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Abstract

Epsilon-infiation is often used in verification numerics to find an interval vector [x]. such that some interval
function [ f] maps [x]. into itself. We recall algorithms which use epsilon-inflation to verify this subset
property [ f1([x]e) C [x]., and we derive criteria which guarantee that already finitely many inflation steps
are sufficient to prove it. These criteria require [ f] to be a P-contraction. We recall results on P-contractions,
and we derive rules to verify them. We also introduce local P-contractions, and we use this concept to guarantee
again the subset property above when using epsilon-inflation.
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1. Introduction

In recent years, self-validating methods have grown to an important tool in numerical mathematics.
Many of these methods use interval arithmetic and are often based on the so called epsilon-inflation,
a term which has been introduced by Rump [21] (cf. also [6]). Using epsilon-inflation in interval
computation means to enlarge a compact interval [x] to some interval [x]. which contains [x]
in its interior int([x].), and which differs from [x] in some sense by a real parameter € > 0.
Epsilon-inflation for vectors and matrices is defined entrywise where € is allowed to depend on the
entries.

The reason why one inflates is illustrated by the following situation. Assume that f : R — R
is a continuous function for which a fixed point is to be proved. If there is an interval function
[f]:IR — IR on the set IR of real compact intervals such that

f(x) €[ f1(Ix]), forall xe [x] and any [x] € IR, (1.1)
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then f has a fixed point x* in [x], provided
[f1C([x]) € [x] or [f1([x]) Cint([x]) (1.2)

can be shown where int([x]) denotes the interior of [x]. This follows from Brouwer’s fixed-point
theorem for f, since (1.1) and (1.2) imply that f maps [x] into itself. To achieve (1.2), one usually
starts with an approximation ¥ of x* which one computes by numerical standard algorithms. One
then iterates according to the following pseudo-algorithm in which epsilon-inflation is involved and
in which k., denotes a given positive integer.

Algorithm 1.
(1) [x]:=[x%, %]
(2) choose € > 0

k=0
(3) repeat
k==k+1

[y] :=[x]. (e-inflation)

[x]:=[f1CIyD
until [x] C [y] or k= kpya
(4) if k = k. then goto (2) or stop

There are essentially two ways to obtain [x]..
The first one consists in an ansatz

[x]e =X+ [—¢€,€], (1.3)

where € > 0 must be computed such that (1.2) holds at once, i.e., one finishes step (3) in Algorithm 1
with k= 1.

The second way is a method of trial and error. One sets € = 0.1, e.g., defines 7 to be some small
number (the smallest machine number, e.g.), and computes [x]. from [x] = [x,X] € IR according
to one of the following possibilities:

(1) [xle=[x]+[—e€€l;
(absolute inflation)
.. {[x]+e[—lll,|7|], if x-x#0,
(i1) [x]e= . =
[x] +[-7,7], ifx-x=0
(inflation relatively to the bounds x, X)
(i) [x]e=[x] + e[|, [Z]] + [-mn];
[x] +|[x)|[—€, €], if [x]#0O,
{ [x] +[-m 7], if [x] =0;
(inflation relatively to the absolute value |[x]])

(v) [x]e = [x] +|[x]|[—€, €]+ [-n.7];

vy  [x]le=
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, [x] +d([x])[—€,e]l=(1+€)[x] —€e[x], ifd([x]) =x-xF#0,
(vi) [x]€={

(inflation relatively to the diameter d([x]))
(vii)  [xle=[x] +d([xD[-€, €]+ [-nn]=(1+e)[x] —elx] +[-n.7];
{[y]=(1+6)[X]—6[x],
(viii) ;o
[x]le=[y.¥1,

where y’, ¥ denote the next preceding and the next succeeding machine number of y and ¥,
respectively. B

The list is certainly incomplete. The last definition for [x]. is implemented in the scientific language
PASCAL-XSC (cf. [9]).

Having defined [x]. according to one of the eight possibilities above, one runs through step (3)
of Algorithm 1 several times hoping that (1.2) will be fulfilled. Often k. = 3, and € is replaced
by 5e, if step (2) is reached via step (4) (cf. [7], e.g.) This justifies the name “trial and error”.
It is obvious that the ideas above can be generalized to vector functions and matrix functions in a
straightforward way.

It is a numerical experience that the method of trial and error yields to [x] C [y] in Algorithm 1
after a few iterations only, provided ¥ approximates x* sufficiently well and € in [x]. is chosen
appropriately. Nevertheless it is an open question whether (1.2) will be always obtained theoretically.

For linear systems of equations it is shown in [23] that epsilon-inflation will guarantee (1.2) if
kmax in Algorithm 1 is sufficiently large. We will generalize this result to nonlinear systems f(x) = x,
provided that the interval function [ f] in (1.1) is a so-called P-contraction (cf. Section 2) on the set
IR" of interval vectors with n components. We prove a similar result if [ ] fulfils the P-contraction
property only locally.

We have arranged our paper as follows. In Section 2 we present the notation used later on. In
Section 3 we recall classes of examples on which epsilon-inflation is applied. In Section 4 we prove
that P-contractions are contractions in the usual sense, if one introduces an appropriate vector norm.
In addition, we show how to construct P-contractions. In Section 5 we state and prove results on
epsilon-inflation. In Section 6 we illustrate the theory by some numerical examples.

