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Abstract

In this paper, we study the optimal harvesting control problem governed by a time-periodic competing parabolic
Volterra—-Lotka system. We show the existence of an optimal control, and we also find some conditions which enable
the characterization of the optimal control in terms of a large parabolic optimality system. We further construct
monotone sequences closing in to all appropriate solutions of the periodic optimality system.
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1. Introduction and statement of the problem

Let £ be a bounded domain in R” with C? boundary, G =02 x[0, T), S =302 X [0, T) for
some T >0, and b;, c; some positive constants, i = 1, 2. Throughout this paper we will always
assume that f(x, ), g(x, t) and a(x, t), i =1, 2, are functions satisfying

fr8,a,i=1,2,€L5(2X (-0, ®))={heL*(2X(—», »))|h>0in G},

and they are periodic functions of ¢ with period T for (x, t) € 2 X (—o0, ).
For any constant vector 8 =(§,, §,), §,> 0, i =1, 2, we let

B&,T={(f’ g)f, §EL (2 X (—», x)),

f and g are periodic functions of ¢ with period 7, and f< §,, g <98,}.
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For any (f, g) € B, -, we define (u, v) = (u(f, g), v(f, g)) as a solution of the problem

u,—Au—ul(a;—f)—bu—cw] =0, in G,

v, —Av —v[(a,—g) —bw —c,u] =0, in G,

du (1.1)
—=—=0, on §,

ov  Ov

u(x,0)=u(x,T) and v(x,0)=v(x,T), forxen.

We will show that such (u(f, g), v(f, g)) is uniquely defined when §,, a;, b;, ¢;, i=1, 2,
satisfy appropriate conditions (cf. (H1), (H2) below).
Next, let K;, M;, i =1, 2, be positive constants; we define the pay-off function by

J(f, g) sz[Klu(f’ g)f+ Kyu(f, g)g_lez_Mzgz] dx dz, (1.2)

which describes the economical return of harvesting the competing species u, v.
The problem is to find the periodic control (f, g) € B; 1, such that

J(f,g)= sup J(f,g). (1.3)

(f.8)EBs 7

In practical terms, we are searching for optimal harvesting of two competing biological
species whose growth are governed by the diffusive Volterra—Lotka-type system (1.1). Here
alx, t),i=1,2, describes spatially dependent intrinsic growth, b,, i = 1, 2, designates crowding
effect and the functions f and g denote distributions of control harvesting effort on the
biological species. The optimal control criterion is to maximize the pay-off functional, where K,
and M, are constants describing the market price of species u and the cost of control f, and
similarly K, and M, are constants related to v and g.

In Section 2, we discuss the existence and uniqueness of a positive solution to (1.1). Then we
prove the existence of optimal control for our problem. In Section 3, we find some conditions
which enable us to characterize an optimal control in terms of solution of a parabolic optimality
system. In Section 4 we construct monotone sequences closing in to all appropriate solutions of
the optimality system. If the monotone increasing and decreasing sequences converge to a same
function, then the optimal control is unique. Similar problems have been studied for the elliptic
case in [11,13]. The one parabolic equation case is considered in [5]. The results here are
different from [13], because the species interact differently and the system is now time-depen-
dent. Other related results, regarding monotone iteration techniques in optimal control and
game theory for partial differential equations, can be found in [9,10,12,15,16). Many recent
results concerning periodic solutions of competing systems can be found in, e.g., [1,2,6,8].

Here we shall use the stardard notation (see [5]) WPZ’I(G), and L?(G) for Sobolev space and
L?-space on G=02X[0,T). L2(G)={feL?(G)| f=0 a.e. in G}. For convenience we will
denote the norm in L?(G) by |- |l p6-
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2. Existence of positive solution and optimal control

We first consider the existence of periodic positive solution to (1.1) for a fixed given
(f, &) € B, ;. This will be established in Theorem 2.2 with the hypothesis

1 a;
(H1) 0<8i<§{25i—di—2cigj}, i,j=1,2and i+#j.
j
Here 4, = inf;a(x, t) and 4, =supgax, t) for i=1, 2.

To obtain the existence Theorem 2.2, we will construct two sequences by means of iteration.
Let u, be the solution of the problem

u,—Au—(a;—fu+bu*=0, inG,

ou

- =0’ on S, (21)
v

u(x,0)=u(x,T), for x € (2,

and let v, be the solution of the problem

u,—Au(a, — g —cug)u+bu*=0, inG,

ou

— =0, on S, (2.2)
dv

u(x,0)=u(x,T), for x € 2.

First, [5, Theorem 2.4] and (H1) imply that u, and v, exist in W,>'(G) for p > 1, and

a,—cyd; /b, — 9,
>0y > 5 > 0.
2

S
N@IN)

(Note that in (2.1), (2.2), the derivatives are taken in the weak sense and the equations are
satisfied a.e. in G. All solutions will be interpreted this way unless otherwise stated. For more
details, see [5,7].)

