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Abstract

Let J be a polynomial with complex coefficients. First, we study the inverse images of the real and
imaginary axes under a polynomial mapping 7 in detail. Then for an arbitrary polynomial p and a sequence
(pn) of orthogonal polynomials the orthogonality behaviour of the sequence of polynomials (p(p, © 7 ))uen
is investigated. In particular necessary and sufficient conditions are given such that (p(p, © 7 ))uen 1S a
subsequence of polynomials orthogonal with respect to a positive measure supported on a compact subset of
the real line.
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1. Introduction

Let K C C be a compact set and let 7 be a polynomial with complex coefficients. Let p be a
polynomial which is extremal on K in some sense, for instance a polynomial which deviates least
from zero with respect to a weight function and the L,-norm among all polynomials of degree n
with leading coefficient one. Then it is natural to expect that this extremal property is inherited to
poJ on the set 7 ~'(K) with respect to the transformed weight function, i.e., in the case of the
Lr-norm that p o .7 is orthogonal on 7 ~!(K) with respect to the transformed weight function. In
fact its known nowadays that such an inherity property holds (see [4,5,8,11,14,20,26]). In most cases
special polynomial mappings, i.e., real polynomial mappings with properties which guarantee that
all inverse images are real intervals, have been considered. With respect to orthogonal polynomials
such mappings have been considered in [5,11] and, interesting enough, arose at about the same time
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in a completely different way as the so-called T-polynomials in the study of extremal polynomials
on several intervals with respect to the max-norm by the author [20,23,22]. A polynomial 7 is
called a T-polynomial on a set £ of real intervals if 4 has simple real zeros only and £ C
{xeR: |7 (x)| < M}, where M =min{|7 (y)|: 7'(y)=0}. The notion T-polynomial on E, which is
an abbreviation for Chebyshev polynomial on E, has been chosen since it shares so many properties
with the classical Chebyshev polynomial 7,(x) = cos(narccosx). Recently, it has been proved in
three different ways [6,24,28] that a set of real intervals can be approximated arbitrary well by the
inverse images of [ — 1,1] of a T-polynomial or in other words by a special polynomial mapping.
Therefore, it is not astonishing that certain properties are inherited not only to inverse images but
also to arbitrary sets of real intervals, see [27,28].

But let us return to orthogonal polynomials associated with a polynomial mapping. Marcellan and
his collaborators [15—17] considered orthogonal polynomials associated with polynomial mappings of
degree less or equal three. More precisely, among others they studied and solved for such polynomial
mappings the following question: Let ( p,) be a sequence of polynomials orthogonal with respect to
a positive measure p with supp(u) C R and let p be a polynomial whose degree is less than the
degree of 7. Under which conditions on p and the polynomial mapping 7 is the subsequence of
polynomials (p( p,07 )),en orthogonal to a positive measure supported on a subset of R. In particular
orthogonal polynomials whose recurrence coefficients are asymptotically periodic are closely related
to polynomial mappings; for instance this is reflected by the fact, see [12] and also [18,2,3] for
the complex case, that the essential spectrum of an Jacobi operator associated with a symmetric
tridiagonal matrix whose elements are asymptotically periodic is the inverse image of the interval
[ — 1,1] under a polynomial mapping.

In this paper, we investigate first the inverse images of the real and imaginary axes resp. of
real and imaginary intervals under a polynomial mapping 7 with complex coefficients in detail
which is of interest also in its own. Then sequences of polynomials (p( p, 0 7 )),en Where p is an
arbitrary polynomial and (p,) is a sequence of polynomials orthogonal with respect to a definite
functional, are studied with respect to their orthogonality behaviour. Finally, it is shown that the
sequence (p(p, © I ))uecN, Where (p,) is a sequence of polynomials orthogonal with respect to a
positive measure with support [ — 1,1], is orthogonal with respect to a positive measure supported
on a compact subset of the real line if and only if J is a T-polynomial and p satisfies certain
conditions.

