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1. Introduction

The purpose of this paper is the analysis of a finite element method for approximating the linear elastodynamic system
using a new dual mixed formulation for the discretization in the spatial variables and an explicit Newmark scheme for the
discretization in time. The explicit Newmark scheme is shown to be stable under an appropriate CFL condition. The analysis
of an implicit Newmark scheme will be presented in [1].

The analysis of a priori error estimates for the mixed finite element method of a second order hyperbolic system in
regular domains using symmetric approximations of the stress was initiated in [2,3] see also [4]. But to our knowledge a
similar analysis for the dual mixed formulation of the linear elastodynamic system in nonregular domains, introducing as
a new unknown strain tensor, was not yet done. Therefore the goal of this paper is to make this analysis. A priori error
estimates are proved for the approximation of the displacement, the strain, the pressure and the rotation, firstly for the
semi-discretized solution and then for the completely discretized solution by the explicit Newmark scheme in the time
variable.

Over the last two decades there has been considerable interest in the areas of mixed finite element discretizations of the
corresponding stationary problem, i.e. the system of linear elasticity; let us quote, for example, [5-10]. The main difficulty
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appearing in this problem is finding a way to take into account the symmetry of the strain tensor. In our approach, the
symmetry of the strain tensor is relaxed by a Lagrange multiplier, which is nothing else than the rotation.

The outline of this paper is as follows: Section 2 defines some notation, presents the model evolution problem we shall
consider and recall two comparison results concerning continuous and discrete Gronwall’s inequalities. In Section 3, we
define the new dual mixed formulation of the model evolution problem. Section 4 is devoted to some regularity results of
the solution of our elastodynamic system in terms of weighted Sobolev spaces. In Section 5, we introduce the semi-discrete
mixed formulation and prove the existence and uniqueness of the solution for this formulation and recall some results
concerning the inf-sup and coercivity conditions. Then, under some adequate refinement rules of meshes, we establish
some error estimates on some interpolation operators and we prove an inverse inequality for the divergence operator. In
Section 5.1.1, we derive some error estimates between the exact solution of the mixed problem and the solution of the
elliptic projection problem, which will be used in Section 5.1.2 to derive the error estimates between the exact and the
semi-discrete solution. Section 6 is concerned with the fully discrete finite element scheme: existence and uniqueness of
the solution of the fully discretized problem, stability analysis and a priori error estimates between the exact solution and its
fully discrete approximation for the explicit scheme. The proof of the error estimates rest on the introduction of an auxiliary
problem: the elliptic projection problem. The numerical experiments of Section 7 confirm our theoretical predictions. In
Section 8 we present conclusions.

2. Preliminaries and notations

2.1. The model problem

Let us fix abounded plane domain £2 with a polygonal boundary. More precisely, we assume that 2 is a simply connected
domain and that its boundary I" is the union of a finite number of linear segments I}, 1 < j < n, ([} is assumed to be an
open segment). We also fix a partition of {1, 2, ..., n.} into two subsets I, and I5. The union I of the I5, j running over I,
is the part of the boundary I", where we assume zero displacement field. The union I'y, of the I3, j € Iy, is the part of the
boundary I where we assume zero traction field.

In this domain §2, we consider isotropic elastic homogeneous material. Let u = (uq, u,) be the displacement field and
f = (fi,f) € [L?(£2)]? the body force per unit of mass. Thus the displacement field u = (u;, u,) satisfies the following
equations:

Uy —divos(u) =f in[0,T] x £2,

u=20 on|[0,T] x Ip,

os(u).n=0 on [0, T] x Iy, (2.1)
u(0,.) = ug in £,

u(0,.) = uy in £2,

where ug and u, are the initial conditions on displacements and velocities. n denotes the unit outward normal field along
I'. The stress tensor o (u) is defined by

os(u) = 2ue(u) + Atre(u)d. (2.2)
The positive constants p and A are called the Lamé coefficients. We assume that

(A, 1) € [Ao, A1] X [11, n2] (2.3)

where
O< i <pp and 0 < Ag < Aq.

As usual, € (u) denotes the linearized strain tensor (i.e., € (u) = %(Vu + (Vu)T)) and § the identity tensor.

For reasons of simplicity in our theoretical analysis,we have chosen homogeneous boundary conditions on both Dirichlet
and Neumann boundaries. The extension to nonhomogeneous boundary conditions is done without difficulty. Let us note
that numerical tests (see Section 7) are made under the nonhomogeneous surface traction. In what follows, we will use the
following notation. For T = (7;;) € [H(div ; £2)1%, we denote by

d a 0 a
div (t) = (1'11 4 Ti2 0721 T22>’

3X1 aXZ ’ 3X1 8X2
as (1) = 1 — T2

For v = (v1, v3) € [H'(£2)]?, we recall that

dv,  dvq
rotv = —— —.
8X1 3X2
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As usual, we denote by L?(.) the Lebesgue space of square integrable functions and by H*(.), s > 0, the standard Sobolev
spaces. The usual norm and semi-norm of H*(D) are denoted by || - ||s.p and | - |s,p. The inner product in [L?(£2)]? will be
written (., .). If o = (0y), T = (tj) € [*(£2)]**%, then we denote by

0:1:Za,~jr,~j and (O’,l’):/ o tdx.
ij 2
We now introduce the Hilbert space
[H}, () = {v € [H' (@)% v]r, = O}.
Finally, in order to avoid excessive use of constants, we use the following notation: a < b stand for a < c¢ b, with positive

constant c independent of a, b, h and At.

2.2. Gronwall’s inequalities
In this section, we recall two comparison results [11], which will be useful in the stability and convergence analysis of

our problem. Let ¢(.) > 0 be such that ¢;(t) < p¢(t) + n(t) for0 <t < T, where p > 0 is some constant and n(.) > 0,
n € L'([0, T]). Then

T
$(0) < e <¢(0>+ / n(s) ds), Yt €0, T]. (2.4)
0

Let two nonnegative sequences (k;)n>0, (Pn)n>0 be given, go > 0 given also and let us suppose that the sequence (¢,)n>0
satisfies:

b0 < Lo,
n—1 n—1 (2 5)
¢n Sg0+2ps+2k5¢5a Vnzl- ’
s=0 s=0

Then

n—1 n—1
¢n < (go + Zm) exp (Z ks) . Vn>1 (2.6)

s=0 s=0

3. The dual mixed formulation
Introducing as new unknowns:
o = 2ue(u), p:=—Adiv(u) and w:= %rot (u),
and the spaces:

o = {(r.q) € [X(2)]¥? x *(2); div (t — g8) € [L*(2)]*, (r — g8).n=0on Iy}, (3.1
M = {(v,0) € [L*(2)]* x [*(2)}, (3.2)

we state the dual mixed formulation for our model hyperbolic equation (2.1): find (o (.), p(.)) € L*([0, T]; Xo), u(.) €
H2([0, T1; [L?>(£2)1%) and w(.) € [2([0, T]; L?>(£2)) such that for all (z, q) € Xy, forall (v,6) € M and for a.e.t € [0, T], we
have

1 1
E(U(f), )+ X(p(f), q) + (div (z — gd), u(t)) + (as (7), (1)) =0,

. 33
(1 (6), v) — (div (0 (5) = p(©)8), v) — (a5 (o (D)), 6) — (F(), v) = O, (33)
u©0) =up,  u(0) =uy.
We conclude this section by introducing some notations. We set
o = (o,p), T =(7,Q), u=(u,w)), v = (v,0),
1 1

a0, 7)== —(0, 1)+ —(p,q, Vo, 7€ X, (34)

~ o~ 2“ )\' ~ ~

b(t, v) == (div (r — g8), v) + (as (v),0), VT € Zp, Vv € [[X(2) x [*(2). (3.5)



450 L. Boulaajine et al. / Journal of Computational and Applied Mathematics 231 (2009) 447-472

With these notations, the mixed formulation (3.3) may be rewritten: find o(.) = (¢(.),p(.)) € I[*([0, T]; Xp) and
u() = ), () € H?([0, TT; [L*(£2)]%) x L([0, T]; L?(£2)) such that u(0) = ug, u;(0) = u; and fora.e.t € [0, T]:

{a(o(t), )+ b(r,u(t)) =0, Vrte X,
- SN ~ (3.6)

b(@ (1), v) + (F (1), v) = (e(). v), Vv € [Z(2)P x X(®),
where (F (t), E) = (f(t), v).

4. Regularity of the solutions

Letu € [*(0, T; [H}D(Q)]Z) be such that ‘;—Lt’ € 1?(0, T; [L?(£2)]%), be the solution of (2.1). We consider the Lamé operator
defined by

L:=—pA— (A+ p)Vdiv.
Thus, equivalently u is the weak solution of the problem

Ug+Lu=f in[0,T] x £2,
u=20 on [0, T] x Ip,
os(u).,n=0 on[0,T] x Iy, (4.1)
u0,.) =1uy in$2,
u(0,.) =u; ing2.
It is well known (see [10] or [12-14]) that the weak solution of the corresponding Lamé system of (4.1) presents vertex
singularities. To describe them, we need to introduce the following notations:

Definition 4.1. Let S;(1 < j < n.) be the vertex of our polygonal domain §2 at the intersection of the sides I} and
Ti41 (Ine+1 := I). Let us denote by w; the measure of the angle at the vertex S;. By the characteristic equation associated
to the vertex S;, we mean the transcendental equation in the complex variable o:

2 2
sin2(aey) = | = | o sin? oy, (42)
+3u

if S; is a vertex of Dirichlet type, i.e.j,j+ 1 € Ip,
sin® (aw)j) = o? sin® j, (4.3)
if S; is a vertex of Neumann type, i.e.j,j+ 1 € Ly,

2 2.2 02
sin () = (A +2p)? — (A + )’ sin 2] (4.4)
A+ w)(A+3up)

if S; is a vertex of mixed type,i.e.j€lp,j+1€lyorjely,j+1¢€lyp.

