U3;ab ¼ eþ x3j ð17Þ

where e is the membrane strain and j the curvature at first order.
We draw the reader’s attention to the fact that strain components
ei3 are not null in the general case.

Membrane stress N and bending moments M are linearly
dependent on e and j:

N ¼ A : eþB : j ðaÞ
M ¼ tB : eþD : j ðbÞ

�
ð18Þ

with:

ðA;B;DÞ ¼ 1; x3; x2
3

� �
cðx3Þ

� �
ð19Þ

Using 3D constitutive equation under plane-stress assumption,
Kirchhoff–Love constitutive Eq. (18) and in-plane strains definition
(17), it is possible to express Kirchhoff–Love stress fields as func-
tions of N and M:

rðNÞðx1;x2;x3Þ¼ cðx3Þ : ðaþx3
tbÞ : Nðx1;x2Þ and rðNÞi3 ¼0 ðaÞ

rðMÞðx1;x2;x3Þ¼ cðx3Þ : ðbþx3dÞ : Mðx1;x2Þ and rðMÞi3 ¼0 ðbÞ

(
ð20Þ

where a; b and d are the reciprocal compliance tensors of the con-
stitutive Eq. (18):
e ¼ a : Nþ b : M ðaÞ
j ¼ tb : Nþd : M ðbÞ

�
ð21Þ

Hence, for a homogeneous plate, Kirchhoff–Love stress fields are gi-
ven by:

rðNÞðx1; x2; x3Þ ¼ 1
h Nðx1; x2Þ and rðNÞi3 ¼ 0 ðaÞ

rðMÞðx1; x2; x3Þ ¼ 12x3

h3 Mðx1; x2Þ and rðMÞi3 ¼ 0 ðbÞ

(
ð22Þ
4.2.2. Shear fields for a homogeneous plate
Let us recall the approach from Reissner (1945) for deriving ~rðQÞ

in the case of a homogeneous monoclinic1 plate.
The main idea of the method is to recall that the shear forces are

related to the bending moment through the plate equilibrium
(13b). In the previous section, 3D fields generated by a (x1,x2)-
invariant bending moment have been derived (Eq. (22)). If M is
invariant, we have ~rðMÞ � ~$ ¼ ~0. However, if M is function of x1

and x2; ~rðMÞ field is no more equilibrated and it comes directly:
rðMÞ � $ ¼ 12x3

h3 ðM � $Þ ¼ 12x3

h3 Q . f ðQÞ ¼ 12x3

h3 Q appears as the body
force generated by the bending moment variations and is directly
proportional to shear forces. Then ~rðQÞ is defined as the unique
(x1,x2)-invariant stress field which balances f (Q). This leads to the
following auxiliary problem:

~rðQÞ � ~$þ 12x3

h3
eQ ¼ ~0; where Q3 ¼ 0 ðaÞ

~rðQÞ � ~e3 ¼ ~0 for x3 ¼ �h=2 ðbÞ

(
ð23Þ

The (x1,x2)-invariant solution of this problem is:

rðQÞa3 ¼ �
Z x3

�h
2

12z
Qa

h3 dz ¼ 6

h3

h2

4
� x2

3

 !
Qa; rðQÞab ¼ 0

and rðQÞ33 ¼ 0

This is the original shear stress field derived by Reissner.

4.2.3. Extension to laminates under cylindrical bending
When considering laminated plates, the approach described

above does not work any more, because it is not possible to bring
out shear forces in ð~rðMÞ � ~$Þ. Whitney (1972) overcame this diffi-
culty assuming the plate is under cylindrical bending. This is equiv-
alent to assuming: Q1 = M11,1, Q2 = M12,1, e22 = 0 and v22 = 0.

Whitney’s (1972) approach for deriving shear correction factors
is still implemented in ABAQUS (2007) under additional assump-
tions. Compared to exact solutions for cylindrical bending (Pagano,
1969, 1970b), this method gives rather good approximation for
overall deflection and shear stresses in laminated plates. Eventu-
ally, it has also been generalized to functionally graded materials
(Nguyen et al., 2007, 2008) and heterogeneous plates (Cecchi and
Sab, 2002, 2007; Lebée and Sab, 2010c,; Isaksson et al., 2007). How-
ever, how shear stress should be extended for more complex load-
ings than cylindrical bending (especially involving torsion) is still
an issue.

5. The Bending-Gradient plate theory

5.1. Fields generated by a linear variation of the bending moment

5.1.1. Stress field
Since with laminated plates it is not possible to bring out shear

forces with Reissner’s approach, we suggest considering a more
general shear variable, the full gradient of the bending moment:
R ¼M� $ where the third-order tensor Rabc respects Mab symme-
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tries (Rabc = Rbac). This will release the cylindrical bending
assumption for laminated plates. In the following, we resume Sec-
tion 4.2.2 procedure for deriving shear fields in the case of lami-
nated plates.