2. Inverse polynomial images of real and imaginary intervals

We first investigate the following sets

N
Z:={zeC: m7()=0}=]J7;'(R) =7 (R (2.1)
j=1

and

N
Zp={z€C: ReT(z)=0} =] 7; " (iR)=7'(iR), (2.2)
=1
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which have already been studied by GauB} [9] in proving that every polynomial of degree N has N
zeros in the complex plane, sometimes called the Main Theorem in Algebra, and then thoroughly
by Ostrovski [19]. Let us divide the complex plane in 4N angle sections by the half-rays seV/™V,
j=-1,1,3,...,8N — 3, ie., let us set for k=1,...,4N

L (k=3 2k—1
FE\Tay P Tan T

and for » > 0

= {sei‘P: s=r,ecl}.
Considering the polar coordinate representation of 7 (x, y), i.e.,
T (r,p):=F (rcos @+ irsin @)
N—1

= rV(cos N +isin Nop) + Z r/(a; cos jo + ib; sin jop),
Jj=0

¢; = a; + ib;, and observing that for r > ry, where ry := max{l,v2 ij:_ol lcj|}, the following
inequalities hold

N—1 N
[Re 7 (r,¢) — 1" cos No| <rN712|cj] < (2.3)
j=0 V2
and
5 N—1 N
‘a(p(lm T (r,p)) — N coquo‘ < NAVT! Z lcj| <N \ﬁ’ (2.4)
=0

we conclude, since on Iy (lags3), k=0,...,N — 1, cosNy >0 (< 0) and |cos No| > 1/v/2, that
for r > ry

>0 on gy,

Re I (r,p)= { (2.5)

<0 on Iy.s
and

>0 on Iy,

0
~(ImT(r,0)) = 2.6
3, 7 0)) {<0 o s (26)

For the second relation we have taken into consideration the facts that sin N¢ is strictly increasing
(decreasing) on [Iy41 (I4+3) and has exactly one zero there. Analogously, it follows, since on
Iyisa (Iyy)sinNg > 0 (< 0) and |sin No| > 1/4/2, that for r > ry

>0 on Iy,

Im.7 (r,¢) = { (2.7)

<0 on Iy
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and

<0 on Iyyo,

a ar _
@(Reej (r,p))= { >0 on In. (2.8)

Hence, for every r = ry there are @p(r) € lyr1, k=1,...,N, and Y (r) € lyy13, k= 1,...,N, such
that Im .7 (r, (7)) =0 and Im 7 (7, Y(»)) =0 for k =1,...,N. By continuity-arguments or by the
Implicit Function Theorem it follows that Z; N {z € C: |z| = ry} consists of 2N arcs Cy and C; with
Cy C I'yyar+1 and Ci C Iy ar43 for k=1,...,N. Now it can be shown (see [19]) that these 2N
arcs continue in the interior of |z| <7y in such a way that two arcs Cy and C; join each other
to one arc. Thus, Z; consists of N arcs %, j =1,...,N. More precisely, it is always possible to
choose the N arcs %, in such a way that at the right-hand side of 4;, j =1,...,N, there is always
Im .7 (x,y) > 0 if one moves along %;, where at a point at which some arcs %; cross each other
one has to take the next arc at the right-hand side. Thus, every arc 4, j =1,...,N, comes from
oo, enters the circle |z| = ry in the sector I'; 4;41, continues to the interior of |z| < ry, leaves then
the circle |z| =ry through I, 4;+3 and continues to co. By the way, with the help of this approach
GauB3 [9] proved his famous theorem using the fact that .7~ has obviously a zero on each ;.

Next, let us summing up the above facts and let us show that Re .7 (x, y) is strictly monotone
decreasing on each %; which is important in what follows.

Theorem 2.1. Z; consists of N arcs 6;, j = 1,...,N, running from infinity to infinity, which can
be chosen such that at the right-hand side of each €;, j=1,...,N, Im7 (x,y) > 0. If the €, are
chosen in this way then Re J (x,y) is strictly decreasing from oo to —oo on each %;, j=1,...,N.

Proof. In view of what had been said above only the statement on the monotonicity of Re 7 (x, y)
remains to be shown. For abbreviation let

u(x,y)=Re 7 (x,y) and uv(x,y)=ImT (x,y)

and let (x(s), y(s)), s € (—00,00), be a parametrization of €;, j=1,...,N.