For i=1,2,..., we define u; and v, as the solutions of the following problems (2.3) and
(2.4), respectively:

ou,
o —Au;,— (a,—f—cp,_)u; +bui=0, inG,

ou,
__l =0’ on S, (23)
ov

u,(x,0)=u(x, T), for x € 2,
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and
v,
e Av; — (a,— g — c,u;)v;, +bw?r=0, inG,
ov;
— =0, on S, (2.4)
dv
vi(x,0)=v,(x, T), for x € 02,

where S =902 X [0, T) and v is the outnormal vector on S.
Inductively, from (2.3) and (2.4), by [5, (2.28) and (2.29)], we obtain

0< &t cl(a;I/bZ) o <u, < Z—i 0<2 cZ(ablz/bl) % <, < Z—j. (2.5)
Moreover, u; and v, are in W>XG), for p>1, k=1,2,....
Lemma 2.1. If the hypothesis (H1) holds, then the sequences {u,} and {v,} satisfy

UgZ U ZU > 0 2U> -+, iInG, (2.6)
and

Vg<U; SV, < " <0< -+, inG. (2.7)

Proof. First we should notice that the comparison lemma [5, Lemma 2.3] can be extended to
include the case ¢ € L”, (2 X (-, «)). In fact, suppose w; is the solution of the problem
w,—Aw+cw=f, inG,
ow
— =0, on S, (2.8)
v
w(x,0)=w(x,T), forxe,
for i =1, 2, where ¢ € L” (2 X (—», ©)). We need to prove that f,>f,, f,€L?(G) for i =
1, 2, implies w, > w, in G.
Let ¢, € C(2 X (-, ®)), n=1, 2,..., be periodic in ¢ with period T such that
c,—c, in L?(G), as n— .
Moreover, let w;, be the solution of problem (2.8) with ¢ replaced by ¢, for i =1, 2. Then [5,
Lemma 2.3] implies that
Wi, =W,,, IinG, (2.9)
Now we only need to prove that w;,, > w; a.e. in G as n =, i =1, 2. But [5, Theorem 2.2}
implies that {w,,} is uniformly bounded in sz’l(G) for each i =1, 2. Hence, using the same
argument as in the proof of [5, Lemma 3.1], we can readily obtain w,, > w, a.e. in G as n -

for i =1, 2. Therefore, from the inequality (2.9), we obtain w, > w,.
We are now ready to prove (2.6) and (2.7). Let w = u,— u,; then w satisfies the inequality

w, —Aw + [by(ug+u,) — (a, — f) + cwe|w = 0. (2.10)
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The hypothesis (H1) and (2.5) imply that

b(ug+u)—(a,—f)+cwy=6>0, inG.
Then by the above extension of [5, Lemma 2.3], we conclude that w >0, i.e.,

uy>u,, inG. (2.11)
From this we deduce that (v, — v,) satisfies the inequality

(01— vo), = A(vy — V) + [ba(v1 +0,) — (a, = 8) + caug] (v, — vg) >0,

in G. The same argument as above implies that v, > v, in G.

By iterating and induction in k, we deduce by the same argument that (2.6) and (2.7)
hold. O

By (2.5)—(2.7) and [5, Theorem 2.4], we obtain the estimates
luy llw2ie) <Ry, o, w2y < Ry, (2.12)

where R, and R, are constants independent of k.

By a similar argument as in [5, Theorem 2.4], taking the limit as i — o« in (2.6) and (2.7) and
using the a priori estimates (2.12), we finally conclude that there exists a solution (u, v) of
problem (2.1) in W,>/(G) X W,>'(G) and the estimates (2.12) for u and v hold. Hence we have
proved the following theorem.

Theorem 2.2. Suppose the hypothesis (H1) holds. Then the problem (1.1) has a solution in
W2NG) X W>NG) for p > 1 with u, v satisfying

O0<e;<u<Cy, 0<e,<v<C,. (2.13)
Here €;=[a,—c{d,/b) —8,1/b, and C;=a4,/b;, i =1, 2 and i #j. Moreover, (u, v) satisfies
lullwirey <Ry lollweie <R,. (2.14)

Here R, is a constant determined by || a;|l =g, i =1, 2, respectively.

In order to obtain uniqueness of solution to problem (1.1), we introduce the following
hypothesis:

A A

H2 A
— +c;—
( ) Cl bz C] b1

<2min{é,, 8,}, fori, j=1,2and i#j.
Theorem 2.3. Let 6, a;, c; and b,, i =1, 2, satisfy the hypotheses (H1) and (H2). Then the
problem (1.1) has a unique solution (u, v) in W2G) X W2NG) for p> 1 with u, v > 0.