We have ~rðMÞ � ~$ ¼ 0 if M is (x1,x2)-invariant. When M is func-
tion of x1 and x2, we have:

~rðMÞ � ~$ ¼ s
ðMÞ
ijbaðx3ÞMabðx1; x2Þrj ¼ s

ðMÞ
ijbaMab;cdjc ¼ s

ðMÞ
icbaRabc

Again f ðRÞi ¼ s
ðMÞ
icbaRabc is the force per unit volume generated by first

order variations of the bending momentR. Using ~rðMÞ definition (Eq.
(20b)) and assuming that each layer follows monoclinic symmetry
we identify the force per unit volume as:

f ðRÞ ¼ cðx3Þ : ðbþ x3dÞ)R and f ðRÞ3 ¼ 0 ð24Þ

Then, we define ~rðRÞ the 3D stress generated by a (x1,x2)-invariant
bending gradient R associated to the localization tensor s

ðRÞ
ijabc such

as ~rðRÞ ¼ ~sðRÞ)R. Like in the case of homogeneous plate, this stress
field is derived through the auxiliary problem:

~rðRÞ � ~$þ ~f ðRÞ ¼ ~0 ðaÞ
~rðRÞ � ~e3 ¼ ~0 for x3 ¼ �h=2 ðbÞ

(
ð25Þ

The (x1,x2)-invariant solution of this problem is easily found, lead-
ing to the explicit determination of ~sðRÞ:

s
ðRÞ
a3gf�ðx3Þ ¼ �

Z x3

�h
2

cagcdðzÞðbdc�f þ zddc�fÞdz; s
ðRÞ
abgf� ¼ 0

and s
ðRÞ
33gf� ¼ 0 ð26Þ

NB: The integral in the determination of ~rðRÞ enforces directly the
continuity of shear stress distributions and
~sðRÞð�h=2Þ ¼ ~sðRÞðh=2Þ ¼ 0 ensures the traction free boundary condi-
tion on the upper and lower faces of the plate.

5.1.2. Displacement field
Following a procedure similar to the one suggested by Whitney

(1972) it is possible to derive a displacement field related to the
bending gradient R. Using the 3D constitutive Eq. (1b), the strain
related to R is written as:

eðRÞa3 ¼
Sab

2
rðRÞb3 ; eðRÞab ¼ 0 and eðRÞ33 ¼ 0 ð27Þ

where S ¼ Sab ¼ 4Sa3b3 is the out-of-plane shear compliance tensor.
Then, neglecting the variations of R, it is possible to integrate this
strain field and derive the following displacement field related to R:

uðRÞa ¼
Z x3

�h
2

SafðzÞsðRÞf3bcdðzÞdzþ k
ðRÞ
abcd

 !
Rdcb; uðRÞ3 ¼ 0 ð28Þ

where k
ðRÞ
abcd is a fourth order tensor following one minor symmetry:

k
ðRÞ
abcd ¼ k

ðRÞ
abdc. kðRÞ is an integration constant which is set by enforcing

uðRÞa

D E
¼ 0. Then, we introduce the displacement localization t(R) by:

uðRÞ ¼ tðRÞ)R; uðRÞ3 ¼ 0 ð29Þ

Finally ~uðRÞ is a continuous displacement field.

5.2. Compatible fields for the full Bending-Gradient

In Section 5.1.1, we have derived a localization tensor ~sðRÞ which
depends on all bending gradient components: Rabc = Mab,c. Accord-
ingly we define a new approximation of stress fields involving all
bending gradient components:
~rBG ¼ ~rðNÞ þ ~rðMÞ þ ~rðRÞ

and a new stress energy density similar to Definition 15:

w
BGðN;M;RÞ

Actually ~rBG approximation for 3D stress fields is a higher-order
gradient theory, as described in Boutin (1996) for 3D continuum
and Buannic and Cartraud (2001a) for periodic beams. However,
to be consistent with higher-order theories, we should have taken
into account the gradient of other static unknowns such as the
membrane stress gradient for instance. It is the choice of the
authors in the present work to limit the number of static variables
only to those which have a contribution to the macroscopic equi-
librium of the plate. Thus the number of unknowns remains lim-
ited and adapted to engineering applications, contrary to
asymptotic expansions and other rigorous approaches in which
no distinction is made between significant static unknowns.

Now it is possible to design a complete plate model.

5.2.1. Bending-Gradient statically compatible fields
5.2.1.1. Generalized stress. The full bending gradient R has six com-
ponents (R111,R221,R121,R112,R222,R122) whereas Q has two compo-
nents. Since only (N,M,Q) appeared in Reissner–Mindlin statically
compatible fields, SCRM, while integrating 3D equilibrium Eq. (1a)
through the thickness in Section 4.1, using the full bending gradi-
ent as static unknown introduces four static unknowns which a
priori are not related to plate equilibrium (13).