If (d/ds)(x(s), y(s)) has no zero on (—o0,0) then the assertion follows immediately by recalling
the fact that lim, o, u(7, @) tends to +oco (—o0) if @ € lypy1 (Lags3)-

Next we claim: If

d
Su(x(s).p()| =0

S=80

then .7'(z9) = 0, where zy = (xo, ¥o) := (x(s9), ¥(s0)). Since
LU 75D = L), M)+ S0, MY () =0 at s =50 29)
s x y

and since v(x(s), y(s))=0 we obtain by differentiation and by using the Cauchy—Riemann differential
equation that for s € (—o0,00)

0 0
— S (5). )W ($) + 2 (x(5), ¥(5)) () = . (2.10)
)% X
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Now assume that

o

0
7 (20) = 5 (x(50), s0)) — 7 (x(50), s0)) # 0,

i.e. (Ou/0x)(x(so), ¥(so)) # 0, or (Ou/0y)(x(so), ¥(so)) # 0, then by (2.9) and (2.10)

Ou 2 ou 2
(a(x(so),y(so))> + <a(x(So),J’(So))> =0,
X Yy

which is a contradiction.

Now let us suppose that 7 ()(z9)=0 for j=1,...,m, and F"+1(zy) # 0. Then it is well known
that in a neighbourhood of z; the locus v(x, y) = v(x(so), ¥(s9)) = 0 consists of m + 1 analytic arcs
through z, cutting each other at zy in successive angles 7/(m + 1) and bisecting the angles between
the successive arcs of the locus u(x, y) = u(x(so), ¥(s0)).

Furthermore, the neighbourhood of z, is divided in u(x,y) > u(xg, yo) and u(x, y) < u(xo, ¥o),
respectively. Thus, (x¢, vo) is a saddle point of v and u. Moreover, neither v nor u# can have a local
maximum or minimum at (xo, }o). Thus, since the %;’s have been chosen such that if we move
along %; to zy at zp we have to take the next arc at the right-hand side, i.e., we do not cross the
saddle point zg, u(x, y) does not change its monotonicity behaviour along the curve ;. [

Corollary 2.2. Let T (z)=cyz" + -+, cy € C\{0}, be an arbitrary complex polynomial of degree
N and let T j_l, j=1,...,N, be the inverse functions. Then the following propositions hold.
(a)
N
UZ'(-1L1)={z€C: ImT(2) =0 and |Im T (2)| < 1}
j=1
consists of N arcs €;, j=1,...,N, of finite length which can be chosen such that moving along €;
we have at the right-hand side of each €; that Im 7 (x,y) > 0.
(b) Suppose that T*(z) — 1 and T '(z) have no common zero and let w;, j=1,...,m, be the
zeros of T of multiplicity m; which are in U;'Zl 971([ — 1,1]). Then for sufficiently small p,
o >0, the set of level lines

AT ,p)={z€C: log|T(z)+/T*z)—1|=p}

consists of at most n— Z;.":l m; simple closed curves y,(p) and if y,(p) surrounds exactly one zero
w; of T of multiplicity m;, then moving along y,(p) 7 takes on successively in the neighbourhood
of the endpoints of the arcs the values 1 + &1(p),—1 + &(p), 1 + &(p),...,—1 + &y, 11(p) with
lim, ;& (p)=0.

Proof. Part (a) follows immediately from Theorem 2.1.

(b) Obviously, from each arc €, which does not contain a zero of .7 there arises a simple closed
curve 7,(p) with lim, o 9,(p) = €,. At a zero w; of J' of multiplicity m;, m; + 1 of the arcs €,
touch each other (recall the choice of the arcs €, ), where w; is contained in the interior of each €,,

. . . 1 . ..
since by assumption [Re.7 (w;)| < 1. Hence, if U;.";l ¢,, does not contain another zero w; in its
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Fig. 1. The above pictures show the polynomial 7 5(z) = az*(z — 3/2)(z + 1), with a = 25,000/(17861/94 — 11,357), and

the arcs €; from Corollary 2.2, i.c., on which 5 is real and |7s| < 1, are marked boldface. 00 gives the value to
which the polynomial tends if we move along €;.

I
/1 -0.5 \Ks 1 1}5

interior, the level set which arise from U;":’Tl ¢, is a simple closed curve. Since by Theorem 2.1
Re 7 decreases from 1 to —1 along each arc &, the assertion follows by continuity arguments. [

In Fig. 1, Theorem 2.1 and Corollary 2.2 are demonstrated for the polynomial 7 5(z) = az’(z —
3/2)(z + 1), a = 25,000/(1786+/94 — 11,357).