2. Notations

By R”, R™", IR, IR", IR"*" we denote the set of real vectors with n components, the set of real
n X n matrices, the set of intervals, the set of interval vectors with n components and the set of
n X n interval matrices, respectively. By “interval” we always mean a real compact interval. We
write interval quantities in brackets with the exception of point quantities (i.e., degenerate interval
quantities) which we identify with the element they contain. Examples are the identity matrix I, its
ith column e® and the vector e = (1,1,...,1)T with n or n + 1 components (depending on the
context). With [z] € IR" we define the subset 1([z]) := {[x]|[x] C [z]} of IR". We apply the
notation [x] = ([x];) = [x,%] = ([x,,%]) € IR" simultaneously without further reference, and
we proceed similarly with the elements of R”, R**", IR and IR"*". By int([a]), we denote the
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topological interior of an interval [a], by & we mean its midpoint and by [a]U[b] we abbreviate
the convex hull of the union [a]U[b] for [a], [b] € IR. We define the absolute value |[a]| by
[[a]l| := max{|a] |a € [a]}, the diameter d([a]) by d([a]) := a—a and the distance q([a], [b]) by
q(lal, [b]) := max{|a—b|, |a—b|}. For interval vectors and interval matrices these terms are applied
entrywise. Continuity in IR and IR” is to be understood with respect to g. If f(x) is an expression
for some function f, we write f([x]) for the interval arithmetic evaluation of this expression (cf.
[4]) assuming that f([x]) exists. Note, that we distinguish f([x]) from the value [ f]([x]) of the
interval function [ f] in (1.1). Certainly, [ f] can be defined by [ f]([x]) := f([x]), but it need
not necessarily be given in this way.

For details on the interval arithmetic we refer to [4,5,12,16-18]. Here, we only mention the
formulae

g([x], [¥]) < q(lx], [z]) +4q([z],[¥]D),

q([x] + [z], [¥]1 + [z]) = q([x], [¥]),

g(Iwl + [x], [y] + [2]) < q([w], [¥y]D) +q([x]. [z D),

q([A][x], [A1[yD) < [[Allg(Lx], [¥]),
We write p(A) for the spectral radius of a matrix A € R"*”, and we denote by A > 0 a nonnegative
n X n matrix, ie., a; = 0 for i,j = 1,...,n. We call x € R" positive writing x > 0 if x; > 0,
i=1,...,n

As in [4], we define [ f] : IR" — IR” to be a P-contraction if there is a nonnegative matrix
P € R™" with p(P) < 1 such that

g(LA1CxD), LAIYD) < Pg(Ix], [yD), (2.2)

for all [x], [y] € IR

If {f] fulfils (2.2) only for all {x],[y] C [z] with some given [z] € IR", we call [f] a
P-contraction on [z]. Note that this definition is a natural extension of the P-contraction in [20],
which is defined for real functions f : [z] — R" as follows.

for [w], [x],[y].[z] € IR",
[A] € IR™*", (2.1)

Definition 2.1 (Ortega and Rheinboldt [20]). Let f: [z] € IR* — R" fulfil

|f(x) = f(MI<Plx—y|, forall x,ye€[z],

with 0 < P € R"™" and p(P) < 1. Then f is called a P-contraction on [z].

Remember that ¢([x, x], [y, y]) = |x — y| for point intervals [x, x] and [y, y].

Similarly, we define [ f] : IR" — IR" to be a contraction (with respect to some vector norm || - ||)
if there is a real constant a € (0, 1) such that
llg CLAICTxD), [AIYINI < allg(lx], [yl (2.3)

holds for all [x], [y] € IR".
If [ f] fulfils (2.3) only for the interval vector subsets of some given [z] € IR", we call [ f] a
contraction on [z].
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Let || - || be a norm on R". Then we term || - || monotone if |x| < |y| implies || x|| < ||y||- A particular
monotone norm is the maximum norm, which we will denote, as usual, by || ||.- Applied to matrices
this symbol means the row sum norm.

3. Examples where epsilon-inflation applies

We want to present now examples in verification numerics where epsilon-inflation is used to prove
the self-mapping property of functions in fixed-point theorems which we select to be applied. To this
end we assume that some function g : D C R* — R” is sufficiently smooth (continuous at least)
and that its domain D is appropriate for our considerations. Furthermore we suppose that the interval
arithmetic evaluation g([x]) exists wherever it is needed. With g we construct some function f
the values f(x) of which we enclose by some interval function [ f] (mostly the interval arithmetic

evaluation [ f]1([x]) := f([x])).

Fulfilling

[f1C0x]) € [x] (3.1)
or

[f1(Ix]) € int([x]) (32)
for some interval vector [x] (derived by inflation, e.g.) will mean

f(x7) =27, (3.3)
and, with the exception of the subsequent Example 3.1(a),

g(x*) =0, (3.4)

for some vector x* € [x]. Often (3.2) even guarantees uniqueness of x* when f, g are restricted to
[x].

In Examples 3.1 and 3.2 Brouwer’s fixed-point theorem is used to prove (3.3), provided (3.1) or
(3.2) are fulfilled.

Example 3.1 (Systems of linear and nonlinear equations).
(a) f(x) =g(x), [f1([x]) := f([x]).
The properties (3.1) and (3.2) both imply f(x*) = g(x*) = x* for some x* € [x].

1
(b) f(x) =%—-Cg(x)+ (1— C/0 g’(i—l-t(x—i))dt)(x—i), C e R™",

[F1([x]) :=% — Cg(X) + (I — Cg'(FULxD)) ([x] - %).

Property (3.1) implies (3.3) and also (3.4) provided C is nonsingular. Property (3.2) implies
(3.3) and (3.4) with x* € [x] being unique; in addition, it proves C to be nonsingular. Iterating
with [ f] yields the well-known Krawczyk method.