Proof. We first prove that if (u, v) is a solution of problem (1.1) with u, v > 0, then « and v
satisfy (2.13). In fact, we can use the same comparison lemma described in the proof of Lemma
2.1 to prove u, > u, and then vy <wv. Similarly, we can show u, > u and v, <v for all k=0, 1,
2,.... Finally, we obtain the inequalities u <lim, , u, <C, and v > lim, _, v, > ¢,.
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Interchanging the role of # and v, we can show by means of symmetry that u > e, and
v<C,.

Suppose that there exist two solutions (u,, v,) and (u,, v,) of problem (1.1) with u,, v;> 0
for i =1, 2; then (u, — u,, v, — v,) satisfies

(uy —uy), —A(u; —u,) + [bl(ul +u,)—(a, _f)](ul —uy) +ewi(uy —u,)
+cu,(v, —v,)=0, inG,
(v —0y), —A(vy —vy) + [bz(Ul +0,) — (4, _g)](vl —Uy) + cuy(vg — 0,)
+cu,(uy —u,)=0, inG.
From these two equations and the periodic property, the following two facts follow:
(1) by(u, +u,)—(a,—f)+cp, =8, by(v,+0v,) —(a,— &) +cuy 28,

by hypothesis (H1) and (2.13);
(2) by the hypothesis (H2) when i =1, j = 2 and (2.13), we have

c Uy + c,0, <2 min{é,, 8,}.

We can readily conclude the following equalities:
fG[ |V(uy —uy)1*+ V(0 —vy) %] dx de + /G[al(u1 —uy) +8,(v, —v,)] dux dr

—2 min{§,, 52}/ [(u; —uy)| (v, —vy)] dx de<O0.
G

Hence we finally obtain

Uy =u,, U,=U,, in G. O

Having proved the existence and uniqueness of problem (1.1), we can now prove the
existence of an optimal control.

Theorem 2.4. Let §; and a,, i =1, 2, satisfy the hypothesis (H1). Then an optimal control does
exist for problem (1.1)-(1.3).

Proof. From (2.14), it follows that

sup J(f, g) <.
(f,8)EB;

Let (f,, g,) be a maximizing sequence. Then, there exists a subsequence, again denoted as f,
for convenience, so that

f.—f* g,—g* weaklyin L*(G) with (f*, g*)€B;,
and

u,(for 8,) = t*, (f,> 8,) = v*, strongly in W,)%(G) and weakly in W2(G).
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Since
u, —Au,—u,[(a;—f,)—bwu,—cp,] =0, in G,
v, —Av, —v,[(ay, —g,) — by, —cyu,] =0, in G,
u, o,
= =0, on S,
ov v
u,(x,0)=u,(x,T) and v,(x,0)=0,(x,T), x€Q,
we have

f (-u,b,+ Vu, Ve — (a,—f,)u,d +buid +cu,p,d} dx di=0
G
and
f {—v.¢,+ Vu, Vo — (a,—8,)0,¢ + byvid + cou,v, b} dx dt =0,
G
for any ¢ € W,"'(G) N L*(G) with ¢(x, T) = ¢(x, 0). Passing to the limits as n — = in the two
equalities above, and noting that
ffnun¢ dx dt — /f*u*d) dx dt and fgnuncb dx dt— f g*v*¢ dx dt,
G G G G

for all ¢ € L*(G), we find that (u*, v*) is a weak solution of (1.1) with (f, g) replaced by
(f*, g*). Since (u*, v*) € sz’l(G) X sz’l(G), the uniqueness of positive solution of problem
(1.1) (Theorem 2.3) implies that

u*=u*(f*,g*) and U*=U*(f*, g*)
Moreover, we have

J(f*, g%) =fG{K1u*f* + K,v*g* —le*z—Mzg*z} dx dt

> lim [ {Ku,f, +Kyw,g,} dx dt — lim inff (M, 2+ M,g2} dx dt
G G

n—o n—-w
= lim supJ(f*, g*)= sup J(f, g)-
n—ow (f,g)EB&T

Hence (f*, g*) is an optimal control in B;, and this completes the proof. O

3. Derivation of the optimal system

4

characterization of an optimal control in terms of a solution of a related parabolic system.