Definition 4.2. For any scalar function ¢ € C°(2) such that ¢(x) > 0 foreveryx € 2\ {51, S, ..., Sn.}andany m, k € N,
we define

Hg'”‘(:z) = {v e H"(2) NH™™*(2); DPv € [*(22), VB € N? such that m < |B| < m + k}.

loc

HqT"‘(.Q) is a Hilbert space equipped with the norm:

1/2
||v||m,k;¢,g=(||v||fn,g+ > ||¢Dﬂv||?,,g> :

m<|B|<m+k

On this space, we also define the semi-norm:

1/2
|v|m.k;¢,9=( > ||¢Dﬂv||3,g) :

|Bi=m-+k

m,k

We consider also the spaces L?(0, T; H, (£2)) endowed with the norm:

1/2

T
2
llvlle<Hgvk)=(f0 ||v||m_,c¢,9dt) ,

and L*°(0, T; H;’”‘(Q)) endowed with the norm ||v||LOC(H$,k) = ess suPg<r<t V(O lm.kp.2-
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Let us set § = minj—; __,, § where

& = irklf{Re ajk; Reajr > 0},

where «;  is solution of the appropriate transcendental equation appearing in Definition 4.1. By ([10], Lemma 2.2), § > % .
Let us pick some o €]1 — &, 1/2[if€ < 1,and letus take = 0if & > 1.
Now we can give the following regularity result:

Proposition 4.3. Let us suppose that the appropriate characteristic equation among (4.2)-(4.4) for each vertex of §2 has no

root on the vertical line Re oo = 1 in the complex plane. Let ¢ € C°(£2), as above in Definition 4.2, such that ¢(x) = ri(x)*ina

neighborhood of the vertex S; of the polygonal domain £2 foreveryj = 1, ..., ne wherer;(x) = |x—S;| (|.| means Euclidian norm).
Let us suppose that:

f e H*0,T; [L*(2)1%),
Uo, t, £(0) — Lug, fi(0) — Ly € [Hy, ()], (4.5)
£ (0) — L (0) 4 L*uq € [L*(£2)]%.

Thenu € C(0, T: [H, ' ()1 N [H} (82)1?) and uy € [2(0, T; [Hy ' ()12 N [HL, (2)1%).
Consequently o € L*(0,T; [Hg’I(.Q)]ZXZ), p € L®0,T; Hg’l(.Q)) and w € L°°(0,T;H£’1(.Q)). Moreover oy €
L(0, T; [Hy' ' (2)]2*2), py € 1%(0, T; Hy'' (2)) and wy € [*(0, T; Hy''(52)).

Proof. According to Theorem 30.1 p. 442-443 of [15] we have u € H3(0, T; [H}D(Q)]z) and u® e I%(0, T; [L*(2)1%).
In particular u; € [*(0,T; [H}D(Q)]z) and (uy)x € L[*(0, T; [L*(£2)]?). Knowing that Lu = f — uy, we have Lu; =
fe = () € L2(0, T; [1*(£2)1). Thus uy € L*(0, T; [H}, (£2)1%) and Luy € L*(0, T; [L*(£2)]?). That is u, € L*(0, T; D(L))
where D(L) denotes the domain of the Lamé operator. But D(L) — [qusJ (£2)]? by adapting Corollary 2.4 p. 326 of [ 10]. Thus
ug € [2(0, T; [Hy' (22)1) and consequently oy € L2(0, T; [Hy'' (22)12*2), pye € L2(0, T; Hy' ' (2)), e € L2(0, T; Hy''(52)).
On the other hand u; € H?(0, T; [H}D(.Q)]z) and Lu; = f; —uye € L2(0, T; [L2(£2)]?). So that u; € L?(0, T; D(L)). And hence,

ue € (0, T: [Hy ' ()17). (4.6)

Similarly, we have u € H*(0, T; [H}D(Q)]z) and Lu = f — uy € L2(0, T; [L*(§2)]%), so that u € L%(0, T; D(L)), and hence
alsou € I%(0, T; [qu;] (£2)1%). From this and (4.6) we get

ue CO,T; [Hy ' (2)1) CL¥(0,T; [Hy ' (2)1).

Thus 0 € L[®(0,T:[Hy'(2)]¥?), p € L®0,T;Hy'(2)) and @ € L®(0,T;Hy'(52)). Moreover u,u; €
1?(0, T; [H}D(Q)]z)impliesu e C(0,T; [H}D(.Q)]z). [

Proposition 4.4. Let us suppose that the appropriate characteristic equation among (4.2)-(4.4) for each vertex of §2 has no root
on the vertical line Re o = 2 in the complex plane. Let ¢ € C°($2) as in Proposition 4.3 Let us suppose that:

f e H®(O, T; [ ()]

f@er’. T [H' ()

uo, uy, f(0) — Lug € [Hy, ()]

FP0) — Luy € [H], ()

FP(0) = If (0) + L*up € [H], ()

F0) = LfV(0) + LPu; € [H}, (2)F

F@©0) —1f?(0) + L*f(0) — Lug € [H}, ()
FO©0) —1f2(0) + PfV(0) — LPuy € [IP(2)].

(4.7)

Then o € L2(0, T; [Hy ' (2)1%%), pue € L2(0, T; Hy'(82)), wur € L2(0, T; Hy''(£2)) and uge € L2(0, T; [Hy* (82)1%) N
C(0, T; [H}, ()T

Proof. By once more Theorem 30.1p. 442-443 of [15], it follows thatu € H®(0, T; [H}, (£2)]?). By the equation Lu® = f® —

u® and the hypothesis f® e [?(0, T; [H'(£2)]%), it follows by Corollary 2.4 p. 326 of [10] that u® e (0, T; [H;’Z(Q)]Z).
This implies the above assertions. MW
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5. The semi-discrete mixed formulation

We assume that §2 is discretized by a regular family of triangulations (7;)n-0 in the sense of [16]. If T € 73, then we
denote by hy its diameter. By abuse of notation ([16], remark 17.1 p. 131), h denotes also maxreg;, hr (the real meaning of
h is indicated by the context). We introduce the finite dimensional subspaces X, , and V, x W}, of Xy and M respectively
defined by

Zon = {(th, qn) € Zo; YT € Th : qur € P1(T) and tyyr € [P1(T)]*** & [R Curl br]*} (5.1)
Vi X Wy = {(l)h, 9}1) e M; VT € Th: Upr € [Po(T)]z and 9h|1' e Py (T)} (52)

Note that by 1 € [P1(T)]?*? @ [R Curl br]?, we mean that there exist polynomials on T of degree < 1: py; € P1(T), p12 €
P1(T), p21 € P1(T), p22 € P1(T) and two real numbers a1, o, such that

abr abr

pntai-— pPr—o1—

T — 8X2 8X1
hiT obr dobr |

P21 +o02— Pn—ar—

8X2 aXl

where br denotes the bubble function for the actual triangular element T defined by
br = 27X1A2A3.

A1, A2, A3 denote the barycentric coordinates on T. Now we introduce the following semi-discretized problem: Find
(n(.); pa(.)) € L*([0,T]; Zon), un(.) € H*([0,T]; V4) and wn(.) € L*([0, T]; Wy) such that for all (zq, gn) € Zop, for
all (vy, 6p) € V, x Wy and for a.e. t € [0, T], we have:

1 1
T(O'h(t)a ) + X(ph(t), qn) + (div (T, — qpd), up(t)) + (as (zy), wi(t)) =0,

m
(e (£), vp) — (div (0r(t) — pr(t)8), vp) — (@s (on(t)), O) — (F(£), vn) =0,
up(0) = ug,p, up,(0) = uyp.

(5.3)

We may think ug and uq, as approximations in Vj of ug and u; respectively. The initial conditions ug, and ujp
will be specified later. With the notations (3.4) and (3.5), the semi-discretized problem (5.3) may be rewritten: Find
o () = (on(.), pr()) € L*([0,T]; Zop) and u () = (un(.), wn(.)) € H*([0, T]; Vi) x L*([0, T]; Wj) such that for a.e.
~h ~h

t € [0, T], we have:
a(gh(t),gh) + b(gh, gh(t)) =0, Vgh = (Th, qn) € Zop,
b(gh(fl Bh) +(F®), Eh) = (Un, e (t), vn), V}j’ = (vp, Op) € Vijp x Wy, (5.4)
{
up(0) = ug p, up,e(0) = uyp.
The existence and uniqueness of a solution ((o}(.), pr(.)), (un(.), wxr(.))) of (5.3) or equivalently to (5.4) are shown in the
following lemma:
Lemma 5.1. A solution ((oy(.), pr(.)), (Wr(.), wn(.))) of (5.3) or equivalently to (5.4) exists and is unique.
Proof. The first and the second equation of the evolution problem (5.4) can be rewritten for a.e. t € [0, T] as
{a(gh(t),gh) +b(r .u () =0, VT = () € Zon.

b(@ (0.0 ) = =('O = tna(O) v). Y0 = (04, 03) € Vi X W (53)

We may think the solution (o (t), u (t)) € Xonx (V4 x Wy) of (5.5), for a fixed time, as a solution of the stationary problem:
find (0 ,u ) € Zop x (Vi x Wp) solution of
~h ~h

{a(a ,T)+b(r ,u)=0, VT = (w4, qn) € Zop,
~h ~h ~h ~h ~h (5.6)

b(o ,v)=1(g,vn), Yv = (vn,6) €V x Wy,
~h ~h ~h
where g = —(f(t) — up«(t)) € [L2(£2)]?. We consider the pair of operators (S, Tj,) defined by
(S Tw) = [L2(2)F —> Zon x (Vi X Wy)

gr— (0 ,u).
~h ~h
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The evolution problem (5.5) can be rewritten as
dzuh
u(t)=-Ty[PF1t)— —(@)]),
u (o h(hfo a2 ®
© = s, (o0 — ey
o = — _ — s
~h A dt?

where P} is the L*>-orthogonal projection from [L?(£2)]* onto V.
In particular

de?