1 -1
()  f(x):=%- (/0 g'(i+t(x—5€))dt) g(%), [fI([x]):=%—-1IGA(g'([x]),8(%)),
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where we assume that the inverse exists and that the interval Gaussian algorithm (cf. [4]), producing
the vector IGA(-, -), is feasible. Here, (3.1) implies (3.3) and (3.4) as well as the uniqueness of
x*.
(d) Choosing g(x) := Ax — b in (a) and (b) results in well-known enclosure methods for linear

systems of equations. An ansatz of the form (1.3) for (b) yields

s lc® - 4Dl
1= 7= CAll

as a sufficient criterion for (3.1) provided

I — CAle < 1 (3.5)
holds. Note that (3.5) implies the nonsingularity of A and C.
Example 3.2 (Generalized eigenvalue problem, eigenvalue problem; cf. [1,3,13,14,21,22]). Let A,
BeR™ x€R", A€R, a € R\{0}, s {1,...,n} fixed.

Ax — AB
@  gnar=( 5.

ie., g: R — R

on=(3) - (G BN

C € RUDxD [ F1([x], [AD) = f([x], [AD).

Replace [x] in (3.1) and (3.2) by ([x],[A]), and use (x*, A*) in (3.3,, (3.4) instead of x*. Then
(3.1) implies (3.3), and also (3.4) provided C is nonsingular. In this case, ([x], [A]) encloses some
eigenpair (x*, A*) of the generalized eigenvalue problem Ax = ABx with the normalization x§ = a.
Property (3.2) again implies uniqueness of (x*, A*) with respect to ([x], [A]).

An ansatz like (1.3) yields € € [ B8, B;] with

B, = (1 —-0) /(1 —»0)2—4pfr’

- 3 A—AB —Bx
e I s )

eefe(®)

/J iloo

.

This can be seen analogously to [1].
For B = I, one gets, of course, enclosures for an eigenpair of A.
(b) g(x,A) := Ax — ABx, f(y) := —Cg(%,A) + (I — CA)y+ CBy;¥, with the following notation:

%, #0, for some fixed s € {1,...,n},
~ ~ 3 ~ ~ \T
Y= (X = Xy Xgo1 — Xom 1y A= Ay Xgg1 — Xsps e X — %)

5) = (}’1,~- -9ys-—110,})s+19~--,yn)T9
(A — AB); is the ith column of A — AB,
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A:=((A-2AB),...,(A—AB),_;,—B%,(A— AB)1,...,(A— AB),),
C e R™", LA1CLy]D) = F(IyD).

The assertions of (a) hold analogously with & = %; and (x*,A*) € (X + [§], A + [y],). Again an
ansatz is possible resulting in similar conditions as in (a); cf. [1] for details.

Example 3.3 (Singular value problem; cf. [2]). Let A € R™" have full rank and let ¥ € R",
yeR™ o, 7eR.

Ax — oy
(x o ‘T) - ATy —TX ie . Rm+n+2 N Rm+n+2
g ’ y9 ’ . xTx _ 1 ’ Loy g . ’
Yy -1

f(z) =G5, 5,7 - Cg(%,§,5,%) + (I —CA)(z — ) + C%,

with the following notation: I is the k x k identity matrix, C € RU#n+2)x(mtn+2)

x—X (c—a)(y—7)
| y=-> m+n+2 P (1~-7)(x— %) mnt2
2= gom | SR IE G onTa—n) | SR
T—F -(y=-»NTy-9
A —-ol, -5 0
c | -7l AT 0 —x (m+n+2) X (m+n+2)
A=l o o o |ER :
0 257 0 0
Again, (3.1) and (3.2) imply (3.3) if [x] and x* are replaced by
[x] x"—-x
_| Iyl |y -J
1= (o) ] @4 =55 |
[7] ™ -7

respectively. Property (3.1) also implies g(z*) = O provided C is nonsingular. Property (3.2) even
guarantees this nonsingularity and, in addition, uniqueness of z* within [z].

The vector X 4+ [x] encloses x* which is a right singular vector of A, associated with the right
singular value o* € & + [o] and normalized by (x*)Tx* = 1. Analogously, ¥ + [y] encloses the
normalized left singular vector y* which corresponds to the left singular value 7* € 7+ [7]. As in
Example 3.3 an ansatz is possible based on the general criterion

[al C [b] & |a - b| < 1(d([b]) — d([a]))
for intervals [a], [b]. Cf. [2] for details.

We now turn over to initial-value problems

x'(t) = k(t,x(t)), t>1ty, k sufficiently smooth,
x(t()) = x(O)’

(3.6)
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which we will consider in their equivalent integral form

x(t) =g(x) :=x9 4+ /’ k(s, x(s)) ds. (3.7)

Here Banach’s fixed-point theorem can be applied to guarantee the existence and the uniqueness of a
solution x* of (3.6) and (3.7), at least in some nondegenerate interval [¢,, ].

Example 3.4 (Initial-value problem; cf. [16]). f(x) := g(x), choose 5, > o, inflate [x]©® := x(©®
to [x] := [x]{” and adjust ¢t = #, < s, as large as possible such that

[AICLxTD) = [x] + (10, 111 k([ 20, 511, [x]7) C [x] V.

Thus f(x(t)) € [x]V, £, < t < 1,, for all continuous functions x : [y, ;] — R.
Inflate now [x]" to [x]® := [x]{", then choose s, > ¢, and t, € (¢, s,] as large as possible
such that

[x]1D + [#1, 2] k([21, 521, [x]P) C [x].
Repeating this process up to ¢ = ¢, produces an interval function
[x](t) = [x](i)7 ti<t<Ii+l’ i=0’1a---an—1’

which contains a solution x* of (3.6) and (3.7); x* is unique with respect to [x](#),t0 < t < ¢,

4. P-contractions

In this section we derive results on P-contractions which are partly known.

