JOURNAL OF
COMPUTATIONAL AND
APPLIED MATHEMATICS

ELSEVIER Journal of Computational and Applied Mathematics 136 (2001) 189-197

www.elsevier.com/locate/cam

A monotone method for constructing extremal solutions to
second-order periodic boundary value problems *
Dagqing Jiang® *, Meng Fan?®, Aying Wan"®

8 Department of Mathematics, Northeast Normal University, Changchun 130024, People’s Republic of China
®Department of Mathematics, Hulunbeir College, Hailar 021008, People’s Republic of China

Received 29 November 1999; received in revised form 2 September 2000

Abstract

In this paper we describe a constructive method which yields two monotone sequences that converge uniformly to
extremal solutions to the periodic boundary value problem

d'(t) = f(Lu,d'(t)), t€0,2m)],
u(0) = u(2m), u'(0)=u'(2m)

in the presence of an upper solution § and a lower solution o with f<a. (© 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction and main result

In this paper, we study a second-order periodic boundary value problem by means of a monotone
iterative technique. In order to stress its particularity, we consider the periodic boundary value
problem of the form

u"(t) = f(tu,u'(2)), te€][0,2n],
u(0) =u2r), u'(0)=1u'(2m),

where f(#,u,v) is a Caratheodory function.

(1.1)
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A function f :[0,21] x R* — R is said to be a Caratheodory function if it possesses the following
three properties

(i) For all (u,v) € R?, the function ¢ — f(f,u,v) is measurable on [0,27].
(ii) For almost all 7 € [0,27], the function (u,v) — f(¢,u,v) is continuous on R2.
(iii) For any given N > 0, there exists gy(¢), a Lebesgue integrable function defined on [0, 2n] such
that

| f(t,u,v)| <gn(t) for ae.t € [0,2m],
whenever |ul, [v| <N.

To develop a monotone method, we need the concepts of upper and lower solutions. We say that
B € W*'[0,2n] is an upper solution to problem (1.1), if it satisfies

B ()< f(1, (1), B'(1)), t €[0,2m],

/ / (1.2)
p(0) = p(2m),  B(0)<p'(2m).
Similarly, a function « € W*![0,2n] is said to be a lower solution to (1.1), if it satisfies
o (1) = f(t, 1),/ (t)), t€[0,2m],
(1.3)

a(0) =a(2n), o'(0)=a'(2n).

We call a function u € W*![0,2n] a solution to problem (1.1), if it is an upper and a lower solution
to (1.1).

Under the classical assumption that a(#)<f(¢), a number of authors have studied the existence
of the methods of lower and upper solutions or the monotone iterative technique (see [1,3-6,
8-11,14,15]). Only a few have dealt with the case where o(?), (¢) satisfy the opposite ordering
condition p(z)<o(t) (see [1,2,7,12,13,16,17]). Recently, Wang [16] investigated a special case of
(1.1) (where f(t,u,v) = —kv+ F(t,u) and F(¢t,u) is increasing with respect to u) in the presence
of a lower solution o(¢) and an upper solution f((¢) with f(¢)<a(t). Moreover, Rachunkova [17]
recently proved that problem (1.1) has at least one solution u(z) under the case f[(¢)<a(t). How-
ever, the proof of the result in [17] is not constructive and is not able to guarantee that u(¢) satisfies
B(1) <u(r)<ofr).

To develop a monotone method, we also need the following hypotheses:

(H1) For any given f§, o € C[0,2n] with f(¢)<a(t) on [0,2m], there exist 0 < A<B such that

A(vy —v1) < f(Lu,v2) — f(Lu,01) <B(v2 — v1) (1.4)
or
— B(vy — o)< f(t,u,v2) — f(Lu,v,) < — A(v, — vy) (1.47)
for a.e. ¢t € [0,2n] whenever f(¢)<u<oa(t), v,v; € R, and v; <.
(H2) Inequality

2

F(tta,0) = [(b,0)> — 0 —w)

holds for a.e. ¢ € [0,2n], whenever f(¢)<u;<u,<a(t), v € R.
The purpose of this paper is to give the existence result of solution of (1.1) under the assumption
that there exist a lower solution o(z) and an upper solution fS(¢) of (1.1) with pB(¢)<a(t). We
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develop the monotone iterative method to approximate the extremal solution of (1.1) and prove that
the solution u(¢) of (1.1) satisfies fS(¢) <u(?)<wa(t). Our result extends and complements those in
[16,17].