Let us derive generalized stresses associated to ~rðRÞ. Using Eq.
(26) and integrating by parts when necessary leads to:

rðRÞab

D E
¼ 0; x3rðRÞab

D E
¼ 0; s

ðRÞ
a3bcd

D E
¼ iabcd ð30Þ

and we have: rðRÞa3

D E
¼ i)R ¼ Q . Only Q remains after integrating

~rðRÞ through the thickness and the four other static unknowns are
self-equilibrated stress. These stresses are analogous to bimoment
and warping functions in the theory of beams under torsion from
Vlasov (1961). More precisely we have:
r13
 r23
R111
 s
ðRÞ
13111

D E
¼ 1D E
 s

ðRÞ
23111

D E
¼ 0D E
R221
 s
ðRÞ
13122 ¼ 0D E
 s

ðRÞ
23122 ¼ 0D E
R121
 s
ðRÞ
13121 ¼ 0D E
 s

ðRÞ
23121 ¼ 1=2D E
R112
 s
ðRÞ
13211 ¼ 0D E
 s

ðRÞ
23211 ¼ 0D E
R222
 s
ðRÞ
13222 ¼ 0D E
 s

ðRÞ
23222 ¼ 1D E
R122
 s
ðRÞ
13221 ¼ 1=2
 s

ðRÞ
23221 ¼ 0
R111 and R222 are the cylindrical bending part of shear forces Q1

and Q2, R121 and R122 are the torsion part of shear forces and R112

and R221 are linked to strictly self-equilibrated stresses.

5.2.1.2. Bending-Gradient equilibrium equations. Two observations
lead to the definition of statically compatible fields for the Bend-
ing-Gradient SCBG. The first one is that we chose R such as
M� $ ¼ R in Section 5.1.1. The second one is that we have
Q ¼ i)R. Adapting SCRM fields (13) we suggest the following def-
inition of SCBG:

ðN;M;RÞ 2 SCBG ()

N � $ ¼ 0 on x ðaÞ

M� $�R ¼ 0 on x ðbÞ

i)R � $þ p3 ¼ 0 on x ðcÞ

8>>><>>>: ð31Þ
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5.2.2. Bending-Gradient kinematically compatible fields
5.2.2.1. Dual variables. Taking the derivative of w⁄BG(N,M,R) with
respect to each static unknown leads to the following definition
of dual variables:

e ¼ @w
BG

@N
; v ¼ @w
BG

@M
; ¼ @w
BG

@R
ð32Þ

where e is associated to membrane strains and v to curvatures. is
a generalized shear strain. is a third-order 2D tensor following R

symmetry: bac = abc.
Internal work for the Bending-Gradient plate model is accord-

ingly written as:

VBG
int ¼

Z
x

N : eþM : vþ tR) dx ð33Þ
5.2.2.2. Dualization of Bending-Gradient equilibrium equations. Since
SCBG is defined, it is very classical to identify kinematically compat-
ible fields KCBG by integrating by parts the equilibrium Eq. (31)
multiplied with ad hoc test fields eU and , where eUðx1; x2Þ is a
3D vector and (x1,x2) a third-order 2D tensor following R symme-
try: bac = abc. Detailed computation is given in Appendix A.1. This
leads to the weak formulation of the plate theory:

VBG
int ¼ VBG

ext

where

VBG
int ¼

Z
x

N : ði : ðU � $ÞÞ þM : ð � $Þ þ tR) ð þ i � $U3Þdx

ð34Þ

VBG
ext ¼

Z
x

p3U3 dxþ
Z
@x
ðN � nÞ � U þM : ð � nÞ þ ði)R � nÞU3 dl

ð35Þ

and n is the in-plane unit vector outwardly normal to x.
Dual strains are identified in VBG

int as:

e ¼ i : ðU � $Þ; v ¼ � $; ¼ þ i � $U3 ð36Þ

where is a generalized rotation and e is exactly the Kirchhoff–Love
membrane strain. Since we have assumed the plate is clamped,
there is no external work on the edge @x in VBG

ext (Eq. (35)). This leads
to the following condition on eU and for clamped edges:

� n ¼ 0 on @x; eU ¼ ~0 on @x

The above remarks enable us to define the set of kinematically
compatible fields KCBG for clamped plates:

ðe;v; Þ 2 KCBG ()

e ¼ i : ðU � $Þ on x ðaÞ
v ¼ � $ on x ðbÞ
¼ þ i � $U3 on x ðcÞ
� n ¼ 0 on @x ðdÞeU ¼ ~0 on @x ðeÞ

8>>>>>><>>>>>>:
ð37Þ

Localization of displacement. Assuming = 0 in KCBG leads to
¼ �i � $U3 and therefore vab = abcrc = �U3,ab = jab coincides

with the Kirchhoff–Love definition of curvatures. It is then possible
to rewrite the Bending-Gradient curvature as the sum of two terms,
v ¼ jþ � $, the first order Kirchhoff–Love curvature and the sec-
ond order contribution of the generalized shear strains . Based
on this observation, we suggest the following definition of in-place
displacement localization fields:

uBG ¼ U � x3$U3 þ tðRÞ) ) ð38Þ

where is the generalized shear stiffness introduced in next sec-
tion. This definition clearly separates first order and second order
contributions to in-plane displacement.
5.3. Bending-Gradient constitutive equations

We have just derived statically and kinematically compatible
fields. There remains to derive constitutive equations to get a com-
plete plate theory.