Theorem 4.1 (cf. [4]). Let [ f]:IR" — IR" be a P-contraction. Then [ f] is continuous. Further-

more there is a monotone norm || - ||p in R" such that [ f] is a contraction in the usual sense when
defining the metric in IR" by ||q({x], [y]) |- Each sequence of iterates [x]**! = [ f1([x]*),k =
0,1,..., converges to the same limit [ x]*, which is the unique fixed point of [ f].
If
[f1(x) e R (4.1)

holds for all x € R", then [x]* is a point vector.
If some function f : R" — R" satisfies the inclusion property

fx) e [F1xD (4.2)

for all x € [x] and any [x] € IR" then [x]* contains all fixed points of f. If f is continuous, it
has at least one fixed point in [x]*.

If, in addition to (4.1), the property (4.2) holds, then f is a P-contraction in the sense of [20].
It has a unique fixed point which can be identified with [x]*.
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Proof. The continuity of [ f] follows directly from the definition of a P-contraction. By the continuity
of the spectral radius [19] and by the Theorem of Perron and Frobenius [24], there is a § > 0 and
a positive vector x such that

p=p(P+8ee’) <1 and (P + See’)x=px, (4.3)
for the matrix P in (2.2). Let D, := diag(x,,...,x,) € R"™" be the diagonal matrix with x; as ith
diagonal element for i = 1, ..., n. Define the monotone vector norm || - || := [|D; 'yl for y € R

Then for the corresponding matrix norm we get
IP|lr < |ID7 (P + See™) Dylloo = p < 1;
hence by (2.2),
lg(fCLxD), FCyIDIe < p- lgCLx], [IyDle.

This proves [ f] to be a contraction. Since (IR", ||g(-,-)| ) is a complete metric space, the existence
and the uniqueness of [x]* follow from Banach’s fixed-point theorem. The remaining part of the
theorem follows from Brouwer’s fixed-point theorem, or is trivial. O

Theorem 4.1 states, in particular, that any P-contraction is a contraction in the usual sense. The
question arises quite naturally whether the properties P-contraction and contraction with respect to
some norm are equivalent. For n = 1 this is certainly the case. For n > 1, however, the following
example, which I owe to Martin Koeber, answers this question negatively even for functions f : R" —
R" which are P-contractions in the sense of [20].

Example 4.2 (Koeber [10]). Let

R? — R?,
f: 1
x e Hllalee (1) -
Then f is a contraction with respect to || - ||, but not a P-contraction.

Proof. Obviously,
1£C) = £ lloo = 3[l1xloo = 1] < 2llx = Ve

for all x,y € R"; hence f is a contraction with respect to || - ||oo-
Assume now that f is a P-contraction. Then,

|F) | =1f(x) — f(0)| =q(f(x), f(0)) < P|x],
for all x € R". Choosing x = (1,0)T and x = (0, 1)7, respectively, implies

171 Pn) 1 (1) (Plz)
~ < d ~ g s
2(1) (le ad 2\ j 253

respectively. Thus,

1/11 1/11
P>§(11>, hencep(P)zp(E(ll»—l,
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which contradicts the definition of a P-contraction. O

Example 4.3. Let [ f] : [R" — IR" be defined by

[f1([x]) :=[A][x] + [b], (4.4)
where [A] € IR"*" satisfies p(|[A]|) < 1. Then, by (2.1), [ f] is a P-contraction.

The following lemma is useful to verify P-contractions for more complicated functions than (4.4).

Lemma 4.4. Let f, f:R — R satisfy

Lf(x) = fOD)| < alx -y, |7(x) = F(»| < alx —yl, (4.5)
for some fixed a > 0 and for all x,y € R. Assume that [ f] : IR — IR is defined by
[F1CIx]) = [f (), f(x)], (4.6)

where x;, X, are some elements from [x] with
f(x) =min{f(x)|x € [x]} < f(x2) = max{f(x)|x € [x]}.
Then
g(LfICxD), [F1(Iy])) < aq(lx], [¥y]) 4.7)
holds.
Proof. Let [x],[y] € IR and let x;,y, i = 1,2, be the elements from [x], [y] which define

[f1(Ix]) and [ f]([y]), respectively. Without loss of generality, we assume f(y;) > f(x;). Then
by (4.5) we obtain

fO) = f(x) < aly— x|,
f) = f(x) < aly—x|

lfOn) = f(x)] = f(n) = f(x) < {
If x; > 9, the upper inequality yields
£ = £(2)] < aly — 7| < ag(Lx], [yD).
If x; <y, then the lower inequality yields
IfOn) = £ < aly — x| < aq(lx], [¥]).
If y<x; <7, then f(y) < f(x1), hence _j:(yl) = f(x1), which trivially implies
|£ () = fCa)| < aq(lx], [yD).
Similarly one shows
[F () = F(3x2)| < aq([x], YD),
which proves (4.7). O
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Example 4.5. The following functions are P-contractions:
(i) [f1([x)) = }arctan([x]);
(il) [£1([x]) =e T, where [x]? := {x?|x € [x]};
(iii) [f1([x]) = Bsin([x]), where |B| < 1;
(iv) [f1([x]) =7ycos([x]), where |y| < 1.