In this section we will find some sufficient conditions on M; and K, which enable the

Lemma 3.1. Suppose that 8, and a;, i = 1, 2, satisfy the conditions (H1) and (H2); then we have
u(f+Bf, g +pg)—ulf. 8) _
B

£, weakly in WH(G), (3.1)
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and

v(f+Bf, g+BE)—v(f, g)
B

as B — 0 for some subsequences, for any given (f, g) €B;p, and ( f, g) € L(G) such that
(f+ Bf, g + B&) € Bs . Furthermore, (¢, m) is a solution of the problem

§,—AE— [al —f-=2bu(f, g) —cu(f, g)]§+cmu = _fu(f, g), inG,

—m, weakly in WH'(G), (3.2)

9
— =0, on S,
ov
E(x,0)=¢(x,T), forall x € (2,
(3.3)
no—An — [a,~ g~ 2b,0(f, 8) — cu(f, &)|n + 60 = —0(f, 8), inG,
ad
o =0, ons,
ov
n(x,0)=n(x, T), forallx € .
For the uniqueness of solution to problem (3.3), see Remark 3.2
Proof. Let
u(f+Bf_7g+B§)_u(f’g) U(f+Bf_ag+B§)_U(fag)
55 = > N = ;
B B
then by (1.1) and (1.2), (£, 1) satisfies
bg—Alg—(a,—f)ég+by(u+u)éy+cpé,+cung= —fu, in G, (3.4)
Mg —Ang — (@, — 8)mp +b(V +v)ng + cylimg + cvés = —80, in G, (3.5)
3, 9
%e _ e _ 0, on S,
v v
£a(x,0)=¢&4(x, T) and my(x, 0) =np(x, T), for all x € .

Here, we denote & = u( f+ Bf, g+ B8), v =v(f + Bf, g + B&). Since £; and ng € W(G) are
periodic with period T, we can easily prove by approximation that

ngﬁgﬁ, dx dt =[G"’3"‘” dx dt =ngB,A§B dx dt=/GnB,AnB dx dt =0. (3.6)

In fact, the equalities are all proved similarly, and we will only prove one of them here. Let {r,,}
be a sequence of C*(G)-periodic functions in ¢ with period T, and or,/dv =0 for all
(x,)ed2x[0,T), m=1, 2,..., such that

Fmi = €pys Ar, = Afg,  in L*(G), as m— .
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(Since £, € W,>'(G), the existence of such {r,,} is given in [4, Chapter 7].) Then we have

n— o

d i A ' Ld vr |?
]Ggﬁ,,Agﬁ dx dt = lim /Grm,, 7, dx d¢ = lim /G- =57 |Vl ? dx dr=o0.
Here the second equality is due to the divergence theorem, the last one is due to the periodic
property of r,,.
Multiplying (3.4), (3.5) by g, Mg respectively and integrating both on G, we obtain

fG| Ve, |? dx dt +fG[b1(ﬁ +u)+ed—(a —f)|&; dx dr + chlu‘anB dx dt

= — [ fug, dx dt
G

and
2 _ _
/Gl Vngl® dx dt + fG[bz(U +v) +c,ti — (a,— g)|mgh? dx de + ch2unB§B dx dt

=—f§l—)nﬁ dx dz.
G

From Theorem 2.2 and (H1), we find

bi(u+u)—(a,—f)=38, by(T+v)—(a,—8)=6,. (3.7)
Moreover, by (H2) when i =1, j = 2, we have
¢y + v <2 min{§,, §,}. (3.8)

Consequently we obtain the inequality
f[|\7§,3|2+ |Vngl % + €2+ 2] dx dr < const., (3.9)
G

where the constant is independent of 8.
By moving all the terms of (3.4) except &, — A, to the right-hand side and using (3.9), we
obtain the following inequality by means of parabolic estimates:

gl wzrey < C, (3.10)
where the constant C is independent of B. Similarly, from (3.5) and (3.9), we have
Mgl wzre) < C, (3.11)

where C is a constant which is independent of S.

Consequently there exist subsequences (for convenience denoted again by £g and nB), such
that

£~ ¢ and gz -,

strongly in W,'°(G) and weakly in W.2(G).
Moreover, taking limits as 8 — = in (3.4) and (3.5), we conclude that the limit (£, ) satisfies
(3.3). This completes the proof of the lemma. O
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Remark 3.2. Under the same hypotheses as Lemma 3.1, we can prove as in Theorem 2.3 that
problem (3.3) has only one solution, which is in W,>'(G) X W2'(G). Therefore we can actually
conclude that (3.1) and (3.2) hold for the full sequence. This uniqueness proof under the
hypotheses (H1) and (H2) is nearly the same as in Theorem 2.3, and will thus be omitted here.

Theorem 3.3. Let p > 1 be any positive number. Suppose a(x, t), i =1, 2, 8 satisfy the hypotheses
(H1) and (H2), and the positive constants K;, M, i = 1, 2, satisfy the hypotheses

K;supsa;,(x, ¢
(H3) M,> 2‘;_35 ), for i=1,2.