The main result of this paper is stated as follows.

Theorem 1. Suppose that there exists a lower solution o(t) and an upper solution p(t) of (1.1)
such that p(t)<oa(t) on [0,27], and f(t,u,v) is a Caratheodory function satisfying hypotheses
(H1) and (H2). Then there exist two sequences {f;} and {o,}, nondecreasing and nonincreasing,
respectively, with By = p and oy = o, which converge uniformly and monotonically to the extremal
solution to problem (1.1) in the segment

[B, 0] :={u € C[0,2n]: p(t)<u(t)<o(t) on [0,27]}.

Section 2 is devoted to a maximum—minimum principle, which is the key to developing the
monotone iterative technique. The proof of Theorem 1 is given in Section 3. An example for the
forced Duffing equation is given in Section 4.

2. Maximum-minimum principle

To prove the validity of the monotone iterative technique, we use the following maximum-—
minimum principle.

Lemma 2. Let y € WU'0,2n), and it satisfies
V(@) + My(t)+ L|y(t)| =0 for ae. t € [0,2n],
y(0)= y(2m),

where |M| > L>0. Then My(t)>0 on [0,2x], i.e., when M > 0 the minimum of y(t) is nonnegative;
when M < 0 the maximum of y(t) is nonpositive.

Proof. Let M > 0. Suppose to the contrary that y(¢) <0 for some ¢ € [0,2%]. It is enough to
consider the following three cases.
Case (1): y(t) <0 on [0,2mr]. In this case, we have

Y()=(L —M)y(t)>0 forae.te[0,2n]

and hence, y(0) < y(27n), which contradicts the fact that y(0)= y(2m).
Case (ii): y(2m)=0 and y(¢) <0 for some ¢t € [0,2n]. Since y(0)= y(2n =0, there exists an
interval (a,b), 0<a < b<2m, such that y(¢) <0 in (a,b) and y(a) = y(b) = 0. Therefore, we have

V(t)=(L—M)y(t) >0 forae.t € [a,b]

and hence, y(a) < y(b), which is a contradiction.
Case (iii): y(2n) < 0 and y(¢) =0 for some ¢ < 2m. In this case, there exists a point a € [0,2m)
such that y(¢) <0 in (a,2n] and y(a) =0. As a result, we have

V(@)y=(L—M)y(t) >0 forae.t e (a?2n]
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and hence, y(a) < y(2m) < 0, which is also a contradiction. This proves that y(¢)>0 on [0,2n]
when M > 0.

In the same way, we can prove that y(¢#)<0 on [0,2n] when M < 0. The proof of the lemma is
complete. [J

Lemma 2 is an improvement and extension of Lemma 1.2.2 of [6].

3. Proof of Theorem 1

Throughout this section, we assume that f(¢) and o(¢) are upper and lower solutions to prob-
lem (1.1), respectively, p(¢)<w«(t) on [0,2w], and f(¢,u,v) is a Caratheodory function satisfying
hypotheses (H1) and (H2).

We will only consider the case that (1.4") holds, since the other case that (1.4) holds can be
treated in a similar way.

For each given 5 € [f, 2], we consider a periodic boundary value problem of the form

A A A A A
w0+ 2020+ ZFu) = g (100000 + Ju0) - Saw)) + ZPnw. v € 0.2
u(0) =u2n), u'(0)=1u'(2n), (3.1)
where
9t u,0) = f(t,u,0) + A;ti. (3.2)