Proof. (i) Apply Lemma 4.4 with f(x) = f(x) = %arctan X, X =X, X, =%, and

a = max{(3 arctan x)’|x € R} = max{2(1 j-x2) |x € R} =1<1
(i) Apply Lemma 4.4 with f(x) = f(x) =e™,
NEy iffE <y, TR H0<x
= = % if0>7%,
and
a =max{2xe " |x € R"} = —2—3—1/2 = \/§ <1.
V2 e
(iii) Apply Lemma 4.4 with
f(x) = f(x) = Bsinx, x; =min{Bsinx|x € [x]}," x, =max{Bsinx|x € [x]}

and @ = max{Bcosx|x e R"} = |B| < 1.
(iv) is proved analogously to (iii). O

The interval arithmetic evaluation of a real function f : R — R is not necessarily a P-contraction,
if f is a contraction. This can be seen by the example f(x) = x — x. Here, f([x]) = [x] — [x] =
d([x])[—1,1]. Choose [x] symmetric with respect to 0, i.e., —x =X, and let [y] = 0. Then,

q(f([x]), fF(IyD) =q(d([x]) - [-1,1],0) =d([x]) =2|[x]| = 2q([x],0) = 2¢([x]. [¥]),
although

q(f(x), f(y)) =4(0,0) =0 < agq(x, y),

for all x,y € R and any fixed @ € [0, 1).
Our next lemma helps to construct P-contractions in IR”".

Lemma 4.6. Let [ f] : IR" — IR" be a P-contraction and let [ g] : IR* — IR" be a Q-contraction.
Then the following assertions hold:

(a) [f1£1gl is a (P + Q)-contraction, provided that p(P + Q) < 1;

(b) [f1(lg]) is a PQ-contraction, provided that p(PQ) < 1;

(¢c) Let n = 1; then [f] - [g] is an (aQ + BP)-contraction, provided that |[ f1([x])| € «,
[[gl([x])| < B forall [x] €IR, and |aQ + BP| < 1.
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Proof. (a) By (2.1) we get

q((Lf1 £ [gD(LxD), ([f1x (gD (I¥]))
< q(LAICxD), [ATCTYD)) + qCLgl([x1), [81([¥])) < (P + Q)q(lx], [¥]),

which proves the assertion.
(b) By the assumptions we get

q(Lf1(Lel([xD)), [F1([&I([¥y]))) < P8l ([x]), [g]([¥])) < PRq([x], {¥1);

hence the assertion follows.
(c) Using (2.1) again, we obtain

q((Lf]-[eDUxD), (L] - [eDIyD) < q((LF]- [8D) ([xD), [A1(Ix]) - [g1(I¥]))
+q([f1([x]) - [gl(LyD), (LF1- (gD (Iy]))
< aQq([x], [y]) + Pq([x], [y])B
= (aQ + BP)q([x], [y]),
which proves the lemma. O

Applying this lemma to the functions of Example 4.5 shows immediately the P-contraction property
of the function [ f] : IR? — IIR?, defined by

 arctan(g sin([x]1)) + %e_m%) : (4.8)

isin ([x11) — gsin([x]2)

Unfortunately, such simple functions as

[f]:{]I]R—»]I]R,

[f1([x]y, [x]2) :=<

[x] — [x]-[x]
are not P-contractions. This can be seen for [x] € IR and [y] =0 from
q(LAIxD), [F1yD)) = q([x] - [x],0) = |[x] - [x]]
= |[x1* = |[x11q([x],0) = |[x]|g([x], [¥]),

which follows from elementary rules of g(-,-) and |- | (cf. [4,18], e.g.). For any [z] € IR with
[[z]] < %, however, { f] is a P-contraction on [z]. This follows for [x],[y] C [z] from

g(f(xD), F(UyD) <q(lx]-[x],[x]-[yD +q(x]-1y],[y]-[yD
< |[x1g([x], [y]) + [[y1lq([x1, [¥]) < 2|{z1lgq([x],[y]).

Therefore, we state two local forms of Theorem 4.1.

Theorem 4.7. For a fixed vector [z] € IR" let [ f]:I([z]1) — I([z]) be a P-contraction on [ z].
Then the assertions of Theorem 4.1 hold analogously with [z] replacing R" and I([z]) replacing
IR",

Proof. The theorem is proved analogously to Theorem 4.1. [
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Note that the definition of [ f] in Theorem 4.7 implies, in particular, [ f]([z]) C [z]. Therefore,
each continuous function f : [z] — IR" has at least one fixed point in [z ], provided

f(x) € [f1([x]) holds for all x € [x] and any [x] € I([z]);

no P-contraction property is needed for this observation which, again, is based on Brouwer’s fixed-
point theorem. If [ f] is inclusion monotone, i.e.,

[x] € [y] € [z] implies [ f1([x]) € [f1(I[y]),
then the fixed points of [ f] are contained in each of the iterates
[x}** = [f1([x]), k=0,1,...,

when starting this process with [x]% = [z].

Theorem 4.8. For a fixed vector [z] € IR" and an n x n matrix P > O with p(P) < 1 let
[z]1p € IR" be a vector which satisfies

[z]p 2 [2]+ (= P) 'd([z]D[-1,1]. (4.9)

Let [ f]:I([z]p) — IR" be a P-contraction on [z]p with the contraction matrix P from (4.9).
Choose

[x]° C [z] (4.10)
and assume

[x]' = [f1([x]%) C [z]. (4.11)
Then the iterates

[x]¥ = [F1([x]%) (4.12)

are defined for k =0, 1, ... and converge to some vector [x]* C [z]p which is independent of [ x]°
as long as (4.10) and (4.11) are fulfilled.