For any optimal control (f, g) € B; 1, let (u, v) be the solution of problem (1.1) with
O0<e;su<(Cy, 0<e,<v<Cy,
and suppose (z, w) is a solution of

z,+Az+ [2ub,+cpv—a, +flz—coow=—-K,f, inG,
w,+Aw — [2vb, +cou —a, +glw—cuz= —K,g, inG,

8z w (3.12)
—=—=0, onS,
ov ov
z(x,0)=z(x,T) and w(x,0)=w(x,T), forxe,
satisfying
¢, K,a c,K,d
S22 <K, —— T Cw<K,. (3.13)
6,b, +c,a, 8,b, +c,a,
Then the optimal control (f, g) satisfies
u(x, t) v(x, t) .
f=27A41(K1—Z) and g=ﬂ——2——(K2—w), inG. (314)

Here u, v, z and w are in W>'(G) and €, C,, i = 1, 2, are defined by (2.13).

Proof. Theorem 2.4 implies that the conditions of this theorem suffice to insure the existence of
an optimal control in By ;.

Let (f, g) € B; ; be an optimal control, i.e., there exists a solution (u, v) of the problem
(1.1) for (f, g) such that

J(f,8)= sup J(f', &)

(f,e)EB;s 1
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For arbitrary f, § € L(G), € > 0, set

.f-=f_e= ];, iff<81_6||f||oo,G’

0, elsewhere;
similarly we define g=g.. }
For B >0 small enough (say B <e), such that (f+ Bf, g +8g) € B, 1, the optimality of
(f, g) implies that
I(f, &) =J(f+Bf, & +BE), (3.15)
that is,

/ (Kuf + Kug —M, f>—M,g?) dx dt
G

> [ [Kulf+BF. 5 +B2)(1+BF) + Kool +BF, 5+ B7) = My(f+ B])
—~M,(g +Bgf)2] dx dr.
Dividing by 8 and letting 8 — 0, we obtain from Lemma 3.1,
fG[K1§f+ Kyuf + Kyng + Koug — 2M, ff — 2M,g8 | dx dr <0, (3.16)

Since (z, w) is a solution of problem (3.12) satisfying (3.13), we deduce from (3.16), (3.12), (3.3)
and integrating by parts that

/G<f-e[(K1 —z)u—2M,f] +8 (K, —w)v —2M2g]} dx dr <0.

Now, letting @ =0, e > 0%, and using the same argument as in the proof of [5, Theorem 3.3],
we deduce from hypothesis (H3) and the above inequality that
K,—z
2M,

f=

u(x,t), inG.

Similarly, letting f = 0, we obtain
K,—w
2M,

g= v(x,t), inG.
This completes the proof of the theorem. O

Remark 3.4. Suppose (f, g) € B; ; is any optimal control, we see from the above theorem that
if (u, v) and (z, w) are the unique solutions of problems (1.1) and (3.12), respectively, then
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(u, v, z, w) is a solution of the following optimal system:

K,z .
u,—Au—au+|b + u?+cuv =090, in G,
2M,
K, —w .
v,—Av—a+ | b, + vi+cu =0, in G,
2M,
(K, _2)2 .
z,+4z - [2b1u—a1+clu]z+—2—M—u—csz=0, in G,
! (3.17)
(Kz_w)z .
w,+A4w — [2bv —a, + culw + ———v —cuz=0, inG,
ou v 9z ow
— == =— =0, on S,
dv S v O
u(x,0)=u(x,T), v(x,0)=v(x,T), x€f,
z(x,0)=z(x,T), w(x,0)=w(x,T), x €.

Thus if (3.17) can be solved for (u, v, w, z), then the optimal control ( f, g) can be found by
using (3.14).

We next prove problem (3.12) indeed has a unique solution satisfying (3.13).

Theorem 3.5. Under the assumptions of Theorem 3.3, problem (3.12) has a unique solution
(z, w) € WPHG) X WHG) with

¢, K,a, K4,
—<z<K, and -D,=

! 8,b, +c,a, d,b, +c,a, =

w<K,.
Here (u, v) satisfies (1.1) and (2.13).

Proof. We can easily prove that (-D,, —D,), (K,, K,) are the lower solution and the upper
solution of problem (3.12), respectively, in the region —D, <z<K;, -D,<w<K,, ie.,
(=D,),+A(-D)) +[2bju+cp—a,+f]|D,—c K, > —K,f, inG,
(=D,), +A(—D,) + [2bv +c,u —a,+g|D,—cuK, > —K,g, inG,
K, +AK,—[2bju+cw—a, +f|K,—c(—D,) < —K,f, in G,
K, +AK,—[2b,v +c,u—a,+g]|K,—cu(—-D;) < —K,g, in G.

To prove the existence of solution for (3.12), we first define

(Po> 40) = (—D;, —Dy), (P-1,a-1) =(K;, Ky),
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and p;, q;,i=1,2,3,..., to be solutions of
—p,—0p;+[2bju—a, +f+cplp,_,=K,f—cwq,_;, inG,
—q;, —Aq; + [2b,v —a, +g +culq;_,=K,g—cyup,_,, inG,

dp; 9q; (3.18)
= =0, on §,

o v

pi(x,0)=p,(x,T) and q,(x,0)=qg,(x,T), xeN.