5.3.1. Bending-Gradient stress energy density
A detailed analysis dedicated to material symmetries is pro-

vided in Appendix A.2. The main result is that material symmetry
of the plate constituents with respect to (x1,x2) plane uncouples
Kirchhoff–Love (M,N) and shear unknowns (R). Since this is true
for almost all laminated plates of interest, we restrict the analysis
to this case. This means that the energy density can be written as
the sum of two terms:

w
BG ¼ w
BG;KLðN;MÞ þw
BG;RðRÞ

According to Definition 15, the shear part of the stress energy
density is:

w
BG;RðRÞ ¼ 1
2

Z h
2

�h
2

t ~sðRÞ)R
� �

: fSðx3Þ : ~sðRÞ)R
� �

dx3 ¼
1
2

tR) )R

ð39Þ

where:

¼ t ~sðRÞ
� �

: eSðx3Þ : ~sðRÞ
D E

ð40Þ

Inserting ~sðRÞ (Eq. (26)) into definition leads to:

fabcd�f ¼
Z h

2

�h
2

4sðRÞ/3cbaðx3ÞS/3w3ðx3ÞsðRÞw3d�fðx3Þdx3 ð41Þ

which becomes:

¼
Z h

2

�h
2

Z x3

�h
2

ðtbþ zdÞ : cðzÞdz � Sðx3Þ �
Z x3

�h
2

cðzÞ : ðbþ zdÞdzdx3

ð42Þ

where S ¼ Sab ¼ 4Sa3b3 is the out-of-plane shear compliance tensor.
The generalized shear compliance is a sixth-order tensor, with

two symmetries. The major symmetry: t ¼ and the minor sym-
metries: fabcd�f ¼ fbacd�f. The identity for these tensors is:
Iabcd�f ¼ iab�fdcd. definition ensures symmetry and positiveness.
However, is not always definite since four static degrees of free-
dom are self-equilibrated stress (like warping is degenerated in the
torsion of a beam with a circular section). More details about ker-
nel is given in Appendix A.3.

Once the stress energy density is defined, it is straightforward
to derive the constitutive equation:

¼ @w
BG

@R
¼ )R ð43Þ
5.3.2. Bending-Gradient strain energy density
The strain energy density is defined through the Legendre–Fen-

chel transform. Thus it necessitates the definition of inverse. As
indicated previously, is not always definite. This is the case for
a homogeneous plate. Yet it is possible to be more explicit about

inverse.
The generalized shear compliance maps symmetric third-or-

der tensors on its image:

: R 2 ðR2Þ3 # )R ¼ 2 Imð Þ# ðR2Þ3

In order to define an inverse for we introduce the Moore–Penrose
pseudo inverse defined as
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¼ lim
j!0
ð ) þ j Þ�1

)

For instance k 0
0 0

� �
pseudo inverse is 1=k 0

0 0

� �
. With this defini-

tion we have:

: 2 ðR2Þ3 # ) ¼ R 2 Imð Þ# ðR2Þ3

Hence ) is the orthogonal projector onto Imð Þ and � ) is the
orthogonal projector onto Kerð Þ. Defining an inverse relation for
imposes to restrain domain to Imð Þ : ð � ) Þ) ¼ 0. Thus there
is an internal constraint over generalized shear strains when is
not positive definite. Finally, we have the equivalence:

¼ )R
ð � ) Þ) ¼ 0

�
() R ¼ ) þRk

) )Rk ¼ 0

(
ð44Þ

This enables the definition of the shear part of the strain energy
density, using the Legendre–Fenchel transform:

wBG; ð Þ ¼ 1
2

t
) ) for such that ð � ) Þ) ¼ 0 ð45Þ
5.4. Summary of the Bending Gradient plate model

Let us summarize all the definitions introduced for the new
plate model.

The set of kinematically compatible fields is:

ðe;v; Þ 2 KCBG ()

e ¼ i : ðU � $Þ on x ðaÞ
v ¼ � $ on x ðbÞ
¼ þ i � $U3 on x ðcÞ
� n ¼ 0 on @x ðdÞeU ¼ ~0 on @x ðeÞ

8>>>>>><>>>>>>:
ð46Þ

where e is the conventional in-plane plate strain, v is the curvature,
is the generalized shear strain and is the generalized rotation.