Proof. Assume that [x]’ C [z]p holds for i = 0,1,2,...,k. This is certainly true for k = 0 and
k=1. Then we get

k

(1%, [x1%) < Y q(Lx1™, [61)

=0

k
=S gL, LA UX)TY) +q([x1', [x1%)
i=1

k
<) Pg([x), [x]7h) + q([x1, [x1%)

=1

& oo
<< (P)aar 1) < (X P)aeixt’s 1219
i=0 =0

= (I~ P)'q([x], [x19) < (I~ P)7'd([z]), (4.13)
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where the last inequality follows from (4.10), (4.11) and from the definition of g(-, ). Hence,
[xI¥' C[x1°+ (T = P)'d([z])[-1,1]1 C [z]s, (4.14)

and [x]* exists for all nonnegative integers k. Since

g([x1¥™, [x1%) = q([ A1), [ 1 x]1Y))
< Pg([x]F1m [x]1*) < - < PRg([x]™, [x]9)
<P¥I-P)'d([z]), forallm=0,1,...,

and since p(P) < 1 by assumption, the sequences {x*}, {¥*} are Cauchy sequences in R", hence they
converge to limits x* and X*, respectively, with x* < X*. Therefore, limy_, o [x]* = [x*,%*] = [x]*
with [x]* C [z]p by (4.14). To show the uniqueness, let [ y]* be constructed analogously to (4.12)
and assume that (4.10) and (4.11) hold for [y]° and [y]'. Let [y]* be the limit of {[y]*}. Since
P-contractions are continuous functions, we get

g([x17, [¥1) = q(LF1C[x]"), [F1CLy]")) < Pg([x]*, [¥]*) < --- < Poq([x]7, [¥]Y),
k=0,1,..., which implies g([x]*, [y]*) =0and [x]*=[y]*. O

We point out that Theorem 4.8 suffers from the dependency of [ f] and [z ]p from the same matrix
P. How it can be applied is shown by the following steps for which we assume [ f]1([x]) := f([x])
with f being some function for which a fixed point is looked for.

(1) Choose a “sufficiently good” approximation ¥ of x*, say, by some noninterval method.

(2) Let [x]%:=[%, ¥].

(3) Set [z] =%+ 8[—1,1]e where 6 := || — f(X) |0 OF let [z] := %+ 8[—1,1] where & :=
|x— f(%)]. (Both possibilities imply [x]' := [f1([x]°) = [f(%), f()] = Z+[f(X)-Z%, f(X)—X] C
[z])

(4) Check whether [ f] is an aP-contraction on [z] where & € (0, 1) is sufficiently small, say
a =0.1, and where 0 < P € IR"™*" with p(P) < 1.

(5) Choose [z]p := [z] + (I — P)'d([z])[-1,1] 2 [z], and check whether [f] is a P-
contraction on [z]p.

If % approximates x* sufficiently well, then & is small, hence d([z]) will be small. Assuming [ f]
to be an aP-contraction as required in (4) lets [ f] expect to be a P-contraction on [z]p since [z]p
differs “only slightly” from [z]. This is heuristics, of course. That it can work is illustrated by the
following example which deals with enclosures of eigenpairs and which modifies the steps (1)-(5)
slightly.

Example 4.9. Let (%, A) be an approximation of some eigenpair (x*, A*) of a given matrix A € R"*"
with A* being an algebraic simple eigenvalue. Assume x*, ¥ to be normalized by x, = %, = 1. We
will use the notation in the Example 3.2 with B =1, @ =1 and s = n. We choose

A
Let P be a nonnegative (n+ 1) x (n + 1) matrix to be determined later on such that

1Pllo < 3 (4.15)

[(x]°:=7:= (}"c), 8 = ||Cg(%, A) oo [z]:=%+8[-1,1]e € R,
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holds, the bound } being arbitrary within the interval (0,1). Then

[zlp =1z]1+2d([z]D)[-1,1]=Z +58[-1,1]e
fulfils

[z], 2[z]1+ (U~ P) 'd(z])[-1,1],

since

I = P) o =

>r
k=0

<Y IPIE = = |IPll) ' < 2.
k=0

oo

Thus (4.9) of Theorem 4.8 holds, and the assumptions (4.10) and (4.11) of this theorem can also be
seen at once. We will show that [ f] is a P-contraction on [z ], with the same P as above, provided
6 is small enough, i.e., (X, A) approximates (x*, A*) sufficiently well. To this end let

=0 Yetz-z m=( 0 ) -z

[W] n+l
and choose

o
- (Lo s) -
It is known (cf. [15]) that the inverse of
A— Al —x
((e“”)T 0 )
exists at least in some neighbourhood of (x, A) = (x*, A*). With (2.1) and
(?efn)’;\% _Ox> =C'+ (g _xOH),
we get
g(LF1(Z + [o1), LF1(Z + [w]))
=a({e (576" ) prr{e(6 75T )m)
<a({c(6 75" ) pur{e( 76" ) jom)
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#a({e(6 76" )fr{e(a 75" )j)
<le(§ 75 acterwn+icia(( 757). (5787 ) Jiom

(o
ICI{KS ) acton own +ac (75T () ) iwat}
(3%

<] ( )] n I[WJn+1II}q([v], ().

0

With
P :=58|C| L | =58|C|(1 + (e — V) (e)T),

we thus get

g([f1E+ [w]), [f1(EZ+ [w])) < Pg([v], [w]) = Pq(Z + [v], Z + [w]).

For sufficiently small &, i.e., for sufficiently good approximations (%, ), the condition [|P||e < %
is certainly fulfilled, so that Theorem 4.8 can be applied. Note, that C depends on (%, A), but it is

bounded if (%, A) lies in some fixed neighbourhood of (x*, A*).