Let us show that the operator Tj, 1|V, : V;, — Vj is invertible. Suppose that fg g.Tp1g dx = 0. Then from (5.6) we get
a(c ,o0 )=0,ie.
~h ~h

—1/||2d+1/||2d 0
Op X T+ — Dh x = 0.
2 Jo Ala

Hence o, = 0 and p, = 0, i.e.
o =0. (5.8)

~h

By the first equation of (5.6), it now follows that:

d2
up(t) = —Th <Pﬁf(t) - j(t)> . (5.7)

b(r ,u)=0, Vt € Xy
~h ~h ~h

The inf-sup inequality (5.10) yields

u = (up, wp) =0.

~h
Thus in particular, if [, g.Ty 1g dx = 0, then Tj, ;g = 0.

Now, if gy € V,, and fg 8n-Th18n dx = 0, then by (5.8) we have 0 = 0 and by the second equation of (5.6), we have
~h

(gh, Uh) =0, Vvh € V. Thus

&h =0.
Finally, we have proved that T, |V}, : V), —> Vj, is injective, thus invertible. From (5.7) follows:

0 dzuh _1

— Pf () + dT(t) = (Tn,1IVh) ™ (un(t)). (5.9)

Hence

dzuh 0 1
< (0 = PREO) + (Tua[Vi) ™ (n ().

If we consider a basis of the subspace Vj,, we obtain an inhomogeneous linear system of differential equations, and if
furthermore we fix the initial conditions u,(0) and %"(O) in Vj, problem (5.9) has a unique solution. W

Before discussing some error estimates between the exact solution and its elliptic projection, let us recall some auxiliary
results [10]. Adapting the proof of Proposition 4.2 of [ 10] we obtain:

Proposition 5.2 ([10]). There exists a strictly positive constant 8*, independent of h, such that

b(z ,U)

sup —L T > B oo, Vv = (vh, Oh) € Vi X W (5.10)
*, =(maweTon ||£h||0,f2 ~h ~h

Proposition 5.3 ([10]). The bilinear form a(., .) defined by (3.4) is coercive uniformly with respect to A on
Ky = {Eh = (Th, qn) € Zon; b(zh, Eh) =0, Vgh = (vp, O) € Vp X Wh} ;

in other words
a(t ,7)=Clt 3o, VT €Ky, (5.11)
~h ~h ~p ~h

with a strictly positive constant C independent of A > 0.



454 L. Boulaajine et al. / Journal of Computational and Applied Mathematics 231 (2009) 447-472
Adapting the proof of Proposition 4.4 [10] we obtain:

Proposition 5.4 ([10]). Let ¢ = ¢, be a function as in Proposition 4.3. Then there exists an operator
Iy = o N ([Hy ' (2)17% x Hy''(2)) —> Zon
T=(t,q) > Il T = (Th. Gn)
such that
b(z —1'[,,3, Bh) =0, Vgh = (vp, Op) € Vi X Wy, (5.12)

We now recall from [10] three adequate refinement rules of grids imposing constraints on the diameters of the triangles
of the triangulations according to their geometrical situation in order to recapture optimal order of convergence of the
interpolates.

Let (Th)n-0o be a regular family of triangulations on 2. In the following, we will suppose that (7;)p- ¢ Satisfies some of the
following refinement rules:

R;: if T is a triangle of 7; admitting S; as a vertex, then
hy < pl/(=a)

(o has been defined just before Proposition 4.3); as usual h := maxreg;, hr;
Ry: if T is a triangle of 7 admittingno S; G = 1, ..., 1) as a vertex, then

hr < hinf(x),
xeT

(¢ has been defined in Proposition 4.3);
R3: forall T € 7;,

hr = hP,
where 8 > 1/(1 — ).

Remark 5.5. Regular families of meshes satisfying the refinement conditions R{-Rj are easily built, see for instance [17].
Corollary 5.6 ([10]). Under the hypotheses R1-R,, the following error estimate holds for every q € Hg’l(Q),

g = Pydllo.e < hldlorg.2, (5.13)

where P! denotes the L?-orthogonal projection on {6y € L*(£2); O4lr € P1(T), VT € T3}.

Corollary 5.7 ([10]). Under the hypotheses R1-R;, the following error estimate hold for every T = (t,q) € [Hg’l(.Q)]2X2 X
Hy''(2)

T =1Th T llo.2 < h(ITlo1:0.2 + 19lo.1:0.2)- (5.14)

Lemma 5.8. Under the hypothesis Rs on the regular family of triangulations (7)o, there exists a constant Cy > 0 independent
of h, such that for every vectorfield v, € {v, € H(div ; 2); vplr € [P1(T)]*> @ R Curl by, VT € T3 ):

lldiv vhllo.e < Coh™ P llvnllo. - (5.15)

Proof. It suffices to apply Definition 4.7 p. 333 of [ 10] of the Piola transformation, and a simple scaling argument completes
the proof. W

5.1. A priori error estimates

5.1.1. The elliptic projection error estimates

Our next purpose is to derive error estimates for ((on(t), pp(t)), (Un(t), wp(t))). Firstly, we consider the “elliptic
projection” of the exact solution. Let us introduce the following discrete elliptic projection problem:
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Find §h(-) = (@1(.),Pr(.) € L*([0, T]; Eo,h)@h(-) = (Un(.), @p(.)) € L*([0, T]; Vi x Wj) such that for all (z, gn) € Zop,
forall (vy, 6p) € V, x Wy and for a.e. t € [0, T], we have:

1 1 ~ —~
—@n(t), ™) + —@n(t), qn) + (div (th — qnd), Un(t)) + (as (), @u(t)) = 0,
20 st ” -~ (5.16)
(g (£), vp) — (div (Gx(t) = Pr(£)8), vr) — (@s (Gx(t)), 6) — (f(£), vy) = 0.

With the notations (3.4) and (3.5), the discrete elliptic projection formulation (5.16) may be rewritten:
findo () = @n(),Dr()) € [2([0, T]; Zo), U () = @x(.), @n(.)) € L2([0, T]; Viy x W) such that, for ae.t € [0, T], we
~h ~h

have
a@ (t),t )+b(r ,u (t)) =0, VT = (th.qn) € Zon.
~n O ~h ~n ~n ~h

b@ (0. v)+ (F(D.V) = (0. v) Y = (. 0) € Vi x W, G-17)

We are now in a position to establish optimal error estimates. In the following, we estimate the error between
(6 (), p(), (w(.), w(.))) the exact solution of the mixed problem (3.3) or equivalently (3.6) and ((¢,(.)), Pr(.)), @x(.), @r(.))
the solution of the discrete elliptic projection problem (5.16) or equivalently (5.17).

Proposition 5.9. Let (7}),-0 be a regular family of triangulations on $2. We suppose that (7;)r-0 Satisfies conditions Ry and R,.
Under the hypotheses of Proposition 4.3, the following error estimate holds for a.e.t € [0, T]:

lo () = (®)llo,e + IIp() = Pr(®)llo.e < h[Iu®1.1:6.2 + IP(O]o,1:0.2] - (5.18)

Proof. If we subtract (5.17) from (3.6), we get the system in the errors for a.e. t € [0, T]:

a (g(t) =G (), T)+b(r ,u®) -1 (t)> =0, V1 € Xy,
h h h h h (5‘]9)
b<g(t)—§h(l’),gh> =0, VEh € Vi x Wy

Let (PYu(t), Plw(t)) denote the L?-orthogonal projection of (u(t), w(t)) on the space V, x W, and let us set [T,0(t) =
(o (t), p(t)) = (o, (t), py(t)). Eq. (5.12) and the relation (5.19) yield for a.e. t € [0, T]:

a (g(t) ~0 (), Mo(t) ~ G (t)) = (as (@(6) — 0 (1)), w(t) = Proo(1)) ,

h h (5.20)

b(HhU(f)—a(f),U)ZO, Yv €V, x W
~ ~h ~h ~h

The first equation of (5.20) implies

1 1 -
a <Hh o) =5 (O, Mo (t) - §h(t)> = —— (04 (t) =0 (1), 03 (t) — Gu(D)) + — (P4 (£) — (), P4 () — Pn(©))

21 A
+ (as @(t) — o7 (1)), w(t) — Pl (1)) (5.21)
Thus due to Proposition 5.3, we have
1MT0(©) =& Ollog <[00 =5 Oloa + o) — Plo®loz |- (522)

Using (5.13) and Corollary 5.7, we get

[Ty o (t) — ?fh(f)Ho,(z S hllo®los.e + 1POlo1s.0 + l0®)]01:4.2]

< h[lu®lr 1.0 + POlo1:p.2] - (5.23)
Finally, (5.18) follows from (5.23), Corollary 5.7 and the triangle inequality. ®