The existence of so_lutions for the scalar problems (3.18) are insured by [5, Theorem 2.2]. In
fact, if we denote ¢(x, s) = ¢(x, —s) for any function ¢(x, ¢), then p; satisfies the parabolic
problem

Biu—Ap,+ 26,3 =, + f+ ¢8| 5y =K, f—c,oG,_,, in QX [-T,0],

p; .

=0, on S=3a2x[-T,0],
ov
p~(x7 _T) =ﬁ(x’ 0)’ for all x € (2.

[5, Theorem 2.2] implies that the above parabolic problem has a unique solution. Therefore
problem (3.18) has a unique solution p(x, s) =p,(x, —s). The same argument applies to g;.
Given a positive number R, we define two functions

h(p,q)=K,f—coqg—[2bju—a, +f+cw]|p+Rp, (3.19)
h,(p,q)=K,g—cup—[2b,v —a,+g+c,ulqg+Rq. (3.20)
We choose R to be sufficiently large such that 4, and &, are increasing in p and g respectively
in the domain €, <u<C,, ¢,<v<C,, —D;<p<K, and —D <¢g<K,. Moreover, it is

obvious that 4, and &, are decreasing in g and p respectively in the above domain.
Using 4, and h,, we can rewrite (3.18) as

—pi —Ap;+ Rp,=hy(p;_5, 4;_1), in G,

—q;,—Aq;+ Rq, = hy(q; 5, p;_1>) in G,

api aqi (3.18')
—=—=0, on S,

v ov

pi(x,0)=p(x,T) and q,(x,0)=q,(x,T), xe.

From the monotone properties of s, and h,, the maximum principle of linear parabolic

equations and the fact that (p,, q,), (p_;, ¢_,) are lower and upper solutions, we can prove by
means of (3.18’) and induction that

PoSPy< 0 SPy S 7 SPy S  SPysSP
and

oSy < "' K4y, < 777 Sg S T S5 q .
Moreover, we have

Il p Al WA(G) S C and gl WANG) S C,
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where C is a constant independent of i. Consequently, (3.18') implies that the limits

limg,,, limg,,_,, lim p,,, lim p,,_,

r—o 0 r—o y— o y—>c0
exist in W>'(G), say q4, q*, p, and p*, respectively. Moreover, we have g, <q* and
Dy <p*. It remains to prove that g, =qg* and p, = p*. Taking the limit as i — o in (3.18'), we
find (g4, g*, p, p*) satisfies the problem

~Dy— APy + [2bju—a, +f+cp]py +cvg* =K, f, in G,
-pf —Ap* + [2bju—a, +f+cp|p* +cvq, =K f, in G,
—qy,—Aqy +[2bv —a,+g+culq, +cup*=K,g, in G,
—q —Aq* + [2bw —a,+ g+ culg* +cup, =K, g, in G,

3.21
dp. Op* dq, Og* (3:21)
= = =0, on S,
v ov o o

p*(x, O) =p*(x, T), p*(xa 0) =p*(x, T)7 Q*(x’ 0) =q*(x, T),
q*(x,0)=q*(x, T), xen.

Eq. (3.21) consists of actually two separate systems, each with two equations. Moreover,
(p«, g*) and (p*, q,) satisfy the same system of two equations. From hypotheses (H1) and
(H2) and the fact

2bju—a +f+cpvz=6,+tcu=é,, 2b v —a,+g+c,u=o6,+cu>é,,
we can prove as in Theorem 2.3 that
(P*, a+)=(ps,q*).

Hence, we have proved the existence part. The uniqueness of solution in the prescribed range
is proved by using the property that (—=D,, —D,) and (K, K,) are lower and upper solutions
of problem (3.18) and by showing

Dy, <Z<EPy and qg,, <wW<q,,,,, forr=1,2,...,

with similar arguments. 0O

4. Solution of the optimality system by monotone scheme

In this section we provide an approximation for the solution (u, v, z, w) of problem (3.17).
We construct monotone sequences converging from above and below, providing upper and
lower estimates for (i, v, z, w). In the case when the limits of upper and lower iterates agree,
then the optimal control problem is completely solved. That is, the optimal control is given by
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(3.14) in terms of (u, v, z, w), which is calculated iteratively. We will need the following
additional conditions:

€K,
(H4) M, <$é, fori,j=1,2 andi#j,
(H5) dejbi<ﬁ fori, j=1,2 andi#j
b; Kle.’ ’ ’ ’

where €,, €, are positive numbers defined by (2.13).