These fields are almost identical to Reissner–Mindlin kinematically
compatible fields but the rotation vector is replaced by the general-
ized third-order rotation tensor . Assuming ¼ i �u in Eq. (49),
where u is a vector representing rotations leads to Reissner–Mind-
lin-like kinematics: v ¼ i : ðu� $Þ and � n = 0, u = 0. Thus in the
general case, Reissner–Mindlin kinematics can be interpreted as a
restriction of to i �u.

The set of statically compatible fields is

ðN;M;RÞ 2 SCBG ()
N � $ ¼ 0 on x ðaÞ
M�r�R ¼ 0 on x ðbÞ
ði)RÞ � $ ¼ �p3 on x ðcÞ

8><>: ð47Þ

where N is the membrane stress, M is the bending moment and R
the gradient of the bending moment. This set of equations is almost
identical to Reissner–Mindlin equations where shear forces have
been replaced by the Bending Gradient R.

Finally, for constitutive material following local monoclinic
symmetry with respect to (x1,x2) plane (uncoupling between R
and (N,M)) the Bending-Gradient plate constitutive equations
write as:

N ¼ A : eþB : v ðaÞ
M ¼ tB : eþD : v ðbÞ
¼ f)R; where ð � ) Þ) ¼ 0 ðcÞ

8><>: ð48Þ

The solution of the plate model must comply with the three sets of
Eqs. (46)–(48).

We recall also variational approaches for the model: solving the
static approach of Bending-Gradient consists in finding the set of
statically compatible fields (N,M,R)BG which minimizes the com-
plementary potential energy:
P
BGððN;M;RÞBGÞ ¼ min
ðN;M;RÞ2SCBG

fP
BGðN;M;RÞg ð49Þ

where P⁄BG, the complementary potential energy of the Bending-
Gradient plate problem PBG is written as:

P
BGðN;M;RÞ ¼
Z

x
w
BGðN;M;RÞdx ð50Þ

Again, the strain potential energy of PBG is:

PBGðe;v; Þ ¼
Z

x
wBGðe;v; Þ � p3U3 dx ð51Þ

and solving the kinematic approach of PBG consists in finding the set
of kinematically compatible fields (e,v, )BG which minimizes the
strain potential energy under the kinematic constraint
ð � ) Þ) ¼ 0:

PBGððe;v; ÞBGÞ ¼ min
ðe;v; Þ2KCBG

ð � ) Þ)C¼0

fPBGðe;v; Þg ð52Þ

Note that the model presented in this paper for clamped plates
can be extended to other boundary conditions as detailed in
Appendix A.4.
6. Bending-Gradient or Reissner–Mindlin plate model?

6.1. Homogeneous plate

For a homogeneous plate, the body force becomes

f ðRÞ ¼ 12x3

h3 i)R and f ðRÞ3 ¼ 0 ð53Þ

and the Bending-Gradient localization is

s
ðRÞ
a3bcdðx3Þ ¼

6

h3

h2

4
� x2

3

 !
isabcd; s

ðRÞ
abcd� ¼ 0 and s

ðRÞ
33cd� ¼ 0 ð54Þ

which is exactly the same result as the one from Reissner derived in
Section 4.2.2. Moreover, the generalized shear compliance is:

¼ 6
5h

i � S � i ð55Þ

and the shear stress energy is:

w
BG;RðRÞ ¼ 1
2

tR)i � 6
5h

S � i)R ð56Þ

Since Q ¼ i)R, it is possible to identify there the Reissner–Mindlin
stress energy density as:

w
RM;Q ðQÞ ¼ 1
2

tQ � 6
5h

S � Q

which leads to the Reissner–Mindlin constitutive equation:

Q ¼ 5h
6

S�1 � c

where c stands here for Reissner–Mindlin plate shear strain. This is
the result from Reissner (1945) which exhibits the well-known
shear correction factor ka = 5/6. It is furthermore demonstrated in
Appendix A.5 that boundary conditions are also identical.

Finally, for homogeneous plates, the Reissner–Mindlin model
and the Bending-Gradient model are completely identical.

Moreover, the displacement field suggested in Section 5.2.2
becomes:

uBG ¼ U � x3$U3 þ
5
4

x3 �
4x3

3

3h2

� �
2
3

i) þ $U3

� �
ð57Þ



Fig. 2. Relative distance between the Reissner–Mindlin and the Bending-Gradient
plate models DRM/BG for any 2-ply configuration.
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Identifying u ¼ 2
3 i) , this is rewritten as:

uBG ¼ U þ x3uþ
x3

4
� 5x3

3

3h2

� �
c ð58Þ

with c ¼ uþ $U3. This displacement field is very similar to the one
chosen by Reddy (1984) in order to build a higher order plate the-
ory. However, in the present case, the second order term in c in-
volves not only a cubic function of x3 but also a linear term. This
illustrates that refinements in displacement fields does not neces-
sarily follow a Taylor expansion, contrary to many suggestions
(Reddy, 1989; Altenbach, 1998).