Proposition 5.10. Under the hypotheses of Proposition 5.9, the following error estimates hold for a.e. t € [0, T]:

o () — Thee (®)llo.2 + IPee €) — Pree(Ollo.2 S h [|Utr(f)|1,1:¢,9 + |prt(f)|0,1;¢,9] , (5.24)
llwe (t) — @nee ()Mo, 2 + ”P}?utt(t) —Unu®)llo.g <h [|Utt(t)|1,1;¢,(z + |Prt(f)|0,1;¢,(2] ) (5.25)

lluee (£) — Unee () lo.2 S h [|utt(r)|1.l;¢,9 + ue ()12 + |ptt(t)|0,1;¢,9] . (5.26)
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Proof. Let us consider the second derivative with respect to time of system (5.19):

a(o t)—o (t),‘L’)—I—b(T Ju () —1u (t)):O, vVt
~tt ~h ~h ~tt ~h,tt ~

€ 20,’15
~h,tt h

’ (5.27)

b(z,0-5

(t),U):O, Yv €V x W
h,tt ~h

~h

Firstly, let us observe that with the same techniques as in Proposition 5.9, we get from (5.27), the following estimate:
lo © =3 ®lle <h[lte®lirps +Pe®lorge], (5.28)

which proves (5.24).
To prove (5.25), we shall use the uniform inf-sup condition (5.10). Firstly, it follows from the first equation of (3.5) and (5.27)
that

-~

b (r s (Puge (), Py (t)) — U (c)) =—a <a -5 (@), ) + (as (th), Py (t) — e (1)), VT € Zgp.
~h ~h,tt ~tt ~h,tt ~h ~h

Thus by the uniform inf-sup condition (5.10), we have

||Pf?u[t(t) —Una(®llo,e + ||P)}wrr(t) —Dne®Olloe < I:”gtt(t) - é\h tr(t)”O'Q + IIP,}a)n(t) — a)tt(f)”()’g] . (5.29)

Finally, (5.25) and (5.26) follow from (5.28), (5.29), (5.13), (1.47) p. 27 of [18] (or (45) p. 624 of [19]) and the triangle
inequality. m

Remark 5.11. Under the hypotheses of Proposition 4.4, if we consider fourth order derivatives with respect to t instead of
second ones of the system of errors (5.19), and using similar techniques as above, we obtain the following estimate for a.e.
te[0,T]:

Iutgeee (t) —ﬁh,tttt(f)no,ﬂ <h [|umt(f)|1,1;¢,9 + |utm(f)|1,:2 + |Pmt(f)|0,1;¢,9] . (5.30)

If instead, we consider third order derivatives with respect to t of the system of errors (5.19), we obtain the following
estimate fora.e.t € [0, T]:

e () = Uneee O llo.2 < B [Jueee (®)]11:0.2 + N (O |12 + [Pae(Dlo.1:9.2] - (5.31)

5.1.2. Error estimates for the evolution problem

Before giving optimal error estimates for our mixed method, we choose the initial conditions ug » and uy j, in the semi-
discretized problem (5.3) or equivalently (5.4), as the elliptic projections of the initial conditions ug and u; respectively. We
can now derive the following error estimates:

Theorem 5.12. Under the hypotheses of Proposition 5.9, the following error estimates hold:

lo = onlliseqz) + I = Prllimz < b [nunnm,,;n) + Pl g, + e, + |p|m,,g.1)] , (5.32)
0

lo — @hllpoo 2y + IIPyu — Unllpoo 2y S h |:||utt||L2(quﬁJ) + Ipnleng) + |u|L°°(H;)’1) + |P|Loo(,_,g,1):| ) (5.33)

lu = uplleo2y Sh |:||Un||L2(H;,1) + |ptt|L2(Hg-1) + ||u||L00(qu>v1) + |p|L°°<Hg’l)i| . (5.34)

Proof. Let ((G,(t), pu(t)) , (@n(t), Ux(t))) be the elliptic projection of ((o (t), p(t)), (w(t), u(t))) and set
en(t) = op(t) — op(t), xn(t) = up(t) —Ux(t), Yn(t) = wp(t) —@p(t) and  1y(t) = pa(t) — Pa(t).

We may then write the error system in the form

1 1
ﬂ(gh(t), ) + X("h(t), qn) + (div (T — qnd), xn(t)) + (as (Th), Yn(t)) = 0,

(div (en(t) — ra(£)8), vi) + (as (en(t)), On) = (Un,ee(£) — Ug (E), V1),
forallt = (4, qn) € Zopandallv = (v, 6p) € Vi X W
~h ~h

(5.35)
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Choosing the initial conditions for the semi-discrete problem implies that y;,(0) = 0 and xp(0) = 0. Afterwards, from
the first equation of (5.35) at time t = 0 with (zy, gn) = (er(0), r4(0)) and the fact that (as (4(0)), 6y) = 0, V6, € Wy,

follows that ,(0) = 0 and r,(0) = 0.
We then differentiate the first equation of (5.35) with respect to time to obtain

1 1
ﬂ(g’”(t)’ ) + 5 (e (0, Gn) + (div (th — qnd), xn.c () + (@s (tn), Yn,e(t)) = 0.

Now taking (t, qn) = (ex(t), rp(t)) in this last equality, we obtain

1 1
E(Sh,t(t), en(t)) + X(Th,r(t), 1(6)) + (div (en(t) — 1()8), xn,e (1)) + (@s (en(t)), Y, (t)) = 0.

The second equation of (5.35) with (v, 6y) = (xn.t(t), ¥ (t)) gives

(div (en(t) — ra(£)8), xne(t)) + (@s (en(t)), Yne(t)) = (Unee(t) — e (£), Xne (E))-
Subtracting (5.38) from (5.37) gives

1 d ) 1d )
ﬂalleh(t)llo,g + Xa”rh(t)”()_g = 2(ue (t) — upee(£), Xn,e (1))
~ d
= 2(Up (t) — up,e (), xne(t)) — a”Xh,t(f)”éQ-
Using the Cauchy-Schwarz inequality to bound the right-hand side of (5.39) we obtain

1d , 1d , d s _
ﬂa”gh(t)”o,g + Xa”rh(t)”o,g + a”Xh,t(t)”o,_Q = 2(ug (€) — Un,ee (£), Xn,e(0))

IA

Now applying Gronwall’s inequality (2.4) to (5.40) we get

i 2 l 2 2 T ! _T 2 4
o llen(5, o + T I (Ol5,e + lxneOlg o < e lluee (s) — Un,ee (I, ds-
0
Thanks to (5.26) one can write

1 2 1 2 2
ﬂlleh(t)llo,g + 2 Im®lo.e + 10 O 0

T T .
sm[/|W®ﬁwﬂ¢+/|%@ﬁ9m+/|m@@wﬁ¢]
0 0 0

Taking the square root of (5.41) and using assumption (2.3) on A and u give us

llen®llo.e + Ir(®llo.e Sh |:|utt|,_z(H¢1).1) + Ul + |Prr|Lz(Hg.1)] .

Therefore, (5.42), (5.18) and the triangle inequality, we get
llo(t) = on(®llo,e + Ip(t) — pr(©)llo,2

Sh |:|Utt|L2(H;J) + [Uel2@ny + |Ptt|L2(ng1) + [u®)1.1:9.2 + |P(t)|0,1:¢,9] .

Taking the supremum over all t € [0, T] in this last inequality we get (5.32).
Proceeding similarly as in the proof of Proposition 5.10, we get:

loo(®) — @n(®)llo, + IIPRu(®) — ()0,

S [llo®) = an®llo.e + IP@©) = Pr(®)llo,e + IP(t) — @(O)l0.] -
This last inequality combined with (5.43), (5.13) and the triangle inequality we get

lo(t) — wn(®)llo.e + IPyut) — un(t)llo.e

Sh |:|Utr|Lz(H;~1) + [Uel2@ny + |Ptt|L2(Hg-1) + [u®),1:9.2 + |P(f)|0,1;¢,9:| .

et () = T (115, + 1 X, O -

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

Taking the supremum over all t € [0, T] in this last inequality we get (5.33). Using furthermore the bound on the error

of the P,? projection (1.47) p.27 of [18] (or (45) p. 624 of [19]) and the triangle inequality, we obtain (5.34).
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6. The fully discrete mixed finite element scheme

6.1. Notation

Let At == % > 0 denote the time step size and define t; = iAt (i=0,1,...,N), ty = T and ty = 0. For any function ¢
of time, let ¢" denote ¢ (t,). We denote by (g = f"+f"+1 ¢“+’ = M and we define the following discrete temporal
derivatives:

n+1 n—1 n+1 n n+1 __ 20" + n—1
A" w, Ap™E = A" ¢ Af¢”:=¢ ¢2 ¢ .
2At At (At)
We can easily see that we have
A n+%_A n—% A n+%+A n—%
A2 = ¢ 32 and A" = ¢ LA (6.1)
At 2

6.2. The explicit Newmark scheme

The explicit-in-time discrete mixed formulation is as follows: Find (o;'"", pi*") € Zo 4, and (upt!, ™) € Vi x Wy,

such that
u) = p(0), (6.2)
PR - . At?
U, = up(—At) >~ up(0) — At e (0) + TUh,tt(O), (6.3)
and

( ) + f(p““, an) + (div (th — gnd), up ™) + @as (z), wp ) =0, Vn > —1,
(as (o), 6h) = o, vn > —1,
(AZuf, vp) — (div (o} — ppd), v) — (f", vp)) =0, Vn =0,

V(Th, qn) € Xo,n, ¥(vn, Op) € Vip X Wh.
The existence and uniqueness of a solution to problem (6.4) is provided by the following lemma:

(6.4)

n+1 n+1) (un+1 n+1

, Ph wp™)) of (6.4) exists and is unique.
n+1 n+1

Proof. Let us considern > —1. With every ((0 . Ph

Lemma 6.1. A solution ((o}

n+1)

), € Yo n x Wp, we associate the element of its dual Eéyh X Wy

(Th, qn) —> 2—(0"“ ) + = (P"H, an) + (@s (), wp ™)
O —> @s (o), 6n)

Let us call this mapping T}'; it is a linear mapping from X , x W}, into its dual. We have to prove that T} is bijective. But the
arrival and departure spaces have the same dimension. Thus, by a well-known theorem of linear algebra it suffices to prove
that T/ is injective. Thus, let (o', pi*!), 0 *!) € Zon x Wy be such that:

1
2 — (o7 ) + — (P"H, an) + (@s (tn), @i =0, V(i qn) € Zon, (6.5)
@s (o), 0,) =0, V6, € Wi (6.6)

From (6.6), it follows that (as (o]'""), @} ™") = 0 and then by taking (z4, qy) = (o', p}") in (6.5), we get

n+1

7” PG e+ *Ilp 5.0 =0
which 1mp11es that

Ulqu+] =0, pz—o—l —0.
Thus (6.5) reduces to:

@@s (), wp™H = 0.