Let u(t) be a solution to (3.1) and v(¢) :=u'(¢) + (4/2)u(t). Then we get

B A AB
0+ 50 =g (1000 = F00)) + P01 (0,27

(3.3)
v(0) = v(2m).
It is easy to see that the above problem is equivalent to the integral equation
n A AB
0= [ Gatt.s) [otsn).665) = G0 + 50| . (3.4)
where
exp{(B/2)(2n +s — t)}, 0<s<r<om,
Galtes) exp {Bn} — 1
B1,8):=
exp{(B/2)(s — f)}, 0<r<s<om.
exp {Bn} — 1
Let v(¢) be a solution to problem (3.4). Then
2n
u(t):= Gy(t,s)v(s)ds, ¢ € [0,2m], (3.5)
0

is certainly a solution to problem (3.1).
Concerning problem (3.1), we can prove the following statement.
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Lemma 3. For each fixed n € [B,«], problem (3.1) has a unique solution u € W*'[0,2n].

Proof. Define the mapping 7T : C[0,2n] — C[0,27n] by
n A AB
(0= [ Gatt) |g (s1052.006) = J105)) + ZPno)] s
For v € C[0,2n], its norm is defined by
||v]| := sup{|v(?)|: 0<t<2n}.
By virtue of (H1) and (3.2), we have, for any v,v, € C[0,27]

‘g(tanavZ)_g(tanavl)‘g ’UZ _Ul’- (36)

Hence, we have

21
(T () — (Toy X(0)] < / Ga(t,5)

o (51600 = S100))
~ g (55202 = S0 )| s

<2 -l [ Gl
_ B;A oy — vall for all £ € [0,27],
1.e.,
7o, — Tea < 2 2oy — e,

which shows that T is a contraction mapping. The Banach contraction principle tells us that 7" has
a unique fixed point in C[0,2n]. Let v(¢) be the unique fixed point. Then it satisfies the integral
equation (3.4). Put

u(t):= /021T Gy(t,s)v(s)ds, ¢t €[0,2n]. (3.7)

It is easy to show that the function u(¢) defined by (3.7) is a unique solution to (3.1). The lemma
is proved. [J

We now define a mapping @ : [B,«] — W?![0,2xr] by setting (Pn) := u(t), where u(t) is the unique
solution to problem (3.1) with given 5 € [f,a]. It then follows by Lemma 3 that the mapping @ is
well defined.

Concerning the mapping @, the following statement holds.

Lemma 4. The mapping ® has the following properties:
(i) P(1)<(PP)(1), (Pa)(t)<aft) on [0,2m];

(ii) @ is monotone increasing mapping on the segment [f,a], namely, (On)(t) <(Pn,)(¢t) on [0,27]
when ny,n, € [B,a] and n(t)<n(t) on [0,27].
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Proof. We now prove assertion (i). Set
Br(2):= (PP)(1),
x(1):= Bi(t) — B(),
y(t):=x'(t) + gx(t).

As follows from (3.6), we have

A A A
V(1) + 20 + 570 g (LBOB0+ 580 - SO — ot f0. P @)
— A
= — > .X'/(t) + EX(t) .

x(0) =x(2n), x'(0)=x'(2n),

1.€.,
B B—4
V() + Ey(t) + T]y(t)| >0 for ae. t € [0,2n],

y(0)= y(2m).
(Here we have used (1.2).) Applying Lemma 2, we conclude that y(¢#)>=0 on [0,2n]. Thus, we
have

A
x'(t) + Ex(t)ZO on [0,27],

x(0)=x(2m).

Again applying Lemma 2, we get x(¢)>=0 on [0,2x], namely, (®f)(¢)=f(¢) on [0,2r]. A similar
argument shows that o(¢)=(®x)(¢) on [0,2n]. This proves assertion (i).
Next, we prove assertion (ii). Let,

ui(t) = (Pn;)(0), j=1,2,
x(1) 1= ux() — (),

, A
$(1)=x'(0) + 5x(0)
where 71,1, € [f,a] and 1,(¢) <#,(¢) on [0,27]. As follows from (3.6) and (H2), we have

A+B

x"(t) + 5

0+ 0 = g (00 + G0 - S0
A A AB
-4 <t,;11(t), ui(t) + Eul(t) - 2’710)) + 7(772(1) —m(?))
A? AB
= —Z(”Iz(t) —m(?)) + 7(772(1) — (1))