To get the link with [23] let us observe that Ujvzl g ;1([— 1,1]) consists of / arcs with endpoints
aj, j=1,...,21, if and only if there exists a polynomial % such that

T z2)— H@) WU (z) =1, (2.11)

where H(z) = sz.lzl(z —a;). A point a; is called an endpoint if there exists an m € {0,1,2,...} such
that (7 £1)%)(a ;)=0 for k=0,...,2m. Let us mention that in [25] the polynomial mappings whose
inverse images of [ — 1, 1] consist of two arcs only have been characterized with the help of elliptic
functions. Next let us turn to the description of the polynomial mappings whose inverse images are

real intervals only.

Corollary 2.3. Let 7 (x)=cyx" + .-+, cy € C\{0}, be a polynomial. Then
N
U7 a-1imcr

=1

~

if and only if all coefficients of T are real, 7 has N simple real zeros and min{|7 (y)|: 7'(y)=
0} > 1.

Proof. Necessity: Since

=

T -1L1)={zeC: T(2) e[ - L1} CR,
1

J
it follows that for every x€(—1,1) the polynomial 9 — x has N real zeros. Furthermore, we
claim that each of these zeros is simple. Let us assume to the contrary that 4 — x has a zero
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at xo of multiplicity m + 1,m > 1, ie., 7®(xo) =0 for k =1,...,m and 7"+ (xy) # 0: Then
we have seen that there are m + 1 arcs 4, ¢, C Z; given in Theorem 2.1, which touch each
other at xo. Since |[Re 7 (x0)| = |7 (x0)| = |x| < I, there exists an ¢ > 0 such that [Re 7 (z)| < 1
for z€ K(xo,¢) :== {z€C: |z — x| < ¢} and thus for any z € K(xp,e) N4, ve{l,....m+ 1}, we
have 7 (z)e[ — 1,1]. Since %;, j€{1,...,N}, have been chosen such that Im 7 (x, y) > 0 at the
right-hand side it follows, since m > 1, that

(K(z0,6)NE;,)N(C\R) # 0 for ve{l,....,m+ 1},

which is a contradiction to {z€C: 7 (z)€[ — 1,1]} C R. Hence, for every k€ (—1,1), 7 — k,
and in particular 7, has N simple real zeros which implies that 7 (x)/ay has real coefficients and
thus, because of 7 (z)€[—1,1], 7 has real coefficients. Furthermore, it follows that 7’ has N — 1
simple real zeros.

What remains to be shown is that min{|7 (y)|: 7'(y)=0} > 1. Let us assume that this statement
does not hold true. Then there exists a yo € R such that 7/(yy) =0 and [Re 7 ()9)| < 1. As above,
then there are two arcs C;, v=1,2, C; C Z; given as in Theorem 2.1, which touch each other at
¥o such that for & > 0 sufficiently small [Re 7 (z)| <1 on K(yo,6) N %;,, v=1,2, which is again a
contradiction to {z€C: J(z)e[—1,1]} C R.

Sufficiency: Since J has N simple real zeros and thus 7' has N — 1 simple real zeros
Vi,...,yn—1 €R it follows that .7 is strictly monotone in (y;, ¥j+1), Yo := —0o0 and yy := oo.
Now by assumption |7 (y;)| =1 for j=1,...,N — 1, which implies, taking a look at the graph
of such a polynomial, that for every xk €[ — 1,1] the polynomial . — k has all its N zeros real,
including multiplicity, which proves the assertion. [J

3. Orthogonal polynomials associated with polynomials mappings
First let us introduce polynomials orthogonal with respect to a functional. Let (¢;) be a sequence
of complex numbers and ¥ : [P — C be a linear functional on the space P of polynomials given by
L(Y=¢ for ke Ny :=NUJ{0}, (3.1)

which is assumed to be extendable to the space of continuous functions on a compact set K C C.
Furthermore assume that the associated function

Q(¥):=> ay =2 <y 1_Z> (3.2)
k=0

converges in a neighbourhood of y =o00. Here, % acts on z. It is known (see [7, Chapter 1.3]) that
for a given function Qy of form (3.2), which is not a rational function, there exists an infinite unique
sequence of the so-called basic integers (n,), ny := 0 <n; <ny, <---, and a unique sequence of
monic polynomials ( p,,) (p, of degree n,) such that

L pn)=0 for j=0,...,n, —2
and

L p,)#0.
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The polynomials ( p,, ) satisfy a recurrence relation of the form

Pni(2) = dp, (2) P, (2) = Znyy Pn, 1 (2)  for vE N, (3.3)
where d,,,, € Py, —n» 4n., €EC\{0}, po(z) =1 and p_, =0. If n, =n, ie., if £ is definite, then
(3.3) becomes the usual form

Pvi1(2) = (2 = oy 1) pu(2) — 21 py—1(2).