If it is known that [ f] is a P-contraction on some interval vector [z ]p, one often can construct a

vector [z ] such that
[z]p=[z]+ = P)'d([zDI[-1,1]
holds. How this can be done is stated in our next theorem.
Theorem 4.10. Let [ f] be a P-contraction on [z]p € IR". Then
[z]p=[z]+ (I = P)'d([z]DI-1,1]
implies
[z]=[z, + (3] = P)7'd([z1p),Zp — (31 = P)"'d([2]F)],

provided that 7 < Z

Proof. Since (4.16) implies
2,=2—- U -P) ' (7-2),
we get

z=z+ U —-P)(z2—2p)

(4.16)

(4.17)

(4.18)
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By (4.16) and (4.18), it follows
Zp=Z+U-P) (T-2)=z2+U-P)(z—2,) +2— 2
hence,
d([z]p) =(BI = P)(z2—2,)
and
z2=2,+GI-P)'d([z]p). (4.19)
Substituting (4.19) in (4.18) yields
Z=2,+ 3I-P)'d([z]p) + (I — P)(3I — P)7'd([z]s)
zp —d([z]p) + (31 — P)™'(2I — P)d([z]»)

Zp~ (31— P) {31 - P — (21 - P)}d([z]s)
Zp — (3F=P)~'d([2]p).

]

Note that (3/—P)~" = }(I—3P) " exists by Neumann’s series, since p(3P) = p(P) <3 <1. O
The inequality z < 7 in Theorem 4.10 is equivalent to
2(31 = P)7'd([z]p) < d([z]p).
Therefore, in the case n =1, we get
2<7 < d([z]p) <331 -P)d([z]p),

where 31 — P > 2 because of p(P) < 1. This means that z < 7 is always true for n=1.
For n > 1, this inequality can fail, as is shown by the example

), adzin = (>,

p(P)=2<1

Il
TN
Bl
(ST N

which yields

and

5 1\ -1
2(3I—P)—1d([z]p)=§(_£ 12) (0.001)
2
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5. Success in epsilon-inflation

If the ansatz method described in Section 1 works, the conditions in (1.2) are trivially fulfilled since
they are used to compute €. In the method which we called “trial and error” it is a priori unknown
whether (1.2) can be achieved when k,,,, in Algorithm 1 is sufficiently large. For P-contractions [ f],
however, success is guaranteed provided that the inflated vectors [x]% of Algorithm 1 can be written
in the form

& = [F1(x19) + [81%,

with [8]* tending to some limit [§] which contains O in its interior. For inflations like (vii) in
Section 1 these assumptions seem to be reasonable at least for sequences {[x]*} which converge to
some limit [x]* since then, for kK — oo, and with [x]**! := [ f]([x]%) the interval vectors

[61% = d([x]**")[~€, €] + [—7m, 1] tend to [8] :=d([x]?)[—€, €] + [—m, 7],

which apparently fulfils O € int([6]).
Note that the enclosure of rounding errors can also be incorporated in [ f]: think of [ f]([x]) to
be the outward rounded interval arithmetic evaluation f([x]), so that

FCxD € [F1AxD

holds. The crucial condition, however, is the P-contraction property for [ f].

Theorem 5.1. Let [ f]: IR" — IR" be a P-contraction satisfying (1.1). Iterate by inflation accord-
ing to

[x1E = [F1([x19) + [81F, (3.1)

where [81% € IR" are given vectors which converge to some limit [8]. If [8] contains O in its
interior, then there is an integer ko = ko([x]°) such that

[F1([x]%) Cint([x]¥) (5:2)
holds.

Proof. Let [A]([x]) :=[f]1([x]) + [8]. Then by (2.1) we get

q([R1([x]), [A1(1y1)) = q(LF1CIxD), [FICIyD)) < Pg(lx], [¥]); (5.3)
hence [h] is a P-contraction. By Theorem 4.1 it has a unique fixed point [x]* which satisfies

[x]* = [f1(1x]*) + [&]. (54)
Assume for the moment that

Jim [x]% = [x]° (5.5)

holds for the sequence in (5.1). By the continuity of [ f] we have
Jlim [ £Y([x]) = LFICIx]"). (5.6)
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Since 0 € int([8]), Eq. (5.4) implies
[f1([x]") Cint([x]*).

Together with (5.5) and (5.6) this yields (5.2) for all sufficiently large integers k.
We will prove now the assumption (5.5). With (2.1) we obtain

g(Ix15 [x17) = (L F1C[x1%) + [81%, [ £1(1x]1*) + [8])
< Pg([x1%, [x]%) + q([8]%, [8])
< P’q([x15Y, [x1*) + Pg([81%', [8]) + q([8]%, [81)

k
<o < Pg([x12, 1x1%) + ) Pig([81%7, [8]). (5.7)
i=0

Fix 8 > 0. Since p(P) < 1 there is an integer m such that
P < Bee’, foralli>m.

Since limy_,o, [6]%= [8], there are a constant ¢ > 0 and an integer k' > m with
q([81',18]) <ce, i=0,1,...,

and
q([81,[8]) < Be, k=K, i=0,1,...,m.

For k > k' we thus get with (5.7)

m k
g([x]%', [x]*) < Bee"q([x12,[x]*) + > P'6e+ P™' > P~ Dee
i=0 i=m+1

< 0{ee"q([x]1% [x]1*) + (I —P) ‘e +ee"(I — P)7'ce}.

Since the expression in braces is independent of @, m and k, and since 8 can be chosen arbitrarily
small, (5.5) holds. OO

Let [b] € IR", [A] € IR***, and let [ D], € IR™*" be diagonal with I € [ D], and p({[ D] [A]])
< 1. Define [ f] by [ f1([x]) := [D]([b] + [Al[x]). Then Theorem 5.1 is essentially identical
with [23, Theorem 5].

In many cases, [ f] is only a local P-contraction, i.e., a P-contraction with respect to some vector
[z]. Then based on Theorem 4.7 one can formulate a local analogon of Theorem 5.1 which we first
formulate and prove for [8]* = [6],k=0,1,....