By inf-sup inequality (5.10), with (vy, 6) = (0, W} ™), we get wj ™' = 0.

Thus, we have proved that the mapping T} is an 1somorphlsm from Xy p x Wyintoitsdual. m
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Let us now explain how to construct the solution to system (6.4). Firstly, let us recall that ug and u,jl are given by the
initial conditions. Starting with ug, we deduce from the first two equations of system (6.4) with n = —1 by the invertibility
of T, ': 00, p?, ?. From the third equation of system (6.4) withn = 0and u?, u; ', we are now able to deduce u;}. Returning to
the first two equations of system (6.4) with n = 0, we deduce by the invertibility of Th : ah , th a)h. Using the third equation
of system (6.4) with n = 1, we deduce uﬁ and so on.

Note, that it follows by uniqueness from the first two equations of system (6.4) with n = —1 using uﬁ = 1i,(0) that

o, = 61(0), pp = pr(0) and  w; = @3 (0). (6.7)

6.3. The stability of the fully discrete explicit scheme

Before the statement of the result concerning the stability of the fully discrete scheme, we begin by the proof of the
following lemma:

Lemma 6.2. Under the hypothesis R, we have

2
N+d 5 1 ntd s t N+1 N+1 At N+1
”Atuh : ”0‘,9 + 2 ”Uh : ||o,g - 81 ||At0h 2 ”o,_q 7||p 2 ”o o 2 ”Atph 2 ”0,9
N 1 11 (AL)? 1 1 1 (Ab)? 1
2 2 2 2 2
= 2At E (fn, AIUZ) + ”Atuﬁ ”o,g + 2 ||Gh2 ”o,_(z - 8 ”Atahz ”0,9 + X”pﬁ ”og - Ty ”Atp/f ”o_(z (6.8)

Proof. Subtracting from the first equation of (6.4) at time (n + 1) At, the same equation at time (n — 1) At, we obtain for
all (zy, qn) € Zon:

< oy m) + (p”“ pht an) + (div (T — grd), uy ™ — Uy + @s (), 0T — 7)) = 0. (6.9)
Taking (tp, qn) = %M(ah”, py) in (6.9) and using the fact that (as (o})), 6y) = 0, V0, € Wy, we get
1 n n 1 n n :
E(A[O“h , o) + X(Atp"’ py) + (div (o) — ppd), Acup) = 0. (6.10)

The third equation of (6.4) with vy, = Auj, becomes

(A2, Ay — (div (of — pis), A} = (F", Acull). (6.11)
Adding (6.11) and (6.10) yields

(Afu,.,,Afuh)Jr (A[a,,,oh)+ (Atpz,pz)z(f”,Aruz). (6.12)

It follows from (6.1):

1 n+d n—1 1 1 1
AL (Atuh — Ay, %, tuh + A[uh 2> + E(Ar(f;?, o) + X(ArPZ»pZ) = (f", Aqup). (6.13)
Thus
1 ”+2 ”_% 2 1 n o _n 1 no.n n n
ZAt I Acu, ||oQ — Ay, ||09 + E(Atah ,op) + X(Atphs pp) = (", Acup). (6.14)

Now we are going to transform the last two terms on the left-hand side of this last equation. We have

1

n+1 n—1 n+l n—1 n+3 n—3
Ao =T "% _ +oy — oy — o, _% ~— O
h 2At 2At At
n o/t + ot N o+ af B A? (o =201 + 0!
h 4 4 4 (AL)?
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Using these last two equalities, we can write

1

1 _1
1 Aot o 1 Uhn+z _Ul;‘ 2 n+1+0h N a,:'_l—l—ah (At)2 n+l _20}?_'_0;—1
—(A¢oy,07) = — ,
2u TR At 4 4 4 (Af)2
1 _1
1 ahn+2 — ahn 2 oMt ror o M +ol (AD? n
= ’ + - Aioy,
2 At 4 4 4
n+% nf% n+l n—1 n 2 n+% nf%
1 o, * =0, + o n oy Fop (At Acoy, * — Aroy,
T 2u At ’ 4 4 4 At

+l

11 1 -1 1 -1 1 (At)? Ao — AR

_ L1 o _U}:’ 2’0’;”2 +o, 2 (AD) o, t%h tOh
21 2At 2u 4 At

1

)

41 _1 41 _
O PO L B
= ” ”og —llo ”09 - 5

4 At 2 4 2 At

from (6.1)

1 ntl -1 5 At nt1 -4 5
= it <II W= loy ) = 1o (14eer P10 — A F1E ).

In the same way, we get:
1 1 nt1 n—1 5 At n+3 n—1 5
X(Atpz7 pZ) = 2)\At (”p : ||oyg - ”ph : ”QQ) - a (” tph : ||o,g - ”Atph : ”0,9 .
Using the previous two identities, Eq. (6.14) can be rewritten:
n+l -1 nt+l -1,
st (1800 g = 12wy 180 ) + 2 (o 8 o — oy 1R
At n+x n—1 2 1 n+1 2 n—1 2
16 (”Atah : ”0,9 - ||At0h ’ ”(),_Q) + m ”ph ’ ”oﬂ - ”ph ’ ”o,_q
t n+ n—1
- a <||A[P,, 2 ||0,_Q — |l A:py, 2 ||gg> = (f", Atuz)- (6.15)

Summing Eqgs. (6.15) fromn =1, ..., N, we obtain (6.8). H

Theorem 6.3. Under the hypothesis Rs, the explicit scheme defined by (6.2)-(6.4) is stable if the following CFL condition is

satisfied: At < min{wﬁhﬁ, 1}, ie.,
N+1 N+13 N+1
aollAcuy, 2”%9 7”@1 2”(2)_(2 *”p 2”0,9
w
LIPS TP SR B ’ .
=< ||Atuh ||0,Q + X”ph ||0,Q + ﬂ”ah ||0,Q +T <t2%(§1¥] ||f(f)||0:2> X exp (TO[O ) ) (6.16)
N+1 N+1 1 N+l 1 Nyl
B luy *lloe +llwy *lloe ) < s—lloy *lloe + <lpy *llo.e. (6.17)
2 A
where
1 ¢ At2 . .
g = — — —(2 + A) (B is defined in R3)

2
and B* is the constant of the mf—sup condition defined in (5.10).
Proof. Subtracting from the first equation of (6.4) at time (N + 1) At, the same equation at time NAt, we obtain for all
(th, qn) € Zo.n:
1

2 — (o = )+~ (PN“ — Pi> ) + (div (T — gnd), uy T — up) +(@@s (m), @ T — w})) = 0.
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Thus

1 1 1 1 1 1
ﬂmmtoﬁ”“ ) + XAt(Atp’,f“ L) + AL(div (h — qud), Acup 2 + Ab(as (1), Ay ) = 0.