The monic associated polynomials ( pf,k)) of order k, k € N, with respect to the definite functional
& are defined by the shifted recurrence relation

k k
PP12) = (2 — o010 PP @) = A P2 (2),

where p, )(z) =1 and p(_kf(z) =0. Let us mention that the associated polynomials (of order one) of
(pn), also called polynomials of the second kind, have a representation of the form, n € N,

1A ) = Cma—muv,

z—X

where 4; = #(1), with the help of which the Padé-approximation property

M pi(2) 1 1
pn(z) =Y ; +@ Z2n+l as ‘Z‘—>OO

follows.
Certainly of foremost interest is the case that the moments ¢; have a representation of the form
cr = / 2 du(z), (3.4)
K

where u is a complex (not necessarily real and/or positive) measure on the curve or arc K. Then
the polynomials orthogonal with respect to ¥ become the polynomials orthogonal with respect to u
on K and the function O, becomes the so-called Stieltjes-function

mezéy:gmn (3.5)

A functional & is called positive definite if ¥ has a representation of the form (3.5) with K C R
and p a positive real measure on K.

Following Bessis and Moussa [5], see also [10], let us show how a new functional is generated
in a natural way by the functional ¥ and a polynomial (mapping) 7

Definition 3.1. For given 7 € Py\Py_; and S€P,,, m < N — 1, define

N
_ S(T
27S(f(@) = Z §:, ”)ﬂfﬁ@>, (3.6)
=TT (@)

where it is assumed that the right-hand side is well defined. Here, {7 j_lz j=1,...,N} denotes the
complete assignment of branches of 7 ~!. The definition (3.6) of the linear functional #7-% is quite
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natural and can be understood in the following way: By partial fraction expansion we have

RON S(7;'(2) 1
, 3.7
T(y)—z Z TNT; ') y- 75 (2) G7)
from which we get for large y € C and for all £ € N
g,a]‘,s (f(z > Zy—(v+1)$/ S(Z‘ g‘(z))
e (ST
0 =TTy
S(77(2)) 1 z*
=2 |7 =8 g(). 3.8
Z FT 7 o) CN T =z (:8)
In particular, we have
7N (*)Y=0 for k=0,...,N —2, and thus S(»)Z <g’(yl)_z> =9 <9_(Sy(;)_z) .
(3.9)

Thus Z compositions have the following orthogonality property, see e.g., [26, Theorem 2(b)].

Proposition 3.2. Let . and S be polynomials of degree N and m < N — 1, respectively. Suppose
that #(Z/ f(z))=0 for j=0,1,...,n— 1. Then

L7SE(foTN2)=0 for j=0,1,....,(n+ 1N —m — 2.

Let us mention that an analog orthogonality property holds with respect to the Hermitian inner
product (see [26, Theorem 2(a) and also Theorem 3]).

Now of special interest are functionals with an integral representation (3.4). Then transformation
(3.6) defines a measure du” S on the inverse image 7 ~!(K) by

. al _ STz ))
g,/,s — f_l
(f() j§lﬁ /K 1T =1, )
_ ;/71(10 F(2)du”5(2). (3.10)

For the following we need an extension of the functional 7% leading to important classes
orthogonal polynomials as such ones with periodic recurrence coefficients. Let p € [P, be a polynomial
of degree v and suppose that Oy from (3.2) converges at the zeros of p. By the way, note that O,
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certainly converges at the zeros of p if the moments have a representation of the form (3.4) and the
zeros of p are outside of the support of the measure u. Now let us define a new functional £ by

(L 1>
p(y)ff"(y_z =Y+ 2 (3.11)

where Y € P,_; is that unique interpolatory-polynomial which satisfies at the zeros w; of p

Yw)=-% <W11_2> . (3.12)
We claim that
_ p(y)—p(z) 1
Y(y)—$< )z p(z)>. (3.13)

Indeed, obviously the expression at the right-hand side is a polynomial of degree < v — 1 and has
the interpolatory property (3.12) which, by uniqueness, proves the claim. Furthermore, we have

g< 1 >_$<p(2)—p(y) 1>+p(y)g<11>
y—z y—z  p@) y—zp2)

and hence, by (3.13),

gl/p< 1 >:g< ! 1)3 (3.14)
y—z y—z p(z)