Theorem 5.2. Let [f] : IR" — IR" satisfy (1.1) and let [8],[z] € IR" fulfil the following
properties:

(1) 0 € int([6]);

(i1) [f] is a local P-contraction on

(21, 2 [2]+ (= P)~'d([zD[-1,1]. (5.8)
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If [x]1° C [z] and [x]! C [z] hold for the iterates from (5.1) with [8]* := [8], then there is an
integer ko = ko([x]%) such that (5.2) is true. In particular, f from (1.1) has a fixed point in [x]%.

Proof. Since [h]([x]) := [ f]1([x]) + [8] fulfils (5.3) for all [x], [y] C [z]p, the function [A]
is a local P-contraction on [z]p. By Theorem 4.8 there is a vector [x]* C [z ], which satisfies

Jlim [x]¢ = [x]" = A([x]") = [f1([x]") + []. (5.9)
Since 0 € int([8]), this yields

[F1([x]7) € int([x]7), (5.10)
and the assertion follows from (5.6), (5.10) and from the first equality in (5.9). O

To get full analogy of Theorem 5.1, condition (5.8) has to be replaced by a slightly more
complicated one.

Theorem 5.3. Let [ f] : IR* — IR” satisfy (1.1), and let [81%, [8], [z] € IR" fulfil the following
properties:
(1) limy,o0[81% = [6];
(ii) 0 € int([6]);
(iii) [f] is a local P-contraction on

[z1p 2 [z]+ (I —P)7'(d([z]) +v)[-1,1],
with

v:=max{w,d([z]) + (I —P) 'd([z]D},
where

w = (m,?x{q([(S]f-‘, [6];)}) e R".

If [x]° C [z] and [x]! C [z] hold for the iterates from (5.1), then there is an integer ko = ko ([x12)
such that (5.2) is true. In particular, f from (1.1) has a fixed point in [x]%.

Proof. As in the proof of Theorem 5.2 there is a vector [x]* C [z]p which satisfies
[x1" = [f1([x]") + [6].
It remains to show
Jim [x]¢ = [x];
then the proof can be finished as in Theorem 5.1. To this end, we prove by induction
[x]*Clz]p, k=0,1,.... (5.11)
For k=0 and k =1 this holds by assumption.
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Let [x]% [x]L,...,[x]¥ C [z]p. Then as in (5.7) we have
q([x1¢, [x]%) < P*g([xg, [x17) + Eij"q([al"-‘, [8D]). (5.12)
=0
Since [x]? C [z] by assumption, and since [x]* C [z] + (I — P)~'d([z])[—1,1] by Theorem
4.8, we get

g([x]12,[x]") <z -Z|+ U =P) 'd([z]) =d([z]) + (I = P)"'d([z]);
hence (5.12) implies
k
g([x]15, [x]") < PM*Y{d([z]) + (I - P)‘ld([z])}+ZPiw
=0
k 00
<PYw+> Pu<Y Pu=(-P) v
=0 =0
Therefore,
[x]&' C [x]I"+ = P) 'w[-1,1]
Clzl+ U —-P)d([z])[-1,11+ (I - P) 'v[-1,1] C [z]p,

and (5.11) is true.
The proof finishes now following the lines of Theorem 5.1. The inclusion (5.11) is needed to
justify the first estimate in (5.7) which is now based on the P-contraction property on [z],. O

6. Numerical results

In our final section we illustrate our theoretical results by some examples. We start by a rather
trivial one which fulfils the conditions of Theorem 5.2.

Example 6.1. Let f(x) = x-x, [f1([x]) :=[x]-[x], [z] :=[-2,2] - 1072, P := %, [x]e =
[x] + [8] with [8] :==[—1,1]-10"* Then O € int([8]),

[z]p:=[z]+ U = P) 'd([z])[-1,1]1 = [-0.1,0.1],

g([x]-[x], [y} - [yD) < q(lx]-[x], [x]-[yD) +qClx] - [y], [¥]1- [¥D)
< (=1 + [TyIDg(lx], [yD
<0.24¢([x],[y]), forall [x],[y] € [z]p;

hence [ f] is a local P-contraction on [z]p.
With [x]° := 1072 we get

[x]°=10.99,1.011- 1072 C [z],
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[x]1'=[£1([x1% =[0.9801,1.0201] - 10~*,
[x]!=[-0.0199,2.0201]-107* C [z].
Thus the assumptions of Theorem 5.2 are fulfilled, whence (5.2) holds for some integer ko. Indeed,

[x]% = [£1([x]}) = [—0.040199 99, 4.08080401] - 1078 C int([x]").

Example 6.2. Let A € R?*?! be the Wilkinson matrix W,; defined by

10 1
191 0
18 1
A=Wy = 1 0 1
1 81
0 191
110

To verify the largest eigenvalue A, apply Algorithm 1.1 with Z := (%) replacing X. Compute the
eigenpair approximations with a software package like EISPACK or LAPACK, and choose [x]. from
(viii) in Section 1, f and [ f] from Example 3.2 with C being an approximate inverse of

( A— A —)"c>
(e 0 )

Example 4.9 lets expect that Theorem 5.2 holds, and, in fact, after ten steps of iterations (with
e-inflation) one ends up with the verified inclusion

[A] =[10.746 194 182903 39, 10.746 194 182903 40],

skipping the corresponding verification of the eigenvector.

How to choose € generally in verification algorithms remains an open question. Some remarks on
this problem — primarily based on experience — can be found in [11,21].
For an effective estimate of (/ — P)~' which occurs in Theorems 4.8, 5.2 and 5.3, we refer to [8].
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