1 1
Choosing (tp,, qr) = (A[a,:wrz , Atpgh) and, applying Cauchy-Schwarz inequality and inequality (5.15), we obtain:

N+1 N+3

1 N+1 1 N+1 . N+1 N+ N+
E(Atah ’, Acoy )+ X(Atph ’, Acpy, )=— (le (A[Uh : - Atpy, ’4), Ay, 2)

. N+3 N+ N+
< |ldiv (=40, 2+ Ay 2O)lloell A, Zlloe
_ N+1 N+1 N+1
<Gh™P|—Aw, *+Ap, “8loelldu, loe

_ N+ N+ N+
<Gh”’ (IlArGh “llo.e + AP, 2 ||o,9> Ay llo.e

1

_ 1 N+ 1 N+1 2 N+l
=< Co\/ih ﬁv)t +2u (2M||At0h : ”(2)__() + X”Atph : ||(2),_q) ”Atuh : llo,2-

Thus

N+1 N+1 _ N41
\/”At Mo+ ||At1311 212 o < V260 P h+ 2ull Ay oo

From (6.8) we get

At? N+ N+1 N+1
(1 - *Co Cu+r)—= 12P ) | Acuy, ? ||og ” 2 ”0 et *”p ? ”o,g
1 1 1 1 1 (AD)? 1 (A)? 1
2 2 2 2 2
< ZAtZ(f”, Al) + A 12 o + ﬂ||a,,2 8.0+ S Ipi 15, - anaﬁ 6.0 = =514 15,0

n=1

1 1 1
< Atz IF"l3. + ArZ NAREIE o + lAid 12 m IIcr,f 5.0+ 1Py 15,0

n=1 n=1
(At)? 1 (A t)2
— g 14w 12— 2 ap? 12 o
Moreover
N N n—1?
tuh +A[uh :

> laagly = Y| A A
n=1 n=1 0.2

N . N—-1 +
n n
<= Z| Al 2+ Y a2,
2\ & —
n=1 n=0
. ntyo N+3 12 302
=5 Zm[uh 1.0 + 1Ay, 2115 o + I A 5 o

IA

-1 1 1 1

n+5 N+5
P R T ] KR P
Thus (6.18) becomes

1 1, At? N+1 N+1 N+1
(E - *Co u + )L)Tﬂ> ||At 2 ”o ot ?”U 2 ”o,g *”p 2 ”0,9

n+l 1 1, 1 1,
< Atz IF" 115, + AtZ lA) 22 o + 1A 12, + gl o + S 1Pi 1.

n=1 n=0

(at)? 3 (Ap)?
" su Ao, ||§,g —T” Pi 5.2

461

(6.18)

(6.19)

(6.20)
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due to our hypothesis that the time step At is < 1. Let us note that by
At ! n? (6.21)
< ———h", .
Co/21 + A
that g = 2 — 1C22u + V)25 > 0.
Inequality (6.20§ implies a fortiori:

1 1 At? N+ 1 1 N+1 1 N+l
(5 - ECS(ZM + )\)hzﬂ) A, 2 ||§,Q + ﬂ”(fh : ||(2),g + X”ph : ||(2),g

N N-1 1 1 1 1 1 1
n+3 3 3 3
< ALY MG + A Ay 23 + 14w 13 o + 02 150 + ~IPE 115 o- (6:22)
n=1 n=0 2,u A

Discrete Gronwall’s inequality (2.6) to (6.22) yields

N+1 o 1 N+l 1 N+l o5
aollAcu, g o + ﬂ“ah Moo + X”ph 1152

1 1 1 1 1 N N—1 ~
< [nAtu; 5.0+ 3 1Pi 16.0 + 5109 1.0 + At > ||f"||§,g} X exp (ArZao '
n=1 n=0

1 1 1 1 1 2 -
= [llAruﬁ 6.0+ 5 Ipi 6.0+ 5 loi g0 +T (tgg% Ilf(t)llo,g> } x exp (Tag ')

which is inequality (6.16).
Inequality (6.17) follows from the equation

(4) 1) (141 (141

1 1
ﬂ(% , Th) + X(ph , qn) + (div (zy — qnd), uy ) + (as (th), Wy, ) =0, (6.23)

by the inf-sup condition (5.10).

1 1 1 1
Inequalities (6.16) and (6.17) imply that the quantities [|u, 2 [lo.c. lloy 2 llo.er 1Py 2 llo.r llon 2 llo.e are bounded
independently of N, therefore proving the stability of the explicit scheme defined by (6.2)-(6.4) under the CFL condition:
in(—L__pp
At < mm(comh , D, |

6.4. A priori error estimates for the fully discrete explicit scheme

We shall prove the optimal error estimates between the solution of the fully discrete explicit-in-time mixed finite
element problem and the solution of the continuous problem. To this end, we start by the proofs of the following Lemmas:

Lemma 6.4. Let (7;)n-0 be aregular family of triangulations on §2. We suppose that (7).~ o satisfies the refinement rules R1-R3.
Let ((Gh(tn), Pn(tn)) , (@n(tn), Un(ta))) be the elliptic projection of ((o (tn), p(ta)) , (@ (tn), u(ta))) and set

ep = oy — On(ty), Xn = up — Un(tn), Vi = wh —op(ty) and 1y = ph — Pr(ty).

Under the hypotheses of Proposition 4.4 and At < ¢ ﬁhﬂ with0 < ¢ < 1, we have

N—1
lenllioeqz) + I lloeqz) < ALY llue () — A7) 0.0 (6.24)
j=0

where g; denotes the mapping t, — &}, and rp the mapping t, — 1p.

Proof. From (6.4) and (5.16) follows that the quantities ¢}, x;', ¥ and r{ are linked by the system of equations for all
(th, qn) € Xo p, for all 6, € Wy, and for all v, € Vj:

1 1 .
E(SZ+1’ ™) + X(r,?“, an) + (div (th — qnd), x5 ) + (@s (), Y1) =0,

(as (g™, 6h) = 0,
(div (gff — 1'8), vn) = (=g (ta) + AZUn(ty) + AZxE, V).

(6.25)

Note that e = 0, ¥ = 0 and r? = 0 from (6.7). Furthermore x? = 0 and x, ' = 0 from (6.2) and (6.3) respectively and
_1
thus A x, > = 0.
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If we apply the difference operator A; to the first equation of (6.25), we obtain:

1 1 1 1
o (A[s,?“ rh) +5 (A[r;”z : qh) + (div (th — qud). Atx,']“) (as (). A w““) =0. (6.26)

1
Now taking (ty, qp) = ( h+2 , r;+2) in this last equality and using the second equation of (6.25), we obtain

1 1 1 1 1
7 (A[€Z+2 B 8Z+2) + X (A[r:+2 . r;_:+ ) (dlv < “+2 — rl:l+28) A[Xn+2) =0. (6.27)
125

1 _1
The last equation of (6.25) with v, = %(Atx,;”rz + Atx,: %) gives

. n n 1 ”+% "_% 2~ 2.n 1 ”+% n—%
div (e —149), 5 Ar X + Arxy = | —ux(ts) + Afun(ts) + Af X 5 Arxp + A xp . (6.28)

Subtracting (6.28) from (6.27), we get

1 1 1 1
(A[snﬂ,szﬂ) + T (A[r:+2 , r,'ﬁz) (le (eft! — s, A[Xn+2>

2u
1 n ”—% 2 2.n 1 "+% "—%
div (5)1 —1,98), A xp = | U (tn) — Ajup(ty) — Ar Xy, 5 Acxy, + Acxy, .

2
Thus
1 n+d ot 1 n+d  n+l 1 1 1 n+3
2M (A[S 2 &‘h 2) + X (A[rh 2 , rh 2> 5 (dlv (€n+ n+ 8), A[Xh 2
1( . o+ n—1 1 n+d n—1
—3 div (e, — 148), Acxy + (A% xi, Ak A+ Ay
2~ 1 nty -3
= | Uy (tn) — Atuh(tn)s 5 A Xy + AtXh . (6.29)
We expand (6.29) to get
1 [eft! —el et 4 ef 1t =t pn ntd
— , + - , + div (e — r]t18), A 2
2w ( At 2 A\ Ar 2 ( )+ Ak
n+d n—x ntl n—»
1 _1 A Z_A 7 A T4 A 2
-3 (div (eF —11'8), Acxy 2) o e = K 2 > &

2~ n+3 -3
= | ue(tn) — Afun(tn), (Arxh +Acx, 9) )

1 +3
—( (lle "+1||0,9—||e;:||5,9>) ( (I "+1||0,9—||r;||5,9>) (dw(s““ ms), Acxy )
+ 71
(dw(e,,—rha> Aty ) o (n Acxy 2||0,9—||Atx,? 2||?m)

il hl
<utr(tn) - Azuh(tn) (AtXh+2 + Ay 2)) . (6.30)

Multiplying (6.30) by 2At, replacing n by j and summing these equations fromj = 0 ton — 1 yield

1 1 _ ol
E(Ilffﬂllﬁ,g — llepllg. o) + X(Ilﬁ?llﬁ,g — I 13.0) + At (dlv (gp —118), Arxy, 2)

1

_1
—At(div (e) — 108), Acxy >+ Ak, ||é,9 —1Acx, 115,

—1 1 1
~ +3 —3
=AtY (un(rj) — AZUL(E), Ay, * + Acky ) : (631)
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1

Recall that £ = 0,10 = 0and A x,? = 0.Thus (6.31) becomes

1 1 . n—1 n—1
ﬂ“slr;”é(z + X”rﬁ”ég — At <d1V (_52 + r}T(S)v A xp 2) + ||AtXh 2 ”é_Q

n—1 1 1
o +3 —3
=AtY (unaj) — AT (). Acxy, 2+ Ac ) : (6.32)
j=0
By the Cauchy-Schwarz inequality and the inverse inequality (5.15), and as At < ¢ C()\/h% by hypothesis, we obtain

1 1
‘Af (diV (—ep +178). Acxy 2)‘ < Atdiv (=&} + rO)llo.ellAcx, °llo.g

1

- n—3
< AtCh ™| —ef +18llo.2llAcxy, Zllog

1
- n—x
< V2AtGh P (llefllo.e + I o) Acxy 2 llo.o
1 1 : |
— n—5
< 2AtGoh P21 + 2 (ﬂnsﬁnag + anm%ﬂ) IAcxy 2 llo.e

1S B, -l
=< <EIISZIIO,Q + Xllrﬂllo,g + 1Ak, *loe)- (6.33)

As0 < ¢ < 1, it follows from (6.32) using the preceding inequality:

n—1
CAt Z
j=0

IA

T a2 T n2 n—3 .2 2~ 3 =3
—|ley ||09 + X”rh ”0,9 + | Acxy, ||o_Q U (8) — Afun(ty), Acxy, © + Acx),