Remark 4.1. Under the additional conditions (H4) and (HS), together with (H1)-(H3), we can
prove that (u,, vy, Py, 4y) = (€, €,, 0, 0) is a lower solution of (3.17). This implies that the
proofs of Theorems 3.3 and 3.5 still hold if we replace (—D,, —D,) with (0, 0). Then we can
use the same arguments to show that the conclusions of Theorems 3.3 and 3.5 are still true.
Consequently, there exists one solution (u, v, z, w) of problem (3.14) such that the functions u,
v, z and w are positive.

Assume (H1)-(HS); let

(49> Uos Pos do) = (€1, €,,0,0) and (u_,, v_y, p_y, g_,)=(C,, Cy, Ky, K).

(Recall the definition of C, and C, in (2.13).) Given a positive number Q, we define four
functions as follows:

(Kl‘P)2
h(p, uy, uy, v) =pla; = 2byu; —cp] + ———u, + Op,
2M,
(Kz_q)2
hy(q, vy, vy, u) =qla, = 2byw, —cuu] + ———1v, + Qq,
K, pu
h3(u,v,p)=u a, — b]+2—]\41 u+2—A41—C1U +Qu,
K, qu
hyov,u,q)=vla,— b2+2—M2 U+2—Mz—c2u + Qu.

Obviously we can choose Q large enough such that £, i=1, 2, 3, 4, have the following
properties.

(S1) h, is increasing in p for p €[p,, p_,] with fixed u;, u, €luy, u_,]and velv, v_,};
moreover, h, is increasing in u, but decreasing in u,, v with the other variables fixed in the
same intervals.

(S2) The properties of &, in terms of g, v,, v,, u are the same as A, in terms of p, u,, u,, v,
respectively.

(S3) hy is increasing in u for u €[uy, u_,] with fixed pelp,, p_,] and ve(v, v_,];
moreover, it is increasing in p and decreasing in v with the other variables fixed in the same
intervals.
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(S4) The properties of h, in terms of v, u, q are the same as h, in terms of u, v, p,
respectively.
We can readily verify that (u,, vy, py, g,) and (u_,, v_,, p_;, g_,) satisty

U_, —Au_ +Qu_,>hy(u_y, vy, p_y), in G, (4.1)
Vo, —Av_+Qu_;=h,(v_{, uy, q_,), in G, (4.2)
P, tAp_ —O0Op_ < —hi(p_q, uy, U_y, Vy) + 3004y, in G, (4.3)
q_,+tAq_1—0q_, < —hy(q_q, vy, V_y, Uy) +ciugpy, inG, (4.4)
Do APy — O0py = —h(pg, U_q, Uy, U_y) +Co0_1q_4, in G, (4.5)
do. +Aqy— Qqy = —h,(qy, V_1, Vg, U_q) +Cu_1p_4, in G, (4.6)
ug, — Aug + Qug < hy(ug, v_1, Po)s in G, (4.7)
Vg, — AUy + Qug < hy(vg, u_q, qo), inG. (4.8)

Inequalities (4.1)-(4.4) can be readily verified using (H1). We next show that (4.5) holds. Since
Do =0, proving (4.5) is equivalent to proving the inequality

K? 4
0>—( : —2)1(2.

- +
oM, |17 2B,

From (H1), we have
a, = ¢y(d,/by) — 9, S 25,
= bl .

1 b]
Thus, in order to prove (4.5), we only need to show

K?8,  cyayb,

MK, b,

which is our hypothesis (H5). Inequality (4.6) is completely analogous to (4.5). Similarly, using
(H1) and (H4), we can prove (4.7) and (4.8).

Now, we inductively define sequences of the functions u;, v;, p; and g, for i=1, 2,..., as
solutions of the following scalar problems:

U, —Au;+ Qu,=hy(u;,_», v;_y, p;_y), inG,

ou,;
=0, on S, (4.9)
av
u(x,0)=ux,T), for x € (2,
Uy — A+ QUi =hy(V;_5, U;y, G;—,), In G,
av,
— =0, on S, (4.10)
v

vi(x,0)=uv(x,T), for x € (2,
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P+ Ap,—0p;=—h((Dp;_y, ;s U5, U;_1) +C0;_4q;_;, inG,

an.
i = ’ on S7 (411)
v

p(x,0)=p;(x,T), x €42,

a4 +A4q,—Qq;= —hy(q;_4, U;_y, Vy_y, U;_y) YUy Dy, In G,

0q;

—— =0, on §, (4.12)
v

qi(x’ 0) =qi(x7 T)a for x € (2.

The existence of solutions follows from [5, Theorem 2.2]. By using the induction argument, the
monotone properties of i, i =1, 2, 3, 4, and the maximum principle, we can show that

Hg<Uy< “*° KUy < *** KUy < 00 <U<U_q,
Do <Uy< " SUy< o0 KUy < *0 S0 <U_yq, (4.13)
DoSP2< 7" SPy < 7 SPyi1S T SPDISPoys
o<$dr < "' Sy, < 0 S4y < T 4,9

In fact, we first observe that u, <u_, in G. From (4.1) and (4.9), we verify that
(w_y—uy), —A(u_ —uy) +Qu_y —uy)

>hy(u_y, v, p_y) —h3(u_i, 09, p_1)=0, inG. (4.14)

Thus by [5, Lemma 2.3], we have
u_,>u,, inG. (4.15)

By the same reason we can obtain
UgS U SUySU_, UgSUp KU KUy, PosSD,<P1<P_y» dosdr,<q,<q_;.