/p

i.e., the moments c,lC of the new linear functional £'/* are given by

Ypy .k 1/p z*
¥ (Z)::Ck :$<p(z))

Now, let % be the functional #75, introduced above then by (3.14) we have

7Sl (1 ):z(cf“)“” (1 >=$’7’S( L L ) (3.15)
y—z y—z y—z p(2)

The following special case is of particular interest: Let K be a complex curve, let w:K — C an
integrable function, and put

du(z) = w(z)dz + ) md(z = ),

v=1

where py,..., s Y1,-.., ya € C and where 6 denotes the Dirac-measure. Suppose that ¥ has an
integral representation (3.5). Then applying (3.10) to f(z) = 1/(y — z)p(z) and by changing the
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variable of integration we get in view of (3.15)
7.5/ 1 1 7.
g7 ()= [ )
y—z T-\K)Y —Z
with

a7 (z) = ig(w o T)(z)dz

S(77 () L
N oz — T ; ), 3.16
+Z“ Z TG w7y T 10

where the orientation of integration on the subcurves of .7 ~!(K) is given by the orientation of
integration on K. Note, if K =[ — 1, 1] then the absolute continuous part in (3.16) can be written in
the convenient form (S(z)/p(z))(w o 7 )(z)sgn 7 (z) |dz|. The orthogonality property with respect
to & is inherited to #7-5/ as the following theorem shows.

Proposition 3.3. Let ¥ be a linear functional given by (3.1) and let (p,, )ren, be a sequence of
polynomials of exact degree ny satisfying the orthogonality condition

L py)=0 for j=0,...,n — 1.

Furthermore, let Ty, S, and p, be an arbitrary complex polynomials of degree N, m, and v,
respectively, with m+v < N —1. Then the sequence of polynomials (py( p,, 07 n))keN, is orthogonal
10 P +1)W—m—2 With respect to the linear functional LT NSnlpv,

Proof. The assertion follows immediately from Proposition 3.2 since

gg—N’Sm/p“(ijv(Z)(pnk © g'N )(Z)) = ng,SM(Zj(pnk o ‘Oj'N )(Z)) .

For example {p,(z)p.(z")}nen, N €N, is orthogonal on the star 7 ([ — 1, 1]) = {r exp 2kni/N:
rel0,1], k=0,...,2N — 1} with respect to the weight function (Sm(z)/p‘(z))w(z]v ) exp(2kmi/N)|dz|
on the kth ray, k =0,...,2N — 1 if (p,) is orthogonal on [ — 1, 1] with respect to w(x). Next let us
give some more informations on the polynomials orthogonal with respect to &7 ¥-Sn/pv,

Theorem 3.4. Suppose that the polynomials ( p,) orthogonal with respect to the definite functional
L satisfy the recurrence relation

pn(z):(z_ﬁn)pn—l(z) _Vnpn—2(z)> pO(Z): 1, P—I(Z):O-

Furthermore assume that the functional gJ NSulbvis definite, where Ty has the leading coefficient
1/L and S,, and p, are monic with m +v=N — 1. Suppose that the polynomzals (P,) orthogonal
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with respect to L7 V5P satisfy the recurrence relation
P,(z2)=(z— o,)Pr—1(2) — AuPy—2(z), Po(z)=1, P_1(z)=0. (3.17)
Then the following relations hold:

(1) Pivin(2) = pu(2) pe(T (2)) for k€N

(2) PO, 1(2) =PV (2) pi( T n(2)) + const. - S, (2) pi” (T n(2)) for ke Ny
B3) T s 2 = Lt

(4) P (@) = Ay PN (@) = T () — LBig for kN

(5) PP D(2) = py(2)Ss(z) for k€N,

Proof. Relation (1) follows immediately from Proposition 3.3. By the recurrence relation of (py)
and (1) we have

P +v(2) = (T 3(2) = LBis1 )Pev+1(2) — L i1 P 1w 44(2)- (3.18)
Since by Lemma 3.1(b) from [21]
ka—t—vP(kfl)N—H'(Z) = Pz(\yifll)NJr‘yH)(Z)Pkwal(Z) - P](\ESIWHH)(Z)PkNJrv(Z)»

where

kN +v

kaJrv = H Aks

k=(k—1)N+v+2

it follows from (3.18) that

Pliiyv(z) = (j-N(Z) — LBis1 + (L1 by )PV N )(Z)> Piyiy(2)