B—4
2

Y0+ 5x(0) = 5 0(0) = (1)
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< AB A? ( ) AB—A( )
= 4 4 N —m ) N2 — 1M

xX'(t) + Ax(t)‘

2 2
_ , A
> — T P (t)+ Ex(t) for a.e. ¢t € [0,2m],

that is
B B— A
V() + Ey(t) + T!y(t)| >0 forae.t € [0,2n],

¥(0) = y(2m).
Applying Lemma 2 again as before, we get x(¢) >0 on [0,2mn]. This shows that (®n,)(¢) = (Pn;)(¢)
on [0,2n] when 7,1, € [f,a] and #n,(¢)=#,(¢) on [0,27]. Assertion (ii) is thus proved. [J

Let us define sequences {f5;} and {o;} such that
Bivi(2):=(@P;)(t) and o (1) :=(DPo;)(¢)

with fiy=p, op=0. From Lemma 4, we conclude that {f;} is nondecreasing and {«;} nonincreasing.
From (3.1), we know that

B+ 2 B0+ G B0 =0 (1B + 5 (1)~ S50
+Igﬁn(l), t € [0,2n],
Buia(0) = B2, B (0) = B, (21 8)

Let v,(¢) : =p.(t) + (4/2)p.(t). Then we get
2n

)= [ 6u(t) [0 (5. B0 t01) = S.)) + (o) s (39)
By (3.6), we have

2n

a0 < [ Gatt:5) o (8051 00i6) = 55.9))

0 (58,90 -58.)) | + o (58,00~ 38.5)) | + | T8

B —A 2n
<2 Aol / Ga(t,5)] ds + C
0

}ds
2
B—4

=3 |oas1 || + C, for all ¢ € [0,2x]. (3.10)

Here we have used the facts that f is a Caratheodory function and

|5.(2)] <max{|o(2) + |Bo(2)]: t € [0,27]}.
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So, we get

[On1]| < Co. (3.11)
It shows that

1B (D) < Cs. (3.12)
In a similar way, we have

oty ()| < Cs. (3.13)

It then follows by a standard argument (see, e.g., [6]) that
lim B;(¢):=p"(t) and lim o;(t):=a"(¢)
Jj—0o0 j—o0o -

uniformly and monotonically on [0,2r]. From the integral representations (3.4) and (3.5), we con-
cluded that *(¢) and a*(¢) are both solutions to problem (3.1), and hence to problem (1.1).
Furthermore, if u € [f3,«] is a solution to the problem (1.1), then, by induction, f3;(¢) <u(t) <o, (¢)
on [0,2w], j=0,1,2,..., and hence, u € [*,a*]. This shows that f*(¢) and o*(¢) are, respectively,
minimal and maximal solutions to problem (1.1) in the segment [f3, «].
The proof of Theorem 1 is complete. [J

4. An example

In this section, we consider the periodic boundary value problem for the forced Duffing equation
u"(t) + kd'(t) = F(t,u), te€][0,2xr],
u(0)=u2n), u'(0)=1u'(2n), 4.1)

where F(t,u) is a Caratheodory function, £ > 0 or k < 0.
We say that f € W*'[0,2n] is an upper solution to problem (4.1), if it satisfies

B"(t) + kB'()<F(, p(1)), ¢ € [0,2m],
B(0) = p2m),  B(0)<p'(2m). (4.2)

Similarly, a function « € W2![0,2n] is said to be a lower solution to (4.1), if it satisfies

o' (t) + ko (1) = F(t,0(t)), t€[0,2m],

o(0) =a(2n), o' (0)=a'(2m). (4.3)
To develop a monotone method, we also need the following hypothesis:
(H): For any given f, « € C[0,2r] with f(¢)<o(z) on [0,2x], inequality

k2
F(t,uy) — F(t,u1) = — Z(uz —uy)

holds for a.e. ¢ € [0,2n], whenever f(¢)<u; <u, <o(t).
Let A =B =k, then (H1) and (H2) hold. Hence the conclusions of Theorem 1 hold.
Our results generalize and improve the results obtained in [16].
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