2u

1

n—1 L1 .
~ J+3 j-
CALY luw () — AZI () llo.2ll Acxy 2 + Ay *llo.g
Jj=0

IA

n—1 1
~ o+5
< 2CAt E Il (8) — A?uh(tj)HO,Q”At 2Xh||L°°(L2),
=0

. il o1 j+d
since [|Acx’* 2 llo.e < 14¢ % Xnllio2) = SUPg<jen—1 1 Ac Xy, * llo.o- Then

N—1

1 ny2 1 n—3 .2 o+ 2~
s lenloe + Il + 1A * 16,0 < 2CALIAT  Xullieqz) D llue () — A llo.2
j=0
1 el = ’
< G147 KnllEga, +3C3 (A0 3 It () — AFT(6)lo.e | - (6.34)
j=0
Taking the supremum on n on the left-hand side of (6.34) we get

1 2 1 2 o+ 2 o+ 2 2 2 = 2~ ’

2y ey + 5 I ez + 1AT o0l a) S 14T Xl +9C*(AD) D e () — AfTn(t)lloe | -
j=0

This last inequality and assumption on @ and A yield (6.24). =
Lemma 6.5. Under the hypotheses of Lemma 6.4, we have

llepllioqzy + I o2y S h |:|ut[|Loo(H;~1) + [tee | oo g1y + |pt[|Loo(Hg«1) + |ut[t|ch>(H;-1) + [tdeee |poo 1y + |Pttc|LQO(H2~1)i|

+(At)2||uttt[”L°O(L2)- (6.35)
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Proof. To obtain (6.35), we have to bound the right-hand side of the inequality (6.24). We write
U () — AfI () = e (t) — Afu(t) + Afu(t) — A7)

If we denote by Ry, the elliptic projection operator, we can write

> : — 2u(t; .
A2u(t) — A2 () = (I — Ry A2u(t) = (1 — Ry) 00 (3?;2 Ll

By Taylor expansion with integral remainder up to the second order term, we have

(At)2 G-1 )
u(ti—g) = u(ty) — Atuc(tj)) + ——ue () + = f (ti—1 — S) Uz (s) ds,

G
and

(At)2 Git+1 ,
U(ter) = u(t) + At u(6) + 2w (g + f (i1 — )t (5) ds.
t;

i

Summing these two equations and dividing by (At)?, we obtain:

1 Gi-1 G+1
Au) = uelt) + 5o ( / " (61 — 9 (5) ds + / " (61— 92 (s) ds)

)

At
= Uy(tp) + ———= 2(At)2 ( / (AL + 6) U ( + ) dt + (At — )% upe (t + t) df) . (6.36)
Applying the operator I — Ry, to both sides, we obtain:
1 0
(I — R A2u(t) = (I — Rue () + — ( — / (At + 021 — Ry (t + ) dt
2(At) —At

At
+ / (At — £)2(I — Ry)ugee (E + £) dt).
0

Taking norms, we obtain:
1

A

1/At 0
I = R)A7u®)llo.e < 10 — Rp)ue (t)llo.o +3 25 (/ (I = R)ueee (8 + )15 o dt)
— At

1

At 2
+ ( / 10— Rt (€ + )12 dt)
0

V3 VB [ [* :
I — Rp)uge (&) llo,2 + 77 (/_At 1T — Rp)uge (t + t])IISQ dt)
1

VAt At 2
= [[d = Rux (oo + — / I —Rug(s)|2 o ds| .
ll WU (8 llo, 2 710 \ sy I — R uw (9115,

IA

And hence, we have found:
1

A At+t 2
I = R)AZu®)llo.e < 10 — R)ue () llo.o + ‘g < / (I — R)uee ()11 ds) :

—At+

From the continuous-in-time error estimate (5.26), we obtain

I = Rp)uee (E)llo.e Sh [|u[t|LOO(H(;v]) + [t |poo 1y + |Ptt|Lm(Hg,1)i| ;
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and by a similar argument as the one used in Remark 5.11:

At Attt
Af/ a— Rh)urtt(s)”(z),g ds < At h? / (|uttt(s)|%,l;¢,9 + |Utrr(5)|ig + |Prtt(5)|é,1;¢,g) ds

Attt — Attt

2 2
11 + [t [foc g1 + Pete] ) ] .

272 2
< (AD)°h |:|Um| 10O
¢

L°°(H¢

By the stability condition (6.21) we can write

Attt 2
VAt ( / I = Re)uee ()13 ds) S [|um|Loo<H;~1> + [ueet oo gy + |pm|Lw<H$'l>}
—At+t

Sh [|u[t[|LOC(H;§v1) + (Ut oo 1y + |pttf|Lo<>(Hgvl)i| .

Summing these last inequalities fromj = 0toj = N — 1, we get

N—1
ALY (T = R) AZu(6)lo.c
j=0

Jj=l

N—1
Sh |:|utt|Lm(H(;-1) + [uee | oo 1y + |ptt|Lc>0(H2~1) + |u[t[|Lw(H;«1) + Ut |poo 1y + |pttt|Loc(HgJ):| X Z At
j=0

Sh |:|utt|L00(H¢1)=1) + [t |poo 1y + |Prr|LOO(Hg-1) + |uttt|L00(qu>x1) + [t |poo 1y + |p[tt|Lo<:(Hgvl):| . (6.37)

Using once again Taylor expansion with integral remainder, but up to the third order term this time, we get:

(Ar)? (A)3 1 (i 3
U(tj—l) = u(t]) — At ut(tj) + 5 ut[(tj) - uttt(tj) + E (tj—l — 8) Upe (5) ds,
i
and
(At)? (A)3 1 [h+ 3
u(tjp1) = uty) + At u(ty) + Tun(fj) + T”m(fj) + 5 (ti41 — $) Une (5) ds.
tj
Thus
1 0 At
|Afu(t) —ue ()] = | —— / (AL + U (£ + ) dt +/ (At — 0 e (t + ) dt
6(At) ~At 0
1(AD)3 0 , \? At N
< - U (E 4+ & dt ) + / Ugee (E 4+ & dt)
6 7 (/_M( ) ) ( A (Ueaee (£ + 1))
1
3 At 2 2
S At2? (/ (Umt(f + f})) df) .
—At
Hence
1
3 [ AL 2
[ AZu(ty) — ue (t)llo.0 < (AD)2 (ffmftj ||Umt(5)||?),g d5>2 . (6.38)
So that
N-1 N-1
AEY A7) — ue()llo.e < (AD? ||t |2y Y AL
Jj=0 Jj=0
< (Ar)? llueeee || oo (12 - (6.39)

By (6.37) and (6.39), (6.24) becomes (6.35). W
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We are now in a position to establish optimal error estimates between the solution of the fully discrete explicit-in-time
mixed finite element problem and the solution of the continuous problem.

Theorem 6.6. Let (7)n-o be a regular family of triangulations on $2. We suppose that (T)r-o satisfies the refinement
rules R1-R3. Under the hypotheses of Proposition 4.4 and At < ¢ & L_hA with0 < ¢ < 1, the following error estimates hold

V2p4A

lo = oyl @2y + 1P — PRl 2
2
Sh |:|U|Loo(,.,41>~1) + |Urr|Loo(,.,¢1).1) + el oo 1y + |Urtr|,_oo(H;,1) + |utrt|LW(H1)] + (A [uteeee [l o0 12y (6.40)
0
lw — @plloo 2y + 1P U — Upll o2

2
Sh |:|U|L00(Hdl)-l) + |utt|L00(H(;~]) + el oo 1y + |uttt|L90(H;>vl) + |Uttr|Lw(H1)] + (A Muteeee [l o0 12y » (6.41)

lu—upllpeoqzy Sh [|u|Loo(H;><1) + |ut[|Loo(H;~1) + [tet | oo g1y + |u[tt|LDO(H;v1) + [tgee |poo g1y + |u|L°°(H1)j|

+ (A0 g ll 100 12y 5 (6.42)
where o denotes the mapping t, — oy, p; the mapping t, — p}, wy, the mapping t, — o}, and u}, the mapping t, — uj.

Proof. By (6.35), the triangle inequality and taking the supremum on ¢t in (5.18), we then find
”G - Uh.”Loo(Lz) + ”p - pl:”LOC(LZ) S/ h |:|u|Loc(H;>vl) + |utt|LoO(H41>~1) + |utf|L°°(H1) + |p|L00(Hgl)

2
+ |Ptr|Loc(Hg,1) + |Utrt|Loo(H41).1) + et oo 1y + |Prrr|,_oo(Hg.1)i| + (AD Nlueee ll oo g2y -

By the inf-sup inequality (5.10) and the triangle inequality, we get

lo(tn) — @pllo.e + IPYu(ts) — upllo.e < [llo(t) — ofllo.e + 1p(t) — Phllo.e + [IPro(t) — o(t)llo.e] -
Taking the supremum on n, we get

lo — wpllpeo 2y + ||P;?U — Upllioq2y S [||<7 —oplleoqzy + 1P — PRllice 2y + Py — 0)||LOO(L2)] .