6.2. Projection of the Bending-Gradient plate model

Since in some cases, the Bending-Gradient is turned into a
Reissner–Mindlin plate model, we need a means to estimate the
difference between both plate models. For this, we define the pro-
jection of the Bending-Gradient model on a Reissner–Mindlin
model.

The shear forces energy density in the case of a Reissner–Mind-
lin plate model writes as:

w
RM;Q ðQÞ ¼ 1
2

tQ � fRM � Q ð59Þ

Since Q ¼ i)R, this stress energy becomes in Bending-Gradient
plate model:

w
BG;RðRÞ ¼ 1
2

tR)i � fRM � i)R ð60Þ

Thus a Reissner–Mindlin compliance fRM is expressed in the Bend-
ing-Gradient exactly as for a homogeneous plate (55):

RM ¼ i � fRM � i ð61Þ

Then, we define the orthogonal projection of a Bending-Gradi-
ent compliance tensor on a Reissner–Mindlin compliance tensor
fRM. For this, we introduce the following inner product:

fabcd�fgabcd�f ¼ t ::: ð62Þ

and the related norm:

k k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t :::

p
ð63Þ

We define RM the Reissner–Mindlin part of as the projection of
on the linear subspace of tensors writing as RM ¼ i � gRM � i:

8 RM; tð � RMÞ ::: RM ¼ 0 ð64Þ

which is equivalent to:

8gRM; tfRM : gRM ¼ t 2
3

i

� �
) )

2
3

i

� �� �
: gRM ð65Þ

Thus

fRM ¼ 2
3

i

� �
) )

2
3

i

� �
ð66Þ

defines the projection of on Reissner–Mindlin plate model and the
Reissner–Mindlin part of is:

RM ¼ 2
3

i � i
� �

) )
2
3

i � i
� �

ð67Þ

The projection fRM of is equivalent to assumingR ¼ 2
3 i � Q in w⁄BG,R

Eq. (39). Actually it is possible to give further mechanical interpre-
tation of this result. Let us consider the following change of general-
ized shear static variables:

Qa ¼ Rabb; DQ1 ¼ R111 � 2R122;

DQ 2 ¼ 2R121 � R222; R112 and R221 ð68Þ
In that case the four self-equilibrated static unknowns are D Q1,
DQ2, R112, and R221. They are clearly set apart from shear forces
Qa. Setting to zero pure warping unknowns in order to keep only
‘‘pure shear forces’’ leads exactly to R ¼ 2

3 i � Q . From this, RM can
be considered as the restriction of when setting warping un-
knowns to zero. Consequently, we introduce the pure warping part
of as the orthogonal complement of RM:

W ¼ � RM ð69Þ

Finally we suggest the following relative distance between the
Bending-Gradient plate model and the Reissner–Mindlin one:

DRM=BG ¼ k
Wk
k k ð70Þ

DRM/BG gives an estimate of the pure warping fraction of the shear
stress energy and can be used as a criterion for assessing the need
of the Bending-Gradient model. When the plate constitutive
equation is restricted to a Reissner–Mindlin one, we have exactly
DRM/BG = 0.

As illustration, we derived DRM/BG for angle-ply laminates which
were considered by Pagano (1970a). Each ply is made of unidirec-
tional fiber-reinforced material oriented at h relative to the direc-
tion x1. All plies have the same thickness and are perfectly
bounded. A laminate is denoted between brackets by the succes-
sive ply-orientations along the thickness. For instance [0�,90�] de-
notes a 2-ply laminate where the lower ply fibers are oriented in
the bending direction. The constitutive behavior of a ply is as-
sumed to be transversely isotropic along the direction of the fibers
and engineering constants are chosen similar to those of Pagano
(1969):

EL¼25�106psi; ET ¼ EN ¼1�106psi; GLT ¼GLN ¼0:5�106psi;

GNT ¼
ET

2ð1þmNTÞ
¼0:4�106psi; mLT ¼ mLN ¼ mNT ¼0:25

where GNT has been changed to preserve transversely isotropic sym-
metry. L is the longitudinal direction oriented in the (x1,x2) plane at
h with respect to ~e1; T is the transverse direction and N is the nor-
mal direction coinciding with ~e3.

On Fig. 2, DRM/BG is plotted for any 2-ply configuration and on
Fig. 3, for any 4-ply symmetric configurations. It appears clearly
that DRM/BG, is not negligible (up to 37%). Thus, neglecting warping
with a simple Reissner–Mindlin plate model applied to such
laminates can lead up to 37% error in the shear stress energy and
therefore in the second order deflection.



Fig. 3. Relative distance between the Reissner–Mindlin and the Bending-Gradient
plate models DRM/BG for any symmetric 4-ply configuration.

2886 A. Lebée, K. Sab / International Journal of Solids and Structures 48 (2011) 2878–2888
7. Conclusion

In this work, applying Reissner’s approach for deriving trans-
verse shear stress to a laminated plate revealed that more static
shear DOF than the usual shear forces are involved in microscopic
fields. Thanks to conventional variational tools, this led to the de-
sign of a new higher-order gradient plate theory involving the gra-
dient of the bending moment, instead of shear forces. Statically and
kinematically compatible fields as well as constitutive equations
were derived. The mechanical meaning of the bending gradient
was identified as self-balanced static unknowns associated to
warping functions in addition to usual shear forces. The present
plate theory does not require any specific constitutive material
symmetry and the monoclinic symmetry with respect to plane of
~e3 normal was introduced only for convenience. We demonstrated
also that the Bending-Gradient plate model is the exact extension
to laminated plates of the Reissner–Mindlin model originally pro-
posed for homogeneous plates. Finally, we will show in an upcom-
ing paper that the Bending-Gradient model can be used for a
higher order homogenization of in-plane periodic plates.

In the second part of this work (Lebée and Sab, 2011), compar-
ison between models is performed in the cylindrical bending case
which makes use of only closed-form solutions. It will be demon-
strated that the Bending Gradient model contains most of the rel-
evant aspects of shear effects with very little computation and
simple interpretation. The main conclusion is that the Bending-
Gradient gives good predictions of both deflection and shear stress
distributions in many material configuration and provided the
plate follows mirror symmetry ðB ¼ 0Þ, the Bending-Gradient solu-
tion converges to the exact solution when the slenderness ratio h/L
goes to 0 faster than other models based on Reissner–Mindlin
equations.
Appendix A

A.1. Dualization

Multiplying (31a) with Ua and integrating by parts on the plate
domain x yield:Z

x
Nab

1
2
ðUa;b þ Ub;aÞdx ¼

Z
@x

NabnbUa dl ð71Þ

where na is the outer normal to @x.
Multiplying (31c) with U3 and integrating by parts on the plate
domain x yield:Z

x
RabbU3;a dx ¼

Z
@x
RabbnaU3 dlþ

Z
x

p3U3 dx ð72Þ

Multiplying (31b) with abc and integrating by parts on the
plate domain x yield:Z

x
Mab abc;c þ Rabc abc dx ¼

Z
@x

Mab abcnc dl ð73Þ

Adding all relations developed above leads to the following
expression which is separated into three parts:Z

x
Nab

1
2
ðUa;b þ Ub;aÞ þMab abc;c

þ Rabc abc þ
1
2
ðdbcU3;a þ dacU3;bÞ

� �
dx

¼
Z

x
p3U3 dxþ

Z
@x

NabnbUa þMab abcnc þ RabbnaU3 dl ð74Þ
A.2. Symmetries

First, we derive N, M and R transformation formulas through
orthogonal transformations.

Consider a 3D orthogonal transformation eP such as ~xy ¼ eP � ~x is
the image of ~x, (t eP � eP ¼ ~d and det eP ¼ �1). A stress field ~r has the
image ~ry given by:

~ry ~xð Þ ¼ eP � ~r t eP � ~x
 �
� t eP

The analysis is restricted to planar transformations:

where P is a 2D orthogonal matrix. Then we have:

NyðxÞ ¼ hryðx; x3Þi ¼ P �
Z h

2

�h
2

rðtP � x;P33x3Þdx3 � tP

¼ P �
Z P33

h
2

�P33
h
2

rðtP � x; y3Þ
dy3

P33
� tP

This equation does not depend on P33 sign. Thus we obtain:

NyðxÞ ¼ P �
Z h

2

�h
2

rðtP � x; x3Þdx3 � tP ¼ P �NðtP � xÞ � tP

The same approach leads to the following equation for the bending
moment:

MyðxÞ ¼ P33P �M tP � x
� �

� tP

We have also, R ¼M� $. Thus taking the gradient of the previous
equation leads to:

R
y
abcðxgÞ ¼ P33PadPb�PcfRd�fðPhgxhÞ

When eP is diagonal, the above transformation equations sim-
plify. For instance, we have:

MyabðxÞ ¼ �
~P
Mab

Mab
tP � x
� �

where �~P
Mab
¼ �1 is the symmetry index of Mab with respect to eP.

For instance �~P
Nab
¼ 1 indicates that Nab is symmetric with respect

to eP and �~P
Rabc
¼ �1 indicates that Rabc is skew-symmetric with re-

spect to eP. Finally, it is possible to use all the previous transforma-
tion equations to derive the transformation of the stress energy. In



A. Lebée, K. Sab / International Journal of Solids and Structures 48 (2011) 2878–2888 2887
the case eP reflects a material symmetry, this energy remains invari-
ant. As a consequence, two components having opposite symmetry
indexes with respect to eP are uncoupled.