— (L2914 )PV Py 1 (2). (3.19)

On the other hand, we know by Lemma 3.1(c) from [21] that P v+, has a unique representation
of the form

N +) (kN+v+1)
Pisiwey =Py " "Pivey — Aivevii Py_  Privp—1,

which gives by (3.19) the relations (3)—(5).
Concerning relation (2) we have in view of (1)

pv(¥)pi(T N (y)) — PV(Z)Pk(fN(Z))>
y—z
pv()’) - pv(Z)
y—z
(I n(y)) — pi(I n(2))
y—z ’

const. - P,(dl\,)ﬂ_l(y) — PTNSulpy <

= (T W) LTS (

+ S () L7 (
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which is in view of

7y [ DT NY)) — pi(T N () 1 _ pi(2)
v < [ >_p"(‘”(y))g <3‘N<y>—z) g<<71v(y)—z)

the assertion. [

For the case p = 1 Theorem 3.4 has been proved by different methods in [5], see also [11,
Theorem 6]. If p = 1 and if 7y is the classical Chebyshev polynomial, i.e., 7 y(x)=cos N arccosx,
then one obtains the so-called sieved orthogonal polynomials, see [1].

If we put in Theorem 3.4 du(x)=+/1 — x2 then the weight function du”*'*=(1/1 — T %(z)/p(z))
sgn 7§ (z)|dz| leads to orthogonal polynomials with periodic recurrence coefficients from a certain
index ny upwards. This fact can be proved in exactly the same way as in [21, Theorem 3.1], where
it is assumed that the coefficients of 7y are real. For orthogonal polynomials with periodic or
asymptotically periodic recurrence coefficients see e.g. [10,13,21,22,2,3]. Next let us turn to the
question when polynomials from Theorem 3.4 are orthogonal with respect to a positive measure
supported on a subset of the real line.

4. Characterization of polynomial mappings generating positive definite functionals

Theorem 4.1. Let u be a positive measure with supp(u)=[—1,1]. Suppose that ( p,) is orthogonal
with respect to u and that 7 is a polynomial of degree N. Then the following statements are
equivalent:

(a) J has N simple real zeros and min{|7 (z)|: 7'(z)=0} > 1
(b) all zeros of p,o T, neN, are real
(¢) (pno T) is orthogonal with respect to a positive measure supported on a compact subset

of R.

Proof. (b) = (a). Let xy,...,x, € [—1,1] be the zeros of p, and let y, ; eI Y(-1,1]), v=1,...,N,
j=1,...,n, be those numbers such that

T (y,j)=x; forv=1,...,N,

ie., the y,;’s are the zeros of p, o.7. Now, let us assume that .7 does not satisfy the given
conditions. Then it follows from Corollary 2.3 that .7 ~'([ — 1,1]) contains an arc % which lies
in C\R. Recalling the well-known fact that the zeros of {p,} are dense in [ — 1,1] this implies
that p, o 7 has complex zeros for sufficiently large n. But this is a contradiction to the fact that
(pno T )uen is orthogonal with respect to a positive definite functional.

(a) = (b) and (c). In view of Theorem 3.3 and Corollary 2.3 (p, o ") is orthogonal on the set
of real intervals 7 —!([ — 1,1]) with respect to the positive measure 77", Thus all zeros of p, 0.7
are in the convex hull of 7 ~!([ — 1,1]).

(c) = (b) is well known. I
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Moreover we are able to give a necessary and sufficient condition such that {p,(p, o 7 )},en is
orthogonal with respect to a positive measure.

Corollary 4.2. Suppose that ¥ is positive definite and that the associated measure p has support
[— 1,1]. Let T n,Snm, py be polynomials of degree N, m and v, respectively, with m +v=N — 1
and sgn S,,/p, =sgn T\ on 9',;1([ — 1,1]). Then L7 ~5npv is positive definite if and only if Ty
has N simple real zeros and min{|7 y(z)|: T4(z) =0} > 1.

Proof. Necessity: Since #7V-S/P+ is positive definite and p, - (p, 0.7 y) is orthogonal with respect
to L7 V-Snpv it follows that p, o 7y has real zeros only.

Sufficiency: By the properties of Ty, I ,;1 [ — 1,1]) consists of real intervals only. In view of
the assumptions u” V-5"/?" is a positive measure, which proves the corollary. [
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