Using the P,} -projection error inequality (5.13), we hence find
o — oyl 2y + ||P,?u — Upllpeq2y Sh |:|u|L00(H‘;’=1) + |utt|L00(H(}’v1) + U lpoo 1y + |P|Loc(H211)
+|ptt|L00(Hg~1) + |uttt|Loo<H;>v1) + Ul oo 1y + |p[t[|Lx(Hg«])] + (At)2||uttt[”L°°(L2)'
The triangle inequality and the P,?—projection error inequality (1.47) p.27 of [18] (or (45) p. 624 of [19]), give us
lu = upllicqzy S h |:|U|Loo(H;;1) + |utt|Loo(Hl;)v1) + e ooty + |P|,_oo(Hg-1) + |ptt|Loo(Hgv1)

2
+ |uttt|Lc>0(H;~1) + [ueee |poo 1y + |Pttt|Lm(Hg~1) + |U|L00(H1)j| + (A e |l oo 2). W

7. Implementation and numerical results

In this section we will confirm our theoretical analysis by numerical tests. We begin by introducing the so-called “Hybrid
formulations” [7,20,21] for solving the explicit scheme (6.2)-(6.4). The numerical results are presented on an L-shaped
domain. Given f : [0, T] x 2 —> R?, a surface force density g : [0, T] x Iy — R? and the initial conditions ug and u;,
the displacement field u satisfies the following equations:

uy —divos(u) =f in[0,T] x £2,

u=20 on [0, T] x Ip,
os(W)n=g on [0, T] x Iy, (7.1)
u(0,.) = ug in £2,

u(0,.) = uy in 2.
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7.1. Explicit-in-time scheme

Let us mention that our explicit-in-time scheme (6.2)-(6.4) is fast and easy to implement. In order to fit the complex
geometry of the boundary, the mesh which must be moreover refined accordingly to the rules R;- R3, will usually contain
elements of very small size, which implies, because of the CFL stability condition, the use of a very small time step. Thus the
explicit scheme is essentially appropriate when we are interested only in the behavior of the solution for a short time after
the initial time.

7.1.1. Hybrid formulation
Firstly, we introduce the enlarged space X (with respect to X} ) by suppressing the requirement for its elements to
have continuous normal component at the interfaces of the triangulation 73:

T = {(th, qn) € [P(2)17? x I*(2); VT € Ty : qur € P1(T) and Ty € [P1(T)1*? & [R Curl br]}.

We introduce the following hybrid formulation: Find (5!, 5™+, AM*") € £, x Ay and @, &) € My such that

N ~1 A R At2
= u;(0), U, " = n(—At) > 0,(0) — At Q¢ (0) + —— iy (0),

@+ G+ Y [ div = ae), uz“ dx+ (as (z), &)

TeTy
- [ AT admds=0. V(e € B vz -1,
TeT
(as @), ) =0, Y6 € Wy, Vn> —1, (7.2)
(A7, v) — Y [ div (G —Pho).vndx — (f", vp) =0, vy €V, Vn > 0,

Teq /T

f pn @y = Ppt8).ny ds = Z/ pn.g"tds, YV un € Ap, V= —1,
Tegy 70T Tery ¥ 9TNIN

where

= {un € [*(&n))%; 1ne € [P1(e))%, Ve € &, and jup =0, Ve C Ip}.
&, denotes the set of all edges in 7, and V};, x W}, is defined in (5.2). It is easy to prove that the hybrid formulation (7.2) is
equivalent to the explicit-in-time discrete mixed formulation (6.4), i.e. that 5" = o}, p}l = pi, U}l = u}l and &} = w}. Taking
as test functions vy 17 in the third equation of the system (7.2), we get explicitly u”“

uph! = A [div (o5 — Phyrd) + PRof"] 4 2upy —upr'. Vn=o0. (7.3)

n n+1 n+1 n+1

Still noting o', pi*!, ult!, @it and A the vectors of the degrees of freedom of these same unknowns, the algebraic
equations generated by (7.2) have the following form

Ao n+1 ET)\HH + HTC();FL] _ _Fer»l’
n+l T n+1 n+1
+G AT =R,
P, n+1 _ (7.4)
Ho,™ =0,

n+1 n+1 n+1
Eoy" —Gp," =F",

where A, E, H, P, G are the corresponding matrices of the bilinear forms of the different terms in the system (7.2), and
I F i+ are second member vectors at the (n + 1)th step obtained by replacing the variable u} ™" in the first equation of
the system (7.2) by its value (7.3) obtained from the third equation and putting these terms on the right-hand side. Finally
F "1 corresponds to the traction on the Neumann boundary I'y at the (n+ 1)th step. In system (7.4), we start by eliminating

”+1 and p”“ and after we eliminate thrl These eliminations are made element by element. After this procedure, we end
w1th the following system:

R)‘ZH — g (7.5)
where

R=EA'ET —EA"'HT(HA"'H")"'HA'ET + 6P~ (T,
and

F = EATTFT 4+ GPTEST — EAT'THT(HATTHT) TTHAT T 4+

The matrix R is symmetric and positive definite.
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Convergence results when using uniform meshes at T = 1s.
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Fig. 1. Uniform meshes.
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Fig. 2. Refined meshes.

469

h

Pressure errors

Strain errors

Displacement errors

Rotational errors

2.828427e—001
1.414214e—001
9.428090e—002
7.071068e—002
5.656854e—002

7.379843e—002
5.071551e—002
4.070448e—002
3.480387e—002
3.081811e—002

3.733002e—001
2.513737e—001
2.002361e—001
1.706050e—001
1.507419e—001

6.127325e—002
3.054023e—002
2.027724e—002
1.518150e—002
1.212897e—002

1.263216e—001
8.408249e—002
6.671641e—002
5.674623e—002
5.008866e—002

7.1.2. Numerical test with the explicit Newmark scheme
We now present some numerical results on a test problem in the L-shaped domain

2=1-1,1%\ (0, 1[x] — 1,0])

whose exact solution is the tensor product of the functiont — e~ with a singularity of the stationary Navier equation ([22],
Section 4.2 p. 52) arising at the reentrant corner of the L-shaped domain. The numerical tests are performed with T = 1

(second). Using polar coordinates (r,0), 0 < 6 <

3

; , which are centered at the reentrant corner, we consider as analytical
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Fig. 3. Errors as a function of 1/h for uniform meshes.

solution:
u(r, 0,6 =e g, (0)
where
Tb)al )1 = Ci(p + ){cos((@1 — 2)0) — cos(a16)} + C((p + 7) sin((e1 — 2)0) + (p — 37) sin(@10)),
<_i>>a1 ()2 = Ci(—(p + 7) sin((e1 — 2)0) + Bp — 1) sin(a10)) + C2(p + T){cos((a1 — 2)8) — cos(a16)}.
The parameters are
Ci = (p + 1) sin((a1 — 2)w) — (3t — p) sin(xyw),

G = (p + v){cos(a1w) — cos((a1 — 2)w)},

A+ A+
p=""TEa-1n-2 1= M“<a1+1>+2,

where oy = 0.548643149483 is the smallest strictly positive solution of the transcendental equation (4.2) for = 37”

A = 1000, p = 20. In conformity, which what we have said just after Definition 4.2, we have to choose @ €]1 — «;, %[.

We fix At = 107> a very small time step because of the CFL stability condition. Consequently N = % = 10°. All numerical

results will be presented at the final time T = 1 (N = 10°). The initial conditions u) and u; ' are chosen as the elliptic
projection of u(0) and u(—At), i.e. as follows ug = 1,(0), u,jl = {ip(—At). We use two kinds of meshes. The first one
(uniform) is obtained by dividing each of the intervals [0, 1] and [—1, 0] into n subintervals of length % and then each square

of sidelength % is divided into two triangles (see Fig. 1 where we have chosen n = 10). The second kind of meshes (refined
meshes) are obtained from the first ones by refinement near the reentrant corner (0, 0) according to Raugel’s procedure [17]
in order to satisfy the refinement rules Ry, R,, Rj stated just after Proposition 5.4. Namely, §2 is divided into six big triangles;
on the three ones which do not contain (0, 0), a uniform mesh is used; on the other hand each big triangle admitting (0, 0)
as a vertex is divided into strips according to the ratios (1)#, 1 < i < n, where g > ﬁ along the sides which end up at
(0, 0) and finally each of these strips divided uniformly (see Fig. 2 where we have chosen n = 10 and 8 = 1.8). We then
represent the variations of the errors ||o} — o (T)[lo.2, P} — P(T)llo., lul — u(T)llo.e and ||w) — &(T)|lo, e, with respect
to the mesh size h, in Figs. 3 and 4. A double logarithmic scale was used such that the slopes of the curves yield the order

of convergence O(h) for refined meshes (see Fig. 4) according to the theoretical results, and O(h%) for uniform meshes (see
Fig. 3) due to the singular behavior of the solution. In Tables 1 and 2, we summarize the results on the errors for uniform
meshes and refined meshes respectively.

8. Conclusion

We have constructed and analyzed a finite element method for approximating the elastodynamic system using the dual
mixed formulation for spatial discretization and an explicit Newmark scheme in the time variable. In our analysis, we take
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Convergence results when using refined meshesat T = 1.
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h

Pressure errors

Strain errors

Displacement errors

Rotational errors

3.307907e—001
1.727505e—001
1.167855e—001
8.819391e—002
7.084489e—002

4.706629e—002
2.408332e—002
1.634564e—002
1.219502e—002
9.788028e—003

1.943443e—001
9.79657 1e—002
6.628362e—002
4.939540e—002
3.962408e—002

5.413231e—002
2.686243e—002
1.806031e—002
1.340491e—002
1.072136e—002

6.239506e—002
3.111419e—002
2.100029e—002
1.563465e—002
1.253589e—002

into account the singularities of the solution due to the geometric singularities of the boundary. Optimal order L*°-in-time
and [?-in-space a priori error estimates are derived and a quadratic convergence rate in time for the fully discretized scheme
has been established for the explicit Newmark numerical scheme. As mentioned in the introduction, we will present, in [1],
the analysis of the method proposed in this paper by using an implicit Newmark scheme for the time discretization.
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