Table 1 summarizes symmetry indexes for three main symme-
tries. A major observation is that material invariance through p
rotation around ~e3 axis (case a) ensures uncoupling between shear
degrees of freedom R and Kirchhoff–Love degrees of freedom N,
and M. A plate where for all values of x3 the local behavior is sym-
metric with respect to (x1,x2) plane fulfills the p rotation around ~e3

symmetry. Thus, uncoupling between N, M and R holds true also
for any kind of laminated plate provided the local constitutive
behavior is monoclinic relative to (x1,x2) plane (which is the case
for fibrous plies).

A.3. Kernel properties of the generalized-shear compliance

In this section we demonstrate that ) )i ¼ i and ) )i ¼ i,
where is Moore–Penrose pseudo inverse. This ensures also that
the internal constraint ð � ) Þ) ¼ 0 is equivalent to ¼ ) ) .

Proof. Since rðRÞa3

D E
¼ Qa, then, ~rðRÞ is not uniformly zero through

the thickness and w⁄BG,R(R) > 0. Thus:

i)R– 0) w
BG;RðRÞ > 0 ð75Þ

Let us define: R
 ¼ 2
3 i � Q ; Q – 0. We have i)R
 ¼ Q and then

R
 R Kerð Þ. Since ) is the projector on the orthogonal comple-
ment of kernel, we have:

8Q ; ) )i � Q ¼ i � Q

which is the first expected result. The second result is straightfor-
ward when noticing that and have the same kernel: since
and are diagonalizable, we have:

R 2 Imð Þ
() R ¼

X
i

Ri and )R ¼
X

i

kiRi; 8i; ki – 0

() R ¼
X

i

Ri and )R ¼
X

i

Ri=ki; 8i; ki – 0

() R 2 Imð Þ �
A.4. Mixed boundary conditions

The edge is separated into two parts: @xk where generalized
strains eU d;Hd


 �
are enforced and @xs where generalized stress

(Vd,Md) are enforced. eU d is the forced displacement on the edge,
Hd is a symmetric second-order tensor related to a forced rotation
on the edge, Vd is the force per unit length enforced on the edge
and Md is the full bending moment enforced on the edge

A.4.1. Kinematically compatible fields
We define Bending-Gradient kinematically compatible fields for

mixt boundary condition plates as:
Table 1
�~P and loads for three main invariances.

~P N11 N22 N12 M11 M22

(a)
�1 0 0
0 �1 0
0 0 1

0@ 1A + + + + +

(b)
1 0 0
0 1 0
0 0 �1

0@ 1A + + + � �

(c)
1 0 0
0 �1 0
0 0 1

0@ 1A + + � + +
ðe;v; Þ 2 KCBG ()

e ¼ i : ðU � $Þ on x ðaÞ
v ¼ � $ on x ðbÞ
¼ þ i � $U3 on x ðcÞ
� n ¼ Hd on @xk ðdÞeU ¼ eU d on @xk ðeÞ

8>>>>>><>>>>>>:
ð76Þ

The potential energy is:

PBGðe;v; Þ ¼
Z

x
wBGðe;v; Þ � p3U3 dx�

Z
@xs

Vd � U

þMd : ð � nÞ þ Vd
3U3 dl ð77Þ
A.4.2. Statically admissible fields
Bending-Gradient statically compatible fields for mixt boundary

condition are:

ðN;M;RÞ 2 SCBG ()

N � $ ¼ �p on x ðaÞ
M� $�R ¼ 0 on x ðbÞ
i)R � $ ¼ �p3 on x ðcÞ
N � n ¼ Vd on @xs ðdÞ
M ¼Md on @xs ðeÞ
i)R � n ¼ Vd

3 on @xs ðfÞ

8>>>>>>>>><>>>>>>>>>:
ð78Þ

NB: Having M � t = Md � t on @xs, where t is orthogonal to n looks
unnatural since it involves stresses that do not belong to the edge
surface. It is a fourth boundary condition common to higher-order
models and related to free edge effects similar to those described
in Lebée and Sab (2010b).

The complementary energy is:

P
BGðN;M;RÞ ¼
Z

x
w
BGðN;M;RÞdxþ

Z
@xk
ðN � nÞ � Ud þM

: Hd þ ðR)i � nÞUd
3 dl ð79Þ
A.5. Degenerated boundary conditions in the homogeneous case

The pseudo inverse in homogeneous case is easy to find:

¼ 5h
6

4
9

i � S�1 � i ð80Þ

and ) ¼ 2
3 i � i. The generalized shear strain, solution of PBG fulfils

ð � ) Þ) ¼ 0, which is equivalent to: ¼ 2
3 i � i) (see Appendix

A.3). Then it is possible to rewrite the work of M on the edges @x:

M : ð � nÞ ¼ ðM � nÞ � 2
3

i)

� �
which is identical to the Reissner–Mindlin work on the edge @x
where the rotation pseudo-vector is u ¼ 2

3 i) .
M12 R111 R221 R121 R112 R222 R122

+ � � � � � �

� � � � � � �

� + + � � � +
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