(4.16)

Suppose we have proved
Ug<Uy <+ SUpy <Up_ < *00 SU <ULy,

VgSUpS "7 SUp SUp S 770 SUISU-y, (4.17)
PosSP2< ** " SP2, <SPy 1S 7 SPDISP-ys
Ao<dy< " S, <4y S 777 Sq1Sq

From (4.9), we obtain
(g1 —Up ), —AUg, g —Uy,) + O(Usy g —Uy,)
=h3(Uz,_15 Ugps Popoy) = P3(Uy,_o, Uy P2yy) 20,

where the last inequality is a consequence of (S3) and (4.17).
Hence, [5, Lemma 2.3] implies that

Uy, p12 Uy, ING. (4.18)
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Similarly, we have

Uy,i1 20y, InG. (4.19)
Moreover, from (4.9), (4.17), (4.19) and (S3), we easily deduce that
(ty, —Uppia), — A(Uy, = Up,n) + Oy, — Uy, .5) <O, in G,

(Upsy — Uz 1), — AUy, ey — Uy, 1) + QUp, 1 — Uy 1) <0, inG,
(Uarpn = Uprin); —AUpn = Uspyy) + Q(Ug 0 —Ug ) <0, inG.
Hence, [5, Lemma 2.3] again implies that
Upy SUpp g SUp,yy KUy, g, InG. (4.20)

Moreover, we can deduce the same inequalities as in (4.20) for v, p, g. (For more details on
similar procedures, see [10, Chapter 5].) Hence we have the following theorem.

Theorem 4.2. Assume hypotheses (H1)—(HS). The sequences of functions u,, v;, p; and q; defined
above satisfy the order relation (4.17) for all positive integer r and (x, t) € G. Moreover, any
solution (u, v, z, w) of problem (3.17) with the properties

Ug<USU_y, VoKUKV _;, Pg<Z<P_y, Go<W<{q_y, in G, (4.21)
must satisfy the inequalities

Uy SUSUp_yy U SUS Vg1 PoiSZSDPaic1y G2 SWS g, inG. (4.22)
for any positive integer i.
Proof. It remains only to prove the second part of this theorem. From (4.9), (4.21) and the
monotone property (S3), we have

(u—u),—Au—u)+Q(u—u)=hs(u, v, p)—hy(u_, vy, p_;) <0, inG.

Thus [5, Lemma 2.3] implies that u <u, in G. As above, we can use induction and the
monotone properties of &, i =1, 2, 3, 4, to prove the other inequalities of (4.22). O

Remark 4.3. From Theorems 3.5 and 4.2, we find that if

limu,,= limu,,_,, limv,, = limv,;_;, lim p,; = lim p,;_4,
r—ow r->® y—>00 r—o© r— o r—ow
limg,,= limgq,,_,,

r— o r—o

then the optimal control problem described in Section 1 is completely solved. This had been
explained in the beginning of this section (cf. also [10, Chapter 5]).

5. Example

In problems (1.1) and (1.2), let 2={(x, y)|x*+y?><1} and G =0 x][0,2w]. Define
a,=[3(x2+yDlcos t+16, b, =4, ¢; =04, a,=sin x7 sin yw sin t+25, b,=6, c,=05,
K, =8, K,=7, M, =4, M,=5. We thus have 4, =16 — 4, 4, =16+ 3, d, =24 and 4, =26.
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Choosing 8 = (8, §,) = (11, 17), we can easily verify that hypotheses (H1)-(HS5) are satisfied.
For example, considering hypothesis (H4), with i =1, j = 2, we have

a,—ca,/b,)—8
61: 1 1( ;/ 2) 1_;:_(;_0.4<2;
1
thus,
L lco<s =11,
2M, !

i.e., (H3) holds for i =1 and j = 2. Similarly, (H4) holds for i =2 and j = 1.

Remark 5.1. Let A,(x, t) and A,(x, t) be given continuous ¢-periodic functions in G = X
(—o0, ), where 2 is any bounded domain with C? boundary. Consider problem (1.1), (1.2)
with fixed ¢;, b;, M; and K, for i = 1, 2. From the previous example, we see that we can always
find a large enough constant B and & such that if we define a, =A4;+ B, i =1, 2, then the
hypotheses (H1)-(H4) are readily satisfied. Consequently, our results are applicable to a large
family of